II. Iteration of Forcing

§0. Introduction

Suppose Vg1 is a generic extension of Vj, for £ = 0,1. Is V5 a generic extension
of V47 In §1 we present the possible answer, in fact if Vp1; = V4[Gy], Gy is a
subset of P generic over Vp, G| is a subset of Q[Go] generic over V1, we can get
V2 by some subset G of P x Q generic over Vp, and there are natural mappings
between the family of possible pairs [Gp, G1] and the family of possible G’s. In
§2 we deal with iterations (P, Q) : £ < @) of length an ordinal .

This seems suitable to deal with proving the consistency of “for every x

there is y such that ...” each Q, producing a y, for some z, € VF=. However
VP is not |J Vi, still if we speak of, say, z € H()) and cf(a) > X and
<o
P, = U P, and P, satisfies the c.c.c. (or less), then no “new” z appear in
i<a

VP, so we can “catch our tail.”

An important point is what we do for limit ordinals 6. We choose Ps =
U P; (direct limit), this is the meaning of FS (finite support iteration). An
;r<rfportant property is (see 2.8): if each Q; satisfies the c.c.c. then so does Ps.

In §3 we present MA (Martin’s axiom) and prove its consistency. The axiom
says inside the universe, for any c.c.c. forcing notion P we can find directed
G C P which are “quite generic”, say not disjoint to Z; for i < ¢* if Z; C P is
dense and i* < 2®°. The proof of its consistency (3.4) is by iterations as in §2 of

c.c.c. forcing notions, the point being the right bookkeeping and the “catching of
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your tail.” We then give some applications; if A; C w (i < A < 2%) are infinite
almost disjoint, S C A then for some f : w — {0,1} flA; =q¢ 14, iff ¢ € S (this
is 3.7), and we can omit “A; C w” (by 3.5). Can we, for (f; € 4i{0,1} :i < \),
A > N find f : “{0,1} such that flA; =4 fi? (we say (A; : ¢ < A) has
uniformization). If the A;’s are like branches of trees and the f; are constant
then yes (by 3.9).

In §4 we continue with this question. If A; C w (i < A) and the A; has
splitting < 2 (if not branches of a tree this mean: if we know the first n members
of A;, there are < 2 possibilities for the nth member) then uniformization fail
(see 4.2 and 4.4). Moreover if MA holds, then (4, : ¢ < A) has a subsequence as
above so the answer is no. Still a positive answer is consistent (see 4.6) where
we fix (A; : ¢ < A) and preserve a strong negation of: for no uncountable S C A,
(A; : i € S) has spliting < 2. For this we demand each Q; to satisfy a strong
version of the c.c.c.

Lastly §5 deals with the existence of mad (=maximal almost disjoint)
families of subsets of w, showing the consistency of the existence.

Also this chapter presents old material. The material is mostly from Solo-
vay, Tennenbaum [ST] (consistency of Souslin hypothesis using FS iteration of
c.c.c. forcing notions) and Martin, Solovay [MS] (on applications of MA), but
note that [ST] use Boolean algebras. But the iteration like here was shortly
later known, and MA was formulated and proved consistent independently by
Martin and Rowbottom.

The material of §4 is from [Sh:98, §4, §1 (mainly 1.1(3), 1.2)] (where we
phrase the iteration theorem more generally). See more (for higher cardinals)
in Mekler and Shelah [MkSh:274].

§1. The Composition of Two Forcing Notions

1.1 Discussion. We shall now ask the following question. Suppose we start
with V, extend it once by means of the forcing notion P to V|G|, where G

is a generic subset of P, then we take a forcing notion @ in V[G] and extend
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V[G] to V[G][H], where H is a subset of Q generic over V[G]; can V[G][H] be
obtained from V' by a single forcing extension? The answer is positive as we

shall now see.

Since Q € V[G], Q does not necessarily belong to V but it has a P-name
@ in V. Since Q is a forcing notion we have, by the Forcing Theorem that
p lFp “Q is a forcing notion (i.e. a partial order)”, for some p € G. We shall,
however, make the stronger assumption, which suffices for all our needs, that

IFp “Q is a forcing notion.” If this stronger assumption would fail to hold we

can define ]
ot — Q ifpeG
~ {0} otherwise
and then IFp “QT is a P-name for Q in V[G]”. To prove that “forcing twice” is

like forcing once we want to define a forcing notion P * Q, i.e. the set and the

order.

1.2 Definition. 1) P* Q = {(p,q) : p € P,q is a canonical P-name of a
potential member of Q, ie., IFp “g € Q”, ¢ a canonical P-name”}.

