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Put I I d18charging 

3up.p1_~t: Tbe detaU. of the pt'oot' 

of" the Discharging TheorCll tor1l(¥IJJ1.)IU 

'lb. proof of the Diacbargin,f Theor. u given 1.p Section, ot ttl. 

paper r.quirMI the oonaid.L'atiQn of a finit. b_t. 1ft'ge "umbel' of c ..... 

(o! el.JnfigurstiDn8 I'Ihioh are sll8001ated wit." 'Vertioee ot poeltiv. ORr ... 

II., QT3' <l'l'L' etc,), It 18 tn. purpose of tnt •• uppl .... t to .ezhitl:l.'\ a tr .. 

of.oue_distinctiolUl wllieh in a r.1l1.tlve1y oonveni.dt "e., covere .11 

n80e88&ry cuee. Thia tuk 1'8 Cllrriad ou.t in two atape, 

In Step 1 (PP. 2 .to "7 of this supplem.nt) w. QIlrr,. out the c .... 

dilltinotioM ao far that "it "nl,. remains to oheck certain l-par .... t.r ot 

2-p~r_.ter 01&89.9 of oonfigurations. Por .xuple, C'!'$1flO {table :n 1, 

& l_p.r_et .... 01_,. of" c<.>nt"1@.I:Ul"aUon.: The 0'1 .... avn .. ht.a ot .onflturatlo%lf 

.hieh are obtAined ~y attAohing ,0 tbe hwn OOl'ltlguretibn o'f Tabl. '~ 0 •• 

of th. ~ .peoi:t'iad 32-9itua'tion ..... t E (the par ... tel:' rang .. o •• r 7r .&1 ... ). 

Thb c1&8 •• at. b. conaid.red in the Pl:'oof' of th. L.L .... : It .\Wi b. oIIeoked. 

haM <\ltoJor 35, r.epectinly) along X, Corn.pondingl" C'fSt2A b an .uple 

o?" 2_p1l.:r!Uflttllr elM".' 

In Step 2J (paf!;8S C1 to C?10) _fI cbliak the 1_ and Z_P&i'tUI~I'\.r ab ..... 

d •• oribed in Step. 1, This part of tb •• upp1 .. eat conet.te ent1r.11 of ",bl •• 



(1) _. b.gin. bJ provine the 1 .... Oil T-41aabarglnp .. t'o~"'h<t.eI 111. 

S.ri1:-; ot "h. ,fiIp.l'. 1 •••• L_a. (5 .. 6.6). (6.&"6), (55.7-6_6), (6._;). 

('1'), ('1'2,'1'2). ('1'2.t2.'1'2), ('1'.'1'2,'l'2,'!'), .. II tbe tb. .... t'o11o_j.ng 1 __ .. 

Lea tEh'l" 11 'k 18 • _aJ01' ~ri_ ot , wh1ch 1'.0.1 ...... & 12· &llel 

.n arblt.rU7 'f .. cl.1eoharging &01'0" <two oolllllecw4i" 6-6 .4, •• _. r. t.l:r.p ODe 

ot' ~. t01l1' .... drAWlS below appUeel l1a.r 'be oonN.gI,I.rlt.tiolO. or2T2R, or 1_ 

~.~ ~~2r ~e1 ~ ~ ~ ~ ~ 
ren.,otion '1'2'r211, 01' '&b. eontiB'll'atiofi of2T'f 000"'1'11 witb Yk , B, P a. lndioated 

1n _. o'l'a'lriDl', bl' t.be T-di8oharging aoro •• P t.a lnO,\loeO, bl T1#1. 

I, ... 102,T2,T), If 'k 1 •••• j.r ~rt ... r .' 'h'~ 
ano,",er f2 .. , and an a.rbitrary T.dlaob.rging T2'r2 I' ~''#1 

aot'O •• t.hrl!lIt 09DHtJoelA\4.Ye 6.6 Id," S, r, G • 

~.:hl this order) 'then lib. 1'?_dbohareinp 11.0;088 V" 
• • k 

i ~d i' are inO,UOoid 'Ill T~T2 r in ~ anr! tbl!ll 'f. ·T:."1'2I1'r ~'f1'3r 

dl, •• rl':inB aoro .. Q :1.1 in<1u.o.d by T1#1 01' T1#}r. .. ~ 

L--*a (T2,'l',T2), It Vk, {a .. lIIajor vel'tu;. of A· whiall'fleet ...... '1'1., 

an U'bit.ra.r, '1'., and Ulctlu,l' -'rZ .. dboharging .Ol'O., 
Ure. oonaelN'tke 6_6 ellgqtl I, r, r; (rn tf.i!l Ol'''r) 

the ... of!'-d.uolaar.lJ.o •• urou r 15, T1 and i .. iDduo.d 

by '1V1. 



hoot ot L_a (6-6 .. 61. ua\mlt 1n .. arbUr...., trlan,w.aUon 6, 

V 1 ... 5."&l'tu: witb tbr .. .,onlle.,IIt1.,& nei.bort A, B. C or 4&1T •• 6 40 

that GO T_d1aoh&rging l.e&v •• V &0"*" tb. edge '_B. Thill! one at the to1101ri.Ds' 

1-3~ 

A~C 
V 

1 ••••. 1J. oontuu on. at thA oont1guratloDII 1-3. 1_6. 1.12 ot 1£ &fId "bUll 

iB <tifr.rente troll! 6 ... q, .... d •• 

,Proof of L_a (5 5.1.6.6), Al!llua. in an arbitrary tri&JIgUoldion 6, 

V 1111 a 5-"ertu: &II d8lc:rlbed in th •• tat_e~ of the i_II. 10 \hat n" !_ 

ThUII.6 .6'" Q., •• d •• 

Proof of L_. (6.61 • .I.,L!r\II. in an arbiturl "rianeala":Lob 6, 

ot 4I1Br •• 6 40 tut 

no ·'l'-d18C1harg1I1B iN"" V lOrd •• the 6 ... 6 .4& •• ~ 011. ot tb. to11o.,- OOORN. 

@~ ~6 v' Ff,.IO 

I/' 1/ " 
nna... it 6. • 6. ..... tba U oontal ... '\h. _~Uo. 01 rsPn 10, •• •••• • 



Proof of L .... ('1'1. As"..,... in Ul arbitraJ'1 tria.ngu.laUoll. b, 

"]r. t ... ajor ,..rtu .bich is adjac~t to a 6.6 edge J 110 tb.at 'k reoei,. .. 

two different T-diaoh&rginga aoro .. E, i ••• , b'o d1lt1nct 'l'-dinbare1nc 

'l'hue t. • b"", o .• .e.rl •• 

Proof of Ln.", (T2,T)". A"",Ujlle in an a.1"b:1,1::'&ry triangulation A, 

'k ill " ~ .. jpr vltrt ••• hieh !;,l'Iceiv~" ." T2_, and 

a.n ,u·bitrIl.I7 T_<Ii'tcharging .. oro",,, t.o conseoutive 

6.6 edg. E, F (.W t~at order). Then '" oonfigura.tion 

of the (2-1'"ralDeter) ol!lQII,( .. l (lie. draw1r,g to the 

right) ooours 111. A .'\.1.1'1 Vit' E, F .. II 1nd10 .... ted 1n 

the drawing. But, el'l.eh conf1gur/itiC'n of (a) either Ilontaine. • (;'.'nfiguratiOI:. 

of U 01" cOlllpliea "l~h 1)1'1. "t' thf!. t'<".lr o:: .. e(ll'l 'l1!'l'Icribed in the etat_ent ot

the 18lllR& ~(lee tn. 0111.115 cheok It!!t fClr (11.»). '1'11=, ~f u •. :;.·. then Clna o! 

the four c&se" a.ppliell all. "'tete'1..1n the 18!pl!\, q.e.d .• 

Proof of L._. (T2,'r2) Ae8ulu, in B.ll a.rbitrary tria!lgulation A, 

Vk i" a .ajo1" ver1ie.lt II'htotr. reoel1'O two T2-d.illoharginga a-orOl1 wo con •• cutive 

6_6 edges E, F. W. oh.1_ that either I:.+b· (::.,e" A 0"ntl>ln8 a me!llber of It) 01' 

I:. contains 'l'2T2~ or T2'1'2·r (Uf! Figllre 111 .ith \. E, Fall ind.lcated in -the 

drawing. 'h _1' •• ~Ulle that 0. contairll'l T2'l:2nor '1'2T2r .. deacribed ill L8IPIl-(T2,T) 

.1noe oth.rwiae th. 01.111 "oulu follo .. 1m:tn8di,.,tl!!ly ~A ~~ 
fro. L ... 1. (T2,T). w'oreover, th. varte:.: A (<Ie. the W "'Y. 
dr& .. ing to the right) mu;t b. c1nor 1*"oe othel"d.. V... ' "k 
only 10 would be "a charged aCrOla one of t!le 6_6 edglal. But if ,I<tg(l). 5 then 

1_6 OOO\l.nI. 1t <1.S(')." then 'r2'r2~or T2'l'2*r OCOllI·., q ••• d •• 



Proof' of' L .. _a (T2,T2.T). l.UIl,II. in ILtI arbitrary triangulation. A, 

ill: is a •• jor verte .... bich rec.iv •• a T2_, UlotlleJ' T2-, and an arbitrat'1 

T.disQlharging &orO\18 three ccniucutive 6·'6 edgee 1:, ,,'Q. _W. cl .. i. that 

.i"tbe.r A. 1& differlllll.t troJi t,* 

in the 1 ............ , .asu... tha,t "e T2-lI.1eeb.a:t'IiI1P ao.roe. I &lid , are 

indu.ced by • oontig\l.t'ation '1:2T2*n or T2T:!*r'w A, lince oth.r-wile the eltJ. • 

.. ould follQ." amedbt.l), trOll l/.,...a (T2,.T2). Then a oonfigul:" .. tion at the 

!lila.". (b) ( ••• dr .... in~ to the right) OOCUra. 

in A "ith 'k" &. F. G al incl1e.ed in tbe 

'll..rilrlng. (Ie regard (b) ., .a 2-pal:"lUIeter 

clilUhlt.,JI'bere the ti rei par_etlr rlU'lg .. only 

over the t'll'O ""'~'ii~~nd T2T2*r snd 

~:~ "'" .... + ~ ~ 

Vk 

rofleotiolUl.l But ev.;,ry oonfigur .... tion of (b) Od'nt.inl either Il. cOllfiguration~ 

of tt, "r 'r1H1, or Tl11jr alt cle8.pHbed in the lemJ<1a (199 the olaN'oblGk 

Liet fol' (b)). 't.e,d, • 

P!:'",of of C.1I11. (T2,T,T2) • .\.)8U1116 in ¥ arb'itrary triangula1J.on A. 

\ iii II. major 'f"1lIt'tlX ..-hi;b rilloeivel a '1'::>-, ~ &rbltrllr,. T_, I!Iolld lI.IIothef·T~

cljeohar"ing aorol!ll',thr~ cOMeoutive 6_6 edg91 E, ~, G. Ie Olllll11 thllt Eliti1.r 

t. • fj.. or the 'I'-d"l,e.!lhareing 11.01'0111'1 F ia induoed by T1#1. ... III.,. allllu.e~that 

L,'TIlIDIlS ('r) anll (;~2.T) hold .190 for fj. (af~'cl!l othel'1lld.u ;t.he olailll would tollow 

imediately fro. thou 1_.11.~~ Thill.. one of tb .. 1'"0\1.,. oa.e. ot L .... (f2,T) 

mlWt apply to ltl(lI od~ea E_F'. !ft"Id or.e-·of thClr> (rotleotllld) II.U~t I\p\lly·to t~ 

(lrigt'3 Q~F, Jut oj Lflmii/ill (rl, the,1'_dieoha;g.i.ng pitu.Mottona .. hich a.re attached at 

F mUst bo j ,1Antloll1, in bo\h Ollllllillt thilll hllTe,. the only p05ll1tbillt;y tha'\ .'11#1 

ill /i1tllohe,j to F in .tloth CIl8'ClA, ,.e.d, • 



Proof of Lemaa (T,'12,T:?,'1'). 4.1tu.e In an at'hltrar), trianlNl-anon 6, 

V .. is II. .ajor vertell: wblcil r"eei"ee all arbltJ:'&ry T., a '1'2 •• another '1'2-, 

and anoth.r ubltrar)' '1'.d1acbargiJLg ,.rq,. fov.r oopeecu.t!"e 6.6 ed~ •• E. F, 

Il, If. I. 01ai8 that 11 • fl-. Let u.a a., .. e that L_a ('1':?,T:?,T) bolda &1eo 

for A. Then art. of tbe 1:wo CQ" of Lanta ('f2,'P2,T) .P'Pl1ee to ttl" edge" 

F_G;1l Vtd on. of ttl" oa. •• (rl!ltlototed) "appll .. to the "dg"l1 ,,"_F_t. BIIt auoh 

a 1II • .;g1n~ 13 1.p0Il8J.b1e. '1'1;,:..1.8 LAalea. (T2,'1'2,T) <10 .. 0 not bold foer A, benoe 

fl. A·, q.e:<1 •• 

~IiNt w. pr_lIIl.t. col~.et.1oD ot,163 01"110.' of co"ilg1.lratlon. which 

are dra1m au the foUodng t'ive pagea (Flgurelll 11, •..• 1) and." ."t.abliib 

that each oo6~a.on .hich.,tJelonga to aIIJ' one ot thoue clanea oontains 

a oOAtlglll'ation of U by praTing th.·following: 

~ If an II,rbitrll,l'Y trJ.anguh.tior t:. oontalna a eonfi~t"Il'Uon ou.t 

of ol),e of the olsel!le" 11_1 •...• 15_~' Ih. d~fined 1n Fi~r .. 11 •••. ,15 'PP. 1, /1 

of thU JuPPleaentl tlien /I ovntain. II, confie'Uration at lL. 

Aftar." h"",," prove,~ .. thh:l lemma We 8ay treat thE! clullell 11_1, ••• , (1.5-"'5 

&11 if they .ere 80eldl tldh1ll.1 {)(1nfiO(Urll,tlon. ;l.n t(, ju.at oontaining t.he eJW.hola 
+. + 
~ and' ~ (a$ lI,ef,inecl tn th" paper, "'1e ~'iqure 4). 

Proof of ],_a (I). 'lie •• slbIe that. fJ. oo",tll,in" ",oonf~r.tlon <)ut of 

one of 11~1, •••• 15-~5. We .. SlIu.e. further that LWllll8.s (T), (T2,T), ('1'2,T2), 

('r2,'!2,T). and ('l'2.',T:n hold milo tor 1:>; h r .... inll to ooneider"U tho •• 

oonfigur"tiollB in 11-', ••• , l.S-a, which IIULy ocou.r in 0' and ta exhi\it sOllie 

oonfiC'W'lI.t,!on of U in e&oh at thall. 

11_1 ...... 11.2<1 ,re 1_pfl,rlUll.er 010.115811 &rl1 arO!j: treater! in the oorr~. 

ondlng '0111." ch.ok listB.11.26. '.' ,11-29 ar,e 2_pl\r ...... ter o.la .. ~ .. , 11_'~0 ill 

r .. garded 8 1.p.r ... ter 01 __ 1UI .hau. by 1, .. 11. (T~fT:». the par.et.er rang •• 

tjnly o"er- thtl two VII.lua. 'I'n2*n II.nd· 'l')ior,tr, Clle. olallll oh~k a • .,). 



'rable J 

.tt I1A tt·· ~ ~ 
1 2 ) 4 5 

(j~.#.~ t 
6 7 8 ~ 10, 

&.ttt'·t 
l'l 12 1) 14' 15 
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,6 17 ~ 18 19 Jt 20 Jt 
t 'I~' ~ 21 22 2)" 2lj. 25 
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'If, n 28 29 '0 ~ 

31 32 33 )4 )5 

Fipr.11 



tabb J 

~ ~ e ~ ~ 
1 2 ) 4 5 

6 tI ? ~ 8 ~ 9 ~ 10 t 
11t 12 ~ '1~' lf1i· 1~' 
16t 17 ~ 18t ,~ 2~ 
/fA .. ~ ~ w;, 21 2:' 2) "f ,4 ~ '5~ 

)~'A ,.,ht" 29*' )O~ 
i» .... ,2-25 ~ * .p 

" )2 )) )4 )5 



Table j 

,r 2~ )~ ~~. 5"t" 
:f ~" ~ -t 4 

6 7 8 9 10 

~ · J ~-tI! 
11 12 ~ l) '" t5 

" 4 Ii 4 184 19 U1 2 •••• " 

21Vj!J 22~' 2);fI ,.~. 25~. 

?~~,," 2~' 29 ~. ~ 

J~ J~))' ~. ~ 
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Table l 
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1 2 3 4~)~ 
6~;?~+~* 1O~ 
ll~ 12~ ~ ,.~ 15~ 
A .~ 

16 .J..7 18 19 20 
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Proof', of' L_a (I), oontinufd 

...!1.:l!.JI partitioned 1nt.o the f'ollow"tq .ub-olaa •••• 

(Ie need to OOD:l1der only t,ho ... caege .. here the 'r_lIit\lation at r b not renoot • ., 

by.,..etr,-). 

1f T1"#t1 or 

T;?#5 at r 
t.r T1#2 or 

T2#6 at F 

it T1*3 or 

T2#I at' J 

1::'_1 •.•• , 12-27 arlJ 1_ or 2_parllllll!tter OlalUlieR. ,(See 01"", oheck l:\.&te.) 

l2_2·) •••• , 12-31 .ay be rlll"ltordeLl 2_plor .. etar :11n~e by 1 .... a (T2t-"_;?), 

tbe lJ800Dd T_dil!toharging "WIt be induoad by '1~1. 12-P a.nd l';>.~~ are 

reBard.d l_par&lllct.r 11no. 'b1 L .. _ '(1l2,T2,T), the two,Jr'2_dleoherp:ingll lIIU8t 

b. 1n4 .... 0.d by T2T2*q .or.ov.r, the third "1'_d18ohal"l\'ln'- .\l!lt b. induoed by 

Qll,a ot T11M. T1"r. (8 .. tlt. al ........ I,tato.) 

12-34,.ia oov&"&d h) "\b. rollowing Oill/Ill rl1Btirwtiona. N"tt uu .. t Lelul"~T2,T) 

"PJllilllll to t~ ",L1g'" 1-1' Ind alao to thl ",\g(U' G_II. If'rUt1 Itl .. t~l!.oh~ at (at 

~aat) one at l', C, thtln wa ."y all I •• by the .,..1I.try (·f 11:'-~4, that it 1. 

attaohed!i.t 1'1 than (12.,,,.a) ooour.;( ••• drawing b&).o.), ,'th,arw1e. Wft hlv" 

l2 



Proof of La_ .. (I), finbhad 

12-"35, .. ", n~~5 ar. '_pa.raa.tar ola." .. " (n. oheo~ 11 ... )" 

In tb.. r_&1n1nt part of tha proot"oi L .... (II •• • ha.ll n_d .. l~ 

on tha oOllfi8'lraUon 01 .... ('fliT) ( ••• drawtng b.lo~ add it. lIub_ol ••••• 

1 note th.t Tt!~/1+ oont.iN 

n T/1 IlIl a etib-eolt(tgV.r&tlon 

[@IF E@lF E@?F E~F 
" w " -w " w V W 
'l'II'r/1n 'l'II'I'/1r TIIT/2 '1'11'1'/;+ 

I._D. (TilT). If t. (1Dnt.ina I!. oou!iguration w! tho 01 ••• (TnT) th.n 

aither ~ oont"in5 II. eonf1gur~.tion I)f 1l or 6 containi'on. of '1'IIT/11\ TnT/1r, 

1'11'\' ! 

"11.58 ('1':'11'1') than 6 oontafnl!l on. of TIIT/2, '1'111';,+, and it tha oonfipratioD 

belonged to !~2n'l'2) than t:. oont41na TnT/2 (.ith verttol' Y, ... nd Ide .. 

$, jo' &8 indioatell tn thl drllwingt abt,va). 

~ua olio.' ohaok 11.111. for (TnT) •• 

U"ing thi. 1 ...... , .1 •• ,. tr •• t 14-1, •.. , 14-4 a. '-par ... t;ar 01 ..... 

(lila 0180 ••• Ioll liRh) • .lll thl rAllldl11ng clio". 14_5 ••• " 1$-35 'Oall b .. 

trealad u.a ,- ?l' ::'_".rll. ... ter cjl.!!I8aa (Hal. olMo. Qhaok 11.1..) .hlra tor 

1':>_11, •• " 15-1~. ~l,l 1',-:',: til"" IO.bovo lOllll11l. '8 \WId. "8&'0. and. for 15-2~, 



Proot p~ Le_. 3+, 'J. •• Ullff 1rhat IUL ILI'bit!;' .. ry trll1.nglllation t::. cont"itul a.r\ 

:iM .. ltLWo'\~on S, i,~ •• th .. t there il • lillplioi,,1 lL1I1101r.ion tLS'" whioh r8lplo1;e 

the fl.g!' •• IIpeo:\"iool.tiol'llL, L.t r·L:l+_A b. the oxtllnllion 0" r O'lllr the IIIlll.r.,.4 

S-lIitu..tion (g,s drawn in T"bl11 1 whAre the l.'hU«'1G_l vIJI'jJiln'lll _ 'whioh beloflg, 

to st bu.t not to S _ aN. irllHoat.ed by "oUp 1111.1'11.."). IIow ftUWUI further t.het 

t+ ti~ .. nQt rellpeot tHe ,t."rlle epeoifioat.ion!l {of STJ.. i"l)" ... ,.t 0111.14 th ... t A 

o,)ntainfl a Qonl'1lJ\lration ot U and th~ .. 6 + at. In or,'.r t( prove thB (ll.ia 

we h"ve to oonata'l!;' the additional vortlt'elf'i 111.1 y{H .... r ., V(p), of S+l.eRoh 

on. Lf th_ hu .1t.h.r thll (Iegr"", spaolfioatl.ap ~6 or ~7. l' y{i) b._ 

t\wr ,J.ot< .. o,,~.peoi(loa1Iion ~ 6 them w. ha"e to oon~ider the conf1g\1t'llt:l('I'l, 

flay S~i) •• hlch 1. obtained fro .. 5 by aAilag vert,,:.: V{l) with allgrllll 8peoftio .. tioQ 

5 (inat_d ot i: 6); tt v li ) hU the "!.'Igrea apPioif1olt.t',,,1'l ,7 then we hav" to 

o(\IU!Uer two oontiKUutions 5;1) "nd ~l~il whioh ILr. nl,t,p\tned (t'OIl ~; by .. ,luin, 

veMu; v( 1) wit.h ,Ia~rll. "'r .. dfleat1on ., ('1' 6. t'''lIpf>oUv.ly. 

Fach onl1 of th8 onnn",!r!\tio:nlJ 3,~il d/lrl~ .. " I\ooye ..... inlJ 'HI"" cr>ntt~_ 
!toti,'n ot U {Or' II<.uiv .. l"ntly, MOlle ool11"t/!"UlaLlull 

ohal'k Ibt tor L ..... 1l ::;' (pr, en .... , C ~1). 

,.)\.Ir "boVE> t"'81lllLptlnntl ab,.t t:. :Impl~' ttLst 6 c"ntl'lin .. !\t l_,lt l,nlt of the 

oonf1gul'atioIll'! 5~1) lU\'Ir"thll~ 6,. 6.", '1 .... ll •• 



Prpor ot Q.'l'iJ~::1i L!tlllII •• 'e &lIUIUI tbat to ill an arbitrary 1:r1an~Uon 

th", oalltd_ a 5- .~ V 10 that 'l'19'{'/) > o. I. olai., that A oontalR11 .. 

_,~:l.Sl'N1;lon :I.n on. of tb. eontil'lraUoD ola .... C!9f01 •••• ,C'l'3.H. 

u drawn in Tabla 3, 9ith it. central f.5 id.entif1i11: to V.'olO;>ii CO\'lt&\n •• 

110 •• (,)olrt'igu,. .. t~ or U. (0," equivalently • .oa. 1)GZ\t1f\lU'U.ilI nf' Tabla.) ). 

oln orrler10 prove the 01 .. 1 .... ''':y' ... "UfI that the 1..,..a. on T.dll1ohll.rginp 

and Lem .. S*, loll proved tor /j.- tn 5,lIo.t10n., J,'\ and (3) 01" the Iu.ppl-'flnt, 

hold alao lor 11 (>jin"::9 !)th.rwi,.~e old .. "'l4.ltol,~o" llllmlluiatal:rUroa 

l'h" 1'1'0('/ Is ,~Ivi.,!-t..jnt" the 5il[ 0&1180 11" 0 ••••• j. The tr •• \Lnt of 

flfI.<,h oll.ne btlrr!m 1'I"1\h fU, arrangollent ~ llll" (oxoept fOI" the 01\118'1'- 5 

9h:loh bOf"tl'lll ...-lth 1101111 prell!llin&ry loilluluIs) in whloh ,,11 l'oll1l1bla ar"ang"81Itl 

Nf mtnor "nU. ·u.jor vertloea ... r{Jlln~ the "('In-trill '~"('Irt"x V Are Hat.d, •• u •• 

itt" I.;mhn.'·"m" 1;01' "mu,,·r" lind "u" 1'0' "rlIJ(,r,"" !'I""A Imltnllo" .,. ohoO$, 

"Hl\llfUI"b b"tllll'l"l' "~" ;In~ "F" ('l'Jl':r~"_"l.t""l!l"ti!lll~l fer 111no-rnl.rt1061! 

1,,, ,,jRttf'..;uL'h ,!)"tW'''tfl "~," fco)""l·"''I.Il!l.f' oI1~,;hal·Ki.nll:"(1."., lIIajor neigllbor ot . -
V ~uch th"t Lhe 'i',jg<!O j{,lninf{, it t.o V 1. not .. n 3_edge). An~i::f" fot '.' .... U 

"'1~(lharI{1ng" (i. .. " ,ul.j<'r' "('111"'1"01" DC V, joined to V by .I~ :.)_'a~Ke),~rth(i~Ore 
1'1'8 mn.Y ~h_e tv- dilOtill~i,h )Jl!lt •• tIfl "$0 It, ":;1 'I, and "S;" '(('1' "SO., 31·, "\r 
~ ,'-'11 loh"rltillff". r",,'peo t I ¥f,>ll.' 

11·'·lI.nl{('I"' ..... l1+ly Imm(!'d,.t",ly Lht, I'!"".IJIlO& of .. onllflguratibn of tL 
'·',.lll'! .', '~19. 101 i!"II,·;tt. ,,1 \'Y tr1""1': the mlll'br~n ~bll'! tL (tI,goj 1·5) 

• arl·/Uwt,mtw.,j it. <",j10"1, I'rQJD LW'l1'l1l1) r~.·('-f,),or ({,_6_,;) that T_ 

a:JrhIU'r,-in'c'l of It. ·"t,a,WV")UH cor '0 or ,0 1"jI,v. V, thlll fl !ndloat.t\ by 'lfrit1na 

1 ~ ::'0 ()r Of-· ~() next to thf' 'H'rll.ngf"'18nt, 

15 



Proof O-'-rs('s). L--.. 
lnt;roductlon, contln".d 

In ... eb &.rrang.ant cheok Iht WI. try to avoid lilltlng lIo!len1.ial.ly 

,he ._a arrang ••• nt 1Il1vf!ll'd t~lIt i,II., liOltlnp; oyo110 pllnlutationl .n4 

ran.otion. ot' th •• ., .... "l'r.nguent. ~'or thh purpo ••• 1. IIl\y 8tat'. lo~. 

3.~bobar~ngl wbioh leav •• V lIIullt btl induoed by &II 5_8ituation abieh 111 attaohe(! 

.t.1 (the flrl'lt neighbor of V in th. l1,;t1ng) and Which 18 not Ur1eotea. 

f..:.!' the ro •• on that no l1uib.hIII 3_lIlt\ll\t10n exietl!l. 'fhia ill 'lnrligated by a 

remark naxt to the 'H'r1U1g8IUlnt. 

01&1111111 whioh "re truted further in t.he C'ol'l'f'!ll'ondlng ala!H' check Ibte. We 

UII8 the ~y",bol n " " ill , I'der to lu<l10ll108 that"oertain IItlt.t"lIlentli ",nd/or drawlngtl: 

ct"finll" configu,r .. tiutl olll.lU tll6 n\~h.r or whioh, .. ,g., ('1b). (011\',1rt! " -: ", 

In the .. or, "".1'll" ... t."1 " .... a .8 dljfin, \lol'lain Qonf1;C\I.l,.t\"f1 ":"::I'JIIII, .ueb 

~. (:>!!o) .)t' (')b), rollo"lnl" th~ ",.,. .. r,..:""""t oh"..,k lilt am\.", lndloat. nut to _ob 

... ·l· •. lJg ... '*u~ II.., .h.1ilL ... r ~lw,ul ~lll..IH"a it lij ('ov(lroil. h.;,,~U;lhl'O~I"_~.!a) " 

ey",r;,' DonfilSUr ... tlol1 ",1'iO!~ r81\Ii1.",,, the ",rrlLllgan8nt C('ntll.\IHt 11,) ... oonrl~al-lon 

of the 01a(l" (2 .. ) "'" detinad be-low, _1tll central V5 1,i"ll~rttti to th!'! contral 

V~, "f tho Ilorrrm"ement. It '1hould be EO;<,d th .... t all oJfIM'!!a .e define IlJ:"O 

1_:'~N"lIlet('r or :>-r"rll.lI..,t",1' cl-"I'."!I Ilnd thw, """ bfl conventen1.)y tT'<,at.d ;\" the 

~rr."pol'lr'ting 0111. ... <'h"ok 111110 ... 

3m;]" 0f ttl" C,)nt"iI'Ul'l\tl0n d",HHW, 1"1· 11'1"t&1'1o", (.'Il), contl"!1'1 '10111. "()rttlol\l 

o"nt·i"~tion.". l,u" oonfl.f-\lr,t\"",,, .hi..,b ,In not ",1'1\.11.11'1 conflglll'.l1un. f'rOIl U 
",. frO¢! 'rablu 3. In th .... " 0411''' •• 8 cierin,' "~ ~'. r"r jn.~t&lloe, 

the Oriti,.l IIIlO_clI1.5".' or (?l\) are C.'.oH11"'.' C:'I'\-H;:>~, .hl"h Il"ntnln ,,11 til, 

critioal oolJ.flgurat:{ona (but lIay o.Jnt.in "l-1I0 nt'n-cl"l1t(la\ c(lnfl,.:u.I·II.tl.un.), 

,6 



Proof of "l'l'l!l(V5). Leill':fllll. 

Intl"Ocluottcin. '~ninh"'d 

laob oritio.l lub.cb .. 1 .... to one or -or. "~ pept1pr4Uop ~~ 

I.g., C?a#5 lead, t." (2&.)\ Ihere We ol\llfiguraUonli :In the derl"e4 91&11'" 

"NI obt.i.neo.l l:1'ofi oon!1eur&tioNl i ... tbe orl(1n-.l of ... by attaohlnB .. n6th.r B

flitu,.,tinn. 3y tILle .0 me.w the t'ollowing. It' II~.' atmf1g\1.r'rtion of the oritioal 

8ub_ol!t.I!lfl OCOUr!! in 1> with itl! cantral 15 }('cnitit:1.ed to V (&I\d if "lTS'V):> (l 

17 

&Ilod t,I'1I value, r '" 1,. all prflAoribod in the o'a.!lfI_hypothel!ifI) then 110 •• oonftlf'lratton 

vf Olle' o. the c1N·lv.~ Oh.UIII JIUlo.t ooour in A .it" its o,nt'ral V, 1dlnt111.4 "\ 

"to V. _ JOIII" of thO) ,l"rive d!lIHI811 .11.1 lIgain <;Hlntlttn 01'1 tie.l tiub-Ol"llIl!1el 

<\1MB (Sll.bl, oonta.t~. the 0("1 ~lcl\l -"ub_olfl.38 C}&b ... hiQ,h leadl! to tha alt1'lond 

,lerived 01[188 (~Abl\). In tho corl'O'"rOluting 01,,1111 oll.ok lil'lt:J it 111 -verifled 



Probr of 1l'!S{V5l-L_a 

~ 
!rran6'ellent cheok list 

A • C 

: : ~ : :1_1-1 
5 5 5 6 6) • 

5 5 6 5 6 -'-.2.. 
') ') 6 6 6 -I"S 
5 6 5 6 6,-1-2-

f, 6 6 6 ""-., 
6 6 6 6 6 "1-' 

C(I,!4, 1.1- 1 

ArTIUlf:\'91!1"nt check list 

~ ~ ~ ~ :},-I 
u 5 ') (, 5_1-2 

u 5 5 6 6 .. CT5#OI 

U 5 (, 5 61 •• -.2-
u 5 6 6 5-f-lt 

(~ ~ ~ : :"'d::.Jt 5 

18 



I'roo! of qTS(VS' - L ... a 

~ 
Arran§ ... nt oheC\ Ibt 

ABC iJ E .l BCD J 

s · , 5 5 5 u-.I-I , 5 5 0"(1 .. ) 

S 5 6 U"'I-.l 

[~:O : 
, u ... 't'z,20 , o"(lb) 

::;1,) , 6 ,'-(Ie) 
.i 6 , 0~(1~) 
- , 6 u;(I.) 

fl:" : 
6 ; u ... 't'::;.lO 

6 5 ,,~(I~) 

"' 6 
6 , .;(It) 

r. S' tJ v b u--t'S.20 

1..5.:30 b b 6 u.=.tJlt) 
{Sl £, 6 6 3-UO 

~, 
· . 0 . 
5 5 0 5 .0 ~Iltk S 

\ 0 ,.(Ii) 
5 , 0 5 ,.., SlI.,h S 

5 6 0 '-(lk) 
6 

" 0 5 ~ ..... tlht .. .i 
6 5 0 b ... 0 Sllt~.s 

· .. u ') ~ uHue .. i 
6 6 0 6 a, 5 .. d~ S 

~~ 
. U 

5 0 5 5 110 suk S 

5 0 5 , '" sll"S 
5 0 , 5 ,"0 S",,,"S 

5 0 ,"'(It) , 0 5 .s 1" .. 11 .. ,,:t .... .t 
s , 0 6 •• ,.,1 5 , , 0 , 5 S ... "ji.utcJ. 
s , 0 6 , ... }k',," s. 
, 0 S .,.,jl.,t,'( 

19 



Proof" of 'its (V,> ~ L ••• 

C"·I1" , -'rranlS ••• t ctaeck 11.t 

U 51 of' 'ryp. U~U d' thaD 32.t Iud 32 at a. 
I~ so o~ Typ. U _ U at A then $1 or ::12 at I. 

