CHAPTER3

The Normal Distribution
on a Vector Space

The univariate normal distribution occupies a central position in the statisti-
cal theory of analyzing random samples consisting of one-dimensional
observations. This situation is even more pronounced in multivariate analy-
sis due to the paucity of analytically tractable multivariate distributions—
one notable exception being the multivariate normal distribution. Ordin-
arily, the nonsingular multivariate normal distribution is defined on R” by
specifying the density function of the distribution with respect to Lebesgue
measure. For our purposes, this procedure poses some problems. First, it is
desirable to have a definition that does not require the covariance to be
nonsingular. In addition, we have not, as yet, constructed what will be
called Lebesgue measure on a finite dimensional inner product space. The
definition of the multivariate normal distribution we have chosen cir-
cumvents the above technical difficulties by specifying the distribution of
each linear function of the random vector. Of course, this necessitates a
proof that such normal distributions exist.

After defining the normal distribution in a finite dimensional vector
space and establishing some basic properties of the normal distribution, we
derive the distribution of a quadratic form in a normal random vector.
Conditions for the independence of two quadratic forms are then presented
followed by a discussion of conditional distributions for normal random
vectors. The chapter ends with a derivation of Lebesgue measure on a finite
dimensional vector space and of the density function of a nonsingular
normal distribution on a vector space.
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104 THE NORMAL DISTRIBUTION ON A VECTOR SPACE
3.1. THE NORMAL DISTRIBUTION

Recall that a random variable Z, € R has a normal distribution with mean
zero and variance one if the density function of Z; is

p(z) = (n) Zexp[-1z2], :zeR

with respect to Lebesgue measure. We write £(Z,) = N(0, 1) when Z; has
density p. More generally, a random variable Z € R has a normal distribu-
tion with mean p € R and variance ¢% > 0 if £(Z) = £(0Z, + p) where
£(Z,) = N(0,1). In this case, we write £(Z) = N(p, 0%). When 02 = 0, the
distribution N(u, 6) is to be interpreted as the distribution degenerate at p.
If £(Z) = N(u, 62), then the characteristic function of Z is easily shown to
be

¢(1) = exp[ipt — 10%%], teR.

The phrase “Z has a normal distribution” means that for some p and some
¢ >0, B(Z) = N(p,0%). If Z,,..., Z, are independent with £(Z,) =
N(p,, 0?), then (2, Z;) = N(Ea 1, Sado?). To see this, consider the
characterlstlc functlon

k k
6exp[itEaij] =6]] exp[itaij] =11 6exp[itaij]
j=1 j=1

f[ [tta %tzafojz]

= exp[it(Eaijj) - %tz(Ea}ojz)].

Thus the characteristic function of 2a;Z; is that of a normal distribution
with mean 2o p; and variance Za; 02 In summary, linear combinations of
independent normal random vanables are normal.

We are now in a position to define the normal distribution on a finite
dimensional inner product space (V, (-, -)).

Definition 3.1. A random vector X € V has a normal distribution if, for
each x € V, the random variable (x, X) has a normal distribution on R.

To show that a normal distribution exists on (V, (-, -)), let{x,,..., x,} be
an orthonormal basis for (V,(-, -)). Also, let Z,,..., Z, be independent
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N(0, 1) random variables. Then X = 2Z x; is a random vector and (x, X) =
2(x, x;)Z,, which is a linear combination of independent normals. Thus
(x, X) has a normal distribution for each x € V. Since &(x, X) =
2(x;, x)6Z; = 0, the mean vector of X is 0 € V. Also,

var(x, X) = var(2(x, x,) Z,) = =(x, x,)’var(Z,) = 2(x, x,)* = (x, x).

Therefore, Cov(X) = I € 2(V, V). The particular normal distribution we
have constructed on (¥, (-, -)) has mean zero and covariance equal to the
identity linear transformation.

Now, we want to describe all the normal distributions on (V, (-, -)). The
first result in this direction shows that linear transformations of normal
random vectors are again normal random vectors.

Proposition 3.1. Suppose X has a normal distribution on (¥, (-, -)) and let
Ae€RWV,W), wy€ W. Then AX + w, has a normal distribution on
W[ -D.

Proof. It must be shown that, for each w € W, [w, AX + w,] has a normal
distribution on R. But [w, AX + wy] = [w, AX] + [w,wy] = (A'w, X) +
[w, wy]. By assumption, (4'w, X) is normal. Since [w, w,] is a constant,
(A'w, X) + [w, wy] is normal. O

If X has a normal distribution on (¥, (-, -)) with mean zero and covari-
ance I, consider A € £(V,V) and p € V. Then AX + p has a normal
distribution on (¥, (-, -)) and we know &(AX + p) = A(6X) + p = p and
Cov(AX + p) = ACov(X)A" = AA’. However, every positive semidefinite
linear transformation 2 can be expressed as A4’ (take 4 to be the positive
semidefinite square root of =). Thus given u € V and a positive semidefinite
3, there is a random vector that has a normal distribution in ¥ with mean
vector p and covariance 2. If X has such a distribution, we write £(X) =
N(p, 2). To show that all the normal distributions on ¥ have been de-
scribed, suppose X € V has a normal distribution. Since (x, X) is normal
on R, var(x, X) exists for each x € V. Thus p = 6X and £ = Cov(X) both
exist and £(X) = N(p, Z). Also, £((x, X)) = N((x, p), (x, =x)) for x € V.
Hence the characteristic function of (x, X) is

o(1) = &explit(x, X)] = exp[it(x, p) —422(x, Ex)].
Setting ¢ = 1, we obtain the characteristic function of X:
£(x) = &expli(x, X)] = exp[i(x, n) - 3(x, Zx)].

Summarizing this discussion yields the following.
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Proposition 3.2. Given p € V and a positive semidefinite = € £(V, V),
there exists a random vector X € V with distribution N(g, Z) and char-
acteristic function

€(x) = expli(x, p) - 3(x, Zx)].

Conversely, if X has a normal distribution on V, then with p = &X and
2 = Cov(X), £(X) = N(u, 2) and the characteristic function of X is given
by &.

Consider random vectors X; with values in (V, (-, -);) for i = 1,2. Then
{X,, X,} is a random vector in the direct sum V; @ V,. The inner product

on V¥V, ® V,is[-, -] where

[(Ul’ 0,},{03, D4)] = (), 03), + (03, 04),,

0,03 €V, and vy, v, € V,. If Cov(X)) =2,
&(X,, X,) = {p,, p,) where p, = 6X,,i = 1,2. Also,

i=1,2, exists, then

=, =
= = Cov(X,, X,) = (2: EZ) el(V, e V,,V,eV)

as defined in Chapter 2 and 2,, = Z{,.

