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DECOMPOSITION THEOREMS FOR HARDY SPACES ON
CONVEX DOMAINS OF FINITE TYPE

SANDRINE GRELLIER AND MARCO M. PELOSO

ABSTRACT. In this paper we study the holomorphic Hardy space HP((2),
where Q is a smoothly bounded convex domain of finite type in C™.
We show that for 0 < p < 1, HP(Q2) admits an atomic decomposi-
tion. More precisely, we prove that each f € HP(Q2) can be written
as f = Ps(3520vja;) = X720 vjPs(a;), where Pg is the Szegd pro-
jection, the a;’s are real variable p-atoms on the boundary 0f2, and
the coefficients v; satisfy the condition }772 |v;[P < ||f||§’_”,(9). More-
over, we prove the following factorization theorem. Each f € HP(Q2)
can be written as f = Z;io fjg;, where f; € H?P, g; € H?P, and

520 1fillz2p lg51l2¢2p S |Ifll7p (- Finally, we extend these theorems
to a class of domains of finite type that includes the strongly pseudo-
convex domains and the convex domains of finite type.

Introduction

Let © be a smoothly bounded domain in C". For 0 < p < oo let LP(2)
denote the Lebesgue space with respect to the volume form and LP(92) the
Lebesgue space on 02 with respect to the induced surface measure do. For
0 <p<1let HP(09N) be the real-variable Hardy space on 0.

We let HP(Q2) denote the Hardy space of holomorphic functions on 2, with
norm given by

£y = 50 [ Ifw)P do(w)
0<e<eo J§(w)=¢

where §(w) is the distance from w to 9Q and do. denotes the surface measure

on the manifold {6(w) = €}. To any function f € H?(2) corresponds a unique

boundary function in LP(952), which we also denote by f, obtained as normal

almost everywhere limit [St1]. Thus, we may identify HP(2) with a closed

subspace of LP(9%2).
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The Hilbert space orthogonal projection Pg of L?(92) onto H?(2) is given
by the Szego projection

Psf(z) = F(Q)Sa(z,¢) do((),

[219]

where Sq(z, () is the Szegd kernel.

When €2 is a smoothly bounded convex domain of finite type, there exists a
natural pseudo-distance d on 052 that makes 92 into a space of homogeneous
type (see [Mc]). The real-variable Hardy space HP(02), 0 < p < 1, is defined
as a space of distributions on 0f2, in terms of atoms, in the following sense.
Each distribution f € H?(09) can be written as f = 3772 vja;, where {v;} €
£P, the a;’s are p-atoms and the series is assumed to converge in the sense of
distributions (see Section 1 for the precise definition).

In this paper we prove that, for 0 < p < 1, the Hardy space HP({2) con-
tinuously embeds into H?(02). In other words, every function f € HP(2)
has boundary values that belong to H?(09), so that it admits an atomic
decomposition.

To be more precise, for g a distribution on 99, Ps(g) is the holomorphic
function in 2 defined for z € Q) by

Ps(9)(z) = (9.5a(. )

where Sq(z, () denotes the Szegd kernel, which is C*°(9€) in the second vari-
able whenever z € €.

We prove that any f € H”(Q2) can be written as Ps(}_ v;a;), where ) v;a;
is a distribution that belongs to H?(02). Moreover, we have Ps(} v;a;) =
Y- v;Ps(aj) in the HP(£2)-sense, that is, the series converges to f in the HP(£2)-
norm.

On the other hand, we prove that the Szegt projection Pg maps continu-
ously H?(0Q) into HP(2), for 0 < p < 1.

Moreover, we prove that on HP(Q2) a (weak) factorization theorem holds.
More precisely, we show that, given any function f € HP(Q2), there ex-
ist fj,9; € H*P(Q) such that f = 3772 fig; and 3272 [ fjllrezellgjllnzr <
c|| fll#r (o), with ¢ independent of f.

Finally, in Section 8 we extend the above results to so-called H-domains,
a class of smooth, bounded domains of finite type that includes the strongly
pseudoconvex domains and the convex domains of finite type. Such domains
are a natural extension of the mentioned domains and were studied in [BPS3].

These results extend classical results to the case of convex domains of finite
type, and more generally to the case of H-domains. The atomic decomposi-
tion of the holomorphic Hardy spaces was first proved in the case of the unit
ball by Garnett and Latter [GL], and later extended to strongly pseudoconvex
domains and domains of finite type in C? by Krantz and Li [KL2], and inde-
pendently by Dafni [D] in the case of strongly pseudoconvex domains. Related
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results about duality between H! and BMO appear in [KL1] for strongly pseu-
doconvex domains and domains of finite type in C?, and in [KL3] for convex
domains of finite type. The factorization theorem is classical in dimension
1, while in several variables it was first proved by Coifman, Rochberg and
Weiss [CRW] in the case of the unit ball for the space H!(£2). In [KL2] this
theorem was extended to the case of strongly pseudoconvex domains for all
spaces HP(£2), 0 < p < 1, and in [BPS2] to convex domains of finite type for
HL(Q).

Applications of these results to the regularity properties of small Hankel
operators have been given in [CRW], [KL2] and [BPS2], just to name a few.
Another classical characterization of Hardy spaces, in terms of the area inte-
gral, was given in [KL4] for the case of convex domains of finite type in C".
Finally, we mention that the optimal approach regions for a Fatou-type the-
orem for H? functions on a convex domain of finite type have been described
in [DFi].