[What are the canonical names of a potential member of @ and why do
we use this concept? A member of V[G] may have a proper class of names in
V so P * Q would be a proper class if we would not restrict the names to a
certain representative set. What is important is that every member of Q[G] for
every generic subset G of P has a name in this set, e.g., has a canonical name.
By I 5.13 this is true. Also there is a class of P-names ¢ such that: for some
p € P, we have pl-p “q € Q”; again demanding I “g € Q” suffice as for every
P-name go there is a P-name gl such that IFp “gl € Q" and IFp “if go €Q
then go = gl” (why? by I 1.19, definition by cases as we assume Q # 0).]

2) We define on P * Q a (pre) partial order as follows:

(P17g1> < (pz,gz) if p1 < pg (i.e. PEp; <p3)andpylkp “q1 < gqin the
partial order Q”.
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1.3 Claim. If P € V is a forcing notion, IFp “Q is a forcing notion” then P x Q

is a forcing notion.

Proof. First (p,q) < (p,q) since p I-p “q < ¢” because (p,q) € P x Q implies
plkp ‘g€ Q” and since IFp “(Q, <) is a forcing notion”. Now assume (p1,g1) <
(p2,92) < (p3,g3) then, since p3 > p2 > p1 we have p; > p; and p3 IFp
“qr < g2&4q2 < g3”. Since also IFp “(Q, <) is a forcing notion”, clearly
p3 IFp “q1 < ¢3” and so (p1,q1) < (p3,g3). We shall use P * @ as a forcing

notion. O3

1.4 Theorem. This theorem asserts, essentially, that forcing by P x Q is
equivalent to forcing first by P and then by Q[G]
(1) Let Gpsg C P * Q be generic over V then
a. Gp ¥ {peP: (3" (39)(p < p' & (p',q) € Gpsg)} C P is generic over
V. ‘
b. Gp*g/Gp {q[Gp] (3p)[(p,g) € Gpxgl} is a generic subset of Q[Gp)
over V|Gp].
(2) If Gp is a generic subset of P over V and H C Q[Gp] is a generic subset of
Q[Gp] over V[G] then Gpx H %ef {(p,q): (p,q) € PxQ&p e Gp&y[G] €
H} C PxQ is a generic subset of P * Q) over V.

(3) The operations in (1) and (2) are one inverse of the other.

Proof. (1) a. Gp is downward closed by its definition. G p is directed since G PxQ
is. Now let Z be a dense subset of P. Define Zt+ = {(p,g) €EPxQ:pe€ 7}.

We shall see that Z* is a dense subset of P x Q. Let (p, ) € P+ Q, then there
is a pt > p such that p' € Z. Now (pf, q) € PxQ. Also (p',q) > ( ,q) (since
ph IF ‘g < ¢, as IFp “(Q,<) is a forcing notion”). Since (p*,q) € I7 this
shows that 7" is dense. Therefore I* NGp.q # 0, let (p,q) € I NGp.g, then

p € INGp, hence TN Gp # (. As we prove it for every Z, Gp is a generic
subset of P over V.
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(1)b. (i) We want first to prove that Gp.g/Gp is downward closed, so
let Q[Gp] F “¢" < ¢[Gp]” in V[Gp] and assume ¢[Gp] € Gpsg/Gp. Then
by the Forcing Theorem (and I 5.13) there is a canonical name gf such that
¢! = ¢'[Gp], and for some p! € Gp we have p' I ‘' < gand ¢ € Q.
By the “definition by cases” w.l.o.g. IFp “g'f € Q" (we will usually forget to
mention this explicity). As we assume g[Gp] € Gp.g/Gp clearly for some
p € Gp we have (p, q) € GP*Q Since p' € Gp there are p” q such that
(r",q") € Gpsq and p! < p" (by the definition of Gp.) Since G PxQ is directed
there is (p*,¢*) € Gpxq such that (p*,q*) > (p,q), (p",¢"). We claim that
(p*,g*) < (p",¢*). Since (p*,¢*) > (p,q), we have p* IF “g" > ¢". Since

also p* > p” > p! and pf I+ “gf < ¢” we have p* I~ “gT < ¢”, so together
with the previous sentence p* IF “gf < q*”, hence (p*,g*) > (p*,gf). Since
(p*,9%) € Gpugq also (p*,q") € Gp«q and q" = ¢'[Gp] € Gp.q@/Gp. Thus
Gp«q/Gp is downward closed.