20 

j30 or'ii1 at A. If 31 at A tben no SO .. ""'lora. 

150 of Type U _ U 1JI~ r\ •• ;r ba refl.ct.d 

I!,Jh. S at A. ill #246 then it 1111 I"&thc"acl (Zler) 

none of the abou U,an it h no' "Ion.." ... 

• • C D • 

so •• S R-(;b) 

so II II U S - <:tea.) 
so II 3 • R _ll. ,) 
SO. U • 5 - (:to.) 

so II U U • ". iW, .. 1,.. SO 

so u • • S - (2.o.) 

ABC D • 

S1 • • S1 1_(;.1.) 

31 II • u s-t.l"} 

31'. 51. u .. tS .)· 

.>C. *-(.lo.) 
R • 01-(20.) 

81 III 51.U .. -(2.f) 

S.'" .-(If) 
u S1. -Ifa) 

'31 J2 II " a..(,a .. ) 

"'COnflgration olMa.s 

Th. cla~8 (:>.) ••• d.fined abov., o(>ntll.ln. I!I"v.nl 111...,'10&1.110-01 ..... . 

d.not. C.2~I"" ~ .hiGh lor. desonbao.l. (lh tb. toll..ua.l P ..... :JOII.'(lt .. 

the C2a-lllaauea lOla,1 to o.I..r1 .. o.I. 01 ..... (?U,) ••••• 4 .... ) of ..... pd ooattc-

....... tit·1It:I (MI.r. 'th. Inlarftllent a_i.t;. of atuotaill!' ...... '''.''.'''''''' • 



21 

Proot ot 'm(Y,'. LtIiIaI .. 

C.""., 
'!be C2t .. !Me 

c.aa, #: I :~' 031 at.l and one ot .. "51", H6r. t'74. ,25""1. X 
--- o. 

Olbl ot oMO", .•• ,016 at. ao4'261n at II 

l 

G2a.fl: :#h21 &1;. lind on. of • .26,....·2661', 27., "41', .... "81', '251" I' , 
A ~~ ~S2.t E •• ".,...... ..... .. (~a.a.) 
}, 50 l~1 or 52 at It 

... J) 
c. 



Proof ot q\!(}5). L ... , t 

c._ •• ~ , 
~. C2. - 0 ..... ,_ ooat1D~ 

('lo. .'1: 11 026 or 02';1 !Iot.\ 11.11<.1 one of fi~'~ ':\''l\,' 5'?1l .. t E 

~ E t~·t'" .,,,ifl.d ,'0.0 • =\(2 ... ~ 
~ ~ D 51 '" 32 .t D 

C 

22 



c. 

52,,&tE 

-';''''''\.1.:\ 
2 

'i'h", C211._ "!Ill", conhnue,j 

iel .. , 

J "t C _ 'tOOt {the')nIY]!O"181biel 

2) 

(.2.Q. .'0': one or ##0(7, .. ,d~6 01.1, A IVId one uf trJI?(>lr, 2671', 2bBr. ;;{vr, 211zl. 

nJ, '1.~, ~?.1r, p~r at E 

~ 

A~E ~:l2 at EM IIpecifhLl. &bov., it ) 

ls~ "' " .t D ;.. {.1 .. I. 
• J> 

:_, ... , .11:12: an.'l'i:::: :yp, 5 - u "' &- U at' ao" ~m".t , 
32 at I 

S1 or 52 .t. D --I' 110 s",L, ",5. 



PrOD' of q,'l'3(V5) - L03".!!. 

C"""II..I"'3 

fb. C2a - oll.8ea, C'Ontinued~ 

cl",4/>I~ : olLe nf 1Ht1hl, ••• ,164 ... t II nnd f/6(,r or 1?5r at Ell-

~ 

A~~ 

~ 31 .t.l al apeoit'ied above ~ (10. k) 
l S1 or 3;> It D 



Cia '1H 6 : 

• 
~ ~~ 

Pru~f of 'l.~S(V'j).i,elllJl.a 

Ca3! u~ ~ 

The Gc'a· oa"e". continued4 

ona nf _'t~. 16&, 167 at A. a.na #<!61t. "t S; 

~S1 at A - 'peoof,.d .bov. (:). .. l) 
1S1ooS2atD -

ona of 11#231 .. , 2'4r, .•• , 257r at A ~J: 11-<;52 at 'E 

l't J.~(()='i'-50 at A ILS .9peci.Jied ,,-bovEI -to 

,1 Ja~(C)=l,-' 

ClQ. f.18: one of 1t#2Qr, ?i4r, 2i'jr~ ?'·7r at A and #12') at ! 

, ~ • , .... '.'''''' ..... _ m ... 

C 2 .. :jtl~: 

+ 

~ 
onl of ##2~1 r, 2~4r •...• <'37r at ,A &rid flOS'" ot" 055 at. I: 

'5 



C.2a #2.0: 

~ 
'" C 

r'ro{,if of qTc;("S) - LemlUl 

Ca.:!e flm 3 

The'C2a - casee. continued') 

'121')r or 2~,f,r at A "nu ~11R at E 

C2 a. *ll! une of t<if24Jn, .. , .'47 .. , ,)~,~'n. "52:n, ,'5::., >ct .l. 

and. Ilny :32 of Type 5,; U ,at E (where "rype ') .,U '! .earlB tho" .. 

S _ ~it,U,.tloml of rype ~- U ... hiab do not sl1o", IIonotb.r"5 at 

the bottom. 1.e., the3<"~ are 11-11 (Jb'l, ... ,C"~), i)14 ••••• 0H. 0';6, A0E ... , H)l, lUI\ ••..• 116, l~O, •..• 1?1. 125 •••• , 145. 147,: •• ,150. , , 
S lS1 at A ILS 'H".cifier! a.bove 

, :;.' ... t E 11" 6p.·clf{ed above =. (20a1'l\) 
~ ~;,-' at B 

(2a#11: 
l\T1d I\nv ~~;, "t <['YPfl n-: LI at E (!.o., OI'H! <:Jf 11-1+17<'. 11~. 11'), 

••• , 17,1, 1A:',.,., 1,)0. 1·)' ••••• 1')7. ;>01.), .•• , 250.1) 

!(lu) 



p.r:d..,r of q'J:;l"~5) - Lt!tIUla 

(:'111:\1.11." '5 

The C?a - caao:J. lini~~d. 

(2ea. :H:24: H~53n "tA. .... "d onlll of #:#062 •••. , Die at"i. 

Gla. #-25": 1/?45n "tA and "n" of -/tH172. 1_. 176, ??(), ??1, /24, 2?') lit E 

A~. • E tSO of Type. _ U at A (.honoe C O!UlllOt be of degree 5) 

S at D 

1'11\ 1,]) DO:3 at I 

C. ca., (2b) t. partit10ned into IIIb~ •• l''' ••• 
~ C2Wh, ••• ,6 ... d. •• aribed. on the neIt p~. 

c2b1iJ6 leaw. -.0 th. d..rived. Dl .. 8 (2ba). 



Proof of q,'lS('15) ~ L_" 

C .. :a ..... } 
rbe 2b - 9ub-class89 

#011 at A 

one of -1/#1.)1;>, ••• , 016 at A 

-#151 at A and SO &t D 

(2.0 flt4: #'151 II.t A and 31 at D 

-. 01\e 01' 1I",.I6I, ... ,I41- ... t :0 --+ CT5 'ltl6 ' 

#151 at A IIJ'Id one of ##171, •• "J 17:5, 175. 116, 1B1 ••••• 190, 

19:5, 194, 199, •••• 204, 211, •.•• 221, 

/24, •••• 229 at D -. CTS fl:.l!S' 

[ill) {A~E A E s . " I> 

~ 5"'" _ ... 
J) (91 .t II - ~c. 

) " " E .... 'if .~. S1 1e ot TJp. 6- U 
G "Ul1III ~1. reqllir_ that non. ~J) 

ot at c 18 & v,) .. W 
r.. 

•• 



Proof of' QT3{'lS)·: em .. & 

Call" IJ. ~ j 

Conf~guratlon Clll.S'I61, :inlah ... d 

A 

~]) 0 (SR' ,Iau c~"k t.·,t) lW:2at C 
C 

C:l.tjJ.,; '''52 at C 

~ (lta) 

2, 



)0 

(J.,:f#-2.: onE' of ,!-II'J';1, Ot' •••• , Ol;fi r ,"6e fl.t C 

\" 

~.Dcc.tD ';'(:l.tb) 

C.1)*6: ~;,.t c 

~'"'' ~('UJ 

C2.t#5'! i#-OB~ OJ" 10::> at C 

~. " .. " ~(11'J 



:'-(",-,f Q~ "I~( I,,! _ :,,>[lma 

Ga",'1J-iI 
... ranl"llm<lnt o\"""ok .i'ft 

} 

\Ji.,ctl!;.r_~lng to IiJ .. (,iI9~]['~''1.r •• · t" ,:;. " 

~ (JU.r.~L"(.:,n ... tr, C) .. ('l~!Ich1.rp"ln" tu .,) 

IDlt1{,rat !l 

c 

so • 

SO" ~1 U 

0;2 

SO 1\1 

,,0 1Il 

30 III 

<, " i 'co, e'"n "',0,]' 

1. '; .~ t E 

;,() U ."~ 2 III 

~1 I) 30 

31 III 

.,1 .. 31 '31 , 
'-- -....".-~. 

, .30 

SO 3' (3b) 
~ 

C~(J.) 

Cnnf1 gul'ation ollllJ"ea 

Af$E A~E At:!)E 
1,,,:' 1> 

" . 
1,- D :B.... 1> 

c c c 
IsCi at A 

S at E 
iS1 at A 

SQ Or' 51 at E 
{52 at A 

SO ",t E 

I§!!r lliill illill 



C. ~Q. '* I: f' 11 I1.t A Ml,j "ne ",r tHI 'f',., "A'~j 771., Ir'r,,~ ----
(. 

[
" ,1 E." 
. 91'''01 fie'l ~bov"" 
Jl-' or 51 at D 

~ (~ .. h) c 

"-nd (>ne of -itt/Dl?, 01'), 016 '1t C 

_ CTS1I>3t) 

(,~(1().1I<1: ,~t', .... , ",,,- flAt ',b"vo a.n.! ono of ffl?1, 022, 02}, 

C 

t" .1 C ., 
spedfioLt "bo"" 

5!1.tD 

S at C 

1"" .1 C ... 
!lpeoifled "b,ne 

:oJ "t D with d<?5 

;'(~ .... b) 

.Utl d< 25 

iS1 .1 C" 
!lP8Clfilui above 

J !lot D with <1< 25 

,;(?> .... G) 



l'rr,of of q'fS (V.,) ~ \ ellllllll. • 

CIiIHI il," 4 

'l'ba C5 .. - CMe.-J an.1 their deriT!I:tivIIII, continued 

C3a.1I:l; on.o!WJ1), •••• CI6a,tA &nd#26111"tE 

Ir----------------~A~ ________________ ~\ 

~ 
C 

t30" A .. 
IIIpf!.cifiad .. bov .. 

SOorS1 ate 

=(:>'0.0) 
'~ 

C 

SO 01' 31 at.D. 

G ~a.~):} "r Jld at A "ne t!f J,'II' 12, •••. 0'6 IIot c·. 

(11015 or u1f) at Ii. lint eone ,,! 1#f011,." , 016 at C. 

eTS #300 

C :'>0.( #2: on. of if"'m,. 

c 

5 ;;1' at C &a .peoifiad &bove 

l-S at D 



" 

r----------------~~--------------~\ 

/~> 
~·oc".tC 

A~O,J1.t; 
~]o 

c C ~ (~Qj) .. (~Q rL) 

c ~Q, e *'2..: on8 of ,#l1b ' ••.• , 1(,7 I\t c 

~ 

~ S".t c ," ,podn" .bovo WJl t,·tD 
C. 



Proof of 'lTSeV5) Loa. 

eM_ \.I- 4 

The C~b. cuea lind their ,terivat1.ve'll 

---Ir----------------A~ _________________ , 

~E 
" • {11.'4'.r or- ;>~ln !lot E 

... ) ~:';l ur 31 at [) 

C =(~bb) 

C 3 b «At I : H(,~o at A alit! Milt of /f1l(1?1, (1::'2, p~u Ilt C 

(3cl, ... *~: #0,1 at A and one of ~021, 022, on at c 

l~.I~".~~'" II ~I'::'i,~'!t, 
{satD C ~5.tD 

C. =(~ ...... ) =(! ... l) 

'5 



Pl~l(>f of '1S(V5)-L-=

(;&6" ~ ~ 4 

'.'4Hr at E ---,, ________________ ~A~ ________________ ~\ 

,6 

~ A. =(~b.,() 
. ]) so or 3' at D 

C 

C. ~bc.'ltl: un', .,r: 1t1!011 , ",01(, flt C -+ CT5 'It~1 

c.. )bc. #:t: on .. of (1'1, '1, ',,'1, ();'~. I',", ••• ,t\.''I, 0\.-'), .••• 0,11 Ilt C 

~ 

A ~»'"' C'"" 'r,'omorl .bev" ",(3b,,,) 
W~l!"tD 

C/ 
Not. 1.hat ObcaJ <l.Olltaina (;i.aa) •• ... 9\o1b_ela ... 

"nd tbat ,}bea) - (}aaa) c"n~H.l;jl (,t tL(ge t!,mfip,'\U'l.ti.or\9 

which havlI on .. of #(fO}2, 034, OYl't O~6. ""~~...., C 



I'r'",r ",' 'Ir!l(~5)-I"III" 
-;&3."" •. _ 

(,3 c: lLuy S2 01 Type 5-u tit. A &1111 une of /1#;'511'1, d4zl ...... "il' n;t ! -----
l1 

Ir----------------J~~----------------~\ 

"'~E \'0,",",,',',-,-, .b", lJ'" e t .. • o~P::, ;l!: .bm 
:)U or J1 "t C SO <.\III' ~1 at 10 

.0 J) 

c :i.(3Co.) c ':"(~Gb) 

L f: (ir II "t 'It I) (l~ Ollt! r UH:'T.I~ •••• "~1 !I~ 'f,) 

~ 31 .t C .. .2!. tllJ1 .. C .. 
• I D~ "."".,,' .Om - .D _"~"1od .bm Is al D SiS .t 1.1 

C = (kQ.Q,) C =(?c ... b<) 
lot. "-bat Uon) 00Ilt.1n. (1-u) 

... Icb_ol ... anet thd 

(30&.) - 0&0.) oonat.t. (Ie tho .. 

oonnl'lr.UoM whioh have 

~~O or 051 at c 

Nob that Ocrab) 001'11..:1. •• ('boa) 
... ,~b_ol ••• and that 

(~o.b) _ (~bo.) oonabb ot tho .. 

ocml'il\lu'Uona whioh bat. 
'O~O 01' 0" .to C 



,. 
Pronr of 'f.TS(V5 ) - L6IIIma 

~ 

\uf 'I'YI'D U.\I) with !,lv"t>1 Idf'ntlft.'l tu- V and ol'atinl(l\illhf'lt edgell oonsecu.t1"'e 

"",,,,1' VJ • W. dUlll [1')flne r"OIl" ol~8ea (1\1\), •.• , ·(I\<l.l.,.,ot such pair. "nd prove ;;he 

r~I('''11'1!" eml'l"l Il.l'uul thelrel:'ltLc!l.l 9u.b-oll"'la", •• 

tell\l!I!l~ (.., ... l ••.• ,(4d). It b. ol'ntain8 1,10118 confifl:\4raticm, lIay 1:, of ~fI 01 .... 

\41>1 •••. , 011 (4tl), rfllpec:tivO!'ly; t .... ll J: o,~ot.lnlJ 110 o<)n.f1fr1.lratlon or U. ul' I: 

bf'lo"~~ tu th~ gn!.le .. l lIub_<,u' •• (C41l.) of (.ta) , (cl\bl of (.4b) , or to one or ~. 

\lut~C:J.l llub_clll4JQ (':40#1). (\:4o#~) of (C4u), or to one of' the critical sub. 

,'}al\lI .. l (C4d#1) ••••• (C4"#f.) 01" (C4dl, f'P'lJl,'ot:lv ... ly. 

C"'lflt.,"Urattr'n OJIIS/ltItJ 

,. E M ~JOlltA 
1>~J) ~'''''' 11 

C =. 8 

A~E. {'" "" ::11 fl.;; ! 

J. I ]) 

~l!:3 c 

A E 1$ iono or ,,# '''no " ....... 
,~rrn lit A • 

onf' ot It# "'.lr, 234r, ••• , 
.1 2Hr at B 

C =s 

A • EO 

~i
on. or .. "l1n. " ...... . 

.' ;'~7n at 1 

., on. or. r'41r, ••• , ?1I'1' 
.. 246r, 2"7r, 2491' •••• , 2,&1' 
.P a\ a .. 

C. =8 



3'1 

Co,lfi!{Ure.tlun ,;1 'I!)""". c{Jntlnu .. d 

A E 0' So,," 0''''' 
, ]) lS7 ... t !l 

.1 
c 

A E ~ " M "":;,,,,::r::/ 
~.J) lhlt.nff"t.~ 
~, ""B c 



(411) "'ld (,lfl mOLY b .. ["evard"d to be cI""ivod (""~;>;rJI 3'4r., (r 3l5n 
at B) 

'",II''''" lhlt i"" 

,·1 "'hJ d' ~'" ,1\"'",,, \,;") ••.. 1. \1,1) thtll1 II. b, I ,'lIl-\! t(. 'JU,' "I' tIle (,dt,I"Hl nub_ 

Irj"l,. ,(~,lt1ll,,), Htn"", "thl'nil" 'h' oJldm 1'1' tht' (1'1'3('.")~ _ !"8lll/\ 

.. "U)J fl"I" ... im,ne,ll!lt",l.v "'cm ;';mm"" (4rd ••.•• c".1lll. 

c 

lie limy ""sum*) l.hnt the 'lo';llenee of 11~ .. ohar(~\nt: valuCIII froll 

V to ~, '1, C, Il, i (J f rmd -"9 ... <; •• iijj:.i.t nUlllb~.-d if'minimal 

()o..,HHe<l wi th the othiH' 9 -poB3ible (olQokwU,. or oOW)'hr~ 

{]lOCl~"'lEl8) cY<.J11Q ""'au:"!,,, of th" ,lhahflrf:inl( vAluo8. 

so SO:;~ U !l iIllPO·l11lh\.', IIi!HHr th,~ .10 !l.t.h.ohe!l at II hili t,) be part or ,. eonfi,. 

uratton I or- (Cot .. ) dtb 1.(1) (th. ".rtA A Qf I .. 

denot.d 1n ~e dawtnc on P. )8) i.lllfttHhd to ...... 

40 



l'ru"f ,,'I'" • 1''''; ( I ~ ) ~ 1...,..,1111. 

C!l.~" ~ .. 5 

li(l:) l.t.nttfied to S, but 9111u.$l'I.n.o"'81,,< th" :;0 h. t.o 

t>,. ,,4Irt ot ~ ""n' i>(1HI1! l'lI\ t' ,,~ (C4a.: "ltl1'I.(I:") 

11 .. ntlo,,1 to B 'l.nd ~(I') identified"" ... C,.!hUM ~O 

h"'\ to PI> Tlf)n.ren.,,,t.rl and r .. n .. etad 'IillilltlUl&Ou.'I11 

arl,' or,e of #II! 11, ;' ~~, ". , ' 17 .. hll't.' 111 I"'f"'ds;lble. 

so SO 31 U U 1"p"""1bl",, "in"" tl. .. :';0 "t L h'!1ij to ),. plI.rt ()f 110m" k 0(' (C.lII) 

wi th J\ (1'.), "(K) ~ erti fl .. ~ t n A, ,It !Uhl WI" ::;0 hilI! to 

". I'"rt 0'1'" FlOIIUI K' JIlt (£4b) "ith 10(1('), !:I(K'J 

5.0 SO 5;:' SO IJ e0v.~e~ by, (Ae), (t,t:, (I\g). For th .. SO JOlt R \'11'11. ... 1. ot 

!" .. <!' K cr (C411.) "Uh :.(K), h(K) idonUf1." t() A, 8, Ilnd 

t).\I'I 1" or)" {)f' He ?llr, ,~\.dr •.•• ,?~7r, tI,tlII the 3;> at C 

18 I'lI.l't "f ,"om" K' 'or (4Qi .. ith Alt.'), llO.' 1 11+1lltirlod 

to J:j, C, hut It' !II~t bf"lonl" to on ... ,,( (C~"'lll (C"a'.?), 

'I'111Jo8 BOIIIO r.: of (Ij'J) , (~f). ,)r (4«) III.J.Illt ooa\tr 

... 1')' 'i!h", , Err"" C['.'") 1.),·,'1(1 .. ,1 tr>ll. C, D. 

ol':!v .. [@d h.Y (.1 .... ), (.If), (~g). 

1",,1' by lJY"'II",try ,>1 Lhe 11.['''1\1\1'(_",1\1. (III"" ~\l...n ('linck.ille 

"tit tJ.,fW·"~ il), " .. ISl<y """"llIIe th.t th" ~, IL\ D 1a 

ll()n~~ft1",otltd 1.f it ill not *;>48 !lnd that it ill 1'IIt~ 

n"".tf'd 1 tit 111 *;>40. 'fhllTl, by tt.e ~"'.fI aonolutlioM 

,.,. in +oh., pr''''vi(lu~ arrO\ng""""'Il'It, IIOllla J." of 'oil.), (4tl. 
or (.Ill" mUlilt ocl'llir. 

SO 31 SC U U l"po .. lblll. Far ~hll st ... t B hu too 'tI. pII!."t ot ''IOlle I ot (C.IIb) .. Hh 

A{l?, il{k) identlli.d to A, lJ. Ttl'" II bJI .1.('J to )I. 

pHi. of 110" 1<' ot (C4b) .. ith A{J'), .(1'·1 ld,wr1tit$.ad 

t.Q.s, B. Tb\\ll the 31 h ... to ,ba refl.ot.d and ~ 

r.neote~ whloll 1s l~o .. ibl •• \no. the 5". "".0", 
.,. •• frio. 



P r l' f "r 1'1"3 ('/ ~) - 'l1!l'!lA 

(;1'!e ~. Ii 

Arl»'l,-","or,t, ~; ... " .. list., ccntinu.,<l 

3D.l " :';0 I 0< ve~ .. ri by ern.'~. 

'Far t"-o ao at A 1 .. ptlrt or fld_e I. o( (C4~) 1tit,b A(I), 

)I(K) ldentitieu to A. B, IUI,I thllfl 11 01'18 cit ""2,1 .. , 
;>~4r, ...• ..,~1n • .:"4h" s.O at II 11 p.rt or eOt!. It' of (04") 

",Uh A{K' J, .ll(K') i ."ntified to D, C, .,.d ttl" .. 18 on. 
(,f "'251r, ~~41"t •.. ,2Fr. , 

C'..>1 ,I ... ':)1 lmro~"lbl ... Jo'or the SO \' A halt to b. part o'r eo •• lor (CAb) 

_.ith A(II.), B(l) lnentif1ed to ". E and b«a '\0 b. part 

of itoll. 1'..' ot (C4b) with A(I'). !i(t::') irl~t1f:1oed to 

A., I. Thull the SO ". tea b" on .. - or _'~~~2'~ ...... ,2'1 
..,..t1l1ct.d and nOIl-refleoted, 

;051 ",1 ",1 'l..->' t'<1V{I'IHi by (<1(l) .. LUl, (.<1«). 

rfl]" the::iO at A i .. I'"rt of !'IO." I of (C4b) .ttll 1(1), 

9(l'..) 1d.,,~ fhld to A, 8, !l.nd tbU.A 1a OM of" 23'11, 

~~4" ••.. ~, ~ ~an': the 32 "1'. tk" Hfl4IlUal 

I'!l.rt 0" DO'" K' of {C4''*l} Dr ("~ _Jt·n .'1') •• (1') 

H,nU'!'''u to AI E. rIl~thlll Qth.r lIiele._ thlt 31 ,,' B 1, 

'. ""1''\ off K ".,.. t.h.IloI> iw on. 01 :ll42A1r ••• ~.2441', 24U, 

~;'~:.~:: .. ~/1r~::~4~::~::~~' ~~: ~~1~~): ~l~·~ 
I rl wnU!1f1d to HI C. lUlU t.b\" 1, on. of' "'''''4nI ••• ,248a, 

2~l3r. Cnnaequelltl,y. tb .. 51 at D Ie pa'" or ao., "" ot 
(C4d.n 0"'1" ~44#2) wlt1!. A(I"'), B(I"') Uen"ifte4 to 

~;'2:: :: t~: ~: ::' D 0:: ~7:;:~~;0!~·;;; 
the .,...".'hl p~ ot' eo •• _f1«W'&tton I"· of C4,), 
(.Sf), or ( .... , with 1(1-,. a(I"tI) ,- e(I"", ideat .. 
if.d to" I, D. 

5051 :>1 3:' 51 i'po .. wibl ... ror th .. "'" l'1I •• on tor whioh SO 31 51 S1 51 1. i._ 
po.wiblw. 

" 



l'r<)o( of 'l.-r.:;Us)-Lamma 

ell It! LO _ r, 

4) 

... II CD I 

":;0 c)1 ~2 :;0 :.l} oov""',J by ~4e). (~t). (.tg). 

fur H", 1O at A is part of !lU~." of (e •• > , .... ith A(K), 

B(k,J \,lIHltl fied t.o A, B, IUj.! thu .. I~ unl!! of fHi."ln, 

?'~I'" I" '7n. ':'hUB the ~ ... t A Ilrld ~Il" ~2 &\·i are 

the e1"'!ltl&'~ ~!"'t of "cHile 11..' bf ("eA oH1) or (c4d#2) 

.. 1 th 1(K'1.. BtJ<') 1.,J~nt' fled to A, E. fhl4J the 3D I'I.t 

lJ II.r,,: the confi&'!r."n K' flJI'1a tt,,, 8 .. 911n1.11101 pa~ of 

!H,lIl!l "c.onfl;;:\lratil.>n K" "f (ole). (.~rJ. or (<\g) 'W'1th 

A(It~) •• '1"), C(K") .:ia.enttfu,d to'1, I, 1J~ 

Sl Jl ,,1 31 31 l.polllli'ble ,,1I1.CII by ~mIlllH:I (1cl) .. n"n~ "r "the 31'". ~"n b. #"<11 ••••• 

;:>.1~. ?,lR, •••• ,'c"" For olh .. : .. lu8 "8 cau.l,1 II.OBWlle 

bl ':111_",tr1 that the :.l.l •• t A .\.II on. of ,. <!ol1r, ••• , 

~4~r. 2480,. Z4£1r, ••• , 25'rl then th .. ::\1'" II.t f. ILnd_.t 

~ .. oul,j flOrID t.a. etJPJ~ti .. l part of !I. Clmfi~rllt1Dn It 

,)f "n9- )f (C~ttlt1) •••• , (C.ldtfi) 'WIth A((t), H{It) 1 .... n\. 

i fioJ at ther t,() A, ., or to I, .\; 'but 'no!". of' ., 2411', 

F .... :?Hr,,-24811, 2"9~'.'r2;5r oan be oOJlt.ain.o.I. jl1-");._t 

~
E \(K). \DIJ10nH0r~'l~:n"",;:O<1~11. ?1I1r. !49n.···,:>5}n 

. J OILl'l be OIt'ILtfl-l.nen in J: ,,'I; a(lO. Tl,u~ tls 1J.l\1y 51'" ~ll';'t 
It' Mulct rn!J.t'bly (loIN ....... :'411 ••••• <'47. il.!.'f then the 

l .D v.rtl{'.", 1, G, H, II .; (.e'· 'Ir"1!'ln~, i)r) th. lett) 'Woul" 

(. h,v. to b ... !l.J,totrnat1.ugly "f, I1egr •• 5 and, n(ln~5, in 

C I o,..t1o ord.r •• b:L~ i9 iIIIpOftl111J.e. 

1\ 
Th:L5 fini!llhia the pl·on1"> of th. q,m(Vs ) ~ 1,.lIIa. • 



44 

~ I'r"f)f or th .. L-LtJ!'IlI'<, CT'J1i01 (Ior.t",lru.o t.hfl L4_~ltuation '401 .ith 

''''OJ,''''I~lll'· ",1,:0 i.jen~lf-I8! to the ,·dgfl alpritt'" X in Table 3. 

CL'9i!.-" c",r.t,. M Lh" !.(,~8i:tu"tjr,n ~11. CTS#O~ oQntal"" td?l. 

..~t&1n. 

*h~ 
(b1 L ..... (6_6).S· 

The otl,t1l' CTS.litulI.tl,'n8 .,-r'e tl'fI",t8Ll all 1-I'I.1'_.t.1' ant1 <'-plil"l."ter oontigt !~llon 

ohllEleIi in oorriulpon(l1ng olas8 ohlok. lint. (a~e pp. C 1 "tt). • 



~ In th~ proof tJ[ the qTL(Vl<)- I0I!lIIl4 we have fr-auenU, to couicle.r all 

pOlllible :u'l'lWgellent" or ~_ &r.a non-5_Y('rtice~ .hich for:. .. conseoutive' .trin, 

or., llt,it,ehbC'rll or VII; (p .. 2.5 •••.• 7' It .. 1, •••• 10). _Ill prontot \hautor_ below and 

011 p. 46 cum!'htll lista or .11 pO/Jldole" 5_,llgit, ••• , 1 .. nIJt·arrang ... ent. II 

ot thb typo. Th. arrlU'lK8IIIenh Mil 1 *toll in le:r;icu"I".,tI,1c ordU' pd paoh one oft 

th_ 111 given a lI\U1bar, •• g., 6/21 (the 211'1t 6_,Ji--:it .,~a .... ~. _. 'ill not u.at 

1'I0Iley.1', thoao arrll.T1K8I11ebta which would yiel. 1'1 larger r •• ding (re/l.'Ill'J.lld all • 

deoimal nll.mbar ,,1th " " repllO.o .. d b, " 0 ") if ,"oa,u. « .. ck~rd'l a.g."tfta lilt ot 

6_digit arrl\.J'>':(lIIIenh <iOell nut inolude ., 5 •• 5 .h1ol1 woula bli 6/2, read. 

buk ... al"da, <ienot8d by "'6/t'r ". w. ,,1'1.11 \lae 'the •• >11168".1" (witb Or witb,oW't "till • 

• ,abol. ... II h apd .. r" Cor "pon.r.n.oted." azul "ret}. .. ",.d."l. l.t.r for l'.t.I'BO •• 

5~,!igit LLrrLLllgeliente 4-<11,13 l~rr~1i8llloInt! 

5/1 5 :> 5 55 '/1 5555 
512 5:; 55. 4/2 555 
5/J 5') ') 5 'Il 55 5 
5/4 ':> <j ') ,(, ') '). 
5/~} 55 55 </, s 5 
5/6 55 5 ,/6 5 , 
5/r 5 s 5 -1/7 5 
5/6 55 'In ;5 
5/9 5. 55 ,/9 5 
5/10 5 5 5 4/10 
5/11 5 5 
j/l' 5. 5. 
5/13 5 • .... 5 3-d:!.gi t B.rr~'_8bt. 

5/14 5 ";/1 555 
5/15 555 ,;> 55. 
5/16 55 ,I, 5 5 
~/17 5 5 : '" s. 
5/1e 5. ,/I 5. 
5/19 5. ,I_ 
5/20 

'5 



c. 1/1" 'j '; 5 :; 5 " ') 7 /~7 5 5 5 S • 
C 7/2" ~:. <; 5 :; I /,~f', ') '5 5 , 

1/' 5,,~""5 5 ,'1/,,;,.) 5.!j 

,7/U!)~'~'55 " 1illv .... ~ 5.5 

1/5 5~"i') 55 1/41~, 5 .•. ' 
, 1/6, 5 5 ~i 5 5 , 7/4215 5" • 

·11/ 5555 5 1/45 ') .~5 .. 
(1/S'5555 1/U$55' 

1/9 ') ') 5 5 ') ') ·r /45 ') . ~ 5 

, 1/10' 5 '3 5 5 5 7 /46 ~ 5 " 

1/115')'5 5 ~ '1/41J.5. ') 
, 1/1Z' 55') 5. 114£1 S. 55. 