The geometry of convex domains of finite type was first described by Mc-
Neal [Mc|. This description was later applied by McNeal and Stein to the
analysis of the mapping properties of the Bergman projection [McS1] and the
Szego projection [McS2]. In the case of strongly pseudoconvex domains and
finite type domains in C? the geometry was determined by canonical vector
fields. The natural quasi-distance on 92 was the control distance determined
by these vector fields, i.e., the Carnot metric. The situation of convex do-
mains of finite type is essentially more general. The “weight” of each vector
field may vary from point to point, and one needs to take into consideration
the different order of contact of complex lines with 9. For these reasons it
is natural to consider a diameter function 7({, A, r), which gives the diameter
of the largest one-dimensional disc in the direction of A with center at ¢ that
fits inside the region {2’ : p(2’) < r}. Here ¢ denotes a fixed smooth defining
function for €.

As a consequence, in order to define the cancellation property for p-atoms
for small values of p, we need to consider the pairing between functions
f € HP(Q) and smooth bump functions whose derivatives in all tangential
directions can be controlled in terms of the diameter function.

We remark that, although the main lines of the proof of the atomic de-
composition are standard, some of the classical arguments have been greatly
simplified. On the other hand, in order to prove the factorization theorem we
adapt an idea from [BPS2], where the result was proved in the case p = 1.
The proof relies neither on the explicit expression of the Szegd kernel, as in
[CRW], nor on its asymptotic expansion, as in [KL4]. Instead, it is based on a
recent result by Diederich and Fornzess on the existence of support functions
on convex domains of finite type.

We use the notation A < B to indicate that A < ¢- B, where the constant
¢ does not depend on the important parameters on which the functions A and
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B depend. (Typically, the constant ¢ will only depend on the geometry of the
domain 2.) We use the symbols 2 and ~ with similar, obvious meanings.

1. Basic facts and notation

Let © be a smoothly bounded convex domain in C™. A point ¢ € 02 is
said to be of finite type if the order of contact of complex lines with 99 at
this point is finite (see [BS] and the references therein). The type of the point
is the least upper bound of the various orders of contact. We say that € is of
finite type Mg if every point on 902 is of finite type < Mg.

Let Q = {2z € C" : o(2) < 0}. There exists €y > 0 such that for || < g
the sets Q. = {z € C" : p(z) < €} are all convex and the normal projection
7: U — 09 is well defined and smooth, where U = {z € C" : §(z) < g¢}. The
basic geometric facts about convex domains of finite type were first proved by
McNeal [Mc]; see also [McS1], [McS2], and [DFo]. We recall the results needed
for the present work and take this opportunity to review the main elements
of the construction and to set some notation.

For z € U and A € C" a unit vector, we denote by 7(z,\,r) the distance
from z to the surface {2’ : p(z') = o(z)+r} along the complex line determined

by A.
For each z € U and r < gg there exists a special set of coordinates
{w?", ..., w2}, which we call r-extremal. The first vector v is given by

the direction transversal to the boundary, in the sense that the shortest dis-
tance from z to the set {2z’ : p(z') = o(2) + r} is attained in the complex line
determined by v(1).

The vector v(?) is chosen among the vectors orthogonal to v(!) in such a
way that 7(271)(2), r) is maximal. We repeat this process until we obtain an

orthonormal basis {v®,...,v(™}. We denote by (w,...,w,) the coordi-
nates with respect to this basis. Notice that these coordinates (wy,...,w,) =
(wi",...,wZ") depend on z and r. However, the transversal direction w;
does not depend on r.

For k=1,...,n, we set
(1.1) Ti(z,7) =T (z, v(k),r)
and define the polydisc
(1.2) Qz,r) ={w: |wg| < m(z,7), k=1,...,n}.

The basic relations among these quantities are given in the following propo-
sition; see [McS2, Prop. 1.1] and also [BPS2, Lemma 2.1].

PrOPOSITION 1.1.  There exists a constant C > 0 depending only on €2
such that for any unit vector A € C*, 0 <r <eg,z€ U, and 0 <n <1 we
have:

©) 027z A ) Sz A ) S ntMer(z, A\ r);
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(it) n'/2Q(z,C~'r) € Q(z,nr) € n'/MoQ(z, Cr);
(ili) if w € Q(z,9) then T(z, A\, 1) = T(w, A, 7).

We define the quasi-distance dy, : U x U by

(1.3) dp(z,w) = inf{d : w € Q(z,0)}
and set
(1.4) d(z,w) = dp(z,w) + 6(2) + 6(w).

Notice that d is initially defined on U x U. We extend this function to C"* x C"
by setting

d(z,w) = ¥ (e(2))P(e(w)) d(z, w) + (1 = P(e(2))(1 = P(e(w)))|z — wl,

where 1 is a smooth cut-off function on R such that ¥(t) = 1 for || < g¢/2
and 9(t) = 0 for || > &o.

On the boundary we will use a family of “balls” centered at ¢ € 9 and of
radius 9, defined as

B(¢,6) = Q(¢,6) N on.

For any unit vector A we introduce the differential operator
(1.5) Ly = (0x0)0z, — (9,00,

where w; = x1 + iy; is the transversal direction fixed earlier. Here J) is the
standard vector field defined by A as Oxf = (A, df), for the real differential
df of a smooth function f, where (,) denotes the usual pairing between a
one-form and a vector.