To see that G’p*Q/G’p is directed let ¢,q! be in GP*Q/GP. Then q =
q[Gp], ¢d = qT[Gp] for some g, qf such that there are p,p! satisfying (p, 9,
(p',q") € Gpsq- Since Gpuq is directed there is a (p”, ¢") € Gp«g such that
(r",q") = (p,q), (pf,gT). We have p” I+ “g,gT < ¢"” and since p” € Gp we have
g[Gp],gT [Gp] < ¢"[Gp] and obviously ¢"[Gp| € Gp.q/GP-

(ii) Let Z be a dense subset of Q[Gp] in V[Gp], and we shall show that
INGps@/Gp # 0. Clearly T has a P-name Z and for some pyp € Gp we have
po lFp “;Z: is a dense subset of Q.

Let It = {{p,q) € PxQ : plrp “g € T&p > po”}. Since po € Gp
and, as we can replace py by any p’, pop < p’ € Gp, w.lo.g. there is a 90
such that (po,go) € Gp*g. We claim Z7 is dense above (po,go) in PxQ. Let
(pt, gf) > (po, go) and let G' be any generic subset of P such that p! € GT. In
V|[G1] we know that Z[G'] is a dense subset of Q[G'], hence (by I 3.1, I 5.13)

there is a canonical name ¢” of a member of @ such that ¢” [G1] > gf [G] and
¢"|G'] € Z[G']. Let p” € G' be such that p” I-p “¢” € I” and p" IFp “¢" > ¢”
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and (as G' is directed) p” > p!. Then clearly (r",q") > (pT,gT) and (p”,q") €
Z*. So we have proved that Z* is dense in P * Q, hence Z* N Gpig # 0. Let
(p1,q1) €It N Gp.q, then q1[{Gp] € Z[Gp] = I. So really in V[Gp] we have
I N (Gp«q/Gp) is not empty, as required.

(2) (i) To see that Gp x H is downward closed let (p,q) € Gp * H and

(pt, qT) (p,q)- Then p € Gp,p! < p hence also pt € Gp. Now q[Gp] € H and
q'[Gp] < q|Gp] (since p € Gp) hence ¢'[Gp] € H, therefore (',q") € Gpx H;
so we have proved that Gp * H is downward closed.
To see that Gp x H is directed let (p,q), (p" "y € Gp * H. Since p,pt € Gp
there is a p” > p,p' in Gp. Since g[G’p],g*[Gp] € H there is a canonical name
q" of a potential member of Q[Gp] such that ¢"[Gp] > ¢[Gp], q'[Gp] and
q" [Gp] € H. Since Gp is directed we can assume, without loss of generality
that p” IFp “¢" € Q&q" > q&q" > gT”. Thus (p",¢") € PxQ and (p”,¢") >
(p,g), (0", q" )-

(ii) Let Z be a dense open subset of P*xQ. Let Z/Gp = {¢[Gp| : (Ip € Gp)
Kp,g) € Z]}. We shall see that Z/Gp is a dense subset of Q[Gp] in V[Gp]. Let
go € Q[Gp], then for some canonical name go of a member of @ we have
90[GP] = qo, and let pg € Gp, s0 po IFp “go € Q”. Then (po,go) € P * Q. Let
Iy ={peP:p= po& (3¢")[p IFp “gf > go” and (p,q") € I]} € V. We shall
see that Igo is dense in P above pg. Let p; > pg, then (pl,go) € Px Q Since
T is dense in P x Q there is a (pf, g') € T such that (p',¢") > (p1,go). We have
also p! IFp “qt > ¢o” hence pl € Igo, pt > p; and so Igo is dense in P above pq.
Since pg € G~p by I 1.18 there is py such that pg < ps € Gp and p; € Iqo, hence
for some qT we have pg IFp ¢ qT > go” and (pz, ) € Z. Since p; € Gp we have
q'[Gp] > ¢[Gp] = q and ¢'[Gp] € T/Gp (as (p2,4") € 7). So really Z/Gp is a
dense subset of Q[Gp] (in V[Gp]). Since H is a generic subset of Q[Gp] over
V[Gp] we have (Z/Gp)NH # 0, let ¢[Gp] € (Z/Gp)NH. Since q[Gp] € Z/Gp
there is a p € Gp such that (p,q) € Z. Therefore (p,q) € ZN (Gp * H), which
establishes the genericity of Gp x H.

(3) Left to the reader. Uhg
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1.5 Lemma. For every P*@ -name 7 there is a P-name 7* such that for every
generic subset Gp of P, 7*[Gp] is a Q[Gp]-name in V[Gp] and for every subset
Gq of Q which is generic over V[Gp] we have (7*[Gp])[Gq| = 7[Gp * Gg]. We

use the notation 7*[{Gp] = 7/Gp.