Proposition 3.3. If { X|, X,} has a normal distribution on V; & V,, then X,
and X, are independent iff 2, = 0.

Proof. If X, and X, are independent, then clearly 2, = 0. Conversely, if
2, = 0, the characteristic function of { X}, X,} is

&exp{i[{vy, 02}, (X1, )]} = exp{i[{01, v}, (w1, 15}]
—1[(v1, 02}, Z{vy, v)])
= exp(i(vy, )y + (02, p2),
—3(vy, Z301); — 3(02, 2p02),)
= exp{i(vy, 1)y — 3(01, Zpy01)y)

X exp{i(vy, ), — 3(0y, Zp0;),)



PROPOSITION 3.4 107

since =, = 24, = 0. However, for v, € V|, (v,, X}), = [{v,,0},{X,, X;}},
which has a normal distribution for all v, € V,. Thus £(X;) = N(g,, Z,) on
V, and similarly £(X,) = N(p,, Z,) on V,. The characteristic function of
{X,, X,) is just the product of the characteristic functions of X; and X,.
Thus independence follows and the proof is complete. O

The result of is often paraphrased as “for normal random
vectors, X, and X, are independent iff they are uncorrelated.” A useful
consequence of [Proposition 3.3|is shown in [Proposition 3.4

Proposition 3.4. Suppose £(X)= N(p,Z) on (V,(-,-)), and consider
A € E(V, Wl), B € B(V’ WIZ) Where (Wl,[" ']l) and (%9[" ']2) are inner
product spaces. AX and BX are independent iff AZB’ = 0.

Proof. We apply the previous proposition to X; = AX and X, = BX. That
{X,, X,) has a normal distribution on W; & W, follows from

[wi, Xi1; + [wy, X0, = (4w, X) + (B'wy, X) = (A'w; + B'w,, X)
and the normality of (x, X) for all x € V. However,
cov{[wy, X1, [wa, X, 15} = cov{(4'wy, X), (B'w,, X))}
= (A'w;, ZB'w,)
= [w,, AZB'w,],.
Thus X, = AX and X, = BX are uncorrelated iff AZB’ = 0. Since { X|, X}

has a normal distribution, the condition AZB’ = 0 is equivalent to the
independence of X, and X,. ]

One special case of is worthy of mention. If £(X) =
N(p, I) on (V, (-, -)) and P is an orthogonal projection in £(V, V'), then PX
and (I — P)X are independent since P(/ — P)= 0. Also, it should be
mentioned that the result of extends to the case of k random
vectors—that is, if { X, X,,..., X, } has a normal distribution on the direct
sum space V, & V, ® --- & V,, then X, X,,..., X, are independent iff X;

and X; are uncorrelated for all i # j. The proof of this is essentially the same
as that given for the case of kK = 2 and is left to the reader.
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A particularly useful result for the multivariate normal distribution is the
following,

Proposition 3.5. Suppose £(X) = N(u,2) on the n-dimensional vector
space (V,(+,-)). Write 2 = X{A x,0x; in spectral form, and let X, =

(x;, X), i=1,...,n. Then X,,..., X, are independent random variables
that have a normal distribution on R with 6 X, = (x;, p) and var(X,) = A,
i =1,..., n. In particular, if £ = I, then for any orthonormal basis {x,,.. .,

x,} for V, the random variables X; = (x;, X) are independent and normal
with 6X; = (x;, p) and var(X;) = 1.

Proof. For any scalars «,..., a, in R, Yo, X, = Xia,(x;, X) =
(CJa;x;, X), which has a normal distribution. Thus the random vector
X € R" with coordinates X,.. ., X, has a normal distribution in the coordi-
nate vector space R”. Thus X|,..., X, are independent iff they are uncorre-

lated. However,
cov{ X;, X, } = cov{(x;, X), (x,, X)} = (x;, =x,)
= (x;, (Z¢A,x,0x,) %) = A8,

Thus independence follows. It is clear that each X; is normal with &X, =
(x;, p) and var(X;) = A;, i = 1,..., n. When 2 = I, then YJx,0x, = I for
any orthonormal basis x,..., x,. This completes the proof. O

The following is a technical discussion having to do with representations
of the normal distribution that are useful when establishing properties of the
normal distribution. It seems preferable to dispose of the issues here rather
than repeat the same argument in a variety of contexts later. Suppose
X € (V,(-, -)) has a normal distribution, say £(X) = N(p, ), and let Q be
the probability distribution of X on (¥, (-, -)). If we are interested in the
distribution of some function of X, say f(X) € (W,][-, :]), then the underly-
ing space on which X is defined is irrelevant since the distribution Q
determines the distribution of f( X)—that is, if B € B(W), then

P{f(X) e B} = P(X e[ '(B)) = 2(/'(B)).

Therefore, if Y is another random vector in (V, (-, -)) with £(X) = £(Y),
then f(X) and f(Y') have the same distribution. At times, it is convenient to
represent £(X) by £(CZ + p) where £(Z) = N(0,I) and CC’ = =. Thus
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L(X)=L(CZ + p) so f(X) and f(CZ + p) have the same distribution. A
slightly more subtle point arises when we discuss the independence of two
functions of X, say f,(X) and f,(X), taking values in (W,,[-,-];) and
(W,,[, -1;). To show that independence of f,(X) and f,(X) depends only
on Q, consider B, € B(W,) for i = 1,2. Then independence is equivalent to

P{f,(X) € B, /,(X) € B,} = P(f,(X) € B,)P{£,(X) € B,).

But both of these probabilities can be calculated from Q:
P(f\(X) € B, ,(X) € B} = P{X € f{(B)) N £, '(B,))

= Q(ﬁl(Bl) nfz_l(Bz))

and
P(f(X)eB}=0(f'(B)), i=1.2.

Again, if £(Y) = £(X), then f,(X) and f,(X) are independent iff f,(Y)
and f,(Y) are independent. More generally, if we are trying to prove
something about the random vector X, £(X) = N(u, 2), and if what we are
trying to prove depends only on the distribution Q, of X, then we can
represent X by any other random vector Y as long as £(Y) = £(X). In
particular, we can take Y = CZ + p where £(Z) = N(0, I) and CC’ = =.
This representation of X is often used in what follows.

3.2. QUADRATIC FORMS

The problem in this section is to derive, or at least describe, the distribution
of (X, AX) where X € (V, (-, -)), 4 is self-adjoint in £(V, V) and £(X) =
N(u, 2). First, consider the special case of = = I, and by the spectral
theorem, write 4 = LA, x;0x;. Thus

(X, 4X) = (X, (Z7A,x,0x;) X) = Z7A,(x;, X)z-

But X, = (x;, X), i =1,..., n, are independent since = = I (
and £(X;) = N((x;, p), 1). Thus our first task is to derive the distribu-
tion of X? when £(X,) = N((x;, p), 1).