11M 5 5 5 5 ') i/49 ~ 5 ' 
7/14 5 ') 5 ') 1/50 ') ') 

7/155~5 5 7~15 , 
c 1/16'~ r, S C. 1/52"5. 

7/11 .. 5 <; r, 5 ') 

7/18 ') 5 ') 5 5 
c 7/191 r, 5 '; r, • 

7/20 5 '! ') '; 5 

( 7/21" ') ') ) 'i 

1/?2 '5 'i 'i ') 

~ 7/2'1'5 'j 'J '. 
7h.j "5 

7 !2:o 5 ~t "~ "5 

, 7/26'55 5 

7/27 ') 5 ' 5 5 
1/28 5 ~ 5 

7/2955 5 

, 7/'0, 5 5 
1/51 '5, ~ 5 5 5 

7/" ','55.5 
71llt5.555. 
7/"H . 5 5 5 
7/" 5.55 5 

7~'" 5 5 

1/5355555. 
7/~4 5 5 5 5 

7/55 5 5 ~ " 
1;'56 5 5 5 

7/57.t. 5 5 5 5 , 
715.+. 5 5 5. 
7/59 .. 5 .5. 
716ot. 5 , 
7/61'1'. 5 • 55 
7/62,. 5 5 ,. 
7/,>] •• 1,,5, 7/'.,.,. 5 
7Mi'. 5 , . 
1/661.5. 
7/67 , 555, 
tl'ri" .• 5 ~ •• 
7/69t. 5 5. 
7/10t, 5. , '. 
7111*. 5 

( 7/12~. 

6/, 5 5 5 5 5 5 

612 5 5 5 5 5 

6/3 5 5 5i 5 5 
6/4 5 5 5 5 
61'5 ., ') ~ • '5 5 
6/6 5 ') ') • 5 
6/7 555 5 
6/8555 
6/9 5 ') ') 5 
6/10 ') ') 5 5 

6111 5 5 5 

6/12 ~ 5 •• S 5 

611l 5 5 5 

6/14 5 5 ~ 

6/15 5 5 

6/11'; 5 5 ') 5 

6/n 5 5 5 :; 

6118 5 ') 5 

6/19 '). 5 5 
6/20 5 5. 5 
6/21 '}. ') 

f.ln '5 '5 5 
612') 5 5 
t, ,;;~ J 5' , 

6/25 .5. : 5 
6/26 ~ 

6/~7 OJ 5 5 5 
6/26555 
612955.5. 
6/). .j 5 • 
6/" 5, 5 • 
"32 5. 5. 
6/n 5. 
6/3. 5 5 ' 
6/lS 5 • 
6/}6 

46 



~~.ro .... th.''rLC'Ir.}.L_a;P1" th •• 1II&l. 0 ..... -7, Ir. .. S,..k-9, 

k- 10, ucl lI:.'1 •• '!be 0'" Ir. :&,'12 h Pl"o'ved. 1ft a..tiOD ~ of tlu, pape.r •• aa 

iaedt.t. 00 ••• 01 of \he Up".!' lIoud 'to .... 

47 

Pl'QOt tit '\ben P'7~ ... dena". by ). the nUllhr at J,. .. l1boharg1DIt ed,... 

t ... 11 80 'kl V (the ."tral ver'tn ot cl.uretl 7 wbiob b Iln" pod11:t'e by ItnQ'tIl .. n 

at the J,8lUla). W. J.i~",ieb the 0 ..... "'.0, ),.,, an4)., 22. 

c ••• ),.. 0 -'e deno" the llaipbor v.rUe •• of V in 'Gon •• oJlth. order, re&dinl 010 •• 1 •• 

or oou.nter-clook.t.a, 1Iy A, • Bi C, D, I, r, G, 80 that the oorr .. pon4ipe: read1., 

at "5" or" "("qeD"'5") i8 ... 1a&l ("one \he 10k paaall.l. I'ud.l .... ~, .. ,. '-IU, .,. . 
'lb_ 'the nadine of "," 01'· ... " o6rre.ponda to onao, tbe 1-di.n .rr~U n~ 

are "010110&11,. ..... ill&l .. aDd deno,ad .,a tit:" 011. p. 46. 'a ooa,dd,er tb .... 1'1" ..... 

•• t. 11!1 tbe orbr ot'1;b.11" nu •• b.r. C ... p. 46). for .~. 01 ttl. ..... rran,...,.'b 

•• ha .. to consUer all p •• ibh "lUb.arr&ngell.nta" of 6 .. &rid. .a30r •• riio .. lot;· 

oOIl .. out;1T. atr!DS- ot non·5·y.rtioe •• I'dI' lMt;&rloe. tor tb. lalD arr&ngaea\ 7130-

5 5 • I •••• w. bav. to Gouid.r 2~ .lIb .. uruc .... t. 5 5 , , , , """'. 

, ,u u u u u • tw..,.. !-U .... 'illuJ .. to, -'&jOl' .ertd" u4 •• "'ration ot'-

t;b.lub .. arrupaea'li, 1. lD til. ol'd'r 5/1, ••• ,5120 ot tb, lb,t ot "-d1gU .. 1'1' .... _ 

.en .. ,r ... ted oa p •• , ... fLU: -,11 r.p1a.ed. by"'" and II." r.pla •• d b1 "ill) .. . 

Ie. .-.nl •.•• til.,. to GouU.r oDl1 60 ••• lIb-arran,.. ... '" wIliCib ooa"". 

"Ub.r at l .... t tlar •• "'. 01' two 51, Mil at; 1 .. " OIl. ~I' ot ~a •• t .'1, o~ 
0.' , and at; l .. h "" pab. ot ad.3a." lil,. 01' DO ,I. IMIt at' 10 .. , tOU' pun 

ot ail/at_ II, (du. 1a all oilb.1' ...... '.oa14 _" bl 'a - podt:!.".). eat. 

.U.iaa .... tor .tUo. 9 fIt ... 20 •• b .... .raac-.. ". 01 , , • • • •• lro. .... 

li.t. lor "Ia. • .................. baft to .. uU ... &11 ,oe.lbl. tU.'''I'$.'''''loDo 

01 '-410"~ .. 01 __ "H". /II"". 01' ...... ~ If_dbobarei .. ", w ...... 5.6 ..... 

.. "hI' .. 'tIlQ 710&' • po,~u,. 4"", '" ~ .. tor ,: "1" .. .till ..... tbat ..... 

1 .... 011. '1-41 .............. » .. *'I .... Uoa (1) 01 ..... ..,tJ, ... , • ..."" lUI., 



1/1 ...... a 

1/10 

1/12 

7/16 

7/19 

Pc-oot or q,'1'L(1'1) - L,..,a 

C ... A'A- 0 

.l BCD I , II. 

5 5 5 5 -2.~1 

55 55 

5 5 6 5 5 • -.1-l. 
.5~1l55U-----+ 

.. 



., 
Proof of' q,l'L (V7 ) • L __ a 

Can).·O 

j,rrang •• ent check list eOl:l.tinlled 

• • C D ~ , G 

7/21 

4: .-2,.-.1. 
5 u-CTL"~ 

7/23 5· 

.~:l.-:L 

5 u 

6 6 6-?>-~'f 

~! 
5 u 6 6 U 

5 U 6 T2 6 u-(.TLflJ 

5 u 6 T1 6 u-(.TL'IIIoll. 

5 u 6' 6 u-(.TLIIIIO 

6 u -cnllllO 

~: 
6 6 

5 u U 6 T 6-I'-1 

6' 6~c.Tl,*1O 

5 u 6 u-(.TL.,O 

5 u 5 u -tTL-WoIO 



1/26 

Proot of ~(V'1). LeIIDI& 

Cue x.- 0 

l1 C D E F Q 

6 U 

6 U 

6 U 

5 u 

5 " 

50 
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p,.oot' of qn (V7 ) - :'el!!lll& 

Ca.se A" CI 

Arra.nge.allt chao)!: ~~ilt contJ,.nued ~ 

• , 0 

7/30 

5/1 6 - "'-28 
5/2 

~! 
• 5 

6 , 6 u -II-I 
6 T ,6 ...F'~:" u-11-S 

6 ~ • 6 u-II-Ill 

5/'1." 

~ 
·lIla· 6 '-""i, 

f 'If,.,' 6 
U .- I 1-1 

,~:r6 .- I 1-5" 
~75,.", .• 8 c: .. .,"i;; u 

6 ~~_ u .-rl-I 

5h 

4: 
6 u 6 u 

6,2 h .-GTLlII.2, 
6- T1 6 u-C.TLI/o2.1, 

,)/15 

~, 
6 u 

6 T2 6 T2 6 u-CTUj,25" 

6 T2 6 T1 6 u -c.TU/,2.6 
6 T2 6 x 6 u -c. TL 1f2.3 
6 T1 6 T1 6 u-CTLWi.1jl 
6 T1 6 )( 6 u-c.n."":1.~ 

5/1" 

q: 
6 u 

6 T2 6 u u-C.TLWi.1:!> 

5 u 6 T1 6 u u-CTL*AA 



" 
P:r,Jof of qn Cf7) - :'emma 

Case,," .C;~ <I 

hrlUlgElllettt check list, continued. "'-

A • c· , , 
7 1~9 

l)~: 
.-3-28 

u "'lj.-I~ 5 

u-ctt.II'.tg 5 u 

,-CTL lI'."l3 5 u 5 U 

U-C TL #."l?J 5 u 

u , , U 5 

,T ,-II-.'t i: u 

6' ,_CTL*~~ 



7/42 

P'root' of Citt(V7) - :'_a 

Ca .. ~. 0 

J.rranguent ch.clt list, oontir:11,w,d5 

ABeD!?G 

, £ '-4-1S" 

~: 
6 , , 6 

6 T 6 6 u-II-~ 

6 6 T 6 u-lI-Ii 

6 T 6 .-II-~ 

4: 
6 u 

6 5 61'2 6 lJ""Cn#~1 

5 u 6 T1 6 U---.. 

'-/t-IS' 

~. 
6 u 

f; T6 1'fi u-thH 

" 6 T2 (,; 6 u-fUII .. 

5 6 T1 6 x_6 u-CTL*~5 

5 6 x 6 T2 6 v-II-/, 

5 6 x 61'16 l)<'CTl *if' 

4: 
, u 

6 T2 6 U ;"CTl'fH 

6 T1 6 u ,-CTL."'8 
6 u 

6 T2 6 u-CTllHo 

T1#1 "11'#2 THJ"~ 

CTLIO't CTlH5 16-11 

4: ;;1'16 u ------? T1#1 T1#2 T1iU 
cruo.!CTUIB 1&-1',. 



54 

Proot ot qn (17 ) .. :"'J_a 

C$ee ~ .. 0 

ArrangQent cheell l1at, eontinueo6 

B C E ? G 

7/47 

• 6 6~3-.'1l'· 

y: 6 U 

6 T 6 u ... I I -2. 

6 ' 6 u~It-I:l.. 

6 T 6 6 u .~tl-.2.. 

6 T 6 5 u u~II-.2.. 

l 
6 u 6·3-21-

4: 
• u 6 u 

6 U 6 ~2 6 ~CTLIHO 

6 u 6 T1 6 u~CTL#~g 

4: b u 6" 6~CTL"5""1 

6 u 6 T1 64CTL #"5'.2.-

6~~-2i' 

q: 
u u 

u " 6 12 6 u.CTI.~SI 

6 T1 6 u.CTI.-I'I>S.2.. 



55 

Proofo-f QTL{V7 )-:'eJIIllla. 

Case >..- 0 

Arrl:LlJ.ge •• nt cbeck li8t, oontinaBd7 . C E F • 
7/S2 

~' 
6(1 6 6 6 6_~-.2!1 

6(2 6 6 6 U 

6 T2 6 T 6 6 u_1I-2o£ 
6 T2 6 )( 6 T 6 6 u-II-2.!1 
6 T2 6)( 6 x 6 T2 6 U .. 1:1- 11 

6 T1 6 T 6 u-11-16 
6 T1 6 )( 6 12 6 "u-1I-' 
6 1'1 6 )( 6 Ti 6 T2 6 u-11- 11 
6)( 6 T2 6 6 u-II-3 
6' , 6 T2 6 u-1I-' 

" , (, 12 6 u-II-I'!. 

6,"',<1 

~l 
6'l'26 T 6 6 u .-II-H 
61'2 6 )( 6 T2 6 u .-11-' 

6 12 6 6 u .-II-"l> 

6 T2 6 u ·-11-' 

6/5 

~\ 
6 6 6 

61'2 61'6 6 6_II-~6 

6 T2 6)( 6 U 6" 6_1: 1-2.1-

6 T't. T 6 u 6 6-tl-1' 
6 ¥ 4 T2 6 u 6T26 ... II-~ 

61f, ,t2 6~T2 6 u 6 u-II-H 

Gir,e 6 T2 6 T2 6 u u .• II-U 



7152,ttnisD.8d 

6/9 

6/12 

6/16 

6m 

6/28 

i'l'oot or Qn(V1 ) - :'9lllJla 

ea .. ),.·o 

~:;.rLllg_ent okeok list, contia'U.8d 8 

B ; D E , . 
6'1'26 U 6 T2 6 u-CTL*5,~ 
6 T2 b U 6 I2 6_II-.2.Jo 

6 T2 6 T2 6 u- CTLiJ'SS 

~i 
6 T 6 T 6 T 6 u "II-~I 

6 T2 6.T2 6)( 6 u-tTL lH~ 

6 T2 6)( 6 12 6 O-II-28 
6>( 6 T2 6 n 6 u .. C.TLIf:S,," 

6 T2 6 T2 b u u -tTL"S, 

,---
7'1 lj:12:":':: 6 

6 T2 b T2 6": 6 T 6 

6'T26 t2 6)( 6 >( 6 

6 T2 6 Tt 6 T 6 6 t 

6 T2 6 T1 6>( 6 6 

6'1'26 If 6 T2 6 

6 T1 6 T1 6 T1 6 

6 T1 6 11 6'" 6 

6..;;tDlpos!I'tble to obtain 'l'> 60 

6"Zt-ll \"ith II. cyclioull 
lIIaximal read1ng or 

6 imp"e~. the T.,hscllariP-ng 

6 ~mp"ss. V!I.l \.le!! 

6 imPOlts. 



1 !r2, finished 

1/2 

1/4 

?root ot ql'L(V7 ). temllla 

Caae)._O 

• • C , F 0 

rr6 6 6 6 6 6 u 

l ::::::::: T 6 ~:~:~~ 
6 T2 6 '1'16 T 6 6 u ... tt-!.I 

6 '1'26 T1 6 )( 6'1' 2 6 ·r2 6 \J reflected, readir,g is larger than 

612 6)/; 6 T2 6 6 u.II-.l.8 llOn_r.n..c1;ad 

6 T1 6 '1'26 T 6 u .. t.l-!.t 
6 '1'1 6 T2 6 )( 6 T2 6 T2 t U refiechd ,.,,<1.in,4.8 la.z:gar than 

nOIl_l'efllHft,ed 

S'ltuat1on with livDt" anJ ac.;or<linp, to tho "no_inal contribution value, 

(cou.r.tinp; :10 for each V~ of the .c.-situation .. hich is aujacBJlt to V lUlu .. b1~ i. 

n01; dlst .ng1.11shed by Il l&rg9 u1l!charging value in Table 2). t'or SO". "'\lob-OllIe. 

"'" n&ve to consider all poss1ble Plrranr;oment.'l of 5- and non_;_vertiee! .. hich arfl 

'l.lji1.Cf'flt to V but do not belong to the L_flitulltion. For "eme ot the arf'an,..ent. 

"'8 have ll.0'1l.ln tu oon~L'er the 9ub-lI.rr .... ngement9 ot 6. and lII&jor vertice. at the 

pI aO<Ol9 of tne non_5'''. dOll'eVfH', .e may iF,nore all those artanR'ements whioh 

carwd't ,viel.! I 09itive 'tTL - va.lueR for V. [,'or' inat"llce, if th8 v-value of th. L_ 

att.uatiQ!l 19 40 then amon~ the !ldJitit>nni. nl!lighbol'll ot V.e lRust bave e1ther at 

leut one 1I5.or gev~ral 11(, flQ M t~ provide for at leld.t two 6.6 edf'('H (in ord.t 

t.o have T> 20)-. 

51 



l'.roof of QTL('17) -:'emaa. 

Cas. ", .. 1 

or 11# 401, 402" 4Q} (rlltl"lcted. OJ;' MDerefieeted) '18 
L. 40', 402, or 40} 

attached SO' U to l.nUuo","1WI L~dia~ng of 40 to 'I. 

Thoae n.i&bbor vertioll. of V t_t do Got belong ~ -L 

are denoted A, B, C, D in oount.r.olQ~e order, 

the neighbors E, F. IUl4 G of V bel one: 1;0 L as 

indioated ill t.b.e draung to tl:l.e right. 

'fa prell8nt- II. 4_drigi't arrl'Lngtllllert clleck list roo:.- A, E, C, D. In tt.i!! list 

we shall ha,va to ;!.ndlca;t. ocoll. ... ionally ... he-tMr or not II. T-Jiecllat'ging goes to. V 

Aoross ana of the .dg .... G - A or. D - E. 'l'hus we '3.'1&11 "'RoHan the verhc •• E IUId 

(; aleo. In or after th. arrll.n"e~ent check list we ,lefine (u.!Iitlg the l3:f11.bol 

;~.:. n) pOllia oonfiguntion 6'llloes4'Ii, (3'a) , •• 'J (Sd), whleh are treated further in 

ar!."angeillent without the RYJllbal :. 1.16.·!h'~nr slid!. ~~ 6 "i 

then this ,1,o;l:Ul.S that ev~ry oonfiguratiDn vf tbe arrlL1l~ent ¢ont",iD9 901l.e" 

confiL'\l.rat1oD of the ola.~ (but not nec8iOartly-'Yice ~:,;r.). 

Arrange .. "n"t oheck :Lint 

<l' A rn 
4/1, ••• ,1 ';(S<1) 

r:J?~0 
'/8 q: - (Sb) tr 1.- 401 -or 402:' {TLII5'j 

5 u if , .• ,0" C"N.# S 6 

56 



a A .B C 

5 • 

6 

Proot' or qTL (V7 ) ~ Lemma 

C&ae ).0/'1 

Sub~ca.!le 11'_ 3, V" 7 (" ~nu .. d 

" Ln" me!l.I1II: L .111 noll; 
reflected 

It Lr " _&tinlll L is I'efll ected 

,: (.t) {if Ln, tTL *59 
~ ULr: CTc..*'S8 

6 T -II-I {it Ln, en ""'0 r if L" 401r or 402rl C.TL*'3 
6 x --- if L- 40jr: 11-8 

-~-l.i if I" ( TL lhO 
Ii! L" tTLIHI 

59 



4/10 

Proof' pi 'tTL(V7 ) - LeIUI& 

C,ne ).. - 1 

G A lJ E 

~ 
.. 

T 6 . 

6 T 6 

6 6 T 6 

)( 6 )( • 

S if Ln: 11-\ 
----4> (If 1,1': Il-S" 
______ ~if Ln: 1.1-S" 

{if Lr: II-IO 

)( 6 x ~if L_ 40101' 402: CTL*64 
------(if L~ 403: .2.1-& 

4/1, •••• 7 

4/, 

r; l' 6 

U -'i,r. 401, oc 402, GTl'H<H 
l-. If L,. 40\n 21-8 

u' if'Lr (TL1#I'2.. 

J_cn~t,r L. 4o' II-.l.l *'lL if L - 402 I ~-~3. 
If ~4(j~-..Si!"'1 CTl.70 

hf 12 tTL.-.49 

Arrangement check Jist 

-.1-11 

60 



4/9 

4/1.\ 

4/1, ••. ,7 

4fB 

Proof of qTL (V'7) - Lmamll. 

Calle ).._ 1 

v ~ 60, finhla,d Sub_case ... 3, 

-l-~ 

- ~-.l1-

-CTLiI'H 

6 

6 T - tl-r 

6' _C.TL*" 
_CTL*66 

-II-,/

_]:1-8 

-11-21 

: -11-21 

Arrfl.ngellient chock liet 

E 

;" (5 ()i t_ "" ..... "' •• , 427 
U -l..4 CTL flo'!! 

; ~~ "n-' r;M 
5-1~ 

C,TS,*U. 



,/9 

4/10 

(V).L_a Proof ot qTL 7 

Cas. 1 .. 1 

Sub-case WoO ,. y .. 40, finished 

• • B C D E 

[:
.' .. ~(Sh) 

" . . '. ';'(51) l' ,'., .. ';'(55) 
'2 x 

)( 6 T 1 (, fl 6 T1 ~ )( _ 11-31 
x 6 Tl " 6 

Sub-cas"'. "4 

62 



Proof of Ii TL (V7 ) .. LE'1Il1ll1l 

Case ~ m 1 

Sub_case '11_ 5\ v> 40 

T4e OOnfll\Url'l,tlon cl,,"~ (51) oontains the crt tical !Jut/-class (Cst) 

for "hioh lie have to con"ider the pO(lsible arrangements. 

(C5"t): I" is on~ of' #f. 604 •••.• 6Cf/, 

61 5.616,617 

Arrangement check ll.st tor (C5i) 

c. 

6 -I!.-I. 

, 6 ~(S1.b) 

" ... CTL.~' 

6, 



P.root' ot' QTL!-V7 ) ~LElIIIU 

Case 11. .. 1 

Sub_Gue .·5. y. 40 or 35 

,l!'T&ngelllent check li9t 

a A. B C 

3uh-CA&,e Wm 6 or 7 



In this case we.ay aB9\.1l1le that there al"e two L_sttuatiol'Ull, •• , L(1) 

and t(2), .. ith their pivot",ldentified to the\>7_verte~ 'I. Denote tbe 

Jicltln,:">lHlh(}d 5_vertlces of flll'1l ar,d L(2) by v~1) iI!.fld V~2). 100w ,e alai. 

tha.t 6, eon'ta.ins !l. oonffF;Urstion of lL or oont.ina t.o cQnfigu.rll.tiona 

K(1) ruld 1\(2) ,,0 that each of t'1em belongs to ()I\& or CTlAf56, ••• , CTIi/t71. 

th"'ir pivots [Ll'e identifiej to V, 8.I1rl :10 ~h8lt the d,;llltinguiehecl 8-vcl'tex 

of K(il (1 .. 1.~;) io identified to v;il ';'ha ol .. illl follo.8 frolll O\£l' treat.ent 

u.' the Ga.llO),,"', "lnee there .. e h[\V8 r!hown the fo110 .. inp:. If il, eon;t'ain.B (1) 

~ L.'lltuation. B!l.y L(1). dth pivot j,dentlfled to V and (2) ... 5-vertsx V~2) 
wr,loh .l'l 11flo'-ent froll! th", ,t.J.!'!tinl:uiJhecl 5_vertex of l!'(1) bat ill !I..r,tacent .• 

to '{ then t. conta.ins !I. eonfl.,o.:uration or U or containa a CTt.-aitqation u 

lIu'1e.t6d. (Note that the prellenee of [,(1) &net V;2) &lone g\l&:taJit •• ~t 

<:l-n,(V} :> 0,) 

r"". "'6 ~hll.~l W'UII/il tha.~ tlli' 1~'H' .... ,.lnK wf II.n)" ~.O Cl.L:'itaILUona .tI..(1) 

f.n~ i. (f») f!.:3l11 degc[ ~lJ€l'1' HI the plu'agraph above yields Bome ¢onfigu,ration or tL. 
'\'i:; .,Ll finiuh tn." 1 "oaf of ~he "1'1.("7) ~ J elllma.. 

':'hn m'Jr'-;lI'l,; u1' K(l) un" .,(2) in only >HJ~!.Ii"o18 l.f .1th,r both i(1) and 

KC") bel on,: tv tl\l') olri.(lS C'rI.#74 or both o€ t~:m oelong to C'1'L#76 (sinell 

,)th'·r .. be it "'0101.1 not even be po~"ibl' to JlIel'~;e t'ho,,'e parts 0" K(l} ft! 

K(?) which a!', II.ctually "rHo""'. in 1'llble 2). Tb\lll _e Il:'e 111ft wl"lh the tol"1owiaK 

two cla,,~e~ of C(1,..r'~,rurl'lt.l()n":, 

® 00. ,oi, of ~.. one ,d, or 
" !4?1 ...... 4:;S,' !604,·_ .. ,607, 

, 427, 42fl}2 , 615.616.617}2 
1 2 . > , , 2 

a.t (U • 'oj ~ @!2J " at (2 , Z ) • ITS 
(JEle olaa>J check lilts.) Thb flnl"Qe'l.the pi-cor or ~he ~'rL(V1)·L-.a;. ~ 



~ In this section •• prove sOlRe le.QUias oq L_diachllol'gings and "ftep&aially 

on <COlllbinatiolUll of,L_dlscherginga !!ond on combinations ~(" L_ and T-dislOlhargtng 

which go \0 the 9_11 verta V, Th_lel 16l)lJl11!.s ... ill be needed in '\;.h. (o101''ng 

Section (9) in whioh •• shall proYt! the'qTL(Vk)-Leema (or (he dagr.esk .. e, 

k_ 9. k-1C\ and)t .. 11. Some of these ISIUII..", are fot1llulated in Section ~ ot 

t.he paper where they a.re 1.I.3ed~tor proving th", qTL\Vy}-Lemma. for "~1?:-. These 

are LeIlmM .. (60 or 50,. T)~ (60 or 50, T2, T2), (5, L.~. (S. L), (5. L, T2), 

(5,L,.,6Q or 50), (5, L, .. , L, 5), '60'or'50, •• 60 or Sol, (io or 50.~O 

or 50). In a<Jd,it'ion •• shaH aro.,e the (oJloWing 3_ ",eamas._ 

LEmLllIa ('1'2, 1, 1'2). If v~ 1) 'i'~J) I v~Il}.: v~5) ,,'-8 :tLve cons\lCutivB 

tWit,. t"o T2_i.\scltar~lngs go (lOTe9S the. noiRhbot9 (.If a :aa.~\lr 'l'Or;,tOJl V.)( "f J/ 

&_6 edgos v~l)_ v~2j I!.nd ViAl_ <'3) tl.U" an L_ihllc'haf'l':'in"."o<:l1l trom v~5) to VII; 

.,~.'\f'''''' 
III 6~ (.r..th 'lk ~~ ~ndio ... ted, in the lr"'''Hll''h ~) 

~.'.:.c.!o 2C; ,"). ':' I \ '~~'" ~t;~~~:. "" '''''0 

nf I'. majol' veort<:lx Vf, of ~~ !j() that. an L_Lh~en",rgln," ,,0<:11'1 frell VS'. to Vk and !I. 

T1-,~iacharglng gO<:l1ll acros:'l th<:l e<l.ge.~~-;)J"vi4) thell ~'(L .. 4)2) 

the L_,tisch!!.rl>;l.ng 1A incluced t;; one of!t# 4l~l, ·41,)2, vi'J- , l~ 

403, <\31, 432, 4t>5 and either the 1'1_ iHCna..rging 

i~ inuu~eJ' lly Tl#1.of' the cor.fi,'"Urati0n drawn to "Yk • 
th .. rlght oocur9 "in 6- (with I'll. as ~n"iont,cJ. '.n t,\)f) dr""lllJ/i:) 

lemm .• (L~):' )up~oa'; tid>t il" C\in"lun" tuo L_"ltU)"tloIlD i.(Y:no. L(~) .ith 

tIle .'If\me l'J.vot ·Vk but ·,:.ffel·"mt dl>!ch"1·-:1.r,· .'s. Then .0 hl!.vo tlre followin,l\'. 

~ If n..,oJ.'e ttlll . .n fiva n,nl:hbors of If' 6* lira oc"U{'ied by (tt~ il:3.1':'65 

66 

oll/the rully Jagree-speoifHtd vertioe'\) of "nJ C(?J tl'llHl e-itlUl-f Olle of the 001 

fif:\lr!l.tionll (lenoted 1. 2#801 ••••• 89<11 rlDa1fTl -in Tabl" '11., P!l.f!!85 1 and 2, oOC1,l.r9 

in A'" .ith pivct identified to \. an'\! with L_,LJ.schSI'g:1ng e>lges (1na1cMed in 



Tlllble :t,'J.,by the <.iischarl':l.ng valu.e8 written to thi!se 1l(l:(I!'ee) identified to ther L. 

dii'looharging edgell of L(l} a.nd L~2). ox one of the L-situationa • .,.a1 L(1), b 

on .. ¢: ## 530, 549, 550 ("e", 'fable 2) ancl ocntaine Li2 ) (.bu. 1.(2)h # ~41)1O" 

~ It preohely !liJ: QQ,n!)t,ol..ltive n.eil';ilbors of V~ in A* are ooq\1flleo. by 

(the iz:;.ll.£,fiP of) the fully olegree-speol.f'ij)<l vertices of 1.(1~ and L(2)·\:.ben'the 

Collowing hold. 

~ If :i;l.lI.ob of L ( 1) .' L (2) haa width"", 4 th~ one of the config'U!'"trODS 

(,jendtod 1 2#901 ••.. ,971) dr8.1fJl in 'rablal-a., pages ~ and. 4,0001>.1"11 in t.* with 

'1 

pivot.'i'lantl.had -to Vk and wl,tn L_dischflt'gin., edp,-ell identif'i .. d to the L_diachal'gin« 

edgss of L(l) and L(2) . 

• ~! If one at" ~hll L-!l:l.t-uationJ, 3t>.y L.'1). is of .1dth .... 6 "hen J.t is 

one of ## 701, 711, •••• 721) ('lee Table 2) and L(2~ 11'1 -#441 IlJ\.4 is contained in L(1) 

Lemma. (5,L •. ,00"r ~,O)+ If v~, V6 'J., v(3~. v~4) are four con8ecutive neigh_ 

bvr,s of "" maJor vertex Vk In 6~ so. "&I!a.t ~he nYJl~'the31.3 of ~ewwa(~.L, .,60>'01' 50l 

0e<.:~.:.,n ;. ~,t_the Pfl.P<lc) tl:;lOIl one of ## 'i}O, 7Q1, 716. 811, 

'I, "" 

~mn(L,L). IfV~l). 

",,",y) ,,""u," <\, i,~ (wlth pliu;' i.l<:miified 

:; eo to 'v~ 0) nnd 

are ttro oonaeoutive neighbors \)f.~ .. B"jor vertu 

VI!: in D: 90 that (rom eacb of them &n L_di!lch!l.I'gin~ goM to 'k thin one of' -H 801, 

8<:2. fjO~; 828, ••• ,8:3, 861,,, .. ,872, 905 •••. ,~~. 926 ••••• 977 (see Table ~) 

OCCl.\rl'l i!'l b.* (li\b~ pi1l',ot""1~entifiad to 'wk ). In pa.rtio\ll!l.r, in b.. there ill a 

thiJrd ~,_v~rtex which il'l auj!l.ol.!nt to both v~1) a.nd V~2). 