Proof. By induction on the rank o of the (P x Q)-name 7. Suppose T =
{{pi,gi),7:) + © < do} where (pi,¢;) € P*Q and 1; is a (P * Q)-name of
rank < o. By the induction hypothesis each 7; has a translation 7} to a P-
name such that 77 [Gp] is a Q[G p]-name and 77 [Gp][Gq] = T:(Gp*Gq]. Let g;
be the P-name of (¢;,77) and let 7* = {(p;, gi); % < 4o}; this is clearly suitable.
(See I 1.8). Uis

1.6 Definition. If P < Q (see Definition I 5.3(2)), and G C P is generic over
V, then let Q/G € V[G] be the following forcing notion:

(1) its set of elements is {q € Q : ¢ is compatible in Q with every p € G},

(2) its order is inherited from Q.

Sometimes we write Q/P instead Q/Gp, (so it is a P-name) and if h is a

complete embedding of P into @ (or even to RO(Q)) we write Q/(P, h).

1.7 Lemma. (1) P < PxQ (when P a forcing notion, IFp “Q a forcing notion”
and we identify p € P with (p,0q))

(2) The forcing notions (P * Q) /.P and @ are equivalent (i.e., this is forced by
P). Moreover for any generic G C P, the function f, f((p,q)/~) = q[G]/= (for
(p,q) € PxQ/G, equivalently p € G) is an isomorphism from (P * Q)[G]/=,
onto Q[G]/~ (where = denotes the relation defined in I 5.5).

(3) If P < Q (both forcing notions in V) then Q is equivalent to P x (Q/P).

Oi7

It is not hard to see that
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1.8 The Associative Law Lemma. If P is a forcing notion, I-p “Q a forcing
notion”, IFp.o “R a forcing notion”, then (P * Q) x R, and P * (Q x R) are

equivalent. Ois

§2. Iterated Forcing

2.1 Discussion. We saw already that two successive extensions of V' by forcing
are equivalent to an appropriate single extension. We want to ask now the same
question about an infinite number of extensions by forcing. The need for this
arose in the following case.

By a classical theorem, if a linearly ordered set is dense and complete,
has no first or last member, and has a dense countable subset then it is order-
isomorphic to the real numbers. Souslin raised the question whether one can
replace the last requirement, that there is a dense countable subset, by the
requirement that every set of pairwise disjoint intervals is at most countable.
The statement that these two additional requirements are equivalent is called
Souslin’s hypothesis, and an ordered set which is a counterexample to Souslin’s
hypothesis is called a Souslin’s continuum. Jech and Tennenbaum proved the
independence of Souslin’s hypothesis of the axioms of ZFC by using forcing to
obtain a universe in which there is a Souslin continuum. Later Jensen proved
that in the constructible universe there is a Souslin continuum. To prove the
consistency of Souslin’s hypothesis Solovay and Tennenbaum, [ST] proceeded
as follows: Given V and a Souslin continuum C, one can construct a generic
extension V[G] of V in which C is no more a Souslin continuum by a generic
introduction of an uncountable set of pairwise disjoint intervals in C. In this
case we say that we have “destroyed” C. Using the same method we can go on
destroying more and more Souslin continua. It can be shown that a Souslin’s
continuum has exactly 2%° points, hence there are at most 22" Souslin continua
( up to isomorphism). However, when we destroy one Souslin continuum, new
ones will be created and we must be sure we have destroyed them all. Since

we have infinite time at our disposal this may be possible if we can “catch out
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tail”, but for this we need that in the end no new Souslin continua arise which
look doubtful by the above estimate. However we can show that it is enough to
deal with subsets of Souslin continuum of power R;, so there are only 2%! such
orders. We shall iterate X times, so that in the new universe, 2% = 2% = ) so
if the cofinality of the length of the iteration is > R; we have a chance to catch

our tail.

2.2. Definition. We shall call Q = (Q; : j < a) (or Q = (P;,Qj :j < a)or
Q = (Pi,Qj : j < aand i < a)), for some ordinal a, a system of FS (finite
support) iterated forcing (or FS iteration) if each Q;,j < a is a name, for the
forcing notion P, of a forcing notion (=quasi-order), i.e., IFp, “Qj is a forcing
notion”, where P; for j < a is defined by recursion as the set of all finite

functions f with domain included in j such that for all i € Dom(f) we have
f(2) is a canonical name for the forcing notion P; of a potential member of Q;
and we call P, the direct limit of @ and denote it lim<x,(Q). So i < j < «,
p € Pj = pli € P, and P; C P;. We use freely I 5.13.

This is called iterated forcing with finite support since the functions f we
use in the P;’s are finite functions. The P;’s are sets since we restrict the choice
of the f(i)’s to be canonical names of members of Q;. We can replace “finite
support” by CS (“countable support”) or “< k-support”, see Chapter III.