Recall that a random variable Z has a chi-square distribution with m
degrees of freedom, written £(Z) = x2,, if Z has a density on (0, c) given
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by
Z(m/2)-1

Pm(z) = Ty

xp[—1z], z>0.

Here m is a positive integer and I'(-) is the gamma function. The character-
istic function of a x2, random variable is easily shown to be

Geitxm = (1 —2it)"™?,  teR.
Thus, if £(Z,) = x2,, £(Z,) = X2, and Z, and Z, are independent, then
Gexplit(Z, + Z,)] = &explitz,]6 explitZ,]
=(1-2i)"™* 1 = 2it)™"* = (1 - 2it) """,

Therefore, £(Z, + Z,) = x2%,.,,. This argument clearly extends to more
than two factors. In particular, if £(Z) = x2,, then, for independent ran-
dom variables Z,,..., Z, with £(Z) = x?, £(Xrz,)=£(Z). It is not
difficult to show that if £(X) = N(0, 1) on R, then £(X?) = x2. However,
if £(X) = N(a, 1) on R, the distribution of X? is a bit harder to derive. To
this end, we make the following definition.

Definition 3.2. Let p,, m = 1,2,..., be the density of a x2, random
variable and, for A > 0, let

~ AT1 (Y
S LLEE

For A =0, g, = 1 and ¢; = 0 for j > 0. A random variable with density
o0
h(z) = ¥ 4;Pmi2;(2), 2>0
j=0

is said to have a noncentral chi-square distribution with m degrees of freedom
and noncentrality parameter A. If Z has such a distribution, we write
R(Z) = xm(N).

When A = 0, it is clear that £(x2,(0)) = x2,. The weights ¢,,j = 0, 1,...,
are Poisson probabilities with parameter A /2 (the reason for the 2 becomes
clear in a bit). The characteristic function of a x2(A) random variable is
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calculated as follows:

111

Gexplitx2(N)] = L quo exp (itx) 4, (x) dx
j=0

™8

q;(1 = 2it) "D

Jj=0

=(1-2it)""* Y ¢;(1-2it)”

j=0
= (1 - 2it)”"%exp(—)\/2) E (%) u _jz!it)_j
j=0
=(1-2ir)" m/zexp[—é + Al—;mt]
=(1-2ir)™""? A 1 Eitzit]'

From this expression for the characteristic function, it follows that if

B(Z)—xm()\)t 1,2, with Z,

and Z, independent, then £(Z, + Z,) =

X’"I +m,(A; + A;). This result clearly extends to the sum of k independent
noncentral chi-square variables. The reason for introducing the noncentral
chi-square distribution is provided in the next result.

Proposition 3.6. Suppose £(X) = N(a, 1) on R. Then £(X?) =

xi(a?).

Proof. The proof consists of calculating the characteristic function of X2,
A justification of the change of variable in the calculation below can be
given using contour integration. The characteristic function of X? is

&exp(itX?) —f exp[zt - 3(x - a)z] dx
Y - exp[ - 3(1 = 2it)x* + ax — 1a?] dx
—0 V27
(1 —2it)‘l/2 oo |2 N—1/2
=t exp[-—iw + a(l — 2it)
i

Xw — %az] dw
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_(-2i)"” fw

N exp[——%(w -a(l - 2it)_l/2)2

a? 2it
+7( 1= 2it) dw

2 .
(1 a2, a2t
(1 —2it)” “exp > (1 = 2”).

— 00

By the uniqueness of characteristic functions, £ ( X?) = x?(a?). O

Proposition 3.7. Suppose the random vector X in (V, (-, -)) has a N(p, I)
distribution. If 4 € £(V, V) is an orthogonal projection of rank k, then

L(X, AX)) = xi((p, Ap)).

Proof. Let {x,,..., x,} be an orthonormal basis for the range of 4. Thus
A = Tkx,0Ox, and

(X, AX) = T(x,, X)*.

But the random variables (x X)?,i=1,..., k, are independent (
tion 3.5) and, by Proposition 3.6} £( X?) = xl((xi, ©)?). From the additive
property of independent noncentral chi-square variables,

B(Z{((xn X)z) = Xi(zf(xw H‘)z)
Noting that (p, Ap) = T¥(x,, p)?, the proof is complete. O

When £(X) = N(p, 2), the distribution of the quadratic form (X, 4X),
with 4 self-adjoint, is reasonably complicated, but there is something that
can be said. Let B be the positive semidefinite square root of 3 and assume
that p € R (). Thus u € R.(B) since R.(B) = R (). Therefore, for some
vector 1 € V, p = Br. Thus £(X) = £(BY) where £(Y) = N(7, I) and it
suffices to describe the distribution of (BY, ABY) = (Y, BABY). Since A
and B are self-adjoint, BAB is self-adjoint. Write BAB in spectral form:

BAB = 27\, x,0x;
where (x,,..., x,} is an orthonormal basis for (V, (-, -)). Then

(Y, BABY) = /A, (x,, Y )
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and the random variables (x;,Y), i =1,..., n, are independent with
L((x;, Y)?*) = x3((x;, 7)?). Tt follows that the quadratic form (Y, BABY)
has the same distribution as a linear combination of independent noncentral
chi-square random variables. Symbolically,

(Y, BABY)) = £(ZAx2 ,((x,. 7))
In general not much more can be said about this distribution without some
assumptions concerning the eigenvalues A ,..., A,. However, when BAB is
an orthogonal projection of rank &, then is applicable and
C((Y, BABY)) = xi((7, BAB7)) = xi((B7, AB7)) = xi((, 4p)).
In summary, we have the following.
Proposition 3.8. Suppose £(X) = N(p, =) where p € R (), and let B be

the positive semidefinite square root of 2. If 4 is self-adjoint and BAB is a
rank k orthogonal projection, then

We can use a slightly different set of assumptions and reach the same
conclusion as [Proposition 3.8] as follows.
Proposition 3.9. Suppose £(X) = N(p, ) and let B be the positive semi-
definite square root of =. Write p = p, + p, where p; € R(Z) and p, €
MN(Z). If 4 is a self-adjoint such that Au, = 0 and BAB is a rank k

orthogonal projection, then

L((X, 4X)) = xi((p, An)).
Proof. Since Ap, = 0, (X, AX) = (X — pp, A(X — p,)). Let Y = X — p,

SO BiYi = N”L], 2) and E£((X, 4X)) = L((Y, AY)). Since pu, € R (D),
shows that

LY, 4Y)) = x; (), 4p,)).