L"'!:'.mn. (t, 5, LJ." If V~1). V~2). v~3) are three con:u"c~velleg1'.e_5_l1eigbbo1'. 

of s. maJor veI"t6X Vk of' b.~ so that : .• disoh"'riPngll go froID. v~ 1) Mel 1'1'0111 v~3) to 

'k than one of ## 8<'0, .627. 902. 90~, 9\14, 92', .... 925 (u. Table ~i.) 000\1.1'11 

in A'" (-dth lIivut ilentified to Vk ) or one of tbe L_·.lhchtt.rg:l.ng8 ill induoed by 

oH551 or bY'1I701. 
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a ••• 
956 957 158 959 

.~ 
961- 962 96, 

.~ 
9oQ. 967 

A 
971 .. ~ 



Proof of .,_&11 (5.1k) and {5, L. 5}. In every 1-ai'tuatior!. \110. 'DIIble 2) 

the di(lUnS\l1.bad 5-.111'10_ h •• "wo ndghbor •• b.iem aro .. I.e ilelgtlbor. of the 

'Pivot, at ll1u1o o~. of th ••• to"o verticea h ot degree .,.Mhr ~&D trive. lD 

par'ioular, if the L·.,Uue,Uon b L5 or L6 than "oth Gt th ••• vartic •• are 

of degr •• gr •• t.r tb~lv •• Thill.i.pl1o tbt" 1_&11 .• 

Pro.t of L .... (60 or 52. T) • .laau.e th&.1: in an .tbitrary trti&l1gulatloD A, 

thera iel II •• jar "lIrt .. VIr. _loh uaeiv9a an L6- or l/1-dhohargiag and .. 1'_ 

d1.lloha.rging u dellertbed 1n the hlllll!.. Thlfn the L-dlib.Oargl!J'g is; imdA!.cad by on, 

of;j# .411, 441, "91 •••••• 9' and " oont1gu.ration 

at the oon~r.tlt>n ol.as (6.) {1l~tI. drAwing to 

thll ri~~ OCOUl'lI in t:. (.-ith Vk 8,11 indioat8d"in 

the drawing). But ""'lIry confil":Uration of (6&) 

ponta.ino ei thar 8. oonfiguration of U or 19 a 

on.otW411, 

~
41'A91" •• ' 

495 at X 
, + 

-"Va.. ~~ 

oon'f'igUration of one of the olaslllls Ii~finod in Fl,ffUn 12(a} anA (b) (,,81:1 the 

oIas" checl list for (611.)). Thill hiplies the loQ1lL •• 

Proof ot LSlllm" (60 or 50, T2, 't'2) ....... swte-tll an lu"biW.rtY trHl.n~.1i10n.6, 

ther" h a vertp. Vk which receives an L6~ or LS~'!isoh"rl':illg and a T2.diloharging 

as dllsori.bod.l.n the 111!.111111a. Then by Le_a (60 ott 50, T), a o(JI1tip,'Uratlon acoordio£ 

1;0 Figure 12(11.) ODOUrs in tJ (with Vk M inltic!¥t;ad in the figu.rt). No.·o.n:IIJ 

tUrther that VII: receive. a seoonll T2~<.!hchargfne'llor" •• '.6 edge cons.eutive 

to the 6.6 edg~ of the tint T2.dHlooaffflngoi Then 12~5 Q0$lI"ll in (:. and thus 

/:. • /:.*. Tbis pro"e" the lemma .• 

<'roof' ot Lellaa (60 or 50', T, 60 01"'" 50) By, <!IjlIlIlI. f(,p (lr 50, T), ~f:'" 
oontains II. O'bnfiguntion, aay K( Il, aocorJlng to liguu 12(a) or ·(tI) ~". that 

k(1) oO'Ot.,. the L~ • .i.tuation whhb'inducffI the L-dilicharginlli> tr~' V~1) to .v~" 
.l/i!ain by Lellll!1a (6() O"f' '50, ~r·)': f:,.* cont,in!JI a oo.r:l,gllr~tlon K(2) acoor!lng '0 

FigUre t2(a) or(b) which induce. the L_lilloharging fro. V;4) to Vt " Bo'\fr ,t 1) 

IllId K(2) In,il1oe th. T .. dl-'hargint aoro •• ~1\~ V~"5). Thu th. !.dlaah"r«inc 

72 



!litua.tion ::lust be lJ'lllllletric (b.y :"-~"'Iil!l(1') an~ t.hWl IIIl<oat be ~1#:1 \'\lot. t"i"gu!'a 2) 

Thls P.O'!!::J the lemma. •• 

there il:l a. verte:J: 'It .. hieh recdves two T:'.,;.ucl::!lorginf,"!!1 a.n~ !I.1I.1.- ;::JcOa'rg'1.::,c;.· 

desor1,bed in the 18111Il10'''_ Then th .... L.<119ChA.r~_r.,: 19 ifl:'.1~pd h, ('>nOl of #"' ~11, 

421,1\22 (no other ~_Eli'.",,,t~or. c:..r. ;'9 ::.ttache(J. 'It.r. tllis C'lH,). 31H if the;:':; 

situation it! #421 th""n 12-1 Occur!!f lf ~l-.oe :-s1tU1\.ttvll l~ "42<' ther. 14_12 

'ooeur!!, thus In t!]..,,!! CatH.!! _110 h!j.'7e l:J. *" i::.". I.r the L_s 1 tuatio;"! ia #411 then 

by L~a (60 or 50, Ti, "lith ... ,. al':a.l(. !J. " t/ or t .. o conhP,llratlol'l1 accord:l.ng to 

lig\lr.·12{a) oceur, each o~· which 1n(11108$ ,.,ne of th. 'l"2_dhcbar,/\'in;r,!!I !I.Jld tbe L. 

di!lebargi:r;g go-tha.t 'the co/'Jt"iiCU_''l.t"l-on ,)f le=1l. ('n, L, '1'2) oc.:.ur.'J. This ,?rove!! 

the lemm .... 

'i"root of L8IUoas (5, L, '1'2) and {5, L. 'l'1}. A99u.me that 1n an ar"bltral.'y 

trial1~atlon A, the:r;e 19 a ,major" 'I ...... ,ru;: Vk whi-.;:h r€lC(HV€la an i·"'IIIand a T_ 

diaCiharging &8 describe.! in the lemmas. Then the L-dl.!llch~rS:;ng·lllmot be induced 

7) 

by 0_ of ## 401. 40'2, 403. 451, 432, .'!6:; (the only L-9!tU1I."tior.9 in l'I'hieh th8 

distingull'lhed V5 hag ft' '15~ and Ii V6 -neighbor lfhicjldll"B.!l.ho _a.1aoe"'\, toO i;rbe piyoO\). 

Th\la a configuration of the 01.911 (6b) 

Vk aa indioatad in the dra'lf'iflg). But if 

the T_di9chargjJ1g 18 not inuu.tled by '1'1#'1 

then" oonfikUration of (6~ oontain!! 

one at -#lt401.402,40} 

431 •. 4';2,.465 Rot X 

~ 
IJk 

.ither a oonfipratian otU. or ia the oonfigura.Hon of' Lemlla (5. L, T1) I or 1" 

the contigurati.<ln C9b dra.n to the rip:bt. 

(.e. the 01&1111 oh.ok list tor (fib». If

in contieuraUon C6b the dague ot VIt ill. 

apaoified 'to ba 1. 6, elf 9 then 2-'9. 

1 .. 1, 01' ~2_10, re.pe~Unly, oocur, if \he degree ia.epeoiCied: ~~O tbu U 1. 

t.he ooaf1.pl"aU.,. o. figu,r~ n. 'l'bia prQ?" t.he 1 .. u •• 



Proof oJ l ",milia (5, L, •• L, 'J). ~~u.."'l"" tll,at tn 'In \lI"01t,-'l!'"Y t.r.,J.a.ngW.atioD 

Laml".a .. 'hen ~ach ona of th", J _'!l!1chaJ'lP'.lI'l.,,!! 

lII1U.at be l.n uced by 'me of 1t# 40\,4-,)2,403,-45', 

__ ,dR,/lb,) &n<l Il. confi.,.ration of the. 

eh .• q (60") (s.ee an.1ng to the right) 

oocurs 11". II (~h V~" In')'lcated in 

the. ,_rawin!:). Ju't fL'cdl"ii~ratl"n of 

one p .... ll' out' of f':Cl,402.403, 

4~'.oI32.A'65J2 or ,.:53.: •. , 
~ mi~ .W(:l,Y) 

" ... ';'@ 
(beJ aJ.tcer cQntal.llti Ii 'hn~l':UJ:'atioll or'1L or H. one of the contigurat1oll:ll 

Cba#1, •.• C6o#4' nr&WTl b.e~" (!lee the ol_s eheck lut for (6e). 

~o#.l c6c# 2 C6a# 3 C6C# 4 

If ill, one of ~U! configurations C6c#1 •••• ,4 the ,Legree of' 'k 19 specl.fied to 

l,,· I, ',,,, 1.1, .... "" ,·.",t, ... u, .. ~",,, ,,1 \t''''''''''i "'''''V''', II ltl " .. or (,('c-#" •. 

3,4 the uep:J:'ee of Vk illl speoifidu to be 10 then a conf'1~ .. &ti.on of U. occurs, 

(3ee the claea .meek lbt for C6e). If the degree of VlL iIt '>9 iTl C6C#1 then 

we have the r:onf.&.guration of l'igUre 1;>(f" if the degree of Vk is >10il1 

C6t:# 2, ,5. ir 4, then w. have 8. oonfiguration aeeording to Fl.gurt! 12(g) or (h). 

!hi.! finishes 'tke proof of tbe 18_a •• 

Proof of L_a (60 or 50, • , 60 or 50). A1I81lJ1. tbat in an arbiy-ar1 

tr:l.&ngulatiQII IJ.. thert! iI!I OJ vertax Vk whfcb rlfCeive8 two L_diBoharginga lUI 

desoribed in the leema. Then eaeh one of the 
at (X,!)! on. 'Pair out. of 

L-disoharg:l.nSll muet be induoed by one at (411,441r,491r, ••• ,495r) 

14 

H 411" 441, 491, •••• 495, 55', ••• ,55},120&D4 )( 141't,441n,4~1n, ... ,495n} or ( .. 4in} 
ni~ )( 14411,55111., ••• , 

" aoahgW'aUon Qt the 01 __ (64) ( ... right) !~.. 553n.12c:.} 

V" =g 



.. "'3 

55'6 
6"55 
6,6 

6) 7 

6 5' 1 

651 L) 

6) 8 

7" 6 

.7 ~ 6 

.85'6 

... 
5 55"6 
55'1 'i 

~, 5' 1 6 

55'17 

5 7 ~ 5 

5 7 5' 6 

5 8 )' 6 

5 9 ~ 6 

6"5' 'i ') 

6"57 5 

65'7 6 

65'7 -7 

6;' 8 5 

G 5' e 6 

6 ~ 95 

67 5' 5 
67 5" 6 
683'6 

7"1;5 
7 7 ~ 6 

.-, 
5 ? ~ 7 £, 

5'57') £, 

57 5' 7 5 

575"76 

57? 7 7 

57 B 56 
::. B ~ 76 

6 ~ 5' 7 6 

65-7 '55 

6r;p 66 

6'5875 

? 6 B '56 

675'55 

675'56 

615'75 

67) 7 6 

6 7 ~7 7 
6 7 ~ e 5 

6 7 ~ 86 

6 8 5' 7 6 

7 7 5' 7 5 
77576 
77'!'17 

6 ~, 7 ! ::. (, 
6 ~ I r; 7 -' 

(, ) "I 5' 1 6 

Ii -'7<:7 7 

l> i ~ '" t. 

.6 :; fl ~7 h 

,,75'75 h 

673'71'\5 

6 7 ~tfl 5 6 

6857 56 

77"57 'j 6 

In 111091: Q.f the readingll, the 

uistingu~shed Vs can ocou.r only 

in one place. In this event it 

iB .. at:ked by an upper bar, 

7:' 



~n "new of tr,M"" r~!l.dlnr.:"J"~ ".""e t, ~cnsl~",r.!,ln-"'r. II,rb;.trary trilUlgulatlon 

.. oc ..... in.: e',s'JlbllltH''''' for ",er,,1r .. ,'3 --:>: :(1~ '!.n1 ~(2J iJ.tn ,e!l'.<lt.u::g 

c.:>rl~.1rJ.t:·n·of .:·,th Ss ( .. r,d with non-U<:mtlfie<i li~hngulS ... e::. "'5's), 
Lt., 

~ ~~"P1L1C3 u.f !.!Olr .•••• ,.122n.l.:1:, •••• tl2Rrl(' lLlr •...• t!221' • 

..... ' <i21r.., ••• ,A28n} 

~ ,6~, -(:~~:;.~. ;,:~~~~;1::.~~.:~~:~:-!::~::~~~.~03ni 
(').'J t. r, 5~, 5 6 _1_' 

'--"-' 

(.:;~.):.~ 

~ 
(6{)~'t,~ 

76 

r,,:,,--1.._ " ~ I' •.•• ,j:! r, ~,.,;'", •.. ,~1~r} 

(60) ~ .: 2 , 5" 6 I 

(6.,) ~ '6,5 5 ~'6, 

«(iq) .:. ,6 '55. 6, 

(6r):' -,5 7 ~ -, 

...-:-----0 
(6a),"~ 

.... ~4tl.r.466l'.~ ••• 478r}x 155Un.5J19n,55Qllj';'" the onl,. Fo_Hle 
m~rlrill.g ~ tho lnclusioln of ~41r in 53~.5.49n.55On 

~'~51r.4~2d')( /431n,4}2n} .... tqa~y poa~ble aerging 
1.8 a20 

.... (465r,465n) _ no lIerging pouible 

.... u (6n) 

reflaction of (60) 

(6t) :.. '65" 8.,1' 6, ..... !479n,48On})( !479r.48Or} .. 7-' or H .. l0 or 89.4 

(6\1.).1 6 ~ ... (481n.4811d ~ 12 .. 1 

(6v) :. ,6 5' 7 1 6, .... f549n.5501a.})( f549r,550r} ~ 110 •• reiD« pouibl. 



cLass ch~ck 115t.S I'ot' (1,&'. (I)r*;. (01). ,';;t!. 

the ImD..!Ila. 

cOnBiciar (in 'U1 R.rbltr''\!'"y tnanoculatVHl t) or.!y t.'l~ !c:.,wu . ." "two p<:-~ili,:;'~1;1t-u'8 

for ;ne::,gin:""'3 of :(1) 'l1l'l L(7), b,)·,h W:l th~ ... itr'.""~",:!'ir'.';: c"t:-~~r"'t:'7n 

of. ;n-!th 6. 

'-r~ 
(7a)'"J"" --~---irr? - ?!l.IrSof (4'L •.••• J5!1".,j';,11" ..... ,u;,Jt'!>Cf,,)1:: •••.• 

~- L(I) .1~7ri • .:=':c, .•• ,~O:t1'1; 
(7b)': ':5;-1--:;'.2 ., _ !<1fi4n,,J9Jn} '" fJ~';l".':'IJrl_ :,0 e:el";r;-;.n.,. fNJ1llb> 

L(t) 

Eacl'/. confi~rahon 01' (71'1.) ei<:ner oontains ~ "onri.~lit.~oc'i of 1t. or i. 

on., o!' H 901, •.•• ':177, (see the elal59 eh.ck li"Jt for (;II.". Thi~ pl"OV8lt <"11.1"1 hi-a) 

01' the lemma. 

(1Lb) l1e have to cOnBiriar the follo.tog p08.!'1itilHie. 1'0: ~e!'gillgll of L(1) 

at width 6 and t(2) _i1h 1"&sl.l.lting configura1ion again of width 6. 

~~ ........ 17rJ~lI. 71'r ••• • 715r • .,16n.~1,-r, .. ,"02Prl'" !~~';r) 
(7e)':' - - r~t.h) ..... no lII.e .... H['~ "cs31b.e G 

... ,'1 .... f!" , ,"~n. ""r, 'ur,. 

nd) ~ - -,) 7 5.6;t!.) J66l'" .. ,t· SrJ ... ·t.u .. "1.-:1 p.:..~.,:b:il 
lh) ",'0 i~c1I.i"llong of .:~., r' 

(h) & ~7, 5 6 ___ !716n}x 1.101r , •• : • .1o,d_no lIIerg1r.r; pOisible 
Lt l ) Lei) 

(7f) .:. '67,58 5 6~CIJ"" Inor)}<. 1479r, A80r} ..... no lIIerging ponible, 2 

Thi.'J proves i'art (V. .• b) of the l.!!111&& and fin.:tl!hell the proof ot L~IL (L) •• 

Proof o~ L..aa(5,L,.,60or 50)'" (1tbillh Su.p~).l·se,je!l(5!L.600r 50/). ks:lIl1l1e in an 

arb1traQ t.r1u8UlaUon .6., t.bare b a yare.a V niob.. reeah_ two L-d.l.oh&rc14 

ILl! stated in" the lema, Then the fir!lt L~ {4<l1.40:z.403.431 ••••• 43'11 or 465 at 1 

dhohaor:giIlg IlU3t be indll.ced by one ot ## 401, 411,441,491, ••• ,495.551,'52"C)~5$·1 

402.403. 431,H.,437, 465. 5}O, 701, 716; ~ at t 

it'it i.e iml.\leed. t)1 530, 701, or 716 then the " :, ~ 
2 " 'eooru\ L-dbJlbattt'ft8' b il)dll.oed by 441 e .. e L_ 'L )) and the lADI_ 1, 



7. 

ceurs ~,., [; I.nth Yk 83 l.r.llcat"d Ul ':he ,ra.l,.~"j . .out 110 c-cnf':'g'Ill'!I"';ion of (7g) 

IinthfH" c~~t"":r,, "cunfi,roraHor. of U. ~ i3 GPO of 811, e12, 813 ,sOJa th" 

",,,"en : .•. L,char;p.n" HI in.lllc'HI by one of 7'"# 4(,1, 40/, 403. 43~ ••••• <lH, 451 ••••• 

464, 530. If none of tn<!l t.,jigr:har.-;:inp-::: _J ~nJue~d bJ 530 ~h~m the Dyp"th .. b 

o~· Lamaa (L-') li) ur Ci.a) J.>l l'ulfl"le.:. an' :'enmil. (L, L) :"d.oll.~ fr~ Lamme. Ct.?) .. 

If on" of the L-Jilch.r~ings ill p'll:uccd by 53Cl th_m the other :'·(Jischu,;1ng i. 

it !uoau. by on.:> of <lH, 461,_ .. 465, 5.'0 ~nd 2.1 occur!!. thu :inlsnu the proof 

of the If'.IIlllla •• 

~here loS a vert-.. Y-\ .l)lch reoe"1(CS tllO L-<lJ.3char~ngs a:J fltated. In tne 1_&. 

~hen each L_ClJ.Schar!<'lJl!<" is lnJu¢ed by one of ## 4\11. 402, 403. 431 •••••• H7 t 

or 701 then there ig nothing to proTh. If one of the L.diecnargings is induced 

Ly 451 or 1!042 then the hYPQ.ttr"eie of Le=ma (I/) "(il or hi.a.) 11 1\I11'i11"",d 

and LelIllIIa (~. 5. L) ttillows frOIl Le_a. '(L 2). 

If eaoh i-JJ,»obarg;1ng is ihdueed by one of 

401, 4"02, 403, 4H ••••• .437. 45:1 ..... 464. 530 

then a confi,. ... aUon of th. 01... (lla J ( ••• 

drawing to the right) ocours in /:I (with Vk lUI 

a I?a.ir or- !.lOl.402.403,433, 

•••• 431.451 ••••• 464.530}2 
at (X,Y) 

~;"I§!l 
inliioated in the drawing. Eu"; eaoh oonfiguration "k 
of (7l&.1 oontaina a oonfiguutl.on c!'U, (lilee the olul1 check lid-~ f~ (7h». 

'l'bie finishes the proof of the llllll"a •• 



!I. q'rL ~ "(lsi~ive verteI 0;"' Jeip"."e k. lie nil,,. ,;.J ",..-"') ~n1l,.V!;. '~Q'"':"'''" a. 

confL;u.ra.t:~n of U or eonta.~rt3 a. confl.:;l."1.:,c,r. 'l.::'~;'...-:!~"" ',~ cH'';'" ~ '._h-!!-~:- ~ 

none of -#H 701, ••. ,7',0, 

"ttache,j to If then • ., ·leflne J be 7.0~0. "l'~ '!!l.O~ de,~~ .. " i<. ~,. ,'" or 10, 

0!L91;1 - dl."Itlnctl.Onll "Ill he accDr-ii.Il'i to the valu.e (.f t. 

Fu,rtner 'lfe 'lel'lOte by v the ~ ~ ~ o.f( th{J3~,L_ or ~2_ 

~'itUa.tlvllS ""-lcl! .. c" <..If ,lah t \a.ll~ a.~(). iI.~·.a'~4"',' ~,-,', • r ;.n,"c01r':e, . Ir<-:'. 

v_100 or 95" "I'ISn9 th'lt '~ne Cyt frli ~~1, ••. ,541, flJl ••.•• A,t', 13 atta"bf'>'1 to V. 

Proof of \htl '1TL~B) .. Lemma.. 

ct"· 702) (''''1) 

• 
Case t:z 6 

S\lb_Ca5~ v ~ eO 

L ot .. ·6, v> A0 @ (i...w •• r. 7ul,7 11 ••••• 72B, 

,..~\. 901 ••••• 9)5) 

17V =8 

79 



of',". 

?:-<;lot oL1.,:,;,,(-"S' -I..e:nm/L 

Ca"" '~"i6. 

5ub_~fl'~ i ::> «, C:OI".~~Jl.\.I<::'; 

'. C'Jr.rll:".l.~"tl')" o-f'L(.cr c,-,.~respO:lclS to une of the fo11olfing 

con f l ,rue" t ~c.ru'I CAIl-#1.,'. >, we have :0 COn'311er t,he ;io~~ ibl~ 

.~rranl:..rll'!!nt cheek 1 i~t . or Cfla'#1 

d , 

-. U.-IO 
____ l..l.- f 

[:' (, 

1 :~ 6 f) - T2111n (bl' Le~m(l. (6(· or 50, T)) 

6 6 _ T1#1 {by Lea:tIII& (60 Of' 50-, 1')) 

x'6'r26 T2 -..fs-u 
, " --. 50-:/.0 

--9U-10 

-1-3, 

eo 



?roc;f of '1."'L(·'e) - 10::Jma. 

Ca:la J ~ 6 

.' A 

---oj. .D. -10 

5 --. 12.-1 

1:6 6 
L.T2 6 T2 (; 11ll',0n~lb_A CoY L'.lDlJltIl. (60 or 50, 1';>, 

C~ ~ '111~()"glbl", (J.nc'O no ~_11~"'l.!~'-'):I can oe a.ttached 

at B (whi;e A lS major) 

A"",",,,,, ch"k Ii" foc "'" ~ 
""<', ~ 

..... :U. -111 ~ 
6, ...... :t%-l'-

Ir: :' 
~ 12 6 T2 6 x imp01.'crlbl" by Le.ma (60 or 50, T2, T2) 

COu 5 

']~O"' 
~n. or 

425, 424(4:'8.492 ,A9;, ,1'}6, ••• ,501 , 
503,505. 

.' ..... ,,-!, 



• A 

Proof of qTLC"e) - Le1lIma 

Ca'lela:6 

SUa-cage ;; .. 80 

Ar~angement check ~ .. :r 

.>ub_cltse v < 80 b.-e., t. 7?9 or 750) 

I'rrangpmRnt check li!1t for r: .. 729 

NoL5 orLfi ('an bell.ttachpd ntll 

• C 

U Imp03!!lble Slncr' by Lemma (5, Ll, qTL(V)!S 0 

6 6 llilpossible sinc~f'q'l'L(V) ~ 0 

r-:--- u I(L5" Ii.,.· L5 or 16>1 L5 L4 U L5"----" #441 at B ~ t-l. 
l R U L6 impossible since 110 L6 CaJI be attached at B (while 

.. hi •• jor) 

.. 



Proof of q'IT (V~) ~ Lclfma 

CII,!!e t!! 6 

i\.rr'a.ngeltlent check list ~o!' t. 7';'0 

6 lmpossible Since by LeJllll.a (T?,T21.V).'·q'tl.(V)~.0 

i:upr)sgible' gine€! no .. 6 ca.n b!! attach"'d at B (,.jIhile 

A ~:J l'4a,Jor) 

Cas!! ... 5 

5ub-CII-S!i! V > eo (i ..... , t- 5W, • • ,550, e' 1" .• ,654) 

or t,- 55:1.552,55} (v. 60·) .. Eiiil 
Eaoh conf.lgurat~on of «('hi) contains n. oonfi!';Urllti.on or t.t or iel tJ\o 

cri.tica.l confil'il'ra.tldn Ced, (see the cla.ss check list ror (ed)). 

ris#5~2 

Arr&ngf:fllMt ctIeck list for Cad 

• A • C 

m solie L attached a" 8 

H~.l.8 

8J 



P-r04f of qTL (V~) -Le1IUla 

CU'e I ~ 5 

A,,"anvement <::ha~i1: lLI'i :or C8u, 

" A 

L -(&.to.) 

;, rUb) 
.:. tUe) 
R __ CTL~'~8 

,,- R " lIean., "regular 

(llscharging~ i.e., no 

L~discharging goel!! 

f'rom the Vs 1.0 V 

u _ 551,552. or 55~ at,. H.-51-IO 

:;ub_ca..,e v ~ sO or 75 but 551.552.'55~ do not occur 

=B 
':'he cla.:;s (Cit) ha3 t.hfJ !ollowin.:"rol.1t crltioa.l suD_olallS". (!lIUI the 

cl""3 c1l6~k list for (Be)). 

( is If- 870, . 
r. is tt 880 or 887. 

~ (13-1872, 

~ [ 1s -It 682 or 869. 

" 



3/1,2,3,4 

~/2t", 4t" 

'15 

3/6 

~/1. 2, 5, 4 

3/2r,4r 

3/6 

Proof of qTLOi')·' ';mma. 

Ga~1! I ~ 5 

5u.b_~1I.3e ;;. _ 80 ot" 75 

. A 

~. 

~ HW' 
A--C 

:! 

1I1! !l.u~lIIe r: to be non-r('flected 

and ~r.u.~ WI! have to cOD.lli..:er 

th.'# "reflilct'!d arrar:gelllf)nt3" 

3/2r, 5/41" (5"''' »ag",' 45) a150 

l[: 
L5+ u _one of 621, •• ,624 attaclad at B -.2.;-3 

6 • -p !.'l.-:u 
_I.'l.-.2.1 

b T· .... I5-.3 

B C 

~ U L5' 

UT2 ;, ; 

1 T 6 T2 6 

"'_ S"6-l'!l 
5i!.:~'·S"S"-. 
~ 

__ one of' 491,492,493,495 -.t1"Clned at a __ ~O-I 

6 _Il.-2.~ 

6 -Il.-l.l 



• A 

Pt"oof of qn (VA) - [,es._ 

C"'lf' , .. 5 

Sl.Ib_c8.3e V m 80 or 75 

6 I.lllpolIl.luble sinoe Il'l'L(V)~ 0 

5 lllPOIII.Jl.blo innoe no L5:- oan be att.aohed at B 

AI't"&ngelllent check hat fur .(!BIJIt4 

• • 
.... 'I-1;a. 

_ !!l-Ifi 
6 _1t3-ll 

U illlPOIHl1blo alllce 'no L5+ oan be a1.taohed at B 

Su.b_oalle V .. 70 or 65 

1£ H 611l or 61"" 1.11 a.ttaohed to V then 61-4 oocurs, 

it' # 620 is attaohed then l~ .. 20 QOaurs. 

Thus .... flay UIUlie that one of •• ~;' 1.11 aUaah .. d.to V. 

06 



JJ1,2 

5/5 

5/5 

,J4r 

H A 

?-roof of .j'rr, (Va) - itemllla 

Case , ~ 5 

lhy :,'llllma (5,·,), only :'4_31t .. aLons can b~ at Jj or AI 

(by Lemma (L.L), no;; bilt.1l H ami A c!l.n L_C1uoha!"ge to V 

• =- (8k).,(one of 45\ •••• 4H at Ii). C8h S-!6 p,ie9 

by Lemma (S,L. '!';». no T2 "Can KO aCrOl'l3 ed.,.e B_q 

6 ;:;. {8~) ... (~01. 402, or 4'0) at A) 

, T2 6 =. (&j)_(one of 451 •••.• Mi'\ a<t A) 

6'!'26 l' 6 ....... U-.l.l. 
6 T 6 12 6 -. I~-l.l-:. 

=(g.t) cnheal sUb_classes CRt se'e p.89 

.= (8"",) cntica.l ::Iub_clasges Cfm sell! p,';IO 

U 1OI?C8~i ~~~, ~~3o:r:o ~i:d c~:t b~y &!U~-~~8: ~;;~~~e;r~, 
5 no L6 can be attached a; H, the only possible L5 a\ H 

is 441 

['7 

L5' 

,;,{a'll) 
=(Sr)
= (&,) 

one of 411,4<)1 ••••• 495 at C ... deg(D)-6 

be (;!~~:d 4:1~h °2~~~ 
oont1nJ,l,ed next page 



Yroot' of qTL.(Va) - Lellill.1l 

Calf! t -:: ') 

5ab.Cll3e v .. 70"l)r 65 

Arran~ellfmt check hat, f.l.nish'ld 

K A Ii C D 

11'1 L5 at B then V6 at A, O1.nce L5 • &41 

T. ~1!f'::1than'I'11t1 __ 11-" . 
(, 6 6 ..... l.lrl 'r;: 1:bcn T(.)II7_a.Jr».u.ee L ..... e'OorSO.!). 
6 x 6 '1'2 (, 'I'Z-.U-1'! 

,"," ,T'. :'(&1), 
Ii T2 f, '1'1 fi T2 6 = (&T') ;I (one of 466, ••• ,480 at S) 

6 '1'1 b;2 ,T., -.11"2.3 

Arrll.n"ement chaoil list for (CV"-) ~ HW 

ee 



Proof tlf qTL("fj) ~ L"mm3 

Casel- 5 

'i"5" &.. 
Arn.i.np;ewent check ~H,t for CSh H ~'+ 

A. BCD A ~·C 

..£illl! t h one of #41 'jp'l •••• , ')')7. 60,1, .• 

A,..rangement ~hccll 11St'for- C8/#1 

J.rraagellent oheck list for-, caC!2 

II .A. B 1 

L5+ u 

89 



" A 

?!'ouf of '1~L eVe} -: "mma 

Cn98 'it '"5 

can 17,0 from !{ to 'I (SlJ'108 552, ••• , 
cannot ohc,Ur bJ sub_cas" hypothesi,,)· 

_ ',1' mll3t be 'lttache-l at B _ 51-8 

t. T2 ~ ,;. (8wtCL)_the L4 at B must be of ,hschs,rglng value> :55 

M,I thua lUust be "tie of 1.(,6 •••• ,468,471,472, 

475. 475 ••••• 477. 479, 480 

_ no L_oi11ch",,,fn., CIlr; ,'0 ['rolll H to 'l H~ !~~ (::,Jnce 

No I!) clLn bo> at tach"'l 

the c_D.--.llt-!.S 
!. 

Sub_eM,) ;; .. 60 (I.e •• t _ 621) 

A~ranfiement check IHlt 

(no reflect"1i /j.rran~!IIIlQnts by (iyuletry) 
Ii ABC D 

3/1,2 

,I) 

,I, 
-(8s) 

-(&V 
6 T2 6 T2 .. i2-4 

~. 
A 

L a' A 
( .. itbW $; 5, 
if ."'5 then 
v!5 60) 

=ilBD 

90 



'i/l. " 

)/4 

J/' 

)/6 

<' roof 'of q,IT, ('I e)~· :'c<mlilll. 

CII.ge t 5 :; 

Sub_case v .. 60 

2rranvem'lnt "heck liat 

-'12_4 {if t .. 622 __ 1_~ 

__ 411 or 441 at. C"!ll' t .. 62}or62442_2 

iapaasible 9inoe 

qfL(V) ~o. by LeJI • .,(T2,'f2,'l') 



Proof of: ~ (Ve ) - LemlIIa 

!ase , m 5 

Sub~eau i - 40 or 35 h.e •• t .. 631 ••••• 691) 

A.rrangement check Ibt 

r: !ll.ay be !"I'!fleeted or non-ren",ctedr thtlB we ha~e to eciHrilier only 

tho liIon_refle<"ted arrangement3 3-/1 ••••• ~/6 (a-ee P.4~) • 

• A D C D H~~ 
\/1 ;, (at) A ...... ;; c. 
5/2 

~, J 

rflcall l'l!!ll'la. 
(bOor 50.T?,T:» 

,/\ 

3/6 

6 T 6 =(l~) (411 at i) 

6!26 iJlPQssible by tePA (f2, L, T2) 

iJipossible since qTL (v) < 0 

92 



Proof of qTl.. (V 8) - ",elUla 

Note that by c&ge-hypothe,ai9. no L-ait\,\ation or width .>4 cal) tie a;tt,ehed 

to V, aoreQcv,e , no plLl-r of I,.-eitl.latl-ol'l8 11.9 consirl9red in l'lmm&(L,; i.~ €,lI:cept 

eOl, 802, aO~1 can be attachlld to V: 

ArrangElment check liat 

(I: 11/;41 be refleoted or non-reflectedj thus 'II'e have to 
I 

con~nder only the non-r'e'fl'lcted ar'ranlfem8nts 4/1" •.•• 4/1Q) 

• C 

4/1, •.•• 7 

'/9 

4/10 

'" (90.) . 

'no L_Sltl,lll.tion eM be attached 
at E or 1\10 H, by cIl31!-hY"pOthe9lll 

-(%) 

,l 



4/1, •.• ,"" 

4/10 

Arranll:fllllent check lint 

- (~") 

L5+ !; 

nEl' L~dtuatiolUl can be 

atltached. a;: H or 4t E 

61''<6-' r.~ 441'r (tile! 1?J17r, by teml!ll!.lI(5,t;'l'21 

and (60or'O,T),-. 22~ 

[t6T2~ .:. -.. r;.441nanIiT~22.20 
6'i' 1 6 T2 6 T2 : _ 12.2f"1 

. 6 6 6 6 ........ ~ir r; .. 441_ 10-9 
{it L .. 8V1, 802, or eO:5 _ 10~17 

94 



4/1 ••••• 7 

'/8 

'/9 

Proof of qn.~ Le_& 

"",..,r. ,. 

Arr&nC'ement chec1< llst 

-(10.1.) 