Notice that L, is always a tangential vector field. If A € §2"1 is itself
tangent to 0f), then L is the directional derivative in the direction A.

For A = (A1,...,y) a g¢-list of vectors in S?"~! and pu = (u1,..., 4,y a
g-index we set || = p1 + -+ + fin,

(1.6) Ly =L .. LY,
and
(1.7) TH(2, A, 0) = 7(2, A1, ) .. 7(2, Ay, 6)Ha.

We recall the fundamental estimates for the Szeg6 kernel and its derivatives
called interior estimates of S-type (see Definion 4 and Theorem 3.6 in [McS2]):

/ —H(z, A, 8)TH (2, \, )
1. i LK, s =7 -
( 8) N, z7N 2z SQ(Z’Z ) ~ g (B (7'['(2)75)) 7

where § = d(z,2'), 2,2/ € Q x Q\ Apq, with Apn denoting the diagonal on
oN.
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We conclude this section by giving the definition of the real-variable Hardy
spaces. We first introduce the notion of p-atoms. Let {5 € 99, rg < &g, and
let N be a positive integer. On C*°(B({y,70)) we introduce the norm

(1.9) 19l sn(Bico.ron) = sup D IERGl o (5o, ™ (Go0s A o).
lul=N

DEFINITION 1.2. We set
bo=[(1-1/p)(Ma+2n—2)], N,=/l+1,

where [z] denotes the integral part of z. A measurable function a on 99 is
called a p-atom if it is either the constant function on 99 equal to o(9Q)~ /7,
or satisfies the following conditions:

(i) suppa C B(¢o,10);

(i) [a(Q)] < o (B(Co,m0)) s

(iii) faQ a(¢) do(¢) = 0;

(iv) for all ¢ € C* (B((p,70)) we have

/(996‘(()(;5(() dU(O‘ < ||¢H$NP(B(Co,ro))‘7(B(Co,ro))l_l/p.

Notice that condition (iv) replaces the classical higher moment condition
and is in the same spirit as the analogous condition in [KL2]. The difference
here lies in the choice of the norm | - [|s,, -

Real-variable Hardy spaces. Let 0 < p < 1. The real Hardy space
HP(09Q) is the space of distributions f on 9 which can be written as

(1.10) f= Zujaj,
=0

where ) |v;|P < oo, the a;’s are p-atoms, and the series is assumed to converge
in the sense of distributions.
With a standard abuse of notation, the “norm” on H?(02) is defined as

A% =1nf > " fwilP s f =Y vja;
7 7

Setting d(f,g) = ||f — gll%», we see that HP(9) is a complete metric space.
This implies that the series in (1.10) converges in norm. This is in fact obvious
since || X272, viailly, < 3002, [v4]P, which tends to 0 as my — co. This
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implies that Z;'io v;a; necessarily converges in norm, and hence in the sense

of distributions, to f.!

We point out that this definition of H?(9) is consistent with the definition
given in [CW] in the case of a space of homogeneous type for values of p close
to 1; see also [KL5].

2. Statement of the main results

The main results of the present work are the following.
THEOREM 2.1. Let Q be a smoothly bounded convex domain of finite type.
Let 0 < p < 1. Then there exists a constant ¢ depending only on p and £ such

that the following holds. Given any f € HP(S) there exist constants v; and
p-atoms a; such that Z;io vja; € HP(0Y) and

oo oo
f=Ps Y viaj | = viPs(ay),
j=0 j=0
and moreover

oo
Z lv|P < C”fHEZ})—(P(Q)'
=0

THEOREM 2.2. Let Q be a smoothly bounded convex domain of finite type.
Let 0 < p <1 and let HP(0R) be the real-variable Hardy space on 0. Then

Pg: HP(09) — HP(Q)

is bounded.
Finally, we have the following factorization theorem.

THEOREM 2.3. Let Q2 be a smoothly bounded convex domain of finite type.
Let 0 <p<1,1< q<oo, and let ¢’ be the conjugate exponent. There exists
a constant ¢ depending only on p,q and 2 such that the following holds. Given
any [ € HP(Q) there exist f; € HPY, g; € HPY | j=1,2,..., such that

F=>_tig
=0

n order to clarify one point on which there is a little bit of confusion in the literature,
we remark that in [MTW, p. 513] it was shown that a generic HP-function f, which is
an infinite sum of atoms, cannot be written as a finite sum of atoms Z;V=1 v;bj, with
Z;-Vzl lvj|P = || fI|%p- Of course, this fact does not contradict the norm convergence of the

series in (1.10).
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and

oo
> Wfillsralgillzgen < el fllrne-

=0

We remark that this theorem was proved in [BPS2] for p = 1 by a different,
more indirect, method. Our proof relies on the atomic decomposition obtained
in Theorem 2.1.

The above theorems are valid on a class of smoothly bounded domains of
finite type that includes the convex domains as well as the strongly pseudo-
convex domains. These domains were introduced in [BPS3] and are called
H-domains. In the final section of this paper, we discuss the extension of
these theorems to H-domains.