The partial order on P; for j < a is defined as follows: f < g <> Dom(f) C
Dom(g) & (Vi € Dom(f)) [gli I, “f(i) <g: 9(1)"]

2.2A Fact. In Definition 2.2:

(1) If i < j < a then P; C P; as sets and even as partial orders.

(2) If i < j < a and p € P; then p[i € P;; moreover P; F “pli < p” and if
pli < q € P; then r def qUpI(j \ 7) belong to P; and is the least upper
bound of ¢, p in P; (actually as we are dealing with quasi order we should
say a least upper bound).

(3) fi<j<athenP, < Pjandge P,,pe Pj= PiFq<p«< P, Fq<pli.

(4) If j < a is a limit ordinal then P; = |J P;.
i<j
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(5) The sequence (Q; : j < a) uniquely determines the sequence (P;,Q; : j <
a) and vice versa and similarly for (P;,Q; :j < @, and i < a).

(6) If Q; is a P;-name, such that I- “Q; is a dense subset of Q;” then P| =
{f € P for every j € Dom(f) we have: IFp, “f(j) € Qi"} is a dense
subset of P;. Moreover we can define and prove by induction on i < ¢,
that P/’ = {f € P, : for every j € Dom(f) we have: f(j) is a P;’-canonical
name of a member of Q;} is a dense subset of P; and Q{ is a canonical
P/-name satisfying I-p, “Q; = Q;” and (P}, Q7 : jo < i,j1 < 1) is a FS
iteration.

(6A) Assume Q; is a set of canonical P;-names of member of @; such that
for every Pj-name p for some ¢ € Q; we have IFp, “if p € Q; then

1

f(j) € Q;} is a dense subset of P; and (P/,Q; : i < o, j < a) satisfies (1)

Qi F “p < ¢"". Then P} = {f € P, : for every j € Dom(f) we have

— (4) above.
(7) If X is regular uncountable, @ < A and IFp, “ the density of @; is < \”
then the density of P, is < A.
(8) If for i < @, IFp, “Qi € H(Mi)”, (Ai : i < o) is an increasing sequence of
regulars, 2% < A;;1 and for limit § < a, 26/\1- < Xs, then Q € H()\y).
i<
2.3 Definition. Let (P;,Q; : 1 < a,j < ) be a FS iteration. For 8 < v < «

we define Pg., and if v < a, Ql,ﬁ] I,ﬁ]

by recursion on v as follows: Pg .,
are Pg-names, Pj . is the set of all finite functions f from « \ S such that
for i € Dom(f), f(i) is a canonical Pg-name for a canonical Pg;-name of a

potential member of Qgﬁ | Now if v < a then essentially P, = P * Pg_, (see

2.4(a)) and let QL,B] be Q/Gp, (see Definition 1.6).
The next theorem is given here without proof.
2.4 The General Associativity Theorem.

(a) Py= Pg* Ppgn for 8 <+ < a, where Pg , is a name in the forcing notion

Py for the forcing notion which is Pg. in V[G], where G is a generic
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subset of Pg, and where the Q;’s, 8 < j < o are translated to names for
the forcing notions Pg ;, ~ means that one of the two forcing notions are
isomorphic to a dense subset of the other, so that they represent essentialy
the same forcing notion (see I §5).

(b) Ppg,p+1~ Qp over V[G] where Gy is a generic subset of Pg.

(¢) If (B; : @ <) is an increasing and continuous sequence such that 8y = 0
and By = a, then (Pg, ,,, : i < 7) is an iterated forcing equivalent ( in
the ~ sense) to (Q; : 4 < a). This is, in some sense, a general associative

rule. Osa

2.5 The Definition by Induction Theorem. (One can construct @;’s by
a given recursive recipe.) If F' is a function and « is an ordinal then there
is a unique FS iterated forcing (@; : j < ap) such that for all j < ao,
Q; = F((Q: : i < j)) and either ap = a or else F({Q; : i < ao)) is not
suitable for Qq,, i.e., it is not a name of a forcing notion in the forcing notion
P,,.

Proof. This theorem is an obvious consequence of the standard definition-by-

recursion theorem. I:12.5

2.6 Theorem. If P and Q are as in the definition of PxQ and P and Q satisfy
the c.c.c., where by “Q satisfying the c.c.c.”, we mean IFp “Q satisfies the

c.c.c.”, then P x @ satisfies the c.c.c.