:/~LfD 
~ 
]-6 

no L!dillchlorlpg,g ea.n 
go froe H or E to V 
"" CIo" e-hypqUtesi!l 

Li+ ti 6 =(I0tb-one of II'H •••• -~ .t B ~4,1iT oanno1; 
ooour \t lIub_elLlle htpothe!l"illl 

" 6 T2 6 "("t) 
" 6 6 T 6 ,;, (IDS) 
R 6 T2 6 \'6 .. (10k) 
R 6 T1 6 U 6".(tOt) 

, u 

L6 6 i.J :It(IOj)-491 at B 

impossible !lin". no L oan IJ •• 'ttloohed at • 

an.4 thu. Cl!L (Y) 5 0 

ccntinued •• xt ploge 

95 



4/10 

Proa'! ot 'TL(Ve)", L8111111a 

I ... '1.4-

Sub ... oase ;._ 70 or 65. A.rreguen"t obeck lilt, tin1sbri 

Ii ABC D I 

~
6.'f~ •• ~'f'6_r:11'465 
,", •• ,", .... 14-11 

6'16 6 6 , T1 6 _10..17 

," ," 6" 6 • , •• (10k) 
6 T2 ,1'2 6 x 6 T2 6 x _(lot) 
(jT2(jT1(j1l2 6 ' 6 x =(10_) 
6T2 ,':1 ,':1 6'1'2 "x iii (to",,) 

.2.ll!!! t.18 475:0 

,",. ~6"e. =(lIr) 
,tt 6 T2 6 'l2 6 or, x illlpoes1ble b1 L"'a(T .. T2:T2,T) 

," ," ,",,", ... (1ft) 
6" 6 T1 6 T::'6'r2(j x =('01) 

Cri hoal I!h9lasU8 

.ni; cb.Ok ltM £01' C10a 

H • B C J) 

" 



~f.is475r 

Ar'-anp,-elllen'1 check l'tl-st !'or C10a., hnl-~h"d 

BCD E 

I'WDL"5+ C'lLn tie &tt&ched at A, 
(by Leljlm.r'5,LJ 

, .... (ifol'le of dOl,,dO?,dO;,451, ••• ,d60146~ at~. 
1 if one of ~61, ..•• ~63 st A_2~1 

6 T 6_14_10 

6 ., 6 T 6 x ..... 10-5 

Arrango,ent c3l'k Hut for t''t!S, .. 

• C 

_l2_A 

_1-9 

6 T -1f-:1'O 

)( -4491 attaChed at II .... 22_6 

9! 



Proof of qn"e) - LeJU& 

Call8 , • 4 

C1q,: t:Le 4-76ror 4771' 4110 cnl of 476, 477 is attached at B. 

It .. !'2-di8cbarWill4l' goes aerOS5 one of' the 

eUg" C .. D. D-J, than );<\-12 o.cCIlM!. 

It 110 T2.diaoharglng goes to V then .. 

'!1 .. disoh.rging /Qust 0l'0 aero,s C-O and 
A • 

another 'T1_discharl;l.ng IIIIlI!1 t go aerOS5 D-E 

(olnee atbem .. , qn(V) would not be pOl!liti're). 

;) 
( 

If both T1_di.Qhargings' ar" T1:ft, then 8-14 occurs. 

~ '!'_dJ.aOhar-ging other thUt'1#1 go_ to V th~ ... II.,. .s ..... bJ .,...try 

that it goes across D.E '!'hen we h •• ~ T1*2n 'l'1#21' T1'IJn 

H~ !I.-:t ,-It 
Sub-case v "- 60 

(1.'"L-49" • 

H • 

A', ]) 
';'rrahgelllent c.heelr !,lst 

A. BCD 

4':1,.",1 

A/2r •••. ,7 r 

'\.~{'l 

4/e 

"57-4 

'J impog-~ibH "in~e,n~ 1 carlo be atucbled 
(by gU-b-C8S-i .... )'1'0the.w.s) Allr:l CIonSO 

-..57-': 

illlpOS9l-bl~ sine. qTL (V)S 0 

iIIIPOSSlbl8 Slnee ~L (..,.~ S ~ 

,s 



·19, 

4/iO 

4 A., •••• 

4/6 

.110 

hoo! or Cin"S) ~ L ... 

Ca •• t •. 4 

Sll)l~d .... Y • 60 

Arrlnge •• nt check Hat fbiab.acl. 

.II J. B C II I 

6 _ 30.5 

6 '5 U _ e·n 

. • • 6 'r_ 15-11 

T! 6T2 6T1 6T2 6 x _ I2"';) 
q .... 

12 611 6f2 6T2 6 l( ..... I2-30 

(crltica:i cu. C1.()s ... ;.100) 

.... {IOS) 
110 L6 can be aU_cled (bl su.b .. cue hypo,",,) 

L 6 T 6 • 6 _(lOt) 

99 



~ tis 49}n 

Proof of qTL(Ve)-L=a 

Case t - 4 

100 

Arrangelllent check list_>re-r""C10s 

4/1,.,", ? 

4/8 

recall 
Lplla(S.L,T2) 

,/9 

recall 
LftI.a{T2,L,T2) [r 

L6 

6 T 6 " tft.. L6 

6 T26 L4 

6 T1 6 L4 

61'2' 6 

_1-7 

...... 1.4-23 

U 1.llIpos[ll-ble :}In[}(l no '!'? cILn ~o to 'I it ... 6 at B, 
by Lelllma,eto or 50, ~, 60 or 50) 

6 T 6 _ 15_11 

t!e only p05s~ble L5 .... at a is 411 

6 T 6 

T """\ i ,~ t, - "-8 
6 )( 6 6...... . . 

-' It tr .... fl-l~ 
6 T 6 T 6 

6 T1 6 T2 6 =(IQJ) 

6 T26T2 6-"'-rf %'in .... 12-2-5 

61'261'26...1" if tr ....... I2-26 



Proof of 4'1'1,.!'/el. Leaa .. 

C.s. , .. <1 

Sul)·can T .. 40 OJ:' 35 

4/10 

Cnt-"Cal sub.olas95 

A rsJIe ~ 
"/1, ' .... 7~2 

1 c. 

'I! CI:t-.most one L can be attache<1 "it-, B 

(. T 6 _ ~1...:t' 

6 T2 "'1~~1'" 

the Duly POCl'libt.J.-:"5+· at A. 0;: .B is ~11 
~ ' .... htch requiN!!s Jeg{B) - Q) 

_7.;,7!7 ... 

6 Tc "'15-12 

U L4 6 T ~ ~fllpossible by =se~hYIlothelJ1l1.' {siMe-tAe 
1..4' shad t6 .be of _idth .. <: 5. but theft'; 
.... o-ulLl fOMll a '1)8oiJ:' ~ considered. 1.11. L .... 
(CZll 

6 T 6 -,,12-'3 

6)( 6 T 6 T _-31-a 

6 T2.6 T2 (i't .. I?_24 

ti T (- T 6 12 ~ .... 15.12 

101 



Proof of q",{VSl- L"a 

Can t .. .4 

Sub-cae •• ".49: or J.§ 

.c 10.#2 I % ill. 500~ 

3/1 ••••• 4 

3/2r.4r 

ll5 

l/6 

l/6 

41"1"W"_; dr..ell h.at f'or C 10 at 2 

1 BCD 

-.. 51-6 

.... 27-11 

the 0Dl.,. pOlJllible L5+ !lot A or C hi 411 

6 If 6 or 6 -. ~-:?s. 

6 or 6 )( 6 '1' .... 9-24 

to)( 6 or 6 If _ 9 .. ;>4 

6 T 6 T 6 't' ..... Q-?4 

.lrl"!IJ\geaent cbeck list for C10u" 3 

ABC D I. 

the only posaible 15+ at .1 or C is 4 

~7-27 

6 or ...,the 14 at .1 sut be 425 • ~-3 

u 1.4 6 or .. the 14 at C .Ult b. 423 __ .!&'i .. e 

102 



II' 

lis 

314 

3/\ 

&10'li.#4: t is' 50~r 

Proof of Cl'1'L (V8)· L_a 

Cu"t a 4 

[5: 6 T 6 

l 6 )( 6 T _8_13 

[1 
the ottly ?ossibl>O!~ !lot A. or C is 411 

..... 23-4 

4:: : ~ 6 T 6 T _')_24 

_:?3_Z() 

C10ullKi?::t'"'iS 51~!n 

An'wgelllent cheek list 1'0;' C10u' 5 

ABC D 

6 T 6 "12-8 

the only possible L5+ at A 01' C is 0411 

5 6 T2 -.1.4 16 (at .oat one L4. oall. be at A;C. 

- ~;::/!~ .. :!,~.t-~ Cwb~:icl ~Orll 
ruhcl out b, c&IiIe.b1P0tlaftb) 

continUAIa next page 
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;/6 

P,..oof of qT'!,f'1a} _ Lemma 

'Case I -4 

1. a C D i 

6 '1:2 tS T2 6 T 

f, T 6 T 61'2 _14-16 

~:.t1!l522n 

3/1 •••• ,4 

~/2" 4.

)/5' 

Arran~emen~ ('""",ok list :"or C 10 v. /I. 6 

tbe only tlO'Hlb:e <'5+ at II Qr.C is ,i'H 

_7_77 

6:;: _Tft,_1!l 

.... )_6 

6 T 6 T 6 T .... U .. 14 

'0' 



c.. .. -••• } 

In tbl. ... e.e. the ollly l._~it\l .. tl.OU8 "hleb. can be_attached 1.0 V .. re <ID'I", ..... 

4:.'B. The only "5+ 19 411. l~ two L-:Jltuat1oDS ar •• attaahe4 to V thea the -dutuoe 

",f the L-rliuebit.rg'NIg '5'9 (on lhe ring about 1) Dat be at le .. st thl'.ee (since

otherwise t.he two L_a".l. tU.lIotl.OIlS .. 0u.1d Corom Ito pair of .1ath .. ::s 5 -"lu,eft is Mlled 

out hj c6e~oth~.111) .. 

Sutr-case v .... 70 (1.e., r: • 401, .402, 01;' 40}) 

• A 

5/1 •••• ,8 

5/q 

5/10,1) 

5/11 

105 



5/11,oontiIl. 

5/1~ 

5/1.1' 

5/15 

Pr~of of qTL (Ve ) - 1. .. 11. 

CMEI t .. 3 

At'rl!.ngement ol)eek list, oontinl.l.ed 

I ji ABC , 

l~: u : : 

E F .. 

pf~9-1 
-rU'tt'''9.'d 
,..,1" tn_ 

tit Lr"'10"4 

106 

6 U 
U lit'L . 401n Qr .1tt;.n ..... GTL.,OJ 

R U ....... if ( _ A()~n .... 1_2 

1f L" .... GTLJIt'OI 

5 U 



107 

Proof of lI.TL(VS ) - LelI.IiI6. 

C"""" ... .3 

Sub-case v ;. 70 

A~f'anp;ement check list continued2 

• A E F 

5/16 

[h 
q: 

5/17 

c( 
-(lie) 

R u _(lib) 

R U 5 ~f ( .. dOl -.. 11-25 

"'~lf t .. I\02.or 403-. CTLlf10S 

C 5 <f 5 u 

U H U R U ... GTL'IlII06 

5/18 

~! 
-(lie) 
_(lib) 

T T fr tn .... 10-5 
6 6 6 -. if r: r __ y.6 

, 6 T 6 x 6"'1' 6 -.. 10-5 

• )( 6 T2 6 T1 6 __ I?_21 



5/19 

5ho 

Proof of QTL(V8 ) ~ LeJU.a 

Case' • 3 

S\l~,.ca$a y .. 70 

Arr&nge.en't che'Jk liat, finhhed 

11 .1 H C E i' 

~u; 
Sit t'n _7-21 

....J9 l if r; r .... 9-6 

U {it r: .. 401 _ 10_21 

~ if r: .. 402 __ 32-24 

].f r: ~ 40~ ...... ~2-25 

100 

L1 " .. 
if no L6 at C !J.nd none of the edges A_1I, D_I 
ia 6_6 th.en IITt (v) S: a "inee by L-.a (5,4.,'1'2) 

fY"< . , 
6 

~lle only pOB8].b1e T.o].aeharg].ng can be only T1 

u _ '1'1#1 a<:ro~s H_A by, Lell:llu.t.(5,L,T1} 
L-... 12_11 

6 Ij "lI!lOO$s].bl'! ,nno'! '1TL(VJS 0 

• .,. impo5[llble S"lnCe ",t 1Il0st t.o '1'2_ f <li3eharr'ln~ ~,l {)ne T,1.j]':lcharging 
• e&n go to V, by jd"lIlma (5,1..'1'2), and 

thu:j qTL (V) ~ a 

aJ St - 401.492, or 405 

l~ tone of 423 ....... 428 at B 

~ =8 
:& 

rf) r - d01,402, 0' '"' f/P ~G 



5/1 •••• ,8 

5/9 

5/10,1:, 

5/T1 

5/12 

Proof of '1.1'L (Ve ) - LealII& 

Case' .. 3 

Sub-cAn; .. 60 (i.e •• r; .. 411) 

109 

Arrangement check. liGt 

~: c; 

-.. 7·H) 

-9 7-27 

_9-17 

5 U 

R U .... CTLflll 
...... 7-f'7 

.... 7-'27 

illlpcssible since \lTL (V) .. 0 

~ it 4?j,4?4,4:>5, or 421 at n"'26_22 
L u'-" lit 428 at' D .... 43-<'3 

5 U impossible since qTL (V) .. 0 



5/14 

<;/15 

5/lIj 

j';;:lC;1l.11 

L~lIIma(uQor )O,=') 

5/'"1 

5/11'1 

r$call L~1l. 
(60 or SO,T2,T2) 

H A 

proof of qTL (Va) ~ Lellld& 

Case i 3 3 

ArrllIlgement check list, ()ontlnued 

E F 

6 ·T 

6 T2 6 T2 6 

6 T 6 6~6x 

• )( 6 T2 6 T:? 6 )( 

..... I 2-1 ~ 

...... 12-24 

...... 11 ~J 

110 

(1 f '1':>-117, ... -~,,~., F.-F~,rL*".a. 

--+1,1' 'rl:itl II."',O!" .... :r -.CTl.Ul 

U ~mpo:lsible :lin.e q'!'L (V) .. ~" 

-+')_:"",1 

6 u 

tJ - impO:l:l:hl€"~lnCp. Cj':'Li"oS~ 

:1 



Sf' ) 

rpcnll 
(hOor 

Proof of >lTL(VS ) - Lemma. 

Case i ~ 5 

Suh-case v " 60 

E F 

~(~~ 
_8- 15 

6 U 

R U 

~~G';" :,,:,: · 
lr 6"'{Tl 6 U 6 T:! 

6 U 

....... 10-19 

nEtii\hbo!'3 oJ) ~he l'ing I'Lbout V I'Lwt ar" at a d::.ntanee of a.t least tl1l"ile 



5/1 ••••• e 

5/10,15 

5/11 

5/12 

5/14 

5/1"5 

Proof ot qTL(Ve)-L.,..a 

Ca~e'-3 

{it !:nor t .. 421r or 422r ... 7-27 

lit r: .. 423 r -.. 27~24· 

6 _ (Il.e). (as de~lned below) 

112 

lit t ..... CTLfI' II,. 
R R 1.1 ~tif r: .. 421r. 4<21', or <I?;r ..... CTL',Ifi 

q: 
, tl.l r: ~ 1,21 or 422_1-2'] ,-

l.f r: ~ 4<'3 -4 22_10 

• Sif!:n ~or r: .. 4?lr or 4n!' ... 7-;n 
· --tit t .. 4?~r _ n-<'4 

• 1l'1po:l-: t.,,, '1 !"~ .. ~:>.!" ~": c ~l'1pli\>" .~~1 

6 -(lie) 

~, \.0, v;',.J,;>1;i,nj;, 'J:.e 

c:alo_h/",:V"".l.;1 

U\t"~l.ooo. i<l7 .2. [[':, 1 6 T2 6 L 

V ~8 
(cr;i.tic&l 1J\I~ .. cL .. a. 

!lee pp~ 114,115~ 

4: 
L4~ : R 

6 T 6 =(1'9) 

-(lie) 
• u =(/1110) 



5/16 

5/17 

5/113 

~/l q 

proof of qTL(Ve ) - Lem&l/.a 

Case I .. 3 

Su.b~ease .,_ 40 

ArrangeDl8nt check list, tinl"h.1i 

HABCDEP 

-(Il~) 
R 6 T2 6 '1' 6_12_26 

R 6 '1'1 6 T2 6 ... 12~i6 

-lILe) 

6'1:2 (jT?6 '1' 6_12_25 

(,v(n"T?6_I2_:?9 

6T16T26T26'-"12_"3 

_12_26 

"'- 12~26 

lI'e may MlIUlllEI by symmetry, that the T-disoharg
ings acrOSB D_E and ~F ~~ up to no -grea'ter 
va.l ue t;han the 'ioo,diIUlha.fltt*la &Ol"Q •• 11-£ ud 
A_B. ThI.W tho ~dis<;ha.rgin'p acro,!lis H_A and A_B 
muat a.d.; up to more than 20. 

113 

~rA':Y(~~~~d ~c T~~!~e:~~~~;g~o &:~~:r 
,~~:~, ~: " :'~~oL::: ~~!~T~Q:2~~h:~ •. 
~:!~?~£' \0 :~~~8~h;;D;O~-.E, and t. •. 

6"'" I2~3~ 

6 _12_;0 

6 .... 12_2' 



Proof or q'l1J.~:t ... a 

P.1J".~·3-
3ub .. cue ~, 40 

~ri ti o"j:, !lUb-cIlaslt 8'5 

~426n 
Arrang"en"t Clheck l't:st for Cl1d 

.... 9-14. 

AM. Jw, 
c 

no L_<1is charg:i.ngs au go 

from A or II to V (by 

Sab-C9.3e hypoth"slId 

A,r .... J1Il' .... ent "heql< ~bt LOr Cl1 .. # 1 

" A 

")/1 ••••• -- 7-7 

'" 



~r:b426n 

P!'Qof ot qn, (tel. Lemma 

Cau ..... 3 

Sub_eas!! ... 40 

A E 
H A H 

II~ 
J ...... ]) 

c 

-. 9-18 

- 42;r at B -... 29-2 

impo:)[Ji"bl~·.,unce qTL(V)~ 0 

In th"i<> e"3 .• , no L.dnlcilargin"fI go 'to V. 'lie ha.ve to con9rd~r all possible 

of V 1n '30ml' cycliC ,or'i,,~ by A.,lI,C,];,.E,F,G,1I 60 th&t the rpacllng (a.s & deciDl!l.l 

nl'llOocr l\',th "0~ for "."l i3 D'l>1Jumal (a3 ('Iompared wltb the 15 other :&.0981b18 

clocl9fule or counter_clookwise CyellC readings). 'e need not'jo cona-ider the 

arrani:ement " ••• t •••• n J.n whi.ch V has only non-5-ntn.ghbors st.nce by L .... o 

(T2.T:.'.'r~) and (T,'r,~,'r?'l'). the only Poss .. biUtie" for T.dillcharglngs Ulo\Ul.ting 

to aore than 60 aaro .. fQl,lr eODlleeu.tiv .. ed. ... are 6 12 6 TO'" T1 ~ T2 6 an .. 

6'l'2 6 Tl 6 'r2 6 T2 6, anti the onlo5' further pOllsibilit!es for lIore thlUl 5~ are 

115 

"T2 6T2 6T1 6T1 6, 6 T2 6T:?; x 6 T2 6, 6 T2 6 1'1 6 T'2 6 T1 6,. 6 T2 6 T1 6 T1 6 T2 6 

'6 T2 6 )( 6 T2 6 T:? 6, ~ T1 6 T2 6 T1 6 12 6. 6 T1 6 T1 6 T2 6 T2 6; 1i!.ua, agail:!. bl 

Lemmaa.('f2,'r-:?,T:?) and (T,T2,T2,T), no qombina.tJ.on of two qlladMlpletl\ of 'r .. dia .. 

charr,inj';3 ill p~9Sl.g1e whicli. amo\lflt9 t(l lIIQrs than 120, 

rt !'emaiIlS "to "oneider all p09,nble .rran~meDb in .hLell. the degree of", 

''I., 5. bi' lhi9 pllrpol!fllllto .... \Ule the 111ft of 7 .. dlgi" lWral'lge.en,t. ot , ... 6 for 



'root Of qn(Ve ),- La_a 

Case' .. I) 

tbe vertion lI,e,D,K,p,a. ••. We boa •• to aotlllid.er olll,. t.Po_. 7-digU .r,. ....... ts 

.biob yield' (lyolioally lIalulRAl {"",.dings A,B, ••• ,H w1"\11 "5" tor A. Thelll 29 

arrugea811."ta are _a,rlr..d b>,. IUl asterisk OD 'P. 46. 

Ie haVe to eOllaider only those lSub-arrangeroeIl"ts (ape.nfyll'lg "6" or IIIU" f'pr 

".") tor .hleb 30(nuaber of 5'8. iD(!lu.lil.ne A) + 20('tlumber of 6.6.edg •• l > 120 

7/1 .. "2,4,6,8 

7/10 

7/t2 

7/16 

Arrangelll'arft check liat 

BCDEi'GIl 

_7_2 

t.> -~-t 

u "C~L*e2 

5 u . ~CTL#A~ 

6 ""0_3 

6 u 

6 or 6 6 u _I2 .. 6 

r)(6 T 6 U-'V_l0 

6 '1.'6 u ...... 1" ... 

"6 

6 U 6 8". above (readln,.,. froll D to the 14ft 

,U 6 u 

6 '1' 6 u .... 12 .. 16 



7/17 

7/19 

7/21 

"1/26 

Proof of qTL(VS) - Le_a 

Ca9~ , .. 0 

Arrangement check list, continu.ed 

E F G B 

.~11_1 

6 ...... 9-1 

6 U _CTt#S4 

.... CTL# B5 

.. 11_2 

6 -11'10_1 

6 U 

(, 'r..6 U -'12.1'7 

illlP08sible sineI' "neV) .. 0 

6T;, ..... ~~ 

111 



7130 

5/1 

112 

5/15 

7/34 

Proof of q,,';Va ) - ~eu..a 

Ce.se -, "' 0 

.&.rrangellent cneck Ibt, vont1nlled2 

BCDI_P~B. 

~ 
5 5 by a::r-etry, •• need ~ consider 

qnly the non_reflected 5.digit sllb .. 
5 6 6 6 "'10.13 arTan«~.,.tJ, 

[5:, 5 ;:~: 6 ; ~ -'12.6 

1 6 x 6 T2 6 T2'6 U _I2_1¢ 

[ ~ ;- 6 6 U 

f 6 T2 6 T2 6 U • _12-6: 

c: 

~' 
qj 

6 u 6 6 

6 T2 6 U 6 '1\.2 6 _ 1'2_6 

5 u 6'!-i 6 T2 6 IJ .... T2T2 acrOl!9 E-F.G -It 1-1-9 

U - CTL* 87 

6 ... ctt, 87 

..... 7,.., 
6 .... 10.2 

6 T 6 ;Q. ... ~it T!"'Cfl,.Q1 

lit Tl ... CT1,-N Q2 

5 U {i T Ii .:-.,e a.bove 

116 



119 

Pl"oo-f or qTL (Va) - LetIIlIa 

Calle' • 0 

lrrl!.ngellen.t checlt 111!1t, con"tiD"ed5 

" H • • E , G .. J*'~ 7/39 c: \ I 
6 T 6~I2_9 .DyF 

7/40 

~t 
6 T, 

6 T 6 • __ 10.4 

,lOt a-mrn 
7/42 

~4[ 
, 6 6 6 _10_5 

, , 6 U 

6 T2 6 12 6 U _li_7 

6 T2 6 T2 6 U _CTL -194 

6 12 6'1'26 _12_.22 

?,'J4 

~: ' T , ..... I2Ii.!l 

6 T 6 --12-9 

7/47 

q: 6 • , _ .-. .2-9 , 6 T2 6 'l"2 6 -1>12_26 

7/S? 

~qi 
, , , 6 1'10-17 , 6 , U 

6'U 6 To? 6 T1 6 T:? 6 U "12_'l~ 

6 T2 6 T1 ,'1'161'2 6 U "'12_30 

6 ... ~. ;~~r:· r~:!~:.:ir.oUo. 



7/62 

7/63 

7/64 

7/66 

1/70 

1/71 

Proot of 4'1![. (V8 ) .. L ... a 

Cue , .. 0 

.a.rrangeaent abeck hat, f'iD:I.alIe4 

BCDIIGI 

L 
c: 6'l!26 ... ,0.' 

~ 6 6 6 , 

6 T2 6' T2 6 T' 6- .. I~2~ 

5 b T; bTl ''!'::.la¥f'. 
61'1 6 T2 fjT2 6 _12" 

[,T2 ," __ ," 5 

~'"'"''' , 
6 T2 6"6 T2 6 6 6' 6 ... 12-)0 

6T1'6~6T26 6 .:..,art." 
'ftI.:l.1 !'1l1iabu tu _oor .. the 'lorI, e'e) .. lAP.. I' 

120 



31'1 ••••• .:1 

~ 
Sub-clIose i :> 110 (i.a., r. .. 701 ..... 718. 901 •••• ,910) 

At'''ang0ment <'hecK list lor C12a# 1 

I • 

..... 5h10 

-5S-'·2 

no L5+ Cla.n be nttacheu M D 

U -*-lif T2#7Jl /lcrose I_A_ 3..4~~ 
'i!~1#1 aOl"Q!H'I I_A_l_~ 

u.po.tlible .tLLi'l.ce no L6 O!l.1l be attached at B 

.,..';e-l~ 

121 

no 1'5+ ca.n be at.tached at D; thus illpcn.ible (qTL <0) 



1/' 

I~ 

1/6 

• ~ototqTL • 
. "~::'>110 ~ 

.2!.!!!A t .. 715 ~;]) 
breeunt cheok liet for C12,,'2 I A-{G 
I &. SeD 

5 , ..... 36-6 

.... 36 .. 1, 

\

U' 's adjaoen't. to I a!ld &. ... , .. , 

-. it '6 adjao8llt to I &ad'" ",'_6 
it 422D,A16r, ••• ,d78r at ... __ 2 .. 6 "11f V 5 &4:ij\cent to C a,n.c1. J) ~ j6 .. ' 2 

.. if.4 H .. t " ... '5-6 
it 5,0 at C..p 1-3 

R l", .t~~r IJr 4341' at D .... ~6-'2 

"'411.44.1r,A~1r •••• ,4'J5r at A...., 1-3 

LEi 'illpoluble !linoe 110 1.6 ~ " ... ti;aQbed &t a 

5 _~6_10 

U ~~ .... 1;j2'*i ••• ,929D 11,'\ CtD by L .... (L.1.) ...... ,...'2 

, .. 

_T~#1n lI,oro'1I1_A by ~ftl"!IIA(60or50." j4 .. 29' 

L5."441r .. t II" 58-12 

.-. Sit 44H .t II ... ~.t-14 
{if' 491 •••• ,493, or 495 at B ... " .. t 

L 



~ /1 ••..• 4 

3!1 ••••• ..i 

~/2rt4r 

315 

3/6 

P~Qot· ()f '''Tt(V'j) - t-,'lD.ma. 

C!l3e'~ 6 

Arranl'telllent cheek lut for C12a~ 3 

B C 

_531'atI_:;1!_1 

u L5+ I.! llllpO.(l . .nbl" 'nnee no L5+ C'I.I') be attachetl a.t B 

6 T2 6 Tn -58-31 

5uh ... ca9 •. ~ .. 110 alld L one of iI21 •••• !9~) 

Arp_n~ament check list 

A , 

~::: ~ 
T26 L5 

T16 L5 

';"~~b) 
"(~G) 

- 411 at B by LOllllla(T2,L.T2)'" 12_10 

.... 411 or 491 at B ..... (2.10 

6T26 ~if 41, at B_ 12_10 

lit 491 at B~I2_.20 
6'1'1 6 ......... 
6 T2 £" ...... impoBsible .itl'_ no L5 can b. attached ,at B 



'/1,2 

lIS 

f'rll\Pf d'f Qn.0 9) ~ i.emllla

C~ge ,~ 6 

(V) < 0 bl'" tallllu.(S,L,T2) illposaibl..e .-:inee Q'!'J _ 

--- 411 a"ttached '"' C ... 14-25 -

124 



)/?r no.~5+ at a or C 

5/; 

..... 111 () r ~" 

~ . .. 
D-

r _/C 
A } 

__ ~., or :!,1 at C _ '.' . 

l/dr 

;;/5 

I""",call Le:cna. 
(60 or 50, T) 

......... 411n.tC-1., 

IT': L\. 6" 

1 T1 6 L6 6 fZ ... 411 a.t Hand iC:>#'/r, 11.01"0'3" Co.) .... 1-11 

Su.b.oa,,,,. V ~ 90-0r 85 (J..e" t.: 7.?1 ••••• 728) 

IA this sub.caa", at least two of the ve3J.ces 

A, H, C (~e w.o.wing to-tJi.e right) ",ust be of ct""k0<> 

5 sinoe otherrise qTL(V) wOllla be n!Jt positive,_ trot< 

.. 'P0eitive li'n(.V) wHI!. only one V5 at A, .a:, or CO we 

1flIUld "'ave to a\tJ-Ch an L6 and two 1'2 which is ruled 

out bl LeDllIIa,s (60 '()r.50.T2,'r-l)_ and (60- or 50,'t.60 or 50).) 



- 34-':;; 

, i' ~ -~ 15+- ca.:-. t,j) at,t,<cr·7;'oa;/sO~:.~~~ )0) 

" --+ '.'11l.~ r; _"_' 

(#.'_" L ~ ', ••. ,~~". 

oo.l1"nI'18e "'!'Lt'/l "Qu1:,~ be not "o~_ltive. 

at A, lit o~ C "8 "!foul,i·hav" tc, att~.ch an .6 !l.l1d 

Tr.us the conf1.r,urafT.on ~ (1?i\") (aE! ,Jefl.neJ 

to the r.le!lt) lIiust occur. ,(See cla1l9 cheek list.J 

Thill' hu\._ease cannot occur'!ll.IHYe qTL(V) ~Guld be not positive. If three 

5-vertl(:e& tire att!\ohed to V (be!'!ldes It.i!.oa9 be1o""npng to [) ,then at 1II0st "t.wo L_ 

dl.'lchar"rnF,!l (beaidee the one aloniiO the (['isoharern!; ed"e' of t) oo'MJ-d go to V but 

by L91D111&(5,L) I none ot' them eQulp be L5+. ,If t .. o 5_verhoes &'1'9 8.l:<.acheii then a-t 

126 

.II.013t one 'L~+ but 1'10 l' oan fib to "-. or one '1' blut no L5+. T-he 1I11..U.1la.\. Ci.'I'L(V) possibl." 

with only one Vs at.tacbed would be .,10 {if an L6 &lid. t'll'O T2 are atttlched)~ 



A/l,., •• , T ' 

A/2r, ••.• S"". 7r 

A/& r-r-
l ~-

L. . "",,,",ib1. "no. no L' """ bo .tt .. , .... t"' ~l"u:" 5 • ,.T recall Leama 
(60 or 50,T) 

[;;<., 
~)t L6 U 

a.nd no LS" 11."- I 

1.~1t f24l1l' acrC95 D_E - 35-27 

lit T1#1 acrollS D_E - 35-~ 

- 35R 22 

_ 38-26 

-. ~ if 491 a'L C ..... 59-4 .. 
lit 621 a.t C ___ , .. 2 

opfl,}1nUecl next page 



4/10 

Proo:" ?: 'l.TL{i.> - L·~!II1IHI. 

G'I,.~e •• 

L A ~ Ii C 

.Sol..f T2ft-7r &ero." ;"::-~5~1(f 
6 'r _ 11-.:'.':'1#1 a.C!'O'JlI ~_:.: _35_2G 

':'llIpos'l~hle nnce 'l'I':;,,;Y) ~ 0 

[n ttl.l3 '1Ub-CSS9, • .., cnns<\.riPl' t'll"St the p09s .... blll.ty 

t.tI..t an <1.,: • .1 tJ.ona.l t.5+ HI attll.c.bed t.o V i'JQ tha,t one of 

tne 5_vertleeg ... tHen bel on/,:, to L becoilles L5- 01" L6_ 

~"el1&rg:in,,: to V. Th¢l Ii i:tInfl~r"tlon of the class (1~&~ 

ch.lIS check lIst). 

:1eoon<l "9 eaMIde!' t.he j'los"lb1clty ihllo,. a '1'2--

¥!i1.c- belongs to t. In this 0'&1'19 8. qi:mf1gul'!l.1aoD 

of the class, (l~b) occahJ (sae <irallll.ng 'to the righ1il.. 

In th$ relll!l.l.nde:r of this s1.lb-<:ase •• e ass. th.t 

I j, II CD!: 

... (lle) 
,/a 

5 u 
- (13.L) 

(seep.l29) 

L 5 u 

oolltiD."" lIU.t ..... 

12a 



129 

,,..0-
r;~1!.~, e~ 3,,~ !, ':'J1I' 

u L6 u 

4/10 

Ar"rJ,n"emel'lt ~hecll lJ.~t fo:."' C1 ',! 