However, (p, Ap) = (p,, Ap,) as Ap, = 0. a)

3.3. INDEPENDENCE OF QUADRATIC FORMS

Thus far, necessary and sufficient conditions for the independence of
different linear transformations of a normal random vector have been given
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and the distribution of a quadratic form in a normal random vector has
been described. In this section, we give sufficient conditions for the indepen-
dence of different quadratic forms in normal random vectors.

Suppose X € (V, (-, -)) has an N(p, ) distribution and consider two
self-adjoint linear transformations, 4;, i = 1,2, on ¥ to V. To discuss the
independence of (X, 4,X) and (X, 4, X), it is convenient to first reduce
the discussion to the case when p =0 and 2 = I. Let B be the positive
semidefinite square root of = so if £(Y) = N(0, I), then 2(X) = £(BY +
p). Thus it suffices to discuss the independence of (BY + p, 4,(BY + p))
and (BY + pu, A,(BY + p)) when £(Y) = N(0, I). However,

(BY + p, 4,(BY + p)) = (Y, BA,BY) + 2(BAp, Y) + (p, 4;p)

fori=1,2. Let C;= BA,B, i = 1,2, and let x; = 2BA;u. Then we want to
know conditions under which (Y, C,Y) + (x,,Y) and (Y,GY) + (x,,Y)
are independent when £(Y) = N(0, I). Clearly, the constants (g, 4;n),
i = 1,2, do not affect the independence of the two quadratic forms. It is this
problem, in reduced form, that is treated now. Before stating the principal
result, the following technical proposition is needed.

Proposition 3.10. For self-adjoint linear transformations 4, and A4, on
WV, (-, ) to (V,(-,-)), the following are equivalent:

() A4, =0.
(i) R(4)) L R(4,).

Proof. 1If A;A, =0, then 4,4,x = 0 for all x € V so R(4,) C N(4)).
Since N(A4,) L R(4,), R(A4,) L R(4,). Conversely, if R(4,) L R(4,),
then R (A4,) € R(A4,)* = 9N (4,) and this implies that 4,4,x = 0 for all
x € V. Therefore, 4,4, = 0. O

Proposition 3.11. Let Y € (V, (-, -)) have a N(0, I) distribution and sup-
pose Z; = (Y, A;Y) + (x;,Y) where 4, is self-adjoint and x, € V, i = 1,2.
If 4,4,=0, A;x, =0, A,x, =0, and (x,, x,) =0, then Z, and Z, are
independent random variables.

Proof. The idea of the proof is to show that Z, and Z, are functions of two
different independent random vectors. To this end, let P, be the orthogonal
projection onto R (4,) for i = 1,2. It is clear that P AP, = A, for i = 1,2.
Thus Z, = (PY, A;PY) + (x;,Y) for i =1,2. The random vector
{P,Y,(x,, Y)) takes values in the direct sum ¥ & R and Z, is a function of



PROPOSITION 3.12 115

this vector. Also, {P,Y,(x,, Y)) takes values in ¥V & R and Z, is a function
of this vector. The remainder of the proof is devoted to showing that
{P\Y,(x,,Y)) and {P,Y,(x,, Y)) are independent random vectors. This is
done by verifying that the random vectors are jointly normal and that they
are uncorrelated. Let [-, -] denote the induced inner product on the direct
sum ¥ @ R. The inner product of the vector {{y,, a,},{),, a,}} in (V' & R)
® (V & R) with ({P,Y,(x,, Y)},{P,Y,(x,, V) is

(1, PY) + (%, Y) + (35, B,Y) + ay(x,,Y)
=(Py, + ayx + Py, + ayx,, Y),
which has a normal distribution since Y is normal. Thus {{P,Y,(x,, Y))},
{P,Y,(x,,Y))) has a normal distribution. The independence of these two

vectors follows from the calculation below, which shows the vectors are
uncorrelated. For {y,, ;) € V® R and (y,,a,} € V & R,

cov{[{(»1, @), {PY, (x1, Y ))], [(32, @5}, {PoY, (5, Y)}]}
= cov{(y1, PY) + ay(x, Y), (35, BY) + ay(x,, Y)}
= cov{( Py, Y), (P35, Y)} + aycov{(x,, Y ), (P, y,, Y))
+a,co{( Py, Y), (x5, Y)} + eqyaycov{(x,,Y),(x,,Y)}
= (P, Pyyy) + ay(xy, Pyyy) + a3 (x5 Pryy) + 05 (xy, x5)
= (1, PiPyy,y) + oi(Poxy, 32) + ao(Prxy, ) + gy (g, x,).
However, PP, = 0 since R (A4,) L R(A,). Also, P,x, = 0 as x; € ¢ (4,)

and, similarly, P,x, = 0. Further, (x,, x,) = 0 by assumption. Thus the
above covariance is zero so Z, and Z, are independent. O

A useful consequence of [Proposition 3.11| is [Proposition 3.12]

Proposition 3.12. Suppose 2(X) = N(p, Z) on (V,(-,-)) and let C,, i =
1,2, be self-adjoint linear transformations. If C,=C, = 0, then (X, C,X)
and (X, C, X) are independent.

Proof. Let B denote the positive semidefinite square root of =, and
suppose £2(Y) = N(0, I). It suffices to show that Z, = (BY + g, C,(BY +
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p)) is independent of Z, = (BY + u, C,(BY + p)) since 2(X) = £(BY +
p). But

Z,= (Y, BCBY) + 2(BCp, Y) + (n, Cp)

for i = 1,2. |Proposition 3.11| can now be applied with 4, = BC,B and

;= 2BC;pfori=1,2.Since 2 = BB, A4, = BC,BBC,B = BC,2C,B =
0 as C,2C, = 0 by assumption. Also, 4,x, = 2BC,BBC,p = 2BC,ZC,pn =
0. Similarly, 4,x, = 0 and (x,, x,) = 4 BC,u, BC,p) = 4(p, C,ZC,pn) = 0.
Thus (Y, BC,BY) + 2(BCp, Y) and (Y, BC,BY) + 2(BC,p, Y) are inde-
pendent. Hence Z, and Z, are independent. ]

The results of this section are general enough to handle most situations
that arise when dealing with quadratic forms. However, in some cases we
need a sufficient condition for the independence of k quadratic forms. An
examination of the proof of Proposition 3.11] shows that when £(Y) =
N(0, I), the quadratic forms Z;, = (Y, 4,Y) + (x;,Y),i=1,..., k, are mu-
tually independent if, for each i = j, 4,4, =0, 4,x;, =0, 4,x;, =0, and
(x;, x;) = 0. The details of this verification are left to the reader.