Proof. Let {(pi, i) : © < N1} be a sequence of conditions in P*Q. We claim first
that there is a p € P such that p Ikp “|{i : p; € Gp}| = Ry”, where Gp is the
generic subset of P. Suppose this is not the case, then I-p “|{i : p; € Gp}| =
Ro”. Let B = {¢: (3r € P) [r I+ “sup{i : p; € Gp} = ("]} Since each i for
which p; is defined is a countable ordinal and {i : p; € Gp} is a countable set in
V[Gp] also each ¢ € B is a countable ordinal in V[Gp] and hence in V' (since
P satisfies the c.c.c., by I 3.6 we know NY[GP] = RY). Since P satisfies the c.c.c

again by I 3.6 we know B is countable, so let £ &ef sup(B), we have £ < Nj.
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Obviously pet1 - “€+1 € {i:p; € Gp}” hence pey1 IF “sup{i:p; € Gp} > "
on the other hand we have Ikp “sup{i : p; € Gp} < &”, which is a contradiction.

Hence now we know that for some p € P we have p IFp “{i : p; €
Gp}| = N1”; let Gp be a generic subset of P such that p € Gp. Let A = {i :
p; € Gp}, then the set {¢;[Gp] : i € A} is an uncountable subset of Q[Gp],
in V[Gp] of course. Since Q[Gp] satisfies the c.c.c. there are i,j € A such
that ¢;(Gp] and ¢;[Gp] are compatible, hence there is a ¢[Gp] € Q[Gp] such
that ¢[Gp] > ¢i[Gp],¢;(GPp]. Since p;,p; € Gp and Gp contains conditions
which force ¢ > ¢; and ¢ > g¢;, because Gp is directed there exists a p* € Gp
such that p* > p;,p* > p;, p* > p and p* I “g > _q,-” and p* I+ “g > gj”,
thus (p*,q) € P*Q and (p*,q) > (pi;¢:), (pj,g;) and so (pi,¢:) (pj,q;) are
compatible (in P * Q) Oa g

Within the proof of this theorem we have proved the following:

2.7 Observation. Let P be a forcing notion which satisfies the c.c.c. and let
{pi : i < w1} be a sequence of members of P. Then for some p € P we have
plkp “{i < w1 :p; € Gp}| = Ry”, where Gp denotes the generic subset of P

(in fact for every £ < wy large enough, p = p; satisfies the conclusion). Oy~

2.8 Theorem. If (F;,Q; : i < a) is a system of FS iterated forcing and for
each i < a the forcing Q; satisfies the c.c.c. (ie, IFp, “Q satisfies the c.c.c.”)

then P, satisfies the c.c.c.

Proof. We proceed by induction on a.. For a = 0, Py consists of the null function
only, hence it satisfies, trivially, the c.c.c. If a is a successor let & = 5+ 1 then
by 2.4 we know Py = Pgi1 = Pg * Pgpi1 = Pg* Qp. By the induction
hypothesis Pjg satisfies the c.c.c. and since also @ satisfies the c.c.c., theorem
2.6 establishes that also Pj * Qg satisfies the c.c.c. The relation ~ obviously
preserves the c.c.c. (see I 5.15), hence P, too satisfies the c.c.c.

So assume « is a limit ordinal. Let {p; : i < w1} C P,. Now {Dom(p;) :

i < wy} is an uncountable family of finite subsets of a.
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If cf(a) > Ny then for some £ < a we have UKW1 Dom(p;) C &, so p; € P
for i < w; and we can apply the induction hypothesis.

If cf(a) = Ro, let o = U, o, @n, a@n < a@ny1 < a. So for each i < w;
for some n(i) < w we have Dom(p;) C ;). So for some n(*) < w the set
AY {i < w1 : n(i) = n*} is uncountable. So {p; : i € A} is an uncountable
subset of P, so by the induction hypothesis for some i # j from A, p;, p;

are compatible in P, hence in P, as required.

n(x)

Lastly, assume cf(a) = Ry, so let (a; : ¢ < N;) be a (strictly) increasing
continuous sequence of ordinals with limit a.. Clearly for every i < wy, Dom(p;)
being a finite subset of c is included in a3, for some g(i) < w and is disjoint to
[af(:), ;) for some countable ordinal f(i) < ¢ when 1 is limit ordinal (remember
o is increasing continuous).

So clearly E = {i < N;: i is a limit ordinal and for every j < i we have
g(J) < i} is a club of Ry, and by Fodor lemma for some j(*) the set § = {i <
Ry @ f(i) = j(*)} is stationary and let £ = ;). Now {p;[€ : i € EN S} is
an uncountable subset of P, hence by induction hypothesis there are in it two
compatible numbers p;[¢, p;[€, i.e., there is ¢ € P; such that ¢ > p;[¢, p; ¢,
but then clearly p;,p; are compatible in P,. e.g. ¢|J(p:l[§, o) U(p; ¢, @) is a

common bound. Oas

2.9 Lemma. Assume (P;,Q : i < o) is a FS iteration of c.c.c. forcing notions,
IFp, “|Qs| < A7 (forcing) and A0 = X and |af < .
1) If I-p, “ the set of elements of @; is C V” (for each 1 < a) then |Py| < A.
2) Without this extra assumption, P, has a dense subset of cardinality < A.
3) In (1) if Y C V, |Y| < X then the number of canonical P;-names of

members of Y is < A.