-14-3 

J,Jllpossl.ble Sl.lloa qTL (V)!: 0 

~ tIs 831r, 832r, or aDr 

t tit 532 at I - 58-1 
if L at I ... 

it 533n .t I ... 58-4 

~ it L't at 11 __ 441 a~ 1I .... ~4 



~r.iSFr5."lI 

no !.. I,e at~a.ch"H.1 at I sin(le 1f one or d3} ••• .,.t;6 .ere 
attll,cheJ at I ti:en a. nair or .. :dth '/11- 6 (as con-
n :ered In LemI:;Cl.(i'?j. . w::>'I.1.1:'. be att!l.che::, eor,tr!Ld~.e" 
tin/': ~he ca."e_hypothe",is 

_ L',:+"til-.lcll a.tB_'5~)5 

~tiil . .a'<;n 

Sub-o!l.~W - tOO or 95 (Le., t .. 5~1, •••• ~ 841, ••• ,843) 

"l.J;":;It we cOlWider the passlbil;ity thll.t lUI additional 

L5+ is ntt(l.chec!. tp V 80 ,ta.at one of the 5-vertlCM8 which 

D-elong to t beoOll.eg L5- Qr L6_di:'lchargine to V. Then a 

confignration of the cla,,!! (ng) occurs (see drawing 

to the nght). The class (13g1 'hilS two criticl.l !!llb-

classes _bieh are 1ireateu next. 

~t.:~:: 
~541 

I V L5-+ at I 

~~ 



5/t ••••• 4 

3/2r 1 dr 

l/5 ~ 
ceool, Lem J(,~ : 
(60or50."'l 1T1 6 

U 

5/6 

[( 

, 6 _58_1:: 

~t2'#?n aero:!:!. A_B.....,. -. 

impOSll.1ble 5.1nC~ '1':'L (Vj <'-0 

C13g# 2:.., r. ia 512 o.nd uno O'f 551. 552, 553 19 atta.ched a.t I 

lrr .. n~ ehtICk list for C13g#2 

I , 

_58_1 

L _4.11 or d41 at C_1_2 

illlponible sinoe qTL (V) S 0 
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?,-oof 0: -Iru{V,)) - Lemma 

C'lElel e 5 

13' 

:1. .. :1'01 (1 g) OCQU!"S ii.e •• tr,,,,t n<.r :.:-_ ca.n oe !l.ttached. at I or !l. 

~/1 ••..• 7 

'/8 

.1 ill 

recall Lellllla 

A,.:-:u:gement CfLe<;-¥ 11st 

C D 

1,16 '; , 

L~ L4 • 1.4 L4 

L4 L4 ') 

_ the:'''' at B lS of Ifl.Llth ~ or .4 (no 

L4 ..J' ~~a~~51C::a~\:t!~C~~~~~ ;h'(!t~:~_ 
• .1S ... II. cor.tra\llctl.on aga .... nst the 
elL 1e_hypotheslll 1fould arise), thus 
the L4 at I !l.nd the V5 at C fON II 

conflguratlon of' the clall?l (13h) • 
h" deflned abovp): 

~r;.';'1.'141, ... ,t:l"l' 
- (Il.) .!'If''0,l,1§lI 

L4 . L5+ '6 T 6 ~. the L5+ at B 19 of" IJidtij ., or 4; thus, by 
case_hypottlfl9is, the '4 at r aut b.e _of 
width 5; lfllt then a config\.lrat.ioD of 
the class (1 Sg) would occur. 

L4 • L6 .]( 6 T2 6 _ t 5 531 _ 14-14 

(60 or 50,T2,T.21 L6 6' 6 '6 "(6j) 

' ... 6 T2 6 L4 .. S if ,. 5~11''' 411 01' 491 d ..... 12-10 

w,if' r;. 532 ••••• 541 ... 411 at B ..... 13-2 
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.. ti'f ••••• 

f,otl~ of" ,q-:,~ ("9). ~"m.toa 

'C,.,,~ ~ -

Juh-CaJ6 V- .. 800:- 75..=<1 t .. 861., •• 6'14 

L' 

~ (13t)(cr~t_cal 
(IuD_-::la3geg 
see p. i ~:)) 

imnOlluble ,n.nce by Lem:n.(60or 50, • • 60,01' 50} 
!I.Ild .su.b-c&se hypothe"H. 551 or 552 hu. to 
be l\t C ant! .ill at A, blJt then q'l'L (V) $l O. 

i) T 6 _ .t11 at A1.Jlf ,oO f'i)ln ••••• B71n.12.-16 

(if t. e61r, •••• e?1r, 
or 0675 ••••• 894 .... 13-4 

L4 6 12 6 i~i!I:l~ble- >ll.nce tbe only l..5 "ftl-ch can 
b,.~ a~t"che,.-t at A. :i,.~ ,4':1; but J41r to~ether .l,to the L4 

~~p C.}:~~~:"'~!0~~t~'!'!~5~f S:~~{~fij~~4~: :~d tJ.~1:i~~g 
or nA5:r "ou11 vinbte tr;e 9ub-ca~e hY1'otr.eS!~ni~~ :~~~~ 

L~ , 1,5" 6 or 6 1II1posslble alnC\! the L5 .. at C had to ba 
,',11 or 4.1111 (l,ll.' th,> L4 at A h1l.d to be of' "ldth ; or 01, 
(oinco width 5 am:! v>BO lJ rUlea out by !I:;J.b_c::II'UI hyp.>t 

~~! ~)~e~9 te~c~!t~;g A ~~Il!~t~~~;:r~:;~~~~~~! I' C~~:!:~ __ 5 
t·", n, -'Ol!!l ! ~-t",,, )1-; en",.. by "hll I:;+ ,..t be "l")Y ,!L .. f41l:' at • 
-if" f ... ~1ll!' ()l'.M~d. ~._4 

• L6 
T2 _~ 

6 6 - 411 at Cl..tH t. 661n ..... ~~1n_1.3_1 
if r: ... 661r ••••• 8'72:r. 

or 673 ••••• 894 ~ 13-2 

[ 
~ 6 

L5+ 6 U L5+ 
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[b~16 L6 t> 

4/10 

~!.:L3R7()n 

no L at A t.y Lf.!!IUIl~ 

('), i.., . ,J., ~ 

11llposslblo b,vLoJ'".m"(S,L,T2) 



':/1, 

4/4r 

./5 

P'oof of "\TL(V j )" UlIl:1r1. 

CI)" ... I_ 5 

~. 
~ f-

A. .... .D 
1 ' 

.. "ub_c ... ·ul V .. 1'0 n!\l1 L .. ~51 •••• ,5~~ 

A ~~ U,j''''!ll''T1 t chf'co. 11" t ~ 
q:" 

1 c 

1.r.pi1~l1bl!1 ~1ne() tho V·, ... t B.II,n.:fD "nuld form a 
p'l,Jr or 1I'1,ttb 5 and v>RO Vlolatlng tho Dub_ 
CIIS" hypothe:Jis. 

L5+ - ,:11 or 401' at D ... 1_2 

~\
5. • 5 no L oan b • .... 0 •• ' .t 1 

5 _ S If 401, ••• ,AO;,4B, .... 4}i6 ~t ",.1 .. 1 

tlf 437 at A .. 2_1 

L4 L4 ~lf 401 at D"'1_~ 
..... lit 40' OJ' 40~ at D~? .. IJ 

5 5 llllPOlI'lIible Sl.ftce qTI,{V)'s ~ttach.d(:~ i ~r:A~· 
r- . 5 5 S1t 401 at D_1_} 

L..L5 fiT1 6 L4 L4...r-l1f4020r403atD ... 2-'f 

no L 0_ b. attadbe4 at I 

6 T l.apoallibLe 1I11f'0 .. yiolatiftg tJtI 8",,"0 .. ' bnothedl 

n6 

q~ L6 ,f2 -. 411 at C &11.4 '1'2f7ri aoro ... D-I bl 1._ .. (6002' 50. f) 

-1-11 
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4/6 

4/) 

<,' 6 '1' {, L6 

4/e 

lmpos.slill~ 3lnce q'r, (-.lJj ~ 0 by L .. ;r.ma" 

(60 or· 50, • ,60 ~r )0). (~Q or 50,T?,T?) 

4/10 • ~, 1!i1pos~lhle :Jlnce Q1'L(V) < ()' 

Su.b_cas.f! v - 70 or 65 (i.e., r. .. 5f:11i4 ••• ;620) 

1n this sub_case, .. e have to <ljIl!dlldE!"r only tho3e !l.rTa.n.:emal\t" of 5- and 

Jlon,..5-naighbora of V in .. hieb at leas.to two 5-naighbora ,are ."tt.a.ehea to V li •• ia .. 

tile t.o V')'::I Itonh.ined In r.. Fc.r oth'lr.lee qTL(V} .QUld b'einot. positlve. Lf only. 

one V5 were attaehed 'en i.t could discha!:lge II.t .Itt 60 to V II.nd in II.d~l-'t_ 

at IIO::lt t.o T2_discharRing:ol..-c0uld So trl 1 •. fut"thOnllore }"n L4_dl!Jcha~in!, 

could go from the bou~ry-V5 at' t to V or, it' !i .. 620, another T1.disc!argitlg 

could go to V. Thil could result id II.TL{V)" Cl but in no po.1Hve large. No.,6 

oan be .. ttaohe4,1;o the bound&,,":V5 of &DJ' L &DId if an 1.5 h·ri-u,oh.ed th~ oDjLl 
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lnll ':'?':',"'~:M'"f~~1~c:~~::;e~~}l~Q7:00:0';;' bJ ~",=a(6uot ,){l,'r,6oor 50} 

:0' tt." v T'..k:"""\~1)ni-"Jn.· tw, c.av."1"i Clot be L6 • .j:schathnr.:J 

J/l 

~td5.'" 

1~~6 ;;~'. 
¥R: 

(no L6 cas. ';~.;tl*hed 
II. t I~o.r E~ 

is ~ 61.~lf l'· •••• !,ln "t I"" ,.-~~ 
. llf ~ 'I> or, ~ ... Ii':; 1_~1i_( 

"6 

lmpom:nble s1.noe the L4' ~ a.t A &';1(1 C, by 
.,emllla. (1,5.:"), would for9e. i.1~ 'f'iIOlatillc 
Ul<l >ub~cil.'l" nfpo';he,)olg 

'-'Ir -I -5 

lJIIIPossicle stno\, t.be L4', at I and B .Q'Illd 
fot'lll II. piliI' vi'ola.t:ing the sub-ea.se hyp. 

.... R 6 L5 ....... ,111 a.t D_12_8 lj ll::" 5 Cd (, 

L4 L4 6 ii L'4~if4).:, ••• ,435atE..,...54.12 

{if 4~6 or 4~7 at E .... ~6-29 

'1.~lf L ~ 62On-. n-l? 

lif L" 620r_13_11 
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Ca. .. , J .. : 

A,ra.n,,·ew'mt ChnCK 11'3"';, 
ABC D :: 

L4 !<. u .. 5 

U L'i 

ttl'"' L.t.J" ~.~ : ar.ti :a :0= 
.:,r,.r '.r'" '~"_C:J.,,, :,U:>otn99:~ 

llll'!.os3.bl" s;'M", oy- :'''mmfl (::",I., !Ion.] ~ub-e«']1 
hy,lO-:>heD1J;'nc pa.n of 1;1'" ca." o~ a."tl,ached 
:lot A,;; .. 

)J.f t- 62On.~8_17 
-. I a.nd :0: Iva non-5, 01&1 at. b:"'{if ~~ 6?()~~5-1e 

ro I f. car. b", ;l. ~ta.ch{ld a.t D 

4/J 111lPOtl3Lble :Jlnc,· H::L \') So 0:1 1"IUHI.(j!i.,1'?) 

reoall 
L_a 
(60or 50,., 
60orSO) 

,/6 

,Ie 

1I4puJ.:1Dlil .llnC8 tall ... f..l :J.~ 1 lila]. A ;fOll.l'.1 

"0"111 I!. palr vlola.tln.; th", SLl!;-C"-:J9 hypo 

6T26_4~1 a.t C and T21t'/n_ t7-21 

6T7 6 imros1Jib~a by l,,~mma ('5.1". ,60 (",r ')0)+ 

6 T 6 illlpo~,"i'b'le sinoe r: had to be 6~O aZlli the 
two L's at A and C .oula fOI"ll a pair 
violating the i!lUb~Oa!H! hypothesis 

6 T2 6 L6 ..... 411 at D_12_22 

6 T1 6 L5+ --. t. 620 &lid 411 at 1 and. a:\ .» .... 13-61' 

L6 /" 



?,.OOf Of'qT:::(V9 )-Tem."tS 

Case t m,5 

SUb-MSt! V ~ 60 C .• ",_. t - 6;>1) 

In 'IlLS lIub.cllse we hlHe to <;:om;l~.ei;'·only tho.'!e arrMlie~ent" I'tI.. whieb. at 

:-ecll.ll L..,mma 
(5~ L •• ,00 or SeJ)" 

L: 
1/,1 lmpOO.')l'bl.e 3lnce 'lTI..(V) <: a 

140 

!lible rllnca '1"'L en s· 0 'by Lnaa 
• (600r :';0,. ,60QI:' 50 

4/6 [ " 
Ui fl'!l€, L6- I!.t A.n.-nd at E _ 1~.6 

Sub-ca.se' v - s.o (Le., t w bn, ...• 6?4) 

In tht! lluo-cll.ae, .... have to comn4er only those arl"angallleJ;l.t!l In, whioh &1;. 

least threo.J{S·s a.ra at-taQbod to V ttl additiou "1;0 r. !lino ... otherwise q~(V) would. 

be not positive. If -only two V~'" were a.ttaohed then their oomb1ned L.diaoharBinp 

could lIJIlount to at mast 120, but tile va.luo of 120 eould be achieO"EII;\ only if the 

"5'11 were at diotance three (on the ring around V) by Lemlla(60crt'50, ... ,;.,,60or50), 

and ~n thiB 011.38 no T2_discharglng could (,0 to V by LEI~ .. &(60or 50, T ,60or ;()). 



4/2 

4/5 

?,oct' of ~l';i(''',,1 - :''''IIl11l11 
CIl.S~ ! ~ ') 

~L. , '. 
IA,_/.D 

1> Co 

Thiel ~u15-ea.a.a 19 iIll'PO~~lble 31.nce q¥L(V) -lI'oul,l n(Jt bB po_.~"'-tive •. :f four 'fS's 

are attClchBd 110 V in a.,j'l1~~ [ tt,(>n at Il!'-qst tirO of them ~n. be I..dlsoharglng 

but no L5+ til; pos!'Ilbls. If thrs~_~nseoutlvo VS't:] are Il.ttachel)_ .... ~en t.heir oolliblned 

jlS,chfl.r,~ng +'0 V can be at mo()"t 110 anu one ~_,b:Joh!l.,..l'"lnJ': "an. to V. If 'three 

non-coruJccu:i.ve V5'!! .re Il.tt'il,Chea then the combined ,h"'Jha.['f':lM canriot eJ:cofld 

1,0 no, 'T.(lh~h!tr·htl,- ", n"".~~b'eo< if linl'l t*ll V_'s arl) Iittfl,:h"<1 thf'Tr <'!\tfier 

their combined dl!lchllrp:lrlp:s can l!I.lIIount to 120 anti one 'l'_ll!SChIl.EKlrlK '"Can ~ to V, 

or, if the "5's I\,-e con!l9cutlve, thelr dl'lcha.!"I'pn!;.8 (1M amount to SU an,-I t1I:o 

T_dl>lcho.rr;lngs are pO!l'1l bll!, 

i!.1 



C&'IEI • '" 4 ====-
In this oan, ¥ boundary,V5 of the L-iilt.u"~1011. r: is l._duab.~ "io '( 

~"co I) thrrw'ule r an,j the 1.-5) tuahon In'luclnp' the l._dlschargtng fro" th. ':. 

5/1 •••• ,1-1 

u ~(I".L) 
.L .- U =(''')<one of ." •••• ,4\1 .10 C) 

• ;,(I~1) 
R u 1.,1£ 1:: ,. 4~ln oX' 4~2n ~ CT]o# 141 l UI L • 4j1r or 4~2r .... OTt' 146 

1.t' r: • 4~'n •••• ,4'711'" eTLt 149 
:I ~ r;. 43,t,o ••• 456r'" CTLf148 

il'r:.4371'1 

u. next "ace-

142 
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ArrWl'"ement cl'leck lUlL, contInued 

A 11 C D E ~ 

5/10,1:3 

5/11 

-(l~~) 
" ';'(I~') 

G L:
5
< L'. ,: ~ -'441 at A-'r. .. 431ror 452,. .... ~4-7 

1 . -- I"<- =(Jlf.j) (w .t c) 
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t'ruot' Q'rt(V9 ) - Lemma, 

C"il" ,; ~ 4 - ,: 

,/11,cunt. 

nD L at 0 by cfJ.'Je-h!potheS1!1 

u _ 411 ~. A:..c: .. ,431:ror oI}2r .... 12:" q' 0 

L~ • 

C' 

q~: 
5/111 

6 U Imp.,asible 81111e qTL{V) So 

at- .Otlt Ortfl.,J/l6t. B.C by case~b:rPothelli1l 

, U 6'r26 apauibl'. by Lellllu('S,L,T2) 



5/11 

5/19 

,/20 

Pro"f of' qn €V,,? - L"1'l2.a 

Sl!.~f' t ~~l'~ 

SUn-CIlH! ;; ~ H)~ art ,~~ 

A~rari''i'''~I!1~~,"~e~k -f-,t'4 jl.~h@;d 

r A 

Lqf 6 L5+ f, 

5 

~~": 
6 t1 6 L\ 

6 rl b 

c: L, 

Ii L'\+ 

U 

U " 

" 

Il,t JI,iU: 'one L a.t 07~ll-nce II. 'Plu.r would 
'11 ~i:~'.., th" ¢"e_f,:rpothe".,,; 'no L6.\ 

. __ (I~s) 

(, 6 ':' G _ r m <1 $' r or 4 ~2'.r -.. 1 ~""1O 

~ l' 6"r 6 T2 6 ilR'Pol''1ible by LeIllJlla(S,r,T21 

--. t .. 4.311' tir 432r_ n-l0 

", 

6 '1' 6 -<1'.'11..,-492,493,495 at C.·,[,"4'1'r.4~2r.12.10 

6 T 6 5 _411 at ~_ 13 .. 24 
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519 

<;/11 

'S/11r 

5/12 

Pr\OM of: <il'r,(V9J-Le)f.ma 

!au 1,_ 4 

_34_1 

'5 -56-?~ 

_3-1_W 

6 _)8_21 

no 1.5+ /Ot.A by Leaza 
(-40 or )0,,, ,60 or 50) 

U j,mp08,,1'rfh ~il).c. o,'l'L (V)!!i: 0 (sillo. no L 

OM be 8,t "0 ot' [J oJ sab-ease hypoth.) 

5 .." 5 • 

'5 -"34-15 

5 '5 '5 .... 5e-r\ 

im,,0331 bl e lItnee o,TL (VI !S 0 (llinef! no L 

cali be .. t C or E by !lub-eM" hn.) 

...... ~,l_A"O 

iMpossible since C!:TL tV):S 0 (il-inoe DO 

146 

pair of L'~ can ", .. t A,e by O&8, .. lln.) 

5 .... }8-17 

fto L .. t E by sub-ollse hypothesill 

u .... 441 at D .... 58-12 
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5/14 

S/14r 

5/16 

5/16r 

S/17 

5/18 

5/18r 

5/19 

5/20 

Proof of Q.!L(V9 ) - L'c"a 

C",,,e • '" 4 ... 

Sub-c,&i5e t - 441, Ar-t"!Lngemen"t citec" ll,j,t fiJ1i.ahM 

C .P E F 

5 - ~5-n 

impo:Hlib1e sino. Cln{wf} ~ 0 

impon:uhh a:...n.ce.q!'L~W) S 0es:r,;;)a 

147 

iztpoeeibla dllellllill.TL't'v)1 0 "fnce 0'1111 

one L Oq! b. tt~:fI D .rtllllll.(L~5.L) 
an'll ca~l_hypothe~i" 

impo3"U.le dDitl. qn{¥l $. 0, by Lena 
(5,:','r2) 

nQ wo T2-0l1 .... :rgings can ~ aoroaa 
1 .. ~ and AJI .. by Lemma{60j.or 5Q,'l2,T2) 

6 -. ":'a-,21 

im=s~:l :,,~~n:; qTi/( ~~b~C:,,:i~;;O~~O!i. 

illlpOIlBiblO eince Q.Tl,(""!i 0 "inee Ilt 
1II0st OM L ('an be at B, D (a pair 
would ..,;I:olate the- ceeO-h1Potheeb) 
and no L6 car, be ~ttlteb.ed 

i .. po.s1~le unce Q. TL (V) ~ 0, 01 Lo_a 

(60 or 50, • ,60 or 50) 

6 T 6 T 6 ..... 411 at .... '4-14 

Cor ~ T : '!' ~ ~:: : __ 411 .~" ... '8-25 

•. 5 
Cor ~'T 6 L5+ 6 or 6 __ 411.t C-.n-, 

:lapo_d\le lino. q'rL (V) < 0 
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,)/10,1': 

5/11 

5/14 

5/15 

Prod of' 1i'rL ('9) - LeaJI& 

Cu. t .. .4 

, 
SW:lrOa1ll8 .... AO ud L .. 801. 802, or e03 

1 A • . , 
~~ 

i F 

A\. \ IE 
:I.-CoD 

tit t .. 1301 or 8Oh- 1;<.21 

- it r; .. 802n - 40-14 

if t .. aO~ _40_2 

__ 13-15 

§ II no L at C b,- 9ub_cl\8e 1,IoIJPothslIl.!I 

• L4 U ,;. (I~ .. ) 

5, 

Sit r; .. 801 ,or 802 _ 12'_30 

') -tifr~-I"O~_'10_ 

tit t .. B01 01' e02n - 12_1') 

_ l-t' -;: .• lQQ2r _ 40_1~ 

if r; .. 8\..13 _ dO-J 

i1apos:llble 81Me Q.TL(V) S: 0 It'ince at 

14. 

lIIost .ne L Ilt J., CjI (Il "air woUld 
viol;'1to. the ml.se-hyV¢th~HliB) Mel no L'i:t 

_ Fool,! 

, 5 I U iapollub'lll .ince QTL (v) $ 0 since no 

p,ir 0.& L • at B, D b1 f8.U-hYP. 
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Proof or q'!:L (V9 ) - L,.." 

Cue'" 4 

Sub-oase t .. 601, •• • ,80, 

Arrang8llent check list, filli.bed. 

I . • D • • 
5/16 

~: 
5 5 -. f' r. 601 0' 602n_ '!.2, 

~ if't .. 602r _12_32 

if r: .. 603 _ 40-7 

i.alpoll81.ble nnoe qn. (V) ~ 0 aino. DO 

pair of L's .t B, C by L._a(L,L) 
Uld culll_bypothellb 

5/17 

~: 
5 lit r • 601 0,602, -12-32 

_ if r: .. e02n _,,0-17 

if' r: .. 80~ _40-8 

i.po8oible :nnee qTL (V) :5> 0 si.aee no L5+ 

a.t B or D 

• U UlpOS81.ble since q'l'L(V), < 0 by L ... II 
(60or 50 •• ,60Cfr 50) 

5/1f1 

'ill'! 

C : T ~ L5+ b T 6 ._ A;y-itlt C _ H_1j 

5/20 iltpoSDl.blo ainea ,q'l'L'V),'" () 



5/1 •••• ,8 

'5/11 

150 

Proof of qTL "9) - L_a 

Caae , .. 4 

Sv.b_Cl_. i . '10 01' ~5 h •••• £ • 451 •••• ,.81) 

I A B 

[
5 6 

L5+ b 

~L:' 
L~,+ 

L5' 

Ld 

C D E P 

.lo(ISa.) 
(~itical _b_ 
cl .. sp_e 
pp.153 1~) 

{
if r: .. 451'1n •••.• d6dn_12_7 

- if! .. 466r •• :.,4811'_15_15 

6 5 lWJ pair of ;.' s. at C, D (by s-e hyp) 

6 '5 ..... 411 lit A....t'A41 clIJlnot occur bJ ~
l.1?_~;U byp.o~hesis) 

6 6 -r .. 465_1$_11 

') U no fair of L's at C, D (seep.f)1 

') ~ U-411 at" " ~lf too 451r.t ... ,~65r -. ~S"~} 
(It 1:'- JI,~.4l:6n ...... 4Bln_12_16 

Ld 6 

impo3'11ibl .. 'nne" qTL{V)$... 0 sinel'!.o L 

at A or C by 9ub.ca.3e hypothesis 
(,V~ a.t A would· l..pJ.:t 4.11 at A) 
(reesll LeUla(5,I,..1'2)} 

::(15e)(crltlcal sub-class p .. 154'l' 

no pa-:i.r of L5.· a at A. C by LeJIlII& 
(6001' 50 •• ,60or 'jO) and cas-e-b,yp. 

apOaHlbl1! HUlce 411 at A _d "the -pall' 
at A, IC violates the cllse_hypothl!laia 

LA \J 6T2~Al'atA .... t"4b5_12_16 

R 6 T 6 'J;' 6/ 

L 6 lmpoSSlble ~Jlnce the pall'" at A, C 
vlolates the case-hypothesis 

,~ ... L6 U. 6IT2ii-49\:!e\~!.:::~~;:s,~b:6~~T_29 
~ .,~, T 6_411 .. 1. Cl.Sif r-451 .... ,463-'.". 

l1f too A65, .•• ,4Ip-p-5 



ProD! of q'!'L(V9 ). Luu 

Case. •• 4 

Silb-ease v .. 78 01' 65 

Arra.nge.ent cheek 1i5~. eont:1:Do.td. {fJ 
'" 

t.451r • 
•••• A(i3r 

:. (3 

~ " " i" t. "" •...•• ,"...(ts .. ) 
1.,5+ 6 6. 5 - 411 at .... 'it t_ 465. 466n, 

•••• 481n .. 1}-2 

6 L5+ 6 __ 411 "%I~if d.,q)-S _12_22 

it de«"(P)_ 5 -13-2 

:it' [·465 ... 13-24 

L4 6T~6 L4#£ T2 6 II1POd:!ib~b,.Leaa'T2.4'i'2} 
5 U 

6 L5+ U _411 at,l and 491r •••• ,495r.t D 

- t-465_1;_1<d 

U -'1',1."",,-1>5 by 1e]llD'lI!.(5 .. L .. -T2)i 491r at D 
-..r.. 465 _ 1~-13 

1.1 11_ nt It~ .1.'l.j\f!:-o1'i11'",_ ..... 'u;~r_CISW 
lJ.l t-46;,.4bbli._ •• ,A81D-eil}"~ 

u L5+ 

U " 

U L6 

u L6 

• _411 a.~ A. 491n ••••• 4'j~n,495n."toD_ 38-29 

6 T2 6 ... 41'1' at .1111-r.. 46511. ... l4.11 

(it t .. 465r .. 6 .. 19 

6,'1'2 6 491n at D 

(i '1'2 (i _ 401,402, or 403 at A .... ~e-'9 
6~ r:. 465-. 15-15 

.l.5+ 6 -*19".A'Pr,493r, or 4951' .. , 4, Al1 .. t D 

",'B .. 29 
W 6'I2 6"'4Q1r a"to A and·f,. 46,5,-.13-15 

L6 6 ft 6 411&tD 

L6 .-'''4511',,,,,'631' at.1 ..... (ISb) 



S/1Z,eont. 

5/14 

'/10 

5/17 

152 

ProD! ot Cl.r ... (V9)· t.,e'lQlf; 

CaS-e ... 4 

, , Arr&I)ge.ent ohec~ list, contJ.naled2 

I : .. :1 A,",. B l Ut::"'~' 

C< 

lfC: ~~~ 

[ ,,6 
L6 6 ,cf, 

~T;15' 
16 T2 6 L6 

C D B F 

L6 6;2~_t.465 ,=,'~~15 

no pair of 1.' s at B, D ~.ouJ.d violate 
·case .... r..:r?ot.heSl.'.l) 

6 llf L. &';,1, •••• 46'1_1)_"/. 
~ it::·<\065_1!,~Y 

d' ~~ J66, •••• 4Al ...... 1)-',A 

'i LA U _,led.,.):;:," by ~""b-ca3" r,YDothesia 

6 

_ ~, .. ai,'J .... ,~_rj 

no.pn.!'''' of :'-,!.~'j at ~., D by case_!Lyp. 

6 ll';l'1l~otLit.1f<legO').5 __ 1'_1 

-.<111 at.B ~f r: .. ~'-,1r\ •• , •• d§4n_12_1' 

If :: "'-.4t~, 4(,6r, •••• 
<1ijlI' __ '3-4 

U il.ft_,t')lr ..... J5~'r_\8-15 
L4 U -.411 at B if t .. lr'1r •.•. ,~6;r_~,5_50 

of [.,465. M.6n, •••• 
M'ln _1'_.~ 

6 '1'6 T6T6_411 ... tB., r .. <l65_'?':O;, 

6 T2 6"!"6_t .. J65_IA.11 



5/1<) 

recall I...emmall 
('r2,L,r::», 
(60or 50,T2,T?1 

5/20 

,)/6 q 

Proof of -I'!'L{'9) - L-ellllll& 

Cue.t .. I 

sub-calla v .. 70 or 65 

BCD. 

[j:,,; : 
(6 T 6 T 6 L5-+ 

6 T2 6 -t-465 -'1.01_11 

6 T 6 T 6 _t_465 and 411 at C .... n-5 

Crl.t~cal ~ub_ch:'9ses 

b _ )7_28 

impoa91ble 'll-liCe qTL(V) < 0 

C1~a,* 2: t .. 45"r 

Arrarll(ement check It,;t lor C1'j'h# 2 

J.;' E 

-lO-) 

5_'5-33 
1'10 pair of t r • at 1, I 
b, .ub_case h:rpothesb 

• -L5i;, at D _ ,eg(~). 6 .... 3a-', 



~/1 •..•• I! 

l/6 

-~-' -~ 

)/1, ••• ,4 

3/2t:,4r 

Pl'oof of q'!L ('9) - L8IU!\ 

Case' .. <1 

, F 

'......- ~1!_1 

_,(J_6 

lmpO,"'llole ~jnClIJ' (").s v ~ :nce ~o L5+- CfI.ll 

S if 4C·l •••• ,40'.Jt')1 •• ' •• dbO • .::61! a~ ,\_1_1 

-lif dt.>1 ••••• 465 at ~ _ t 1 

6 T 6 T b L5~ ..... 411 at r: ..... l',_~ 

"4 



5/1, •. " 

'j/~r, ~L',4r 

515.7,7r,1I),15 

5/6~ 

PrOQt of ~'rL(V9) - Leda. 

Cu. 1'-4 

Irrangount chtck het 

BeE F 

-60.20 

_'7-6 

llllposnblo Slnce qTL (V) ~ 0 lline. no L at B 

or D by 1ub_oll!l' hytlothes:!.s (423 at D 
wolll<J lmply 4111) 

J.lIlpos:uble alone. "I.'1'L<'I; SO sinoe no L at B 

0' 'D by ~\l.O_C'l.se hypath,s]'8 

lmpotl'nble 'line' qTL(VJ~ 0 sJ.nce !IO palL' or 

'55 

5f' [ ') . ') ~ 

L---L 

L's at A,B by Ell.lb-case hYPQthea18 

"impo,Hl1.ble 81noe qTL(V)~ 0 (no palr};!! L'.) 

no~nan of L's at e,l) by ~ub_o&lle b1:Pothesis 

'1. 1.£ 4;'1n ... t A_,.6 (42}r .owe. lllpl;.t 441) tolf 1I11,.421r, or 42,?r at A - ,.} 

if 1l"2n at A_'·6 

"'_'.15 
illlPOIHllble cinee qTL(V) ~ 0 nne. no L at 

C or E by sllb-ca •• hypothee1ll 

iapoe.ible dnc,qtL(V) ~ 0 b1 L_.(5,L, •• 60 

or ~O)+ fUld dna, no, L. at B b,t .ub-aa .. ~oth .. h 



5/11 

reclI.:J.l 
L~DIID& 
(6qQr 50.'!'2.'~2) 

5/11r 

'j/12 

Proof of qTl (v:9 ) - LeJIm& 

Cue' m 4 

Sub_ca., v - 60 

Arr~ngell$nt tlheck list, continued 

[51.:.: 
1 5 6 

C D l F 

{

if 11'1, 4?1,,", or 1122,. a~ A _ 1~3 

_ if 4<'~n at A _ ',_F-

if 422n at A _ ~_Fi 

no f'a~r~of L5+''l at C, E 

ll!lPOSi)lble :line" pal.r O~ L's violatea. 
th .. caa" n:rpcthc~is 

15- 6 · ..... ?!"11,:..,L,_' 

5/12r If "l'{; .. '",t_." .... 
;', ",./ 

'-4'0 

';>/1.1 

5/15 

5/16 

S/t6!' 

5/17 

[:~ f,1'2f,Tlfi'!':'6'!'7_.'.11 'It-A_ 

[T:? ~, T2.~ 1'1 ~ T?" L6 

at most on\> L at B u-[ .0 by 

ne pal:- of L~.' s at B, Ii 

.~ T -,11,!l.t n_ 1'_' 

;'5" (,1 _ 411 at :J -t' "._11 

156 



s/1e 

SllAr 

157 

Proof of qTL {V9 ) - L'"lItaa. 

Caae , ,. 4 

gub-cas8 v .. 60 

ArtlUlgement 'cheek list, !"iniclhed 

E , 

i:r.i;O",~~bl-e by Lelllllll~(6oor 50,T,60or 50) 

i:Do~~~~:!e E~~n:ll~~e h!;~rl~:~:rr~r 
by Lemma/TilT (p.13) and .. ould haTe 
to be T?#7n by LooruU(T2,L,T2) ..... 