3.4. CONDITIONAL DISTRIBUTIONS

The basic result of this section gives the conditional distribution of one
normal random vector given another normal random vector. It is this result
that underlies many of the important distributional and independence
properties of the normal and related distributions that are established in
later chapters.

Consider random vectors X; € (V,(+, *);), i = 1,2, and assume that the
random vector { X;, X,} in the direct sum ¥, ® ¥, has a normal distribution
with mean vector {u,, ,} € ¥V, ® V, and covariance given by

2ll 2l2)

Cov(X) = |,
(X ( 2 2n

Thus £(X;) = N(p;, 2;;) on (V,,(+, -);) for i = 1,2. The conditional distri-
bution of X, given X, = x, € V, is described in the next result.

Proposition 3.13. Let £(X,|X, = x,) denote the conditional distribution
of X, given X, = x,. Then, under the above normality assumptions,

B(X||X2 = xz) = N(F’l + E1222_2("2 - I‘z), DI 21222-22'12)-

Here, =5, denotes the generalized inverse of 2,,.
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Proof. The proof consists of calculating the conditional characteristic
function of X, given X, = x,. To do this, first note that X; — 2,25, X, and
X, are jointly normal on ¥, ® ¥, and are uncorrelated by Proposition 2.17.
Thus X, — 2,25, X, and X, are independent. Therefore, for x € V),

o(x) = G(exp[i(x, X)X, = x,)
= &(exp[i(x, X)), — i(x, 225 X,), + i(x, 2pIn X)) IX; = x,)
= exp[i(x, 2,,25%,),]6 (exp[i(x, X, — 2p=5X,), 1 X, = x,)
= exp[i(x, £,,25x,),]6exp[i(x, X; — £,,35X,),]

where the last equality follows from the independence of X, and X, —
2,25 X,. However, it is clear that

R(X, — Zp25nX,) = N(p, — 2258, 21 — 21,2530)

as X; — 2,25 X, is normal on ¥, and has the given mean vector and
covariance (Proposition 2.17). Thus

o(x) = exp[i(x, 21222—2)‘2)1]‘”‘1’[’(’“ By = 21222—21"*2)1]
XCXP[_%(X,(EH - 21222_2212)1")]
= exp[i(x, pyt 21222_2(7‘2 - ""2))1 - %(x,(Eu - 21222_22;2)35)1]'

The uniqueness of characteristic functions yields the desired conclusion. O

For normal random vectors, X, € (V,, (-, *),), i = 1,2,

shows that the conditional mean of X, given X, = x, is an affine function of
x, (affine means a linear transformation, plus a constant vector so zero does
not necessarily get mapped into zero). In other words,

E(X|1Xy =x,) =p + 2525 (x; — 1y).

Further, the conditional covariance of X, does not depend on the value of
X,. Also, this conditional covariance is the same as the unconditional
covariance of the normal random vector X, — 2,25, X,. Of course, the
specification of the conditional mean vector and covariance specifies the
conditional distribution of X, given X, = x, as this conditional distribution
is normal.
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¢ Example 3.1. Let W,,..., W, be independent coordinate random
vectors in R” where R” has the usual inner product. Assume that
L(W,)) = N(u, =) so p € R? is the coordinate mean vector of each
W, and 2 is the p X p covariance matrix of each W,. Form the
random matrix X € Bp,n with rows W/, i = 1,..., n. We know that

bX = ey
and

Cov(X)=1,® =

where e € R" is the vector of ones. To show X has a normal
distribution on the inner product space (£, ,,( -, -)), it must be
verified that for each 4 € £, . (A4, X) has a normal distribution.
To do this, let the rows of 4 be ai,..., a,,, a; € R?. Then

n
(A, X) =trAX =) aW,.
1

However, a/W, has a normal distribution on R since £(W,) =
N(p, Z) on R?. Also, since W,,..., W, are independent, ajl,...,
a, W, are independent. Since a linear combination of independent
normal random variables is normal, (4, X) has a normal distribu-
tion for each 4 € £ . Thus

L(X)=N(en,1,® =)

on the inner product space (£, ,,( -, -)). We now want to describe
the conditional distribution of the first g columns of X given the last
r columns of X where g + r = p. After some relabeling and a bit of
manipulation, this conditional distribution follows from
B.13] Partition each W, into Y, and Z, where Y, € R consists of the
first g coordinates of W, and Z, € R’ consists of the last r coordi-
nates of W,. Let X; € £ have rows Yj,..., Y, and let X, € £ |
have rows Z1,..., Z,. Also, partition pintou, € R?and p, € R" so
&Y, = p, and &6Z, = p,, i = 1,..., n. Further, partition the covari-
ance matrix = of each W, so that
2 2
Cont,, ) = (221 222)

where 3,, = 21,. From the independence of W,,..., W,, it follows
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that
B(Xx) = N(eu'l, I, ¢ 211)’

B(Xz) = N(e#/z’ I, ® 222)

and (X, X,} has a normal distribution on £, , & £, with mean
vector {ep}, ens ) and

I,®Z, 1,82,

Covi X, Xo) = I,®2; I,8Zy])

Now, is directly applicable to {X,, X,} where we
make the parameter correspondence

poo e, i=1,2
and

2:‘1 oI ® EU.

Therefore, the conditional distribution of X, given X, = x, € £, is
normal with mean vector

E‘3(X1|X2 = x2) =ep) + (In ® 212)(171 ® 222)_ (x2 - e#'z)
and
Cov( X| X, = x;)
=1,82, - (I,® 2,)(1,® =,,) (I,® 2y)).

However, it is not difficult to show that (I, ® 2,,)"=1, ® Z,,.
Using the manipulation rules for Kronecker products, we have

(X)X, = x,) = eu] + (x; — eny) 253,
and
COV(X1|X2 = x2) =I,® (211 - E1222-2221)-

This result is used in a variety of contexts in later chapters.

119
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3.5. THE DENSITY OF THE NORMAL DISTRIBUTION

The problem considered here is how to define the density function of a
nonsingular normal distribution on an inner product space (V,(-, -)). By
nonsingular, we mean that the covariance of the distribution is nonsingular.
To motivate the technical considerations given below, the density function
of a nonsingular normal distribution is first given for the standard coordi-
nate space R” with the usual inner product.