3. Proof of Theorem 2.2
Let f =377y vja; € H?(0Q). By definition,

Fs Zyjaj (Z) - <Zyjaj’SQ(Z7')>

M

<1/jaj, Sa(z, )>

<.
I
o

v;jPs(a;)(2),

o

I
=)

J

since the series converges in the sense of distributions. It remains to prove

that this last term belongs to HP(£2), with norm controlled by || f|| g»(90)-
We claim that there exists C' > 0 such that ||Ps(a)||x») < C for any

p-atom a. From this it follows that, for any my, ms € N with m; < mao,

mo ma2
> viPs(ay)|  <CPY ful.
P miy

mi
Hence, by the assumption on {v;} and the completeness of H?((2), one gets
that Ps(f) =372, v;Ps(a;) belongs to H?(Q2). Moreover,

p

H

1Ps (N5 S D vl
i

whenever f =3 ;Via;, which gives the desired estimate.
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Thus, we only need to estimate || Ps(a)||x» for any p-atom a. Let suppa C
B(¢p,0), where ¢y and 6 = ro are as in Definition 1.2. Let £ > 0. Then

/ |Ps(a)(Q)[P doa(¢) = / IPs(a)(¢ — ev(Q)|P do(C)
00

oQ

_</ + / >|Ps<a><<s>|pda<<>
B(0,26)  JeB(¢0,26)

=1+1I,

where v(¢) denotes the outward unit normal at ¢ € 99Q and (. = ¢ — ev(().
Since p < 2,

/2
1< ( / |Ps<a)(cs>2do<<>) -0 (B(Co,28)) 7?
B(¢0,26)

< cllall}s o0 (B(Go, 20)' 7/

(&)

VAN

since ||allz2(90) < o (B(Co,26))*7Y? and Ps maps L2(99).) into L2(0)

with norm independent of ¢, as a consequence of the T'(1)-theorem of David
and Journé and of the results in [McS2].
Next, set By, = {¢ € 9Q : 286 < d((, o) < 2816}, Then

- Z/ |Ps(a)(C — e0(0))|P do (C),
k=0" Bk
and

IPs(a)(¢.)] = \ [ satcewjatuw) dotu

< [1Sa(Cer s, (Bcosy) - o (B(Co,20)' 7.
Recall that the Szegd kernel satisfies the estimate (1.8), so that
T, A, (G w)
~ o(Bw,d(,w))
and notice that, for ¢ € Ey, and w € B({y, 9),
d(C€7w) =c+ db(C7w) > e+ db((?CO) - db((()/ll))
>e+286—6> 625"

‘LXSQ(CE’ w)|

Therefore, for ¢ € Ey,

”SQ(C& ) ||SNP(B(<075))

= sup Z HLXSQ(CE’ ‘)||L°°(B(C0,6)) ' TM(CO; Aaé)
[u|=Np
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— o« ) T_H(waA7d(<E7w)) T AS
WL LA B dwy) )

T#(COaAv(S) 1
< .
Sow D wentons Tw, A, 025-1) " o(B(w, 02k 1))

[n]=Np
TM Co,A 5) 1
< .
S‘ipl % #(Co, A, 02k~ 1) o(B(w, 62F-1))
< kI#I/MQ
27 (B, = 0y

|pu|=Np

Returning to the estimation of II, we obtain

HfZ/ IPs(a)(C)IP do=(C)

<Y I1Sal¢, s, Bco6) (B(G0,)" ™" o(Ex)
k

_ o(B(¢p, 8))P~1
<SS Yo kpu/MQU(;($0622§)p_l

K |nl=N,

<SS ST o Hlul/Ma)p (1 (2n=2)/ae) (o)
k=N,

<g

since the term in brackets in the exponent is positive, due to our choice of
Np. O

4. Maximal functions and a partition of unity

In the proof of the atomic decomposition of HP(£2) we are going to use
some maximal operators that now we introduce. These operators are standard
variants of classical ones; see [FS], [St2], and also [KL2].

Given ¢ € 00 we define the approach region A, (¢) as the subset of Q given
by

A(Q) = {2 € Q1 d(C, (=) < 76(2)}.

We define the non-tangential mazimal function

(4.1) f3(Q) = sup [f(2)],
2€A(C)

and the tangential variant

N
(4.2) (0= s () )l

we
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We consider a space of smooth bump functions at (, defined by

KY(Q) = {g € C(99) : supp g  B(Co,t0), o € A, (¢) and [lgllarcoo < 1},

where

(4.3)  gllazcoto =  sup (o, Ay to)a(B(Cos to)) I LA Gl Lo (B(¢orto)) -
A, ‘N‘SM

Following [McS2, Def. 2], we say that a function ¢ is a smooth bump function
of order N on B((p,t0) C 09Q if ¢ € C*(B((p,t0)) and

sup | (2) |7 (Co, Ay to) < Oy,

for all z € B({p,t0) and |u| < N. If Cy =1, ¢ is called a normalized smooth
bump function of order N.
The grand maximal function is defined as

(4.4) Kym(f)(¢) = sup
gERM (()

f(w)g(w) do(w)] .

o0

LEMMA 4.1. With the above definitions, there exist ¢ = ¢(2) and N =
N (v, M) such that

Ky mf(€) S 15,(€) + I ()

Proof. We wish to estimate | [, f(w)g(w) do(w)| for g € KM (¢). Given
such a function g, there exist (o and tg such that suppg C B((p,to) and
d(¢, Go) < 7to; ie., Co —tor(Co) € Ay(¢). By Lemma 6.5 in [BPS1] (which re-
quires only the holomorphy of f) and by integration by parts, for any positive
integer k there exists a differential operator Yj 1 with smooth coefficients, of
order k + 1, such that