;'Iilpo;;olnbl~ :Jinc~e qTL ('I) ~ 0 by L<lmma. 

(!lOor 50,T2.12) 

In thl~ T",b-~~"", "" hllvo to con.'Jllier only those j 

~~. L 

'.' ", '1., t~n 'lT1,('f) ~ 0 b'l 

B ~ C 

c .",~,".', 7 1',1 J, 1 \ 

5/6r 

" ~ L 

I • ~ 

SO,T2, T"). A \ )f 
:1J C -J) 

,_17_' 

no L5+ a.t A by LellllOa. 

«('Oor50,. ,60or50) 

and CAse hypotb('ais 

-'LJif t_ 4';12,4'J5,or 495- '8_22 

tJ.f r.- 4~.:I-'60-27 
,-\If r .. 4q?,A'}~, or 495- 37-6 

'if r w 4;15 _ 60_?.'. 

nQ ~a.ir of L'e at· A,C 

o 'f~ 6 T2 6 _ 15-1 

no pa.i.r of L'e at 'A,B 

tS+ 6 'r .6 _ .:111 'I'D _ 12-29 

5 no Ilai.r of L'e at D,E 

5 -9·411 h'! .... '}oo2 



~{8 

S/Sl' 

519 

~s,/<J r 

')/11 

S/11r 

5/1.' 

5/1~r 

5/15 

5/16 

5/16r 

5/17 

I'X'(lof of' QTL(V9)" .. Lcmmp 

easel-4 

Syb.cllss ~ .. 50 

Arra,nselllent oheck list, rl.Disbed 

t.i. ABC DB:' 

• _'lIIsposs1ble Iln~e qTL ('I) < 0 

'5 

.5 S' 

[T 
[ ' 

" L6 6 T" 6 T2 6 
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[ T2 6 T:?6 L4 

1)0 pair of L'j ... ', at C.t by Leua(.60or 50, 
•• 600r 50) lnd ease-hyp. 

[L4 (,T2." L6 6 T2 6 ..... 111 at D ... 1'.11l 

[:: ,:: :T', :' l n, t4 ,n, L' illlposiuble ~,. Lelllllll.(T2,L,'l'2) 

iap0991ble 'lIMe qTL ('I) ~ 0 by L8IIIII8 

(~,'L,T2) 

• _1mpolllible BUice qTL ('I) < 0 

.. • 1\.0 !-ll..l.r of 1.5 ... (I a.t B,l! 

L4"~411IltB~I/-;> 

L6 6T26"'41,1a.tD""~_t. 



P.O«lf of Qn(V9 ) - f,emaa 

Ca~e t ... 4 

SUb-C&S8 'V" 40.,. 35 (i.e. •• ,t .. .. 96 •••• 'SZ2) 

'59 

'@I need to caruider only thoge arrangement.s 

i-n ..-hieh at least tll'O alluitionlU 5-ve!"hces. are 

attil.x..(!d to 'r .e1.fice othet"t'ise q'rL ('I) wOllld not 

be pOSl tlv(l. 

5/1," 

C/" 

',/11 

')/1 ' 

Arranl':A!Ilant cheek hst 

[: 
C 

D "E F· 

, nO f"a~r of L'~ "t A,C by L'9111''I8.(L,5,L) 1\Ild. 
",,,,,,,,a-hypothesis 

L5+ _~ t,11 a.t S -'12_P 

:unno~-'n'ol e ,nnce '1':'L (V):5 0 

)mpo,J'~~ble 81l1CB "'rL(~).! () ilinee no pair. 

(')"f t,'- "t A,B <;II' 'I'.t (',E by 9ub_~'1.,,"~ hJ'l'. 

rhO, ~lJ.lr of ;"s at A,E 

f, T f) _ .111 fit D".5if ~n""12-l'J' 
llf ~r_l,_2 

h L6 _ ,111 at E -t 12-?2 

i!llpO(JS1)1t' Slnce 'I'!'L{'Il:< 0 

no "<'.1., of Vi+',; at AtG or B:t e,E 

L'-. _411 at A e.n<l. at E_ 1.\_1 

imi-'OS~llble ~il'lce 'iT,!.. (V) S 0 {no pair ot L5+'1 

6 L5+ 6T6~.Al1'!1.tAYldatD-+l}-6 



'5/13 

5/15 

5/16 

5/17 

6/1 ••••• 0 

6/9 

6/10,12,14 

Proof of 'l'!'L(V9 ) • .c.ei!llRII. 

Case'" 4 

Arrangement IrIrfick lHlt, finl-~hed 

I A· II C. D 

5 ,. 

-5 

R U 

illlp03,uole ~:"ce Cl.n("i:S. 0 

• • .:C;:O'~3~ bl p ~ l",~'l ":~ (n < O. 

J..G~.o.J ,~hl·, J~r.ce 

pJ.l.rot;r.5"iI 

..s 0 s:nCQ 

no :., C!ln' be IlttOJ.ch.ed Il.t a',lI,D. or 

R U Ltif C .. J,01r. or ,..:02n_ C~t# 1Ll 

If r. .. 40~1\.-1-2 
if r. .. 40lr or 4021' _ CTL# 14 

it" r. " 40~r _ CTt *'~5 

5 1..!1f t, _leo' tit £1'-1-2·7 

160 



6/11 

6/1' 

Proof of q'!'L (V9 ) ~ Le..:na 

Case ,-;;. ') 

Sub-c8{le v .. 70 

Arr&ngeltlent cheok ll.st. contilll.led 

~~ 
[L 

f, r6 

, C 

6 T6 

}If'Cn_l?._? 

~lifr;r_l;-17 

no L at A,B, or P (sirrca 42~n a.t D 
would lC1ply AI!1 at D, violating 
the "",s8-hTPothealS) 

6 - (164.) 

~5"lrr;T!_1i\_~' 

l>r Lr_L:_8 

l<"rQ~·,jhl .. "inc", q,:,i,(V)~ 01l1noll nC"" 

L can be 1l.t A 0'- !:l 

=(16b) 

_ (16c) 
no L CI\.l1 he atta.che,", !\.t I,e,D, or F 

R U R '"L..lif t .. A01 or A02 ..... ent 143 

(l.f t .. AO~ _ 1_2 

~ (16<.) 

6 U;. illpossible ",inc. qTL(V}S 0 



6/1') q[t 
q: 
[1: 
r q: 

q: 
6/:;,1 

[~: 
6/25 

6/?6 

Proot of .l1.n (tI9) - :'Clmma 

Cage' _ ) 

Suo-ca.",'! V - 70 

F 0 

, ,-

" 

. Ill .. ~I,,'.ce '1 ::,fv) 11: (I by 

,-t..a. ( 

:s c 

HIGO',:!IOlt- o·h~e 'l'1':,(1) ~ 0 

6 112 61? 6 T1 61'2 61'2 6 _ t n _ J ',_1 



61'28 

6/)(, 

"/'Cl 

}, 'J 

q: 
L~: 
q: 
4: 
c. 
[: 
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Pt"oof of In ('I)) - Lemlna 

C",<:l , ~ \.. 

S~b~c,.~," V .. 

~. 

L4 

L6 

[< 

_(16rt 

_411 at B-(l(,f;1 

~-'t"401~ 
._!.111.tB_(.f"')~') 402, 

,OJ 

: -.411 at B ..... (H.gJ '~8 

LT.; 

[1: 
c' L6 

. )if f.n_12_22 

....... >111 at C ..... t1f r: r ..... ,13-5 ' 

illlP09~lble ,unce qTL('1)!5. O~ 

t(!lpo(l(llble Slnce nTr.4V, < 0 



Proof of 'iTt ("9) - Lalda. 

Cue' - • 

Sub-ode; _ '0 h.e., t _ 411) 

No L_discha.rl1;ing OM go to V from a 5_vertex which 

has 8. 'is- neighbor on the rl.ng about 'i by ~l.i.b_c!lS$-'h.1P. 

6/1, • 

6/9 

6/10.12.1.~ -

6/11 

(,/1 ~ 

6/1~, 

0/16 

6/17 

6/18 

6/20 

Arrar_gement cheCK 1 tst 

R . R 6~' - 12-22 

_12_'6 

5, 

lmpO'JSlbl", '>lnce '.l.TL(Ji S. 0 by 

50,J2,«n all;]. 9i~Q.e no 
"t:aCflOJ ~V<.i'. or u 

1,6 ........ j11 '1.t·.u_1~_6 

L6 5 ...... ,,11 a,t C ..... ll_1 





6/B 
rBo"U LalPlll& 
(T2.L,T2) 

Proof of Q'l'L('9)" Leu.. 

0 ... t. , 

Sub_cue;' • 60 

Arrangeaen" ~.ek 11."$, firUBb.ed 

IlBCDI" 

L: L' 

166 

'/3, imposuble uno. '1'l:L (V) !So 0 "" 

Lelllllla(60or 50,'r2,T21 

::lUb_OIl.98 V • .to (.1.,,,-, t L 471, •••• A?Al 

In thl.:1 .:IuD_case, no L'i+ OIW'l be attaohnd to v. 

An .. 4 requu"O ttl'O non_" nel/ .. :h'bore of tho I._lilO_ 

eharf.:1,I'IC V5 on the rlnjlf ",bout. V. Any p~nr of L4'" 

'lIUl'I t h til" : t'l L Ij·.',!h'L' ,'l ",' ., "j ",,1:. \ iJ 1 • .:u'I" ,~l 

least thl"80 on the ['Lng abnut V. l.:oruJuquenUy, 8e 

have to cOrull.le[' only tllo",!' 1lr'''anl\'omllntD in Whl<'h. at leasl thr<'Je adrhtlonnl VS'o 

arg at1aohod to V. ~'or at m08t 7 T·'lIscilarp;ln!>l;8 can 1'.0 to Vj If pr"cl'lt>l,y 01'18 Vs 
is attaoh.d (11'1 addition to the one 11'1 t) thon a.t .Ollt 5 T_disohar;pngll can go; 

It two a<.ijaoent VS" are attaohed, then at 1I0IJt 4 T.dhoh.arglJlglil can gOI it two 

Jlon~adJ&oQnt; ~5's are attached, then at mOiJt :' 't'.ct.18ohar~iflga can r.o to V, 

Furthermora, If <lug(A). 5 then! ii!l non-!'''floct.od or 111 J21r or 4/;> __ 'L.e., 

in eTery ceu ,ieg(I). OJ (t. 4::~r .oul..: 11ll1,1y that 441 occura, vlolo.Unp: the 

o0ge-h:rpothl"'ll9) L1ke .. 19., 1 t: deg(A) • ()')r,'O')· 5 toen 'leg(l) • day,(G). 6. 



6/1 ••••• 4 

6/5;1.10,12,1t. 

6/6 

6/6 

6/, 

6/11 

6/n 

6/16 

Gll1 

1,/11' 

b,.'! 

6/~ 

Yroof of 4TL (V9 ' - L(IIIIIIIIlt. 

Calle' .. 3 

Sub_case V. .. 40 

ABC • , G 

5. 

_12_2 

~"1f'r;" _12_''-
- « itr;r_1~ 

1.lIIpos,nble Slnee 'I'l'LtV} " 0 

iIIIpo:Jsl.ble Sl.nee ILrL(V) :! 0 

1.apo.luble !IIl.nee 'In (V) S. 0 

impOfunble since 'In(V) !: 0 

impOIl!lJ.ble ainee '1TL (Vl S. 0 

impo:wl.ble BlonCe '1TL (V) <: 0 

impos'\lble sir\<MI '1TL(V) < 0 

.Ul'lfoscllble since q1'L(V) < 0 

illlpossible rUIlDe 'I'rL (V) <: 0 

impog" Ill) " inn,'a '\'rl (V).. "" (l 

6 T _"!; .. 0421 or 422 -13-7 

iIIpo:'I!l1ble since 'I'lL (V) :! 0 by 

Lemma(T2,L,T2) 

imp099l.ble aince llTi(V) ,!,. 

'.7 

In tlu .. c~e, .r v 19 the number of VS-neir:hborlll of V and.if \/>0, tha ..... f»., 
8 _" • 'l'_,[i[Jchar!:inl>"'ll can f:O to V; lIIoreover, If the" 4e8r..,..-5 neljl',bborl of V 

are not cOn:.Jooutl.ve (on the rlfl"; abo\lt v) then at 1I0st 7 _" T_di30harginga ClUJ,. 

I':f' _ V. ~"'Olll \;his lt follo.a tha.t v lII"ust be at; hast j. ua if v. ~ than tbe,J 

V'5-nelghbors of V .ust be consecutive, but in the latter calle. the ( .. t !tat 5) 'roO 



l"'roM of q~V9) - L~ 

Oalle t· .. 0 

168 

If ,,_ 4 then~." V5-nelghbor:t of V Rust be consecutive 4.f]d three T2'8 and one T1. 

dhcbargiDg aust go to V. Then ~5 Qoav.re. 

From now on .e may aseume that y:!: 5. At least. t.JI'O 

of the V.s,neighbors 'Of V are adjacent to each other ILlId 

th\l!l the oonfigurAtion draJl1l tt the right ocou.rs. We may 

rea.:ihg A,B, ••.•• I is III&Jti.al (as 

coapared "ith all pOlull.bla ayah.a perlllutations and refleetloDII). Thill! w. hay. to 

oOnBid~r for the degrees oJ: C.D, •••• I only those 7-digjt e.rranl':8ments whieh are 

leas" threa entne$ "5 ") 

-; /l,2.4.6 t 8 

i :to 

1/12 

7/16 

7/1T 

7/19 

7/21 

7/23 

Arnmgemant check liat 

[~; 
c: 

[1: 
C 

c: 

_5 U ...... CTL# lA, 

6 T:?6 T2 6 • -'~~_1 

(,'r6.(,'rt!_14_4 

• _14_17 

6 T 6-";_1 

imposRlble since q'I'l (V) .. 0 



7/26 

7 I~ 3 

7 /~4 

7/36 

7/y? 

7/40 

7/J!A 

7156 

, '(.1 

i'roo_f Qf !tt (1'9) - Lell1lQIJ. 

Caset-o 

Arra.ngelll~t ohee1: list, f~nnhlld 

C'D'S r G 

5' 

[: 
1IiI.posaible alnee qTL (v) .. 0 

6 T2 6 T2 6 -13~1 

imp01!l",ible 3ine. il!I'L (V) < 0 

imr·o.',lslble 'linea GTL(V) < 0 ... 

lml'o~>3~ble 9l.nCe GTL(Vj .. 0 

impo3.',11ble ~ince ::;'TL(1) < 0 

i:npoIJ!l;1,l,' -llnc" <bpl,(V} < 0 

IItd ''i j,mpos91ble "Inoa '\n.(V) ..:: 0 

169 



Now .e llhall WIle the Upper BOUlio. Lemma tor d(Vll ) and l1:.1 Cerollar1. fill prayed 

lA Section 3 of the paper. Since by hypo1;bellie, (aee p.19) our tr1&n~.Uon 4 

~a.tbfiaEi !l.U ~h& Lemmas on L- and T-uischarg;lugs ... hich have been proved for IJ.*. 

the Upper Bound Lemma. Ilnd 1ts corollaris1J hold also for 1:., .. ith ou.r verto% V in 

plaos of VI!;' Rlloall that by hypothesis, Via QTL-,os1tl.V8. qTt.(V) > O. For 

the ca38 or' kg 10, we need aooth,,]" corollary df the Upper 30und LellJlla. 

Cor,,]lar:x 2 of be UnRer Bound Leull.a (No~atl.on "'9 1n tlIe proot of ttl. 

'\J",d if 

~hf"'e J.:::-B two lJl\ilc",~ t and IT! {l.:S; L <: m:!S It} sUoh that c1't') .. o(ltje:: ~O 

170 

th,. .... ~ ","e t.hr'~e "!.nile,)')!, m, r; (l~.t<m<:ns.lt) 'l.Ieh.th"t c(,ti .. c(m) ... ~.r";O 

~ '1'lJi~ tOo :0-'13 from (I.') wld ('.~) (~'t(' Section \ of tn" pap",!) >'Ilnee 

2:~al ob) ;ts an lnt'l'"ral mul~iulE' ot: 10. 

V of jeg"1l8 k .. 10. VIa l!!.'!lota the nClp:hbors of V In cO\l.nter~cl'-'ck.iBe or,Jar by A, 

B, ••• ,J 1Yl.r.i tbelr contnbuhon "alues by o(A), .... ,c(J) ..... re we ~ 'he dot:aition 

of the cont:t"ibutlon values as g~v .. n ,n tlle-p"ooi' of the ~pn .. r ilQun.] Lemrr;e. "lth 

A"V(lO}. B .. v.'9), .... ..r ,.;IJ, ,,(.('}_ot:(19). c{n)_c'9) ..... ,.:(J)~c(1). For tho 

"parti.al "pntrlouti<ln falue:l" c;.I) ant! c:~) (n.,. !.Iefilled in ta. proof of the 

Upper Bound Lellijna) we use 1:,~IlIllOr!'(,lIpondinl' flotation C ... (A), .••• ,o .. (J) Rnd C .. {"), 

""1 "u(J)· Since ifo"V) .• -,!tjl Ilnd q'l'L{V)" qo":' ._l":>0, II"e have.II{V) ,>~O. 

'l'hu/J the l.ne.q~it.r .. -tw.) (~;I.,), (.\.5), anti (5.5-) ;p. .... ..,tlla follo.ing. 



(i) \I:e 3 

Proof of 'l'l'L (V 10) • L09_3. 

IntroductlQn,' :'~ni!lhed 

(l~) If the conf'igur"ticn of F.l':u.re 13 doe'S not occur ttlen 

(!';h) If the cODtigura:Uoll of Fir:ure 1;; 7063 .at occur 

VZ: 6, 

,'II'C non-5 neJ.f!:hbo"1t of V"t~'() ~~ \lX ... wbaBe a_values J.9 < 30 

thrb _, baH,hoor" of V the :Jlm "r .. hoOie c_values 10 < 50 then 

(witn pivot id.mqfied to V), Alttlr ~hll.t.lI'e .. ay 8!l9Ume that the contigu.rat. 

~Un of t'!QU8 13 6oe.'l not OOC\U' fl."," hene" ,,~ 5. I,ext "''' .,hall ~reat the .11'.01&1-

"Bse that the configuration of F"I:ure.1~(f) ocouUI'J (with pivot iilentifi.d to V). 

171 

:or tho :'011 wing ca5e" 'll'e lilly then a.'l:J\1lII.e that. t~e c(lnfif"UratJ..on of F11'1re 12(£) 

ttJe!l not oocur and hen. that the hypothe.'.lil'l o:lt Lemm&(5,L,. ,L.S) alunsc", b. fIllt111ed 

fie tl'e&t the cl'>lerI".t 8. fourth tht) C/l.i3e ., .. 7. TaQo we are l~ .. itb the 

I .. 'i, a.nd 1.0 (titre l.~ 18 8 .. iJ1 to ge,~ I"hat the calle I .. 0 actll&l.lf cannot occur). 

Ii ~u~i,nc'" part."i:,,,on into subwce.aes lEI lIlade nccOl'ltling to the "'IL111. Y (as in tile 

prevrQIllI prodfs for k_ e anq k .. ')). In.IIlIlllY of till) 9ub~ca"'e8 it is •• 81 to .low 

th"-l;t tnc rD'ltrJ.ction (lV) ho,t'.irr for" WhiCh then contl"~d,i.;t. the cal!le~h:rpotb. •• :l. 

('lnd thUl'!' p~Y4!l .. the IIIUbwQlLse ILctU&ll:r cannot occur). 



4/1 ••••• 7 

4/2r •• '-'I',1r 

4/8 

4/10 

CU"ftrltrT2 (i.e., 'the OOlitiguration of FiglU'e 13 ocolira 

'With piYpt identified to V) 

A.rrangnent oheck list 

J 'A B C 

"_".6 ~ 
_15-1-4 J 

A, E 
• ~--.D 

L6 .... .t11 at E _15_16 c: 
L5 .... "41 at E ... 41_6 

L4L4 L4 ... 1~f 431r at J ... 15_?9 

tl..r 437r a~ J .... 2_1 

,5 

L6 i.possible by Lem'mt.('),L, .,60 or 50)+ 

L,,," 6 T2 6 L5"" im'Possible by L~'alm!l.(60or )0, T ,GOor 501 

, • 6 L6_411.t'E_15_16 



Case 5,L •• ,1.,5 h.e •• thfl aonf1~r .. t.1011 or l"U';u!"e 12f1') 

occut'll wi;tob plYot la.'lIuatied .to V) 

!rranf!'emant check Uat 3 

ABC. D 

4/1~ ••• ,1 

~rt ••• ,7r J'" A . 
\ 

4/6 

419 

.l9r 

,.l:Cl> . 

.... '5-17 

Ll: ~. Lot .5 u 

... 437 at J .... ~.1 
_ ~ if 4r} 'Or 4,4 at B -15-.H 

l1f A~5, •• ,,437 at. B _ 2-1. 
Ir:\":,. ~ 5 5 

R "' 
U LA'" 433 02 4'4 lot C-. 15." f 

~."" 
,. U 

5 u 
1.& u .s..PQ .. :l.b1e o.iboll no W oan b •• ttaob ..... ;. c 

L5' U . ., .. ...a11"a Itt 0,,1 b,. L ..... (5"J" •• 60or~O,.· ..... 11 

U L,. 1.apoedbltl b1 .... (,,1. • • ,60 cr 50} 

tapoldU. daoe .., L' ou b ... t ....... at , '" ,u 
L, u L~T441 •• C_41·6 

iopoo.lU •• ~ • ..",,, III • 



, u 

R U L4 

5 " 