Consider a random vector X in R" with coordinates Xj,..., X, and
assume that Xj,..., X, are independent with £(X;) = N(0,1). The symbol
dx denotes Lebesgue measure on R". Since X,..., X, are independent, the
joint density of X,..., X, in R" is just the product of the marginal
densities, that is, X has a density with respect to dx given by

S 1
r(x)=T1 Tl exp[ - $x7] = ) exp[ — $Z7x7]

where x € R" has coordinates x,,..., x,. Thus

p(x)= (277)—"/zcxp[—%x’x]

and x’x is just the inner product of x with x in R". To derive the density of
an arbitrary nonsingular normal distribution in R”, let 4 be an n X n
nonsingular matrix and set Y = AX + p where u € R". Since £(X) =
N(, I,), £(Y) = N(p, =) where = = AA’ is positive definite. Thus X =
A~ (Y — p) and the Jacobian of the nonsingular linear transformation on
R” to R" sending x into A~ !(x — ) is |det(4 ~ )| where | - | denotes absolute
value. Therefore, the density function of Y with respect to dy is

pi(») =det(4~ ) p(A47(y — 1)) = (det =)~ *(27) ™"
Xexp[—3(y — )44 (y - p)]
= (detZ)”2Q7) " Pexp[-3(y - W)= (y - w)].

Thus we have the density function with respect to dy of any nonsingular
normal distribution on R”. Of course, this expression makes no sense when
3 is singular.

Now, suppose Y is a random vector in an n-dimensional vector space
(V,(-,)) and £(Y) = N(p, =) where X is positive definite. The expression

p(») = 27) "(det =) exp[—1((y — 1), =7 (y — w))],
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for y € V, certainly makes sense and it is tempting to call this the density
function of Y € (¥, (-, -)). The problem is: What is the measure on (V, (-, -))
with respect to which p, is a density? In other words, what is the analog of
Lebesgue measure on (¥, (-, -))? To answer the question, we now show that
there is a natural measure on (V, (-, -)), which is constructed from Lebesgue
measure on R”, and p, is the density function of Y with respect to this
measure.

The details of the construction of “Lebesgue measure” on an n- dimen-
sional inner product space (¥, (-, -)) follow. First, we review some basic
topological notions for (V, (-, -)). Recall that S,(x,) = {x|||x — x|l < r}is
called the open ball of radius r with center x,. A set B C V is called open if,
for each x, € B, there is an r > 0 such that S,(x,) € B. Since all inner
products on V are related by positive definite linear transformations, the
definition of open does not depend on the given inner product. A set is
closed iff its complement is open and a set if bounded iff it is contained in
S,(0) for some r > 0. Just as in R", a set is compact iff it is closed and
bounded (see Rudin, 1953, for the definition and characterization of com-
pact sets in R"). As with openness, the definitions and characterizations of
closedness, boundedness, and compactness do not depend on the particular
inner product on V. Let / denote standard Lebesgue measure on R". To
move [ over to the space V, let x,,..., x, be a fixed orthonormal basis in
(V,(-, -)) and define the linear transformation 7 on R" to V by

T(a) = L7a;x,

where a € R” has coordinates a,,.. ., a,. Clearly, T is one-to-one, onto, and
maps open, closed, bounded, and compact sets of R” into open, closed,
bounded, and compact sets of V. Also, T~ ! on ¥ to R” maps x € V into the
vector with coordinates (x;, x), i = 1,..., n. Now, define the measure », on
Borel sets B € B(V) by

vo(B) = I(TH(B))-
Notice that vo(B + x) = I(T"Y(B + x)) = I(T"Y(B) + T~ 'x) = I(T"'(B))

= py(B) since Lebesgue measure is invariant under translations. Also,
vo(B) < + oo if B is a compact set. This leads to the following definition.

Definition 3.3. A nonzero measure » defined on the Borel sets B(V) of
V, (-, +)) is invariant if:

(i) »(B+x)=v(B)forx € Vand B B(V).
(i) »(B) < + oo for all compact sets B.
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The measure », defined above is invariant and it is shown that, if » is any
invariant measure on $(V’), then » = cv, for some constant ¢ > 0. Condi-

tion (ii) of relates the topology of ¥ to the measure ». The

measure that counts the number of points in a set satisfies (i) but not (ii) of

and this measure is not equal to a positive constant times »,,.
Before characterizing the measure »,, it is now shown that », is a

dominating measure for the density function of a nonsingular normal

distribution on (V, (-, -)).

Proposition 3.14. Suppose £(Y) = N(p, Z) on the inner product space

(V, (-, -)) where 2 is nonsingular. The density function of Y with respect to
the measure », is given by

p(») = 2m) "X(det =) Pexp[—1(y — p, =7y - p))]

forye V.

Proof. 1t must be shown that, for each Borel set B,

P(Y € B) = [1;(»)p(»)%(dy),

where I is the indicator function of the set B. From the definition of the
measure v, it follows that (see Lehmann, 1959, p. 38)

J1:(») p(3)vo(dy) = [15(T(a)) p(T(a))!(da).

Let X=T YY) € R" so X is a random vector with coordinates (x;, Y),
i=1,...,n. Thus X has a normal distribution in R" with mean vector
T~ '(u) and covariance matrix [2] where [Z] is the matrix of 2 in the given
orthonormal basis x,,..., x,. Therefore,

P{(Ye B)y=P(T"(Y)e T"(B))=P{X € T '(B))
= [Ir-1ay(a)(2m) " *(det[2]) "2
xexp[—4(a = 77 (w))[2]"'(a = T7'(w))] (da)

= [15(7(a)) p(T(a))!(da).
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The last equality follows since I7-1(p,(a) = I5(T(a)) and

p(T(a)) = (27) "*(det =)™
Xexp[—%(T(a) -, 27 Y(T(a) - F‘))]
= (27)""(det[=]) "2

xexp[—4(a— T'(w))[2] (a = T7'(w))].
Thus

P(Y € B) = [1,(T(a)) p(T(a))!(da)
= [1:()p(y)vo(dy). o

We now want to show that the measure »,, constructed from Lebesgue
measure on R”", is the unique translation invariant measure that satisfies

[r()mo(dy) = 1.

Let " be the collection of all bounded non-negative Borel measurable
functions defined on V that satisfy the following: given f € K™, there is a
compact set B such that f(v) = 0 if v & B. If » is any invariant measure on
V and f € K*, then [f(v)»(dv) < + oo since f is bounded and the »-mea-
sure of every compact set is finite. It is clear that, if », and », are invariant
measures such that

J1(@)i(dv) = [f(0)ry(dv)  forallfe 5,

then v, = »,. From the definition of an invariant measure, we also have

J1(o+x)r(dvo) = [f(0)(dv)



124 THE NORMAL DISTRIBUTION ON A VECTOR SPACE

for all f € H* and x € V. Furthermore, the definition of », shows that

[1(x)m(ax) = [£(T(a))(da) = [(T(~a))I(da)

= [£(=T(a))i(da) = [1(~x)v(dx)

for all f € K*. Here, we have used the linearity of 7 and the invariance of
Lebesgue measure under multiplication of the argument of integration by a
minus one.