£ (w)g(w) do<w>\ _

F(w)Yi1g(w)d" (w) dV (w))
o0 Q

Here g is a smooth extension of g, say

0 otherwise,

G(w) = {g(ﬂ(w))gl(g(w)) if |o(w)] < 2to,

and g1 € C§° ([—2to, 2to]), g1(t) = 1 if [t| < £p/2. The positive integer k will
be selected later.
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Notice that \g%j)(tﬂ < ¢;t;”? and hence

k1
Yis1§(w)| < Z sup  [|LR gl Lo (B(co.t0))
0 A lpl=k+1—j
k+1 1 1
S) 5 sup :
= — 1) Alul=kt1-j T(Co, A to)  o(B(Co,to))

_ 1 1
gt o(B(Co,to))

Now we write

fw)g(w) dU(w)‘ S/Q |f (W) Yii19(w)]6" (w) dV (w)

to

o0
+ / | ()Y ()6 () dV ()
Q\ Q4
=71 +1.

Notice that w € suppg implies that d(m(w),{) < evyto. Thus, if w €
Q, Nsupp g then w € A.,(¢). Hence,

2t
dt do(w)
/B(Cmto) /to tk+1 COa ))

N

Moreover, since

(w)
we have
ik
< / / dt do (w)
B(Costo) Jto tk+1 ( (COatO))
to th
< N (¢ (1 + —) —dt
\/to ) t t§+1
ifk— N < —1. O

The next two lemmas are classical, and they hold on any smoothly bounded
domain. The first is due to Stein; see [St1, Sec. 9]. The second is a version of
a result of Fefferman and Stein; see [F'S, Lemma VI.1].
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LEMMA 4.2.  Let Q be any smoothly bounded domain, 0 < p < oo. Then
151l ze 0y S I fllme(0)-

LEMMA 4.3. Let Q be any smoothly bounded domain, 0 < p < oo. Then,
for N large enough,

1N zr o) S I fllHr@)-
We now introduce a smooth partition of unity on any open set O C 9f).

LEMMA 4.4. Let O C 909 be an open set. Then there exist a collection
of balls B; = B((;, 1), functions ¢; € C*(0N), i =0,1,2,..., and constants
a>1>p>0, depending only on Q, such that the following conditions hold:

(ii) supp ¢;: C Bi;

(ili) ¢; =1 on L1B;;

(iv) 329 ¢i = Xos
(v) for each i there exists (; € °O such that for any integer N we have

endi/||dillr € KE(G) for some ex = ¢(N, ).

Proof. By [McS2, Prop. 1.9], given any (p,d > 0 and C' > 1, there exist nor-
malized smooth bump functions of order N on B((y, Cd) that are identically
equal to 1 on B((p,9).

Given this result, the proof now proceeds as the proof of Lemma 4.3 in
[KL2]. We give the details for the sake of completeness.

Let {B(¢;,r;)} be a sequence of balls satisfying, for some 0 < 8 < 1 < a,
the following conditions:

(a) UiBB(Gi,ri) = O;

(b) B(C’iar’i) c Ov O‘B(Cu"'z) n<o 7é ®7

(c) éB(Q,ri) are pairwise disjoint;

(d) no point in O lies in more than Ng of the balls B((;, ;).

Such a sequence exists; an example is a Whitney covering for O.
Given B; = B(({;, ;) let ¥; be a normalized smooth bump function sup-
ported in B; that equals 1 on 1 B;. By condition (d) above,
1<) 4i(¢) < No forall ¢ €O.

Now set

B:(¢) = 1)/ 2 ws(0):

Then (i)—(iv) are clearly satisfied, so we only need to check (v).
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By condition (b) above, there exists &; € aB((;,r;)N°O. Then §;—r;v(¢;) €
Ay (&), supp ¢; C B;, with v > 1, and

sup  7H(&i, A, 1i)o (B(&i,14)) (| L dill Lo (00) S envo (B(&i,74))
A"N‘SN

S enlldill L a0y O
5. Beginning of the proof of Theorem 2.1
We let kg be the least integer such that

(5.1) I Ky 0 (f) + fyllLean) < 2o,
For a positive integer k define
(52) Ok; = {Z SVE K’Y,Mf(z) + f;‘(z) > 2ko+k}.

For each k we fix a Whitney covering and a partition of xo,, {(Z)f}7 as in
Lemma 4.4.

Let (o € 9Q and B((p,70) be fixed. The ball B((y,ro) is contained in
the polydisc Q(p,70). By the results in [Mc| there exists an rg-extremal
(orthonormal) basis {v™), ..., 0™} on Q({y, 7o), where v(!) is transversal to
the boundary. We denote by (ws, ..., wy) the coordinates with respect to this
basis and we define V;({p, 7o) to be the space of all polynomials of degree < ¢
in Imwy, ws, W3, ..., W, Wy.

We remark that V4((o, 70) does not depend on r( since v does not depend
on r9. Hence we simply write Vp({p).

Let ¢¢ be a smooth bump function supported on B(p, 7). We denote by
L3, (do) the L?-space with respect to the probability measure (¢o/||¢ol| 1) do-.
We let Py, denote the orthogonal projection of L7 (do) onto Vy((o) (which is
obviously contained in Lio (do)).

In what follows, we will write w = s+it, s = (s1,5'), t = (t1,t'), s1,t1 € R,
s’ t' € R"1, so that V;((p) is the set of all polynomials in s’,¢,#, of degree
< /.