Proof. 1) We prove it by induction on a. For each i < «, by the induction
hypothesis, |P;] < A, by 2.8 the forcing notion P; satisfies the c.c.c. so by I 3.6
there is a set Y; € V of cardinality < A (in V) such that IFp, ¢ every member

of @; belongs to ¥;”. As in I §4 the number of canonical P;-names of members
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of Y; (hence of members of Qi) is at most A. Let Q; be the set of canonical

P;-names of members of Qi- So P, is the set of functions f, with domain a

finite subset of @, and i € Dom(f) = f(i) € Q;. Clearly
IPal <3 lof™ - (sup,| Qi)™ < X.

2) Let fs be a Pg-name for a one to one function for some ordinal (< \) onto
Qp. Now P, = {p € P, : for each § € Dom(p) for some canonical Pg-name 7
of an ordinal, p(8) = f5(1)}.

We prove by induction on « that P, is a dense subset « of cardinality < .

3) Left to the reader. Uz.9

§3. Martin’s Axiom and Few Applications

What is the meaning of MA (Martin’s Axiom, discovered by Martin and Row-
bottom independently). It says that we can find quite generic sets inside our
universe. As we have noted before (see I 1.4 ), if P has no trivial generic subset
(i.e., above any p € P there are two incompatible members of P) then we can-
not find a generic subset of P over V. But we may well find such G C P generic
over some VT C V. So it is plausible that for any family of < x dense subsets
of P there is a directed G C P not disjoint to any of them. How can we build
a model V satisfying such a requirement? We extend and re-extend the uni-
verse, in stage o we extend the universe we have got Va, to V41 = Va[G,] by
forcing by some forcing notion Q4. The hope is that in the end Vy = U,y Va
is as required, as if R € V) is a suitable forcing notion (satisfying the c.c.c.
with elements from V and cardinality < X in our case) and Z; C R a dense
subset for i < ig, then R and (Z; : 4 < ip) belongs to some V;, and for some j,
i < j < A, Q; = R. So the generic object G;11 C Pj;1 will give a generic subset
of Q;|Gj+1N P;] as required: essentially Gj4+1/(Gj+1 N P;); so this construction

is similar in some sense, to the consturction of A-saturated models in model
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theory. Now V) = |J V4 is impossible when V,, = V[G,], G4 C P, is generic
a<A

over V, but HA)"» = |J H(A\)"= is reasonable and is enough.
a<
This is carried out by iterated forcing.

3.1 Definition. Martins’s Axiom for x. MA,. If P is a forcing notion
satisfying the c.c.c. and Z; C P is dense in P for i < k then there is a directed
subset G of P such that for every i < k we have GNZ; # 0.

3.2 Observation. In order to have M A, it suffices to require that the defini-
tion of M A, hold only for forcing notions P such that |P| < &.

Proof. To prove this let P be a forcing notion satisfying the c.c.c. and for i < &
let Z; C P be a dense subset of P. For ¢ < k let f; be a function with domain
P such that for p € P we have f;(p) > p and f;(p) € Z;. Let g be a function
with domain P x P such that for p,q € P if p and ¢ are compatible then
9(p,q) > p,q. Let py be any member of P and let Q be the closure of {po}
under the functions f; for i < k and g (i.e. this is its set of elements, the order
is inherited.) We have |Q| < k. Let us see that Z; N Q is dense in Q. Let p € Q
then fi(p) > p, fi(p) € Z;, and fi(p) € Q since @ is closed under f;. Now
let us prove that @Q satisfies the c.c.c. Let A be an antichain in @; we claim
that A is also an antichain in P and hence |A| < Ng. Let p,q € A be distinct,
then p,q are incompatible in P since if p,q were compatible in P we would
have g(p,q) > p, g, but Q is closed under g hence also g(p,q) € Q and p,q are
compatible also in @, contradicting the assumption that A is an antichain in
Q. By the version of MA,, for |P| < k there is a directed subset G of @ such
that GNZ; N Q # 0 for all i < k. This G is as required. Oz

3.3 Definition. Martin’s Axiom MA. (Vx < 2% )MA,.

MAy, is true since if for ¢ < w the set Z; is a dense subset of P then let us
pick by induction a sequence (p, : n < w) such that p, € I, and pry1 > pn,
then choose G = {pn : n < w}.
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Therefore we have that the CH implies MA. However, usually one means
by MA, MA with the negation of the CH.