Proposition 3.15. If » is an invariant measure on B (¥), then there exists a
positive constant ¢ such that v = c,.

Proof. Forf, g € H*, we have

[1(x)v(ax) [g(p)vo(dy) = [ [1(x = y)g(»)r(dx)w(dy)
= [ [1(= (y = x))g(y = x + x)wo(dy)»(dx)
= [ [1(=w)g(w + x)wo(aw)»(dx)
= [ [1(=w)g(w + x)v(dx) v, (aw)
= [1(=w)ry(dw) [g(x)v(dx)

= [1(w)ro(aw) [5(x)w(dx).

Therefore,
[1(x)v(ax) [g(y)ro(dy) = [7(w)ro(dw) [8(y)v(dy)

for all f, g€ %*. Fix f€ K" such that ff(w)vo(dw)=1 and set ¢
- ff(x)v(dx). Then

[e()v(dy) = c[g(y)vo(dy)
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for all g € K*. The constant ¢ cannot be zero as the measure » is not zero.
Thus ¢ > 0 and » = cw,. a

The measure », is called the Lebesgue measure on ¥ and is henceforth
denoted by dv or dx, as is the Lebesgue measure on R". It is possible to
show that »; does not depend on the particular orthonormal basis used to
define it by using a Jacobian argument in R". However, the argument given
above contains more information than this. In fact, some minor technical
modifications of the proof of yield the uniqueness (up to a
positive constant) of invariant measures on locally compact topological
groups. This topic is discussed in detail in Chapter 6.

An application of [Proposition 3.14| to the situation treated in
B.1] follows.

¢ Example 3.2. For independent coordinate random vectors W, €

R?,i=1,..., n, with £(W,) = N(p, Z), form the random matrix

X eg, , withrows W/, i =1,..., n. As shown in [Example 3.1|
L(X)=N(ew,I,® =)

on the inner product space (Bp)n,< -, +y), where e € R" is the
vector of ones. Let dX denote Lebesgue measure on the vector space
Bp' ,- If Z is nonsingular, then I, ® = is nonsingular and (I, ® £)~!
=1,® =7 Thus when = is nonsingular, the density of X with
respect to dX is

(3.1) p(X)=v2r) " (det(I, ® 2))~ "
Xexp[—4(X — ep, (I, ® =) (X — ew))].
It is shown in Chapter 5 that det(l, ® =) = (det 2)". Since the

inner product ¢ -, -) is given by the trace, the density p can be
written

p(X) = (V2m) " (det =) "2
Xexp[—4tr(X — ew) (X — ep)=1].
However, this form of the density is somewhat less revealing, from a
statistical point of view, than In order to make this statement

more precise and to motivate some future statistical considerations,
we now think of p € R? and 2 as unknown parameters. Thus, we
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can write|(3.1)| as
(32) p(Xin,Z) = (V) " (ders) ™"

X exp[ — (X — ep’, (1, ® ) (X — ep’))]

where p ranges over R” and 2 ranges over all p X p positive definite
matrices. Thus we have a parametric family of densities for the
distribution of the random vector X. As a first step in analyzing this
parametric family, let

M= {xe L, alx=ep,pe R?}.

It is clear that M is a p-dimensional linear subspace of £, , and M is
simply the space of possible values for the mean vector of X. Let
P, = (1/n)ee’ so P, is the orthogonal projection onto span{e} C R".
Thus P, ® I, is an orthogonal projection and it is easily verified that
the range of P, ® I, is M. Therefore, the orthogonal projection onto
MisP,® I, Let Q, = I, — P,s0 Q, ® I, is the orthogonal projec-
tion onto M* and (Q, ® I,)(P, ® I,) = 0. We now decompose X
into the part of X in M and the part of X in M+ —that is, write

=(P,® I,)X + (Q, ® 1,) X. Substituting this into the exponen-
tlal part of and using the relation (P, ® I,)(1, ® 2)(Q, ® 1,)
=0, we have

(X —ew,(1,®Z7")(X — ew))
= (P.(X -~ aw). (1,0 ) P(X — )
+(0.X,(1,® 27')Q,X)
= (P.X— e, (1,8 Z7')(P.X — ep)) + 1Q X271 (Q XY

=(P.X—ep,(I,® 27 ') (P, X — ep)) + t1X'Q,X= .

Thus the density p(X|p, =) is a function of the pair P,X and
X'Q,X so P,X and X'Q, X is a sufficient statistic for the parametric
family [(3.2)] [Proposition 3.4|shows that (P, ® I)Xand (0, ® 1,)X
are independent since (P, ® I,)(1, ® 2)(Q, ® I,) = (P,Q,.) ® 2=
0 as P,Q, = 0. Therefore, P,X and X'Q,X are independent since
P,X=(P,® L)X and X'Q0.X = ((Q. ® I,)X)(Q. ® 1,)X). To
interpret the sufflclent statistic in terms of the ongmal random
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vectors W,,..., W,, first note that

P X = %ee’X =eW

where W = (1/n)ZW, is the sample mean. Also,
X'Q.X = (0.X)(Q.X) = ((I, - P)X)(( - P.)X)
= (X—eW)y(X—eW) =L} (W, - W )(W, - W ).

The quantity (1/a)X'Q,X is often called the sample covariance
matrix. Since e’ and W are one-to-one functions of each other, we
have that the sample mean and sample covariance matrix form a
sufficient statistic and they are independent. It is clear that

B(W)=N(,u,%2).

The distribution of X’Q, X, commonly called the Wishart distribu-
tion, is derived later. The procedure of decomposing X into the
projection onto the mean space (the subspace M) and the projec-
tion onto the orthogonal complement of the mean space is funda-
mental in multivariate analysis as in univariate statistical analysis.
In fact, this procedure is at the heart of analyzing linear models—a
topic to be considered in the next chapter. ¢

PROBLEMS

1.

Suppose X,..., X, are independent with values in (V,(-,-)) and
£(X;)= N(p;, 4,),i = 1,..., n. Show that £(2X,) = N(Zu,, =4,).