Let {m;} be an orthonormal basis for V4,, where £y = [(1—1/p)(Mq—2n—
2)} and J = (]/71) = (Ovjéa ce 7j;7,7j17 s 7jn7)a ‘J| = ]é+ : +]’;7,+171+ “Fin-

LEMMA 5.1. Let w5 be as above. Then:

(i) |7s(2)| < ey on the support of ¢o;
(i) [Lhms(2)] < egum " (Co, A, r0) on the support of ¢o.

Proof. We begin with (i). Recall that (y and ro are fixed. Then B :=
B(Co,m0) = Q(Lo,70) N ON, where Q((p, o) is the polydisc centered at (p and
of polyradius 71(Co,70) = 70, 72(C0,70); - - - Tn(Co, 70)-

Let
’
mr(w) = Z Ay 87 7,
7|+ 1vI<bo
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where 7' = (0,795, .-,7,), ¥ = (71,725 - -+, ¥n). Then

’
E Yy
Gy yST T

|7sllLoe(m) < sup

s/ t)€B
OB |yt
!~ ’
— 3y v+
= Ssup E : Ay 587 T (Cos o) |
GOED | |y 4 |y]<to

where s = (0,8/2/7'2, e ,S%/Tn), { = (t1/7—17t2/7_2, e ,tn/Tn), Tj = Tj(Co,To),
and B = (—1,1)?""1.

Hence, using the equivalence of all norms on a finite dimensional vector
space, we have

’
§ : ¥
Ay 48Tt

[/ [+17v1<4o

ITsllee() < sup
(s',t)eB

S Z av’,’yT’yl+’y(<Oa TO>§7/£’Y

[v'[+1v<€o

L2(B)

— O_(B)—I/Q

’
E : Y Y
G ST T

[/ [+7I<4o

!
§ Yy
Ayt 8T T

[V 1+ vI<lo

L*(B)

Q

L3, (B)

=1.

Here we use the fact that, since ¢9 = 1 on B((p,70) and suppdy C aB,
[¢ollr ~ o(B(Co,70)). This proves (i).

It remains to prove the estimates on the derivatives of 7;. We are going to
show that, for any (v/,7) such that |y/| 4+ |y| < 4o, there exists cg/ﬂ so that

CJ/
5.3 Q| < ——20
(53) ol 77 (Co,70)

Assuming this estimate for the moment, it follows that, for any 3, 3 with

18] + 1Bl < Lo,

’ -1 _
i 8?711;(11))‘ = Z T L
V2B 2B [+ vI<ho
CIn'ny V=B +7-B
S o T 0,70
T,Y/_;'_,Y(CO’TO) (( ’ )
CIn'

< — .
- Tﬁ +6(C07 TO)
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The estimate for any derivative L’} follows from the fact that any L) is a lin-
ear combination of the d;,’s and the 9y, ’s, say Ly = 2?22 a;0s, +> p_q br0y,
and that

7(Co, A, 70)

where a1 = 0; see [McS2, Prop. 1.1].
It remains to prove (5.3). Since the 7;’s are real-analytic, they satisfy the
mean-value property. In particular,

’ ’ C
N Gorro) |07 s (0] < S [ Imw)ldote) <2,
' a(B(¢o,70)) B(Co,70)
so that
aral = |07 07ms(00)| < it
7 * DRI = (G, 7o)
which proves (5.3) and finishes the proof. O

LEMMA 5.2.  With the notation fized above, there exists ¢ > 0 such that
for f € HP(Q)

[Py (F)(2)5 (2)] < 2.

Furthermore,
Py (= Ps (D) 6) (216571 (2)] < 24,

Proof. We use Lemma 5.1 with (¥ = (o, ¢¥ = ¢o, and BF(¢F,rF) = By.
Then

P (N)(2) = Y es(Hmi(2),

[J]<£o

where

cs(f)= | flw)ms(w)ef(w)do(w).

o0

The estimates on the m;’s and ¢§ imply that 7 - ¢f € KJ'(¢F), so that

les ()] < Ky (f)(CF) < c2*.

This estimate, together with another application Lemma 5.1, imply the re-
quired bound on P (f)¢}.
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Next we prove the second estimate in the statement. Set h = ( -
P¢l§+1 (f))qbf Then
J

S (h) = /8 ) (£ = Pyer (1) )k (@)rF D (w)do o (w)

—T d
=/ f<w>¢?<w>w§k*1)<w>¢§“<w>ﬁ
—r . do(w)
o0 P¢f“ (f)(w)‘lsi'C (w)¢§+1(w)W(Jk+1) (U})W

By condition (v) in Lemma 4.4, we have, for some f}““ € “Ok+1,

I < Ky m(f) (&) < 2b+,
by construction. On the other hand, by the previous bound,

P¢j‘+1(f)(w)¢f+l(w)’ < 2kt

while |W§k+1)(w)| < ¢, so that the desired conclusion follows. O

6. Atomic decomposition

In this section we define the atomic decomposition of a given function
f € HP(R), and finish the proof of Theorem 2.1. As mentioned above, f

admits boundary values defined a.e. on 0f), which we also denote by f.
We write

f= <f—Zf¢>§) +3 for
=0 =0

= fi+ Y SO
1=0

= i Y Pk (NEE+ D (£ = Per()) o
=0 =0

et 3 (£ () o,

i=0
where hy = fr + Zzo 7)¢§(f)¢§'
Notice that

(6.1) < ¢o2F,

> Py (H)(2)df(2)
1=0
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since no point in O, lies in more than Ng of the balls B(¢F,7¥). Moreover,

observe that
supp (Z (f - 7’¢;c(f)) ¢>f> C O,

i=0
so that the function on the left-hand side above tends to 0 pointwise as k — oo.
This implies that hy — f pointwise a.e., so that the following equality holds
a.e.:

(6.2) f=ho+> (hri1—hy).
k=0
Now notice that
(6.3) =3 (F-Pu(h) ot
i=0

and
(6.4) ipd);cﬂ ((f — ’P¢§-+1(f)> ¢f) = Py (f P k+1(f)) =0.
=0

Then, using (6.3) and (6.4) we write

i=0 =0

where we have set

(6.5) b = (1= Py(h) ok

=S ((F =Py (D) 8 =Py ((F = Py (1)) ) B+,

(6.6) f:ho—&—iibf.

k=0 i=0
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Now let
1 1
6.7 — k_ — pk
( ) ao v 0, a; Vf i
where

vy = Hh0||L°<>(aQ)U(3Q)1/p7 Vik = 2k°+k+10(35)1/p-
Then equation (6.6) becomes
f=wao+) > via;
k=0 i=0

The remainder of this section is devoted to proving that this representation
is the desired atomic decomposition of f.

Estimate for hg. By definition,

ho=fo+ Y Ps(f)é

=0

By (6.1) we have

and, by definition,
| fol < < 2k,

Thus ||ho||L~ < ¢2*0, so that ag is an atom supported in 5.

Size estimates for the bf’s. We have
1= | (7= P () of

i ((f P, 1 f)) ¢; —P ot (f P k+1(f)) ¢k> ¢k+1

Jj=0

S’(f—%k )) ok fj(f Pyen(f)) oo™
5 (s (1))

Jj=

+
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The second term on the right-hand side is bounded by coc2¥*! by Lemma, 5.2,
while the first term is bounded by

' S ((£=PuD) = (£~ Pns(D) ) 57| 4] (7 = s (1) ohxeores
j=0

j=0

< qubf“ (f)(;ﬁf—H 4 ‘7%5(; (f)ok| + |fXOk\Ok+1| + ’P¢f (f)(bf
=0

< C()C2k + f*Xok\Ok+1

< Coch,

where we have again used Lemma 5.2.

Support of the b¥’s. The first term in (6.5) is supported in BY. To ensure
that the terms in the series are not identically 0, the condition B¥ OB;»“H #0
must be satisfied for some j.

We claim that if Bf N B;-CH # (), then r;?“ < carf. Indeed, let w €

s,
Bf N BJI?H. Since Ok11 C Oy, we have

Crit! <d(ByT,00411) < d(BfT,004)
< d(w,00}) < d(Bf,00%) + 2d(w, (f)

< cozrll»c ,
since, by the Whitney property, one has Cr¥ < d(BF,00) < arF.

Moment condition. We wish to estimate

/ b () () do(w)
oN

for ¢ € S, (BF).

On B! we work in local coordinates and use the Taylor expansion of order
£y of ¢ around ¢F. We denote by Sf;')o (¢F) the corresponding Taylor polynomial.
Notice that S5 (¢F) € Vi, (¢F).

By the definition of Sy, (BF) we have

16 = S (¢l p= (o) < N, (B(corro))-

By construction, the first term in b¥ is orthogonal to Vi, (¢F), and each non-
vanishing term in the series is orthogonal to some VgO(C]’-CH). Hence, if BF N
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B]]?H # () then rf“ < CozrllC and B;“H C C'ozBf. In this case it follows that

Ve, (C]’?H) C Vi, (¢F), since the same coordinate system works. Therefore,

[ttt dat] = | [ i) (o0w) - sich) dotw)

< 19llsy, (85) -o(By) - 2F o,

by the size estimate for the b¥’s.

Coefficients in (7. It remains to prove that {vF} € ¢P. We have

oo oo » oo oo
vl <cP o(B;
DD ey D M a(BY)
k=0 i=0 k=0 i=0
oo

< cP Z 2k+k00(0k)

k=0

< / T lo ({Ce 00 KIS + 120 = 1)) dt
1
< CprH%p-

Convergence in H?(Q))-norm. We have shown that the boundary value
of f € HP(£2), which we also denote by f, admits a decomposition f = >, v;a;
with p-atoms a; and constants v; such that }, [v;? < oc.

This equality, which stems from (6.6), holds a.e.; see (6.2). We will show
that it is also valid in the distribution sense. This together with Theorem 2.2
implies that the above series converges to f in the HP(€2)-norm.

We now show that the equality

f=ho+ Z(hk+1 — hi),

k=0

which holds a.e., also holds in the distribution sense.
Recall that hg1—hy = Y o0 bF, so it suffices to show that >, (hk+1—hx)
converges in the sense of distributions. We have

(6.8) /m (;J(hm m))( Yi(z) do(z) kz_e/m;)bm ) do(2)
= "y bE(2) do(z)
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25 +K0 0 (BY) [ cto o (rf) 1/ D ok 2n-21 41

[M]8

E
Il
~
-
I
=

244800 (BE) [l gt +1 oy () P~ E D,

NE

ES
I
Il
=3

X’

since [(1/p—1)(Mq+2n—2)]+1 > (1/p—1)(Mq+2n—1) > (1/p—1)(2n—1).
Hence, using the inequality 1/p > 1 twice, the left-hand side in (6.8) is
bounded by a constant times

Z Z 28R o (BI)YP ([l eto1 o0

k=¢C i=0

276 1/p
/ o ({f+ K) f>t}) dt)
2

0o 1/p
< / tl’—l/ do dt
2¢-1 {f*+KJf>t}
<(/
Op_q

which tends to 0 as £ — oo.
This finishes the proof of the atomic decomposition. O

1/p
KM do) :

7. Proof of Theorem 2.3

The method used in the proof of the atomic decomposition yields the same
result using atoms with arbitrarily large order of cancellation. Hence we call
an atom a a (k,p)-atom if k > N, a is a p-atom and, moreover, satisfies

| _a(00(0 da(()‘ < s, miume (BlGorro)) 117
for all ¢ € C=((B((o,70)), where B((y, 7o) is the support of a.