II. R U i..t 5 

L4 U 

U 

"Ii,:r_r 
J 'H 
c "If< J>p 

• ~ (re&'1in&, 

A, •. ,J r;yclic&J-ly 

.aJ:~ul} 

~1.f .4.5) ~)I' 4~4 at f - 41-11 

U .... lif 45'),.,. ,0157 at r .... 41-19 

U .. Sif 4~~ Qr 434 It.t B -'" 42-9 

lif 4':5, •••• 457 at H_41-'1 

_15_1 

-"5-5 

5 U Sif 433, •••• 4J5 at D .... 41-11 
5 U-'t1t 4.56 or 437 &'t "» ~ 41_22 



~[\ 

~~~ 

E Fir 

.5 
• _ i~_', 

(:, .. al~ng A, •• ,J 

c:rd 1ca11 y, 'ma.z,l.~a.~ J 

R >it L4 U 1.~ • x • _-1-11n at. if 07 _eD~ (5, .. , •• (0-0" 5'))+ 

'--.!1_1~ 

H L4 L4 LA 

J U 1,5'" 

~lIIpo:lsJ.ble by Leltma(5.!. ••• L.5) 
and c!l:Je-hypotheais 

U _1\41n at G ... 41-19 

R R R L4 U L4 L4 U 

R R L4 U 1,4 6 1.4 

R a R L4 U LI U· L4 

u ... the L4 i!I at E and G rona -a p~r bf' 
.... 5 .... 8}4 or 8~5 at E.t_-. 41-19 

U l.fit 5,2 at C ..... 41-19 

it 533 or 5J5 ••••• !.iAl at c. .... 41_1 

6 ... 15.13 

impCMsible sinoe 'lTL'·V) ~ 0 bl L ..... 

(5,1.,.,L,5) and o&u-hyPoth •• b 



l1~" 

Pro"!' of "'1:'L("10 - :Ilmllla. 

G"~,, ,.. ~ 7 

" U 

L4 5 

L5+ 

\ . 
I· 

5- L4 u 

5 " 
c6 

" U R R L4 L5 

• __ '5_5 

. Slf 4~~ ••..• 435 at D_.41_11 

-lit ,436 or ,j~7 at D-,j2-25 

_1ir .33._,435 at F_ 42-') 

(l! <1)6 01- .:137 at F_11_9 

1.1'f '" ., 1-15-9 
'if .:I.tln a.t 1"'41-3 

1!1I41r!lt,r ...... 42_1 

_ -to t5-11 

impossible sinoe qTL(V)!S: 0 

by Lee.a(5.-. ••• L.S) and 
clI."",,-h,ypO'thltoi5 
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,ja 

Case v ~ 6 or ) 

'Ie have c~;'F} ~- c;(n) - 5 (see h!~("e 14, 

and o.(F) - c,,*(H) ~ 5. thu:'J c(~') + c(iL) ~ ~J. 

Thug, by R'lstnct-,on (tv) t,,1}P, ·pa.ge 171), "~1, 

neIlo,? thi~ case ,,3 llllpOSjl i ble. 

~ 
~ 

'5ub-O!lS9 V - 150 h,'},. r. m 

'Ie ha.ve o ... (G) - 5. c.((;.) _ 10, snll tlilU3 

0((;.) ~ 15, and, by R95tnchon (lili, v ~ (,. 

ments In WhH:h precl-~ely two V~'9 oc,-,ur • 

.... J.rrangement checlr list 

, D 

L4, '5 llIt!'Jo~'llble by Lelllna(5.L,. , .... 5) tu'ld ca,3e-
hypothegh 

5" LA 6 T2 6 illlP03:lible by Lemma.'~.t, 1'2) and case-
hypothtlllh 



4/r , 

~ /(, 

4// 

?'''(}ofofqTL('/lC))-:'''mrn~, 

:;""~",, v _ f, ot' :,.' ......... .Ii 

::iub-c~se~" "' 140 anq t s 901 

6 T? ~1W~:o,.:Lble b,ll ~mma(5.i. T2J .and I:ll.sa_h,}'p. 

6 T1 _4,:1 !l.t.A~6;.~ 

l.mD(}~'H!ll<l sJ.ncf' Q1L('1) ~ -Q by 1e_a(5.~ .... 60 
or50 

unpoBSl.ble Since qTl(II):S 0 by L,ralla(S,1..T2) 
~ "on,l ean"~hyp. 

J.[!Il'oun~ble .Hoe", q.n,("')! 0 by iemma(S.L,T2) 
ana e/l.!!Ie_h;rp. 



?~oof of q~L ('/1 ".l·· <.::':''l. 

C!l'Hl v - &'-$1:" ), ~ _ 

"lie havE! c.(F) ~ 10 at.'l c*.(~):! 5 by r..elllQil. 

(5,L, .,~,5), an} "hll~ 'hy Re:Jtr-ictl.ur. (~~ii, v ~ 6. 

Thu~, .,.,8 ha.'ll'! tc; CQrWl,i<"~. only those Ilrc-anl';cment'l."1)'1 

• AGE 

diS 

_ 1T Gr' ,1'1 a~ A _ ',.·1~ 

'/8 

IT':! 



c.f (il'L(V,O~ - .'JO:;:-.a 

CI<08 V - 0:, Q:' S. t ~ 6 

lie ha.'fe,~.(ri .. 10 awl 1. .. {F) S '5 by LemlIla.(;:"'t •• L.5)~ 

jp.nd -:hu::J :;y R'5v.!"lct:on (l:~). v~ 6. Ihll>J 11'<] hll.ve to 

c:onSl let' only thog'3 artan.:pments _hleh prov .. de precJ.sely 

Arrangelllcnt ct'!lck 

~s.~lb:e 3~nC"€' 

(';,:,. ,L.5) !l.nd 

~ 0 b;r Le_a3 

,T?) 

'lnpO,Slbl" "!lInea ''''1'L (V) ~ () hY-l,CUIlIIq 
. (~ •.• ;.5) 

:;uh."1\ ". v . 

'R" h:J.v,' <::~«j) ~ c .. (H) L c.(~') ~ 5 

and c u (?) ~ 10, and thue cOl) + c(F) S 25. 

'!'hus, by RC!ltC'I,"tioi'l; \!1.1I), v.2: 7 WhICh 

contl'a.J.iet", the Case_hypothesi!!. 'rhus tbi:!f 

.Ub-oa.Cl'" -'-" illlPOllsible. 

lBC 



.a12r 'j '. 'j 

'e have c.(F} S. 10, c .. (F) ~ 0, 

c.(E) ~ n, "u(E) :s: 15", :Ion.] thus 

:1 

e(l!:) + O(F) ~ 25. Thus thn ~ub·e9.ge i~ 

1-mpoSElible Elinee by ReEltrietion (iv). "2:: 7. 

_e bave e.(H)'''_ 5. ouCH) - 0 (Elee Fl.f-"\l,1"e"~4). 

and 00') .. 20, thus e(H) + c(F) "' ?S. ThU3 this 

.ub_eaae is 1.lIIpoElsible by Re!'!triction (t.n. 
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Clt.ge v .. 6 '"1' ";, , .. 5 

'We na.ve 0(11'1 H 15 aM thllll} '0,. 

to (."ptl:l~'\C-' only,trl'wll." 1t.1"·~.el'leTlt.J II'hlCn 

'i/4r,6r,7r 

',jUr 

, /ID 

l • 11 CD;;: PO" 

.LI. 

-4':'·' 

..... ,\1-10 

i"l'1(')'l",ibl" 'lln"~ qTl ('I) SOb,. la:mao 

(",I",L,S), (">,L,'!';?) 

V+ __ 11 or .!A1n at ~ ... , • .,>,g 

LJ irl:'~ll',lbh br 1'!u..:iIi< (~,,:, ••• ~.5) 

:> -.:1.') 

llD'Oo31l1bla sine. qTL{';j ~ 0 by LeJUlM 

(5,L",1.;5), (5.L.T2) 
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Proof of '.l.TL\f 1C-;- <:>:r.c:.;l 

Case v • (, Dr 0,. 71 ~ 

no. L5+ cen 1':"0 from E !Jy Le'llT'1/l !'S.L,.,60 cr SC)+ 

and sub_ca..'!c h.:r"o~he,n:l. an'J no 1.1 car. ;;0 r':-!;lID ::: .ltf 

ct",g(D)"5, bySe=a(5 .. ,.,L,5). '~r!"'3. by l'Ie.'!tdct~'ln i:l~', v2:~' ",~j we.',eve to 

5/' 

5/6 

(5,· ••• :...,',;. (~.L .. !';-'; ... nd ('J.:~~'~g; ... 
_ 15-20 

J.r:;po.'s~ble :;Hlce 

(:"L,. ,60 Jr" 

S II by :'etr.l'OM 

(~, i, T.~.) 

"', Vi .. 1; ~ ,~ E:', L,)~,",,·-:,L ••• GC 01' ~or'
,Ul'--' .Ju .. _ ..... ~ .. J.,~.pu~Io ... .i.iI , 

L4 _.:11 atC_1S_'O 

i,";1",,)!;ib2. .. 'llnce q"'L (V) ~ 0 '~y temm.a . 
, (5,L, 'i'21 



5/6 

5/10 

•• 104 

'5' 

5/15 

'" 

C",ne v ~ ,; or 5. 1 "" 5 

: L~1II&{S,', ••• 60eF 5"+ and IJUb~eue 1lI:n. 

L& ttY? ..... Jt11 ",t. D ..... 1~ __ 10 

rno.oG.Ji1:.l1e since 

(S,L,.,60· 'J:' 

:SObyLe_a. 

'lK~ ~'.I.0-('a3e h.ypOth81111s 

iml'on"lHlp ~inM q:'IL!'I) ~ () by L!'UbU,(S,L,f2) 

illl!>w9:.tible .l.ftll9 'l.,.. no ~ u b, ... _-, 
.j (~.L" ,;., 5) 

lmpOSSIDle Slnce q'tL(V) ~ 0 by La_as 

(5,L,. ,L,5). ~5.L •• ,60 or 50)+ 

impoUJ.ble by LeillI. (5,L, •• 60 QI' 50)+ 
and sllb-case hyp~ds 

16 .... 411 .. t J itt L .. 821, (2),01'825"".21 1. if r. • 822,.824 •• or 826 ... 6-11 

if t .. 8:5-4 or 835 .... 6_11 

L5+ impossible by LMlllla(60ol' 50 •• • 60 or 50) 



?roof of ~~L{1i10J ~ :'~lIll:a 

Case \I - I) or .5, I - 5 

Sub-C"<.5B Vc - 11'0 ltll!: _·e':?6 ••••• b ': 

'e hILve c .. {G) _ 10. lIoreover, Sl ... {G} ~ 5· !Since 

no LS+ call.. ~ (rolll F to V by Lemllla. (5.L ••• 60~ 

or SOlt .md ~-eall1! hypotne!J19. and if' 

d.eg{ E) D 5 tJ.l.9n no L4 can w> :"r"m, E" to 'I by 

Lelllllla(S,L •• ,L.51. Thus by R"'~trict!on Cl.d), 

j,rra,n§!!lent cn,ell. h.ot 

J A 

185 

J~ 
lC"ll 

5/' iml'o!lS1bLe lJ.IlC!i! q1L('1)" 0 by LPlIaal:l 

(~,.·,'!'2)l (~.L ••• L.5). (5., •• ,60 or SO)· 

5/L1r 

5/6 

'5/6r 

Sir 

Snr. 

5/' 

51'), 

5/1C1 

5/15 5 5 

and ,ub_da,. b.1Potha .. h 

lmpOi.3'i-'ole slnci II.~L (V) ~ 0 

lmpO!HIlblo 'nnea 'lTt{Vl So Col 

1l11l'1O!Ulibh 111nee '1':i ('1):IE 0 

1mp":l'la!~ 9lnce (J,TJ,.(·" S 0 

1.I3DOss"~e f]"Lil.oe 'l. T1 (V; ~ ,0 

1.Ilp~ellbi.De"TI.(")$Q 

bponible aiM' ItorI.(V)~ 0 

llllJlouibh IIlMe qtt.(Vl! oC) 



Pro<;,>f of "'rJ,I"I. C' ~ :'ClPlL 

Ca,,,e'\l .. 6 or 5 ..... 5 

106 

!lub~c83e V .. tOC !l.r.d t .. tl41, 942'" or a4~J 

Ife have t.o cons!.Jer QlI,ly those atrang!)llollta J
A

, ~ I ~ 
IblCh li:'ov~lo.pt'OC1:1O)ly ~~ee or fQll.r '15". 

lrrllngp •• nt at.nek 11810 

BeE , l-cll 

;i'. 

4·: , L. 

5/4 

'Sf';> 

Ii' 

517 

5'" 
5/10 

[L~+ 

5/15 

Ll~r ~ .. 841 or 84l .... 15-9 

if ~ .. eA5"'1IllpOIl91ble I.n(le qTL(~~ 0 

D,- ~qllai!l (~.'2). (5,1.,.,60 6r ,0)+ 
&Z1d. sllob-ease b"J1otb .. 1s 

5 i 1tt .. ed1n ..... ,_21 
1.0;1' _.111 or ~.\1n at ~ if r. .. "42ft ~ 6_11 

1:' tr .... 1_20 

Ld ~ t .. ~41r or 842r by Ln ... (5,1.,.,600r"50)· 

L..t'5"~\) 

5 

im.,o:J::ub1.e :lin::. 'On (V) $ 0 by tt .... f5.t:~~!} 

"I..contble !linea q'!l.\9) S u _I'L=-.. 

(5,J.,.,L,5), (5,l,.,60 or 50) 

l:n"oll:JibJ'" unoe qTL''1)~ 0 by L ... _ 

(S,L, .,60 or 50)·, ('Ocr 50,'I',60or ,0) 

tapou 1 bl e since q'I'L (V) ~ 0 b,. L .... 

(5,;",.,6001' 50)., tS,L,tt)., 
(60 or 50,.,60 or 50) 

:l.apo •• Uah .:Lan q'l'L tv):Ii 0 

5 ... 411 01' 441r at "'\, if t • 8411' ... 1 .. 21 Iif tn'" 1_2e 

it t • eA21'''' 6 .. '1 

:lIIponibla Sinoe ~ (V'.s 0 



Sib 

sr 

5/10 

181 

lp 3.n~" I:. \ ~. ':'j 

. bh 

(60,'1" ~O,. ,6olJr "0,. 
'~r ~ ,.t-

'im')r,',~fl hI '" ~~nce qTL' V i" ~ 0 by Lelll[lll\. 

(5,"".,600, 5,Uj+ and jl.lb cr.s'l hypothesis 

lJ:lpos:nble :nnc" "<.T1(V) ~ 0 by :.e(ltIll~(5.L ••• 
60 or ;0)';' and sub-eMs hypotllesh 



188 

,-(~jl ~ 1') "r.' oy Restriettol'! (l,Y), \I ~ 7 eontr&dioting tne C!t.1:Ie-bypotheeb. 

\'n\l~ --:;hls sub-cll.sa lS illlP03!1itlle. 

:;\l.b-(la~a v <'85 tlfd L .. 551, ••• ,691, or S61, .. qB1'2 

LiI.·'".,p1 .••••• :'-'~ ! .. 561 ••••• 617 (' .. 6111,619 [..620or. [..621, ••• ,621\ 
or 6~Z ........... 6':11 or 6~1 861 •••• ,812 



r' u+ ~ to 1,1 by ;'eru:nil. (";,L), {'"L •• ,60 

);:" 50)"'; no L4 car. ,,0 

1.ag{B.} ~ 5 and no L<1 ca'n I{O fro» ~ to V 

by L9WIl1l.(5,L,TZ1 •• C~quantlYI ~ioe r.olll~5 vertex (;f I: 1I'h:ch 1'1 a~~'locent to 'I 

ha.s a c~va.l)fe S 15 1Ulci--~u3 '.by ae3tr.lct~on (1-~J.), "'2: >S. IiHI.B lie na."e V'l cONsiric-r 

6/8 

6/11 

6/.13 

6/14 

6/18 

6119 

6/20 

Arnwgement check list 

c: 
C 

[L: 

Cf L4 

, G 

L6 6 '1'2 6 T1 6 _ I: _ 4~1n or d52n 8.nd 4'1 at D""5-10 

6 l' 6 L6 6 T1 61--:1-~31tl or 4~2n and 411 at. E",'5-16 

5 ii~~.lbl'" !l1nc!:' q~L(V)S 0 

• .",,~~'IIiblt lIillO" 'tTL (1) ~ 0 

L4 L6 6 T1 6-. r; • 431n or 432n and 411 at E .. lj_16 

1.6 6 'r2 6 R· 5 UQlClltible dna* t,be pair a\ ~tC 
1.6 6 T2 6 1.. 6 ... & ~~1~:;.t~3:·!;~~~,h~O=~~1P 

oontinu.d nat p.,.. 



6/.'" 

C!1."18 V .. 6 or 5, , _ 4 

E • 0 

fJ"llosslblOJ Sll'l'te qTL('()~ 0 

illpos9lble ~1.nJe q'l'L(vt~ 0 

Im::>O:l:llb,e 91nce qTL(V)!$: 0 

3ub~eas8 v .. eo and ri ~ 441 

Ie hav .. e{b) 3 '" c{J):! 20, and. thus by 

iestrict:l.On (lV), v ~ 7 contra.d~ct1ng o:ae 

ease_hytlothe!;li~. Thu."l thb "uh_ease ia impossible. 

s'llb_ca."le v t 80 !md t .. 80t. 802. 01" 80, 

:11. thl.o sub-ease, flO L5+ ean go froll A. or F 

to V by LOIDID3 (5,1 •• ,60 or 50)+, no 14 ca.n 

go froll A ,to V if.,c.'IHB) .. 5 ami no L4 can go 

from j'lto V :i.f deg(.&) .. "i by Lemll.s(5,L •• ,L.-;); 
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ThUll we ha.ve to consider only those arJOipgelll.ents which provide preeillely four VS'II. 

6/4 

6/6 

6/7 

6/') 

6/10 

6/12 

• • C ErG 

oonUbued nu:t P&I'. 

1IIIpo:SBible lIinee qTL'(V) ~ 0 

illlpoaaible sinee 'lTI.,{Y) .s 0 

impossible linoe 'tTL (V) ~ 0 

iapolISiblelihee 'LrI,(V) SO 
iapo:slllible .inoe ''!L(Y) ~O 



6/16 

6/17 

6/27 

P."oof of qTl.(V1~) ~ L",=a. 

C'l.3f:t" .. 6 or 5 •• -

J'!.b-oa.:Je r: .. aUl, flO? or 8tH 

, p F G 

'·5 

i,n"0331bl". 91.".oe '1'IL("1) ~f; 

lmpo9s101e ''In,:e 'inf'/j ~ 0 

impossible !l~noe 'I.':L('I) ~ 0 

lIc L5+ cao go f'rOIll F to V by Lem!lla. (5.,.,.,60 

,,,.'j])t; 

by Lem.lllll.(S,L, .,L,5); no T? en.n f;o across F_IJ' by 

l..amllia(S,L,T2). Consequently. c(G) ~ 15. ,~o 'Flave &190 

o(J) S 15. By aaa'trietloTl, (hil, vl. 6, T'nua 1I'e haTe to consid'r only thoae 

arrug6DIents which provide prec:pil'~ fou~ V5's and o~G) .. o(J) .. 15 (since 

othenr1se by BeatrictiofL (1v), ~""W\Ild be~ 7). Th .... ·Wl"1f\lSt hllve either I.~' 

.oro •• F.a,or an L4 &1; f' and. l1ec(:&:) > 5; filrtber ... ~,.. ~V. an 1.5. at A. (& 

'" 

T2 aorOli1l J_A and an L5+ at B would also yield c(J') .. 15 but thb ie iapo_sibla einol 

it does not all~ tor four V5 -1141ghbora ot V outaide 'tJ. T~Il. we have one of thlll 

Collowin .. two 0111.111111111. 

J1.BCDIPG 



Ca.se V - 6 or. 5. , • 3 _ 

In this c~::Ie, !Lny two 'I,;' .... ~ch L_~ischarge ,f.d,. V 1IIU.8t lie at a dil!ltanoe ot 

at l".n.st th~B" (on the d]'lg about 'I) Slnce othel"'rlse .. ;>a:l"r of L_lIituationi 
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would vi"la"tB tho case_hypothesis. !hua ~t lnMt thl'e(l L-d49chargin ..... oan goa to 'to 

aOIOIl'3 J-/I. or ~_H by Lemmld'J,L,T2) •• No L_ 

"Jllch pcovide prRci""ly four V~ "S. 

7/12 

7/14 

7/1'; 

7/19 

7/21 

7/22 

7/24 

7/25 

7/27 

lr.l"·",.,ibl,, !!U,,!O! '!'~'L(V)~ 0 bt' 

LeJIIllIa.{5.L-,1'2) 

\6 61'2 6 T1 6~ r: nand 411 'at' ... 15-10 

6 T 6 L6 ~T16 ... tn 1Ut4, "'1 "t P __ 15_'6 

iapollsible Binoe iwI.'Vl IC. 0 

i.po.llible-8in.b,q'l'1.~V) < (f 

iJpouible lIino. ~ (V) S Q 

iapoaa1ble sillo. qfL{'v) !,-O 

iapoasUl'le -lin."b' II!L(V) C' 0 

i.po.dhle .laoe 'l'rL'i) S 0 

iapo .. lble daoe 'tL 'Y) < a 



Jill 

7/~4 

7 1~5 

7/37 

7/la 

7/43 

7/54 

7/55 

7/57 

Proof of Cln(V,o) - :cT;lllla 

CM8 \I a 6 or 5. t .. 3 

S'Ub-CII.:J9 ;; .. 70 

Arrange.ent cheCk list, lilliahed 

D , 

lmpCI3".o]<, Sl.n,~e 'In. 'v) < 0 

l-mro~3:bl" ~lnce '<TI.(I') ~ 0 

imno331blA 31nc~ qTLCY} < 0 

broflsibl,I> 91nce 'l':'L (V) :s: 0 

lmp"3sitlQli 'Jlnc<'l 'iTL ('I) .:: 0 

impos',)bl( ~lnce q'rL(V) <: 0 

illlposBibl. a-inee qTL'V) < 1I 

.lmu<-s91ble !tlnO') QTL(I') ~ 0 

lmpo,,!uhle ~lnce 'l"'L (V) ~ 0 

Sub-case v .. 60 ~i.e •• L" 411) 

In this sub_ca,ut, no L_dillcnarging aan go 

trOilil II. '5 to V if the '15 ill IldjlL¢!'Int to another~ l 
dllgrefl-, nei/dibor ..,r V, lOa L .. 4bllhll.rjp_flg oaf! go \I:~',. /' GrF· 
frolll A or G to V. » 

NO'. suppose tha.t" .. 5. Then by il."'IIItriction (ild, C) E 
every nOIl-5' neighbor of V llluet WlLve 8. c-valu'l o~ 20. 

In order to obtain o(H) .. c(J) .. 20 '11'8 must have T_di90har';J.ngll wron both J~A 

and G_H, thua deg(!) .. de,;(G) .. 6. !low, in order to obtain erA) .. <'0, we ml.l.llt 

have either doth.r ToldillohlLrginp: a01'0811 A-B' or an L-dillohargino! fro •• 'io 'I 

thU.s one of B, C i8 II. 1'101'1-5 vertex. Consoquently, ainoe " .. 5, D, E, anel Fare 

Vs'a. ThUll 0n(Gl -., ILJI,eI o(G) 515 whioh violat." ttl. above oenaitlen. 'l'b.u 

" - 5 ifI i.pe~sible. 

It r_aine to oONider all tho •• arrang ... "ts wbiob provide prebhely 

ft,Y. '5. (out.id. of t on the ring abou.t (). 
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: /11 

7/1 \ 

7/17 

7/11' 

7/20 

7/il 

7/1" 

Proof of qTL (V10 ) - :''''DlIIa 

CI'L~" ~ .. 6 or 5. , u,3 

Arrangement ch'2!ck -list 

E F G 

5' 5 illlpos:!!ible Since 'lTt(V) < 0 

impaSSible sinca qTL(V) ~ 0 

impos!Jible Since q'I'L ('!t < 0 

iID.P08~ible ainee q'1't. ~V) < 0 

imp09sible- since qTL(V) < 0 

llD.pos~ible !line .. q'l't (V) ~ 0 

impo~sible 9ince 'ITt (V) < 0 

illlposslble ~lnce q'TI,(V) < 0 

:Jub-case v .... 40 (i."." r A21, •••• 4:w~ 

In thHI sub-c!l!ftl, no LS" Carl 1/:0 to V. 

Thue we have c(H) :S 15. c(J) ~ 15 and hence 

by .Restriction (hi). ~l: 6. 

Now suppose that ~ _,6, Then, bellall.!le of 

if't,9trietion (1"" we a"ult nave o(H) .. o(J) .. 15. 

But thi9 require:!! T2_dis'cbargin,t;a to go across both 
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J_A and G.H. (81Aolil nO L_disoharging 0"" go IrolD. A or G to Vl. whiob is i.", .o1b1a 

by LelUla(T2,L,T2). ~ua thia IIIub-041. ill i.possible. 

Ca .. 'It .. 6 or 5, ... 0 

Thb 0 .... t. bpo_ible lIinoe at .o.t , .. " ' .. d1 •• baJ:'gillogll 01.110 • \0 , &Del 

thu.. 'lfI.,eV)$ O. 

!tU. filliab .. the JIl'OO~ of .. ',1.".101.-1.-. • 



1')5 

Pr10f ef the hrL'!.l1l- Lelllllla. 

'e 1i!l"ply tae Upper ltou.n.J l.Olllun" to.r. ,i( (k) ('l;J pl"OYe<l U l>ect.ion ~ of tte p4}>er) 

to tlur qTL~poal-hve vArtex V of le~l'ee II: e '11. SiDC6'jt('I) ~ "390 tnd 

... ~~V) .;. qo(V) + i'(V) > 0. we Itava d(V) > ~-VO •. Tb1l5 the tneq_Ut-1.~ (3:1}·.t1d 

{~.:';» .gl.V0-11!1 tbP- fQllodnl"" r"8t.~"t:l.Qil"l f,p- ':r .... n~r <II of ~~".rh_':'·.; .. eiM1.Oh:l of 

For tne vec'*icee A. B, ••• I ~, we have 

to consider only tl\($!1 a,.."Il.f!'emsl'lt."l. wnJ ch 

pri>vide at If)!I.:Jt fOLlt" V~'f.'l. 

Al rang,."nt 'l'h",cl< Il&t 

Si' 

5/2 

5/2r 

. ", 
R R L4' 

5 ,. 

, f 

L' - iJlpollIJ.i1lle lIy LOO(5.L, •• 60 or 50) + 

5 --"iI!lpo9:Ji1U.e slnae qTL(V) $ 0 

5 'l-IiPoallibl ..... inoe qfL(~ 0 5" 
5' - l.mpouible;;jll!Da;e q'1'L~V}.:E 0 
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Case "not S,L,'l".?" (i,'",. the oonf/guration of flgure 1 

. "'\loti" no.« OQ~r} 

;Lr . .thi3 ca,!; ... we hh.'14 'V"l! q by ao"trlC~~on (Il)~ 

'e d.9r:oJ\e •• n$"i~6t V in CQn~ecutl"<lI orJer 

b'1A, ..... ,K.no th8.~'l.'IlOrfeSpon:1;;n.<': 

" If. J 

Ji'~I C I~/H 
.h~ch CIll! be obtrl.ltleol by cyciic ?fmlli.ltatinns ani\. 

reLcction.<\J. 

~-: ~ 5 

q: , 5 

\ U 

q: 
·5 

5 u 

J) \/!C 
E F 

..... 15-'5 

U illlopo"udblil nncr I.i.TL(V) < 0 

bJ t.II.I!I.'('3tL ••• L~5} 

""5-'t 
ij ill!poIIII\b1e "iRce "'l't (V) < 0 

bi O,~"a(5.t,. ,1..5) 

. -..'5-35 

U ia,olleiboh linetl q.TL(V) < 0 

br L •• <5,I.,.,t.,51 

ThiS! t$.n'ishes tbe -proof of the Cl'TL (V11 ) _ Leba. and tintah. tbe proof 

of the qTL(V It ) -1. ..... I 



(10) I'roof ot the )!)Lemma. Ih"n1,CTL·~i~"j.o.tlona (H# 1.,;,.E1)4.'1 •. , ..• 4·l.~~ .. ",.41 

49 •••• ,54.56,65.69.70.72,1)1, •••• 94, r99.111.11:'. 11 ~,t lP'(~ 1',. 1-;1)."~~.,, 121, 1 ~'\, 1'.5, 

1ftYI, 138,141, 145.150,}51, and 152) &1'. to be l'orrarfleu" ~II .l!inf71e confi'l'\lraUoll6 

rather than oonf'ipur,tion-clallilell a~d the corl'ea'polHl1n.: ::;.BitJ\t:l~m:l OC'JUt' aB 

3I,1.b.canflgu.l:'atlana or '1; ... ura.lngs in»Table 4. In 'h~se Cfl.'lf.'f1, .the nutQbo.fs of the 

9-'tsitua"t,iolUll are .rittelt at the corr88pondin,; places in the ,~h!I('k liwt/pp. C 1~11l, 

... , c 1'J~. 

In sevel.",.I other C:rL,.altUAti~ (tNt 5,'J,ioO,1l7"WI55. ~tI 66) 'ldfue v_erje.t. 

w1-th o."!egree"llpeQif'laation ...... a",t be' IIp..,ci-!1.'ed ",ore in dot"'1.J all 1I!~6 .. or IOU It "i 
in ortler to obtain a Q(lnfi/Wl'atiol'l wbieh aotl_ns l10me S·II-J.tuat~on '>!Ill a :1~b. 

confieur"t!on. Theae O!l.lJe9 are aho treatet'ol'l )JP. e. 194 •••• '0 ]'l~! .. here the 

two S-aitua:tloa (one IIf them oorres]lon1!ing to "6" and., the Qth,r to "u ") are 

joined' by IL !frace. 

In oase of CTL#} it h nero.llla')' t~!t"p,,";'f.,. "J' !lOlle outsidtl vertioe. 

"5 ", '~6", or" U ., ill OJ:"ci(ll' to cibta.ill ~omo l~{juirllo1. 1;;;0) t\ll\tl on ~'1 J. nil"b· 

confiprati.oll. Tbis is dOrle in d.tail on f'. C 200. In 0 ••• of~I.iIt AI ~"e "a," 

mWlt be Olpeolf1eu It~." or "6 ... flee P. C 201. 

The r .. a,lblng CTL·situP,tio1'l8 are treated ." codfi~ratlon_ol&".81t on P]l. C 202 

•••• 210 whlJl'e the para •• t.l' rUse" ., ... er -tole 86\ of L-sltu,tiona .... IIeclfieu tit 

!'able 4. The only :i'-pa!o_eter claaaea are CTL# ..... and ·1f2. In .MI. ot tb. ,. 

par_.ter Ola ..... (H7.,;01;t02,10':~.129,.32) "'the .)'",ttl't.-.: 11 uud in ' .. bl •• 

11\ suoh a •• )' that In{the c16. cl'l.<nt tlata·it 1II\lS~ be- ~iftrUd".orh in ~taiJ 

.. ~ or~\/in order to obtaid""'!Qllf'1l¢l"IIo-!t.i/n. 7biah oontain the r6quir.d S~ 
dtutionlll &II .".WIoonfig'lihd.ol1l!f •• 

Thi. finilib •• the proo! or· .. il:I. ... ~r .. tft F(f,l ~J Jt), u" . 

• 



bery planar map b f(1ft ColQrable 

Part Ili: ra4acibUH, 

Sllppl .. .:n.t: Tb. raduo.n and the 

D~decr ... ed extension" 'Or tile cont1g101r&tiolla 

ot 'U. And soa. r_arlts 

!!!. The illlftI'!Il.on resu.nblh 1.:/ of the ,onfiga.utions or 1L . 

POI; the eonhS'llrll.tion:1 or the un(l.voi(Jable sot 14 • lie pre"'f.ed !n Pa.rt 11 

of tbe paper, we 91tablillh the rCllloring propertietil. 

(:I) If C i9 a oOnn/.~I"at)flnj orU. of !ll.ng 91 ~c n. and oontll.inlng pre.;:t!!e:y 

'\IIert.ices then '~n ~ 14 and n t m!. 28. 

(11) It Cia /I, oonfigll1'4tion ofUthen C:l-9 D-ra(i\olOlble or HI C~red\IICibie 

wi1i.b II. nne eo.Quoer (_ deflned 1n Seot.ion 3 of lart II of' 'the paper). 

(iii) If' C is a oOflf:J.gu.ra'U",n of U. and If G \9 tr. n' .. iltcra&aed. 

ext;ellsion of C wl-n.oh 1a obtained fr.p1I C by.addin...: pN'Jci.e!y one yeries, 

"'el\ (;1 ,J \ I ~lL"-"_~!! ~ t; .loU;!. <.In''',,,.:: tha .fol~0 ... na t", Oaa81l 'Plll.).". 

(ili,a) C, otlntain,s >J. COIl:'l~ratlonl say C;. of1Lso .that the piTlg a;1z. 
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0' C; 111 _t gr~at&· tharo tbe ping 91,.e cOf C1 (;t~m~1 b"~ that.O;-C,) 

(iii.~) C1 lS D ... reduclbltl 0, C_r6du.cib~. with 8. fintt r&ducer 

and if 02 is'ian n-decr~lJ(lQ. .utttnsion of C1 which 1[1 ehtAin.d 

fro .. C1 by ai!..lln[{ precisely one Vflrt9l1:, then C c;of'jt&'lns a 

ooal1l1ll'ation of 1L which itl of no greater rin'K II1z. tiJl&e. 02 

Prov"rty ('!.) is caslly. establish,,'" 'by o('untll1'g. In S"'ctlon (b) <.,f thic 

are e:iven. 

Property (11) 1$ Atablishcd by tQ8 1I11J.chine COl!lrl(.\t/I:tl('r19 uescrlbed in 

Seotion 2 of "art II Of the paper. ror all thOfH~ cOllfigurat.iorul of 1(, IIh1ch Il.:'O 



not D_redll.o1hle andoof rUlg-size n ~ 11 the C_reducers al"'e pl'SIIented i.II 

3~Hon un of' this !Jll.pplolllent. 

Property (Hi.) is 8etablbned hl Sectioll (y) of thi& s91e .. nt. 

For al..1. but 55 eol'lt'igure:t:ions otlL. Cue:(iii.a} 1I.1Ip11" for every Il-dear .... d 

extension C1 whia!:!. is abtained by addinl5 pretia ely o~. vert8%.. Por each contip.r-

31'.ion C th€! number of "flr",t geneY'a1;ion" n_aecl:'B.Il.ged Q%"tensiollll (~.e •• n-

deoreased e:z:tonoions whleh are obtained 0.1 aCHng precisely one vertllx to C) 1a 

equal to the nUllo"r of '.legger Quttlr S<!Iotors of C (o. 1_1egger- vertu of C 11 .. 

at precisely one 1-1eg~r QutI'Jr sector, but a.n artieuiadon .ertu: of C liel, .1'. 

19. 

I"reoi",ely two J-leg;:r,er outer sectors, the vertu: to be aad,,<1 to C III order to obtain 

an n-JeerailSe" dXtension.llll~ t have at loast three neighbors in eo IUJd thua IIwtt 

be Ii V01'tn on "the ':'in., about C .. hlCh III acijaoo;mt to ~t lea3-t ana 1_1egger or 

artlcu.lat::"On vertex of C, lIee Sl!'ctlon .$ of ?lU't II of the paper and in particular, 

i"lgu.r~ A) ':'h~e numb'H' 19 between <':era ana. five fO!\'.,1!.~l conf'igu.n.tions in lL, 
For ell-cn {\"irs"': ~er,(lratlon) n-,iacra1!.sad exten1lion C1 we .,,-va i.n Section (ll the 

I'!.umbar of the cc!lfiljlu,,,tlon C~ oflt whufh i,& contaln.". In C1 (and of no greater 

~ng_31"e than CI ), 'rile '55 01""03 in which ~uch 11 configuJ:'atioJl c; dODit not exist 

liltj oU.!,l1-<.1ltlill,1 >1l'a.", 1n .. 11 lout '\.', u1: !oh9lJa ca,..a, the D-l'.dUi.ibili~,.f C1 

t.ol:ows illuiHHliately f'rom the ,",orollar:;, to Lelillla I (aee Sechon 3 of Part II ot 

the pa-polr), I'll. tae 1'9 1'Glfltllning case!'l~ .. ma<Jhine compuU.tlOn :foJ:' C, has .been 

car-ned D'ut, in tha"e c.asell '"' t.ave biyenC, the sa.ae nUliber alii C (th. con!igarat1oD 

of .h;.ch it i8 a.n extensl0n), 

th""B oonfi ,u",,-hons a.re l)..roducible. For the three lJ-'irredl.l\::ible conflgllrl;\i01l8, 

22-7_, 2'J-2., d(I 5'-~1" the C-redJ.Ieel"'8 aJ:'e presented at the lind of the table 

in 5oletil:in (Ii-) of this 8l.lppleaent, )( ... reove" itl all 55 callell the :first geneJ:'ation 

n_deen:!o!I.:te..t enan.ion9 of C1 (wttich aJ:'e "secon ... generation" n_decreased e.rtensiona 

of C) are taken care of by gi vl.ng the n\llIlbers of sub_o(1l'l:figuJ:'atio811 ot'U • 

Note that it 18 practieally .uch 1II0J:'e oan-.n.ien'\ to ef"fllSl1ah PJ:'Opertl (111) 

than it 1I'OlUd be to fjxplioi~elyteons1det- .. lit n_deorea.ed extenelone (ot 



&l"b:1.ira.rU,. high reneration} of all conrigu.ratioll8 of U . 
How w. olaim the follo.iag, 

Ilmel"9ion reduc~bllity IJf the conficrations wI .. AII« Clot1.l!leqUance of 

Propertie, (1), (li), and (iii) abo.,,, aJ'ld of the Tb.eor~ pruved in Section :3 

of Part 11 of the paper, no configuration of'lL Can bO!! i .. e~all!d ir:.to It. alnillal 

flve-ehrOIl8.t!c .p1anar tda.ngulation. 

PJ:'oof'. 1e need the following. 

Corolla.rt to the Theorem (po 49B of ':he paperl. Let C be a e':ltl!'ig'J.l"ation 

.luc:h conta..ulS preclsely 111. vertic8e a.nd is of ring_lIize 1'1 80 that n ~ 14 and. 
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n+IIS 28, a.nd let C(l} ••••• C(p) b .. all n_d.ecrel.sed ~ten9:r,ns of C. SUPPO!lO tbat 

(a.) C lS D_:-oduclhle or b C.re:!uclble rlta'(l. fl1'l9 reJuc'lr, and thAt 

(b) none of: C(1)'" .,C(p) can be llC1!"n"c;ej :nto f'. IIlln~m8.1 flve_chrollll)t;.c 

tnanguln.tlon. 

'!'hen C cannot bo lDU!tersell lnto a mlnimal !'ive_chru:DlI.tlc tnahgulCltion. 

glvell on PP. <J'le to 5u; of tne paper) by 'le''lhnl':"' '\J:'al'r'l.DtH! \ 1) .. n'i (.>I) and 

all re ~'crences to th.., inLiuctlGR hypothe3)"fJ (:»). (NOlte ~Il.at the nypothe:llS of 

the co!:"ollary ~s stronger than th'<'! hyp~tne::Ji:J (): "'he thEmrell "n<1 t:lU~ ,1:0 

indaction on n is neces,n'-YI otherwise tho fl"ooi' rell'lalf"tJ Ye~bal~y tnO! 1'1!1.rao.! 

tl'iOOIi ;'.ll:'tlt genllrat.:ion n_dec!"9as9u Ilxten:n,ona of confl. ... -url>tl(!Il9 (,r't,( f"r ... bicb 

Case (il "i.b) (~. \'11') applies. We pt""ve by n·,uetiun on r. t..<."t 1!' C 13 a oor,

flr;u,ration ofU*Of rinl-·Rize n then C C8..!lfiO~ be HI"",r!!",! 'nt( a '1l1n:"'II.J .fivc,. 

chromatIc tri<lT,gulation. 

Note that bocaas€t of ProoIH'he~ (1) lllhl (:l.li), ,all conf1. urat.,(·ns c 'U.* 

if n. 6 then C ful:fll1S the hypothesIS ~f the abovo l:~llll.ry 'ltlQ cannot be 



l!lllllal"seU Into It lIlinl:lIIal flve_cbrollll.tl.C tn_8.l'lgulatio;,n. 

i'rolll no. on .~ 1I.!lIWJle n > 6 and .e assume by induet!oll that l'l<:> C'mlf'lte.ration 

of U. ... hOS8 ring-sl.ze ia 9s&ller than n can be ilUlersea into a ainima.l tr..-
chl"QJI!a.tic tria.ngulation. It remalfllll to prove tbat C <:&nnot be l"er3'ed intll ... 

l\Iinllll.al"";ofi ve~chl:'olll& t tc t ril\.fl~l a toion. 

fa cIenm that no n-deoreaaed el:tenSl(.n of C can be lmlllf.r3e1 into a .iniDal 

:'ive_chrowahc tdanP,"-llahon. For if C,.i3 an n_decrett.sed ext.ruion ot C then 

toere 1S a_fIrst ~eneratlon n_oecl'eager;l e1teneion, say elf oI C !llIch that eitner 
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C" - C, or C". is an n_dec~eatled eJ[tentlion of C1 " :n eViJrl CIIS8 there l.!I ILn immersion 

f1:cl-te~ (-"hlen l"$fJpect9 the c:eg1"e,,"specific.tiotuJ). _'l because of Propeny (11l), 

C1 contain, a oonfl!~rl1ticm, say C'. of lL ,.hoee rin."';~slze is 8!1.1lI11el' tbm 11, i.e., 

-'-In!JiOC'),-on C' :C' ..... c,: l~"" i111;>"c~o that there 1.5 an "::l::Jerllicr. f.:G" - 6. 

of CIt into a planar t.rIangulation ~ ("hiklh ':'espeetl'l the aegree~speaifie&tioM). Theil 

iL=,r:llon uf C' :..r.to to (which :'espeats the 

~"",,,,;~l;;'.;,.n. :::hu<; C, ~nll',~~" 1m.,,,,,,'.!:1 Int" !lllllni.al 

!,t>e~"tll'om~tlc l'\afl.'Ui'l.~iGn &3 >\3"er'\,,'(;. '['hus C lu,filh Hypothes1e (..,) of -the 

"bolfe (.'o:'c: 1 "''''y. Ilut. the other hypothe:;es of the corol~ary are fulfilled becll,u. 

o(~ropert.leiJ (1-), (ti), and :rilll. 'rhus C cannot be lllmersed lnte a IImiaal 

!'lve~h::,omatlc ~r1&ngu.la.tlon and -,h .. proof of the illllle:'sion l'<!c'uclbillt:y i8 

f~nl.'lhea •• 



ill The redU08l'S. On the foE owing 15 p&.ges the ;:>eduoers 'l.l"e p!"8sented 

for ::::lJe I::ontlgurationa at 1L "hl.oh are not D.rsLiuc:.ble &lla are of rl.lIg Si.8 

11 or greater. Uec presented are the :reducer:il for the three cc.nh~rat.!.on.s 

2:.2-7*, 29-2*, and 53-31. whiCh do not belong to U but are :·e'!.ulr·'!!~Ol' the 

illllllerlllOIl re<:1ucl-bility of the correepondlng config'J.l''l.~1.n9 22_7, ~9-2. !Lnd 53 

at lL. Fo!" an explanatlon of the Lil!l.p;rama 'Jee p. 50,j of tn,e oape!'. 
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.iJ:l The ~_d"creaaad ex.t6'n31ona c,n the fGllo1l'~ni>; ~O O1a.,89 the first 

goneration n_decrease,;. _tenslons of ~hc- conflr:ul':J.t,ona cfU a.re treated. 

Conl"i,o:uraG10nS of 1L WhiCh ';'0 not have Ml.:; 1_1e'~"'er (Juter 3"lctor"...-.eed not be 

COrl3l(iOrecl. If a oonft'-"H'atlon C "'fU,'._as m"~e than une '-:91o;"e, outell ~e<ltcr 

then it,.. 1-1e';:ll;er ou t.l.- qeC >,(!rs are b'p"t" 1, ~locv" .. ce'" )f' : ... ,. (I'"CI'l.r.!' ~toun I 

the' oonf~~-uratlQn). b""lnn~nl~ 'lfLth th"t 1-1po;.'";or cuce~ J'lctur II't.lch 1:1" 4" tne 

hlghelt po~ut.on in the c!!"a.ln~. tn 1,1".0 'U.-t'l.bc<:!J :f :"0 ,.:)", •. -"," "~t",r !lector J 
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