Let X and Y be random vectors in R” with a joint normal distribution

given by
X\ _ L, rl,
B(Y) _N(O’(pln I ))

n

where p is a scalar. Show that |p| < 1 and the covariance is positive
definite iff |p| < 1. Let Q(Y) = I, — (Y'Y)"'YY'. Prove that W =
X'Q(Y)X has the distribution of (1 — p?)x2_, (the constant 1 — p?
times a chi-squared random variable with n — 1 degrees of freedom).
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3. When X € R" and £(X) = N(0, 2) with = nonsingular, then £(X) =
£(CZ) where £(Z)= N(0,1,) and CC’ = 3. Hence, L(C'X) =
£(Z) so C™! transforms X into a vector of iid. N(0,1) random
variables. There are many C~!’s that do this. The problem at hand
concerns the construction of one such C~!. Given any p X p positive
definite matrix 4, p > 2, partition 4 as

A
A= (a“ 12)
Ay Ay

where a,, € R', 4,, = A}, € R?~". Define T,(A) by

(i) Partition =:n X n as A4 is partitioned and set XV = T (2)X.
Show that

Cov(XxM) = ((1) 2?1))

where 2V =3, — 2, 3, /0,,.
(i) Fork=1,2,...,n— 2, define X**V by

XD = L 0 X
0 T, (2%)
Prove that

I 0
(k+1)y — [ “k+1
Cov( X ) ( o E("”))

for some positive definite Z*+D,
(iii) Fork=0,...,n— 2, let

T =

I 0
0 T, ,(Z9))

where T® = T (2). With T=T""2 ... TO, show that X(*~V
= TX and Cov( X"~ V) = I . Also, show that T is lower triangu-
lar and 2! = T'T.
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4. Suppose X € R? has coordinates X; and X,, and has a density

1 .
p(x)= ;CXP[—%(’CIZ""‘%)] if x,x, > 0

0 otherwise

so p is zero in the second and fourth quadrants. Show X, and X, are
both normal but X is not normal.

5. Let X,,..., X, be i.i.d. N(g, 0?) random variables. Show that U =
22(X, — Xj)2 and W = 2 X, are independent. What is the distribution
of U?

6. For X e (V,(-,)) with £(X)= N(,I), suppose (X, AX) and
(X, BX) are independent. If A and B are both positive semidefinite,
prove that AB = 0. Hint: Show that tr AB = 0 by using
co{( X, AX),(X, BX)} = 0. Then use the positive semidefiniteness
and tr AB = 0 to conclude that AB = 0.

7. The method used to define the normal distribution on (V,(-, -))
consisted of three steps: (i) first, an N(0, 1) distribution was defined on
RY; (i) next, if £(Z) = N(0, 1), then W is N(p, 6?) if E(W) = L(0Z
+ p); and (iii) X with values in (V, (-, -)) is normal if (x, X) is normal
on R! for each x € V. It is natural to ask if this procedure can be used
to define other types of distributions on (¥, (-, -)). Here is an attempt
for the Cauchy distribution. For X € R, say Z is standard Cauchy
(which we write as £(Z) = C(0, 1)) if the density of Z is

z€ R

Say W has a Cauchy distribution on R! if (W) = £(6Z + p) for

some p € R! and o > 0—in this case write £(W) = C(p, o). Finally,

say X € (V, (-, -)) is Cauchy if (x, X) is Cauchy on R'.

(i) Let W,,..., W, be independent C(pj0),j=1,...,n. Show that
£(Za;W,) = C(Za,p;, Z|a;|0;). Hint: The characteristic function
of a C(0, 1) distribution is exp[—|¢|], t € R

(i) LetZ,..., Z, beiid. C(0,1) and let x,,..., x, be any basis for
V,(-,+)). Show X = Zij ; has a Cauchy distribution on
(V, ( Yy " ))

8. Consider a density on R' given by

1w = 1Y (u/1)G(dr)
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11.

12.
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where ¢ is the density of an N(0, 1) distribution and G is a distribution

function with G(0) = 0. The distribution defined by f is called a scale

mixture of normals.

(i) Let Z,be N(0,1) and let R be independent of Z, with £(R) = G.
Show that U = RZ, has f as its density function.

If £(Y)=£(cU) for some ¢ > 0, we can say that Y has a type-f

distribution.

(i) In(¥,(:, ")), suppose £(Z) = N(0, I) and form X = RZ where R
and Z are independent and £(R) = G. For each x € V, show
(x, X) has a type-f distribution.

Remark. The distribution of X in (V, (-, -)) provides a possible vector

space generalization of a type-f distribution on R!.

In the notation of Example 3.1}, assume that p = 0 so £(X) = N(0, I,
® Z)on (Bp,n,< -, +)). Also,

(X)X, = x,) = N(x222_2'221, I, ® 2|1-2)

where 2,,., = =, — 2,,25'E,,. Show that the conditional distribu-
tion of X; X, given X, is the same as the conditional distribution of
X X, given X X,.

The map T of has been defined on R” to (V,(-,-)) by

Ta = Yia;x; where x,,..., x,, is an orthonormal basis for (V, (-, -)).
Also, we have defined », by »,(B) = (T~ '(B)) for B € B(V). Con-
sider another orthonormal basis y,,..., y, for (V(-, -)) and define T;

by T,a = X/a;y,, a € R". Define v, by »,(B) = I(T; '(B)) for B €
B(V). Prove that v, = »,.

The measure »; in depends on the inner product (-, -) on
V. Suppose [-, -] is another inner product given by [x, y] = (x, Ay)
where 4 > 0. Let », be the measure constructed on (V,[-, -]) in the
same manner that v, was constructed on (V, (-, -)). Show that », = ¢y,
where ¢ = (det(A4))"/2.

Consider the space &, of p X p symmetric matrices with the inner
product given by (S|, S,) = tr §,S,. Show that the density function of
an N(0, I') distribution on (Sp,( -, +)) with respect to the measure »,
is

i<j

p(8) = (h)"’“’*‘”“exp[—%(zf’s,% + 222s3,~)]

where § = {s;,}, i, j = L,..., p. Explain your answer (what is »,)?
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13. Consider Xj,..., X,, which are iid. N(p,Z) on R”. Let X € Bp,n

have rows Xj,..., X} so £(X) = N(ew, I, ® Z). Assume that 3 has
the form

[ P
22pl [
=0"| . .

p P 1

where 62> 0 and —1/(p — 1) < p < 1 so = is positive definite. Such
a covariance matrix is said to have intraclass covariance structure.

(i) On R?,let A = (1/p)e,e; where e, € R” is the vector of ones.
Show that a positive definite covariance matrix has intraclass covari-
ance structure iff £ = a4 + B(I — A) for some positive scalars a and
B.In thiscase ="' = a4 + B~ (I — A).

(i) Using the notation and methods of show that when
(p, 0%, p) are unknown parameters, then (X, tr AX'Q X, tr (I —
A)X'Q,X) is a sufficient statistic.

NOTES AND REFERENCES

1.

A coordinate.treatment of the normal distribution similar to the treat-
ment given here can be found in Muirhead (1982).

2. and (3.2 indicate some of the advantages of vector space

techniques over coordinate techniques. For comparison, the reader may
find it instructive to formulate coordinate versions of these examples.

The converse of is true. The only proof I know involves

characteristic functions. For a discussion of this, see Srivastava and
Khatri (1979, p. 64).
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