LEMMA 7.1.  Let a be a (k,p)-atom, having support in B = B((y, o), and
let A= Pg(a). Then A satisfies the following estimates:

(i) [|A[lper < co(B)~1/2;
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(ii) for C > 1 and d(¢, (o) > Cro,

A0l < e (d(g,om

(iii) for C > 1, £ a positive integer and d((,(y) > Cryo,
14+ (k—2+42n)/Mq

2 —1/p

(€, coyitrt—zrzmyaza © (Bléomo) 7

o (B(Co,m0)) M7

) 1+(’f—2+2n)/MQ

IVEA(Q)] < o

In the following we will set 8 =1+ (k — 2+ 2n)/Mq.

Proof. The proof follows the same lines as that of [BPS2, Lemma 4.7].

The estimate (i) is the same as the estimate for ||Al|7».

Denote by Sk the Taylor polynomial of the function w +— Sq (¢, w) around
Co of order k. Then [|Sq(¢, w) — Sk(w)|[ze < [[Sa(C, )|l s, (B(co,ro))- Hence,

4@ =| [ _atw)salc.u) do<w>\

[ atw) (Salc.u) — siw) do<w>\

< 1180(C)lisusco.ron e (BGo,mo)' 7
Using the estimate (1.8) we have

[15a(C, s (Bcoro)) = Z sup || Ly ,Sa(¢, )z~ 3™ (o, A, 7o)
[u|=Fk

S sup sup (o, Avro) : :
N|u|:kwEB A T'U‘(’LU,A,d(C,’w)) U(B(wad(<7w)))

Recall that, if d(¢, (o) > Cro and w € B({o,r0) € B((o,d(¢p,¢)/C), then
d(<07 C) ~ d(C? U}) Thus7

ro k/Mgq, B
||SS)(<,')‘|Sk(B(C07T0)) S <d(CaC0)> J(B(C()vd(CaCO)) )
so that
4015 (72 )ﬁ o (B(Goro)) 7
~ \d(¢, Co) ’ '
The estimates for the derivatives of A follow in the same fashion. O

Completion of the proof of Theorem 2.3. By the atomic decomposi-
tion, it suffices to factorize each holomorphic atom A = Ps(a), where a is a
(k, p)-atom with k large enough and with support in some ball B(¢y, ro).

To obtain this factorization we use a recent result of Diederich and Fornzess
[DFo] on the existence of support functions on convex domains of finite type.
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To be precise, there exists a neighborhood U of 02 and a function H: QxU —
C such that H € C*(Q x U), H(-,w) is holomorphic for each w € U, and

d(z,w) S [H(z,w)| S d(z,w),
on 2 x U. This function H was used in [BPS2] to prove the factorization
theorem for H'(Q). )
We set Hy = H(+, (o), where {; = (o — rov({p). We write A = AHéHO_é,
with £ to be selected later.

We prove the result for ¢ = ¢’ = 2, the general case being completely
analogous. Writing (. = ¢ — ev¢, we have

—_¢12p -\ —2pl
||Ho‘||H2p§sup/ a(.b) T dol0)
e>0Jo0
S Pa(B),

by a standard integration result; see [BPS2, Lemma 2.2].
On the other hand, for a fixed constant C > 1, we have

| AHG gz,

< . 2 ~\ 2pt
s [ AP a(66) " a0

go>e>0

1 r(z)p A

o(B) [B(go,cro) d(¢, o)?rh8
< (Cro) || AlI32,

Cry” " ( d<<,<o>)2p‘f
i U(B) [B(CO,CTO) d(<’<0)2p,8 bt To dO’(C)

+ d(¢, o) do (¢)

i
~ o(B)
for k large enough, where we have again used Lemma 2.2 in [BPS2].
This finishes the proof of the factorization theorem. O

8. Final remarks

We now introduce the class of H-domains.

DEFINITION 8.1.  We say that 2 is an H-domain if it is a smooth bounded
domain of finite type and the following condition holds: For each ¢ € 9 there
exist a neighborhood V¢ and a biholomorphic map ®. defined on V¢ such that
O (QNV;) is geometrically convex.

This class of domains, which obviously includes the strongly pseudoconvex
domains and the convex domains of finite type, has been analyzed in [BPS3].
In this paper, it was shown that for these domains the Szeg6é and Bergman
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kernels satisfy the same local estimates (1.8) as in the case of the convex
domains of finite type or strongly convex domains. Therefore, Theorems 2.1—
2.3 immediately extend to the case of H-domains, since all the arguments in
their proofs are based on local estimates for the kernels; see [BPS3].
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[CRW]
[CW]
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[DFi]
[DFo]
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