3.4 Theorem. If Rg < A = A<? then there is a forcing notion P, |P| = A
which satisfies the c.c.c. and such that IFp “2%0 = )\ & MA”.

Proof. First we shall show that if A\ = A<*, |P| < X and P satisfies the c.c.c.
then I-p “A = A<*". Since P satisfies the c.c.c. and A\ > R, by I 3.6(i) the
ordinal X is an uncountable cardinal also in V[G].

To prove the theorem we shall give a canonical name to every function
from p to A, where p is a cardinal < A. The canonical names (for this context)

will be as follows: such a name has the form

{{Pin, (4,5in)) i < pand n < w}

where j; n < A, pin € P. For each P-name 7, IFp “7 a function from g to \”
choose for each i < u, a maximal antichain {p;, : n < w} C P (possibly with
repetitions) such that p; » IFp “7(i) = j; " for some j; , < A ( this is possible
asZ; = {p:plrp “r(i) = 77 for some j < A} is a dense open subset of P, as P
satisfies the c.c.c.)( if the maximal antichain is finite we can change notation

or use “possibly with repetitions”). Let
1t = {Pin, (i, Jin)) 16 < pym < w}

Then clearly IFp “7f = 7”. So we can consider only canonical 7. What is
their number? For each i < u we choose two w-sequences, one from P and
one from A, so we have < ARo|P[¥; and so the numbers of such names is
< (ARo|PJRo)s < A\# < A<} = \. Hence clearly in VP, A* = X for u < A. Now
we return to the proof.

Let S = (Syu 7 < A p < Apuis a cardinal ) be a partition of A to
disjoint sets each of cardinality A such that i € S, , = i > . We shall define
Q,' by induction such that I-p, “the members of Q, are from V” and |P;| < A.

Assuming we have arrived to a, we know P, satisfies the c.c.c. by 2.8 (we carry
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the definition by 2.5). At stage a all the Qg’s, for B < a, are defined, and
hence P, is defined. Let (<¢ : £ € Sa,,) be a list of the canonical names for
the forcing P, of quasi-orders of y. We shall use below <, in the {-th stage
of the construction but since for £ € S, , we have { > o this does not spoil
the induction. But can we find such a list, i.e. is S,,, large enough? So how
many such canonical names are there? By the induction hypothesis and 2.9,
| Po| < A. A quasi-order on p is a function on p x p into {0,1}, and as we saw
in I 4.2 the number of canonical names in the forcing P, is < A<* = ), since
|Pa < A

Now by the choice of S there are unique 7o < A and p, < X (a cardinal)
such that o € S,_ ... By the demand above this implies a > 7,, hence
(e 0 & € Sy, u.) is already well defined. So in particular <, is a P, -name
of a partial order on ua. As 7o < o we know P,, < P, hence <, is also a
P,-name of partial order on p.

We define now

Qa:

(Bar La) if IFp, “(tta; Sa) satisfies the c.c.c.”
(1,{(1,1)}) otherwise

It is now obvious that IFp, “Qq is a forcing notion, it satisfies the c.c.c. and
its elements are ordinals ” since if this does not hold for (uq, <o) then we have
chosen Q as (1,{(1,1)}) which obviously satisfies the c.c.c. So we have carried
the induction. Therefore P &' P, also satisfies the c.c.c. by 2.8. Our argument
above that |P,| < X works also for a = X hence |P| < A. It is true also that
2% > X since, as we shall see in the next lemma MA, = 2% > 4 and of course
2% <\ so equality holds.

Let G C P (= Py) be generic over V', we should prove V[G] F “MA,” for
a given g < A. Let 4 < A, and let R be a c.c.c. forcing notion in V[G] and let
Z,, for i < p, be dense subsets of R in V[G]. As we saw by 3.2 we can assume
without loss of generality that the set of members of R is u (if |R| < g we can
introduce many “copies” of a single member and setting each of them < than
all others on p). Let Z = {(i,5) : i € Z;} C p x . So for some P-names R, Z,
Z; we have R = RG] and T = Z|G], Z; = Z;[G], w.l.o.g. lFp “R is a quasi order
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on u and Z is a subset of 4 x s and Z; = {5 : (¢,j) € Z} is a dense subset of R”
(we could have add “and R satisfies the c.c.c.” and slightly save later). For each
pair (i,j) € p X p there is a maximal antichain Z; ; in P which determines the
truth value of R |= ¢ < j and a maximal antichain J; ; in P which determines
the membership of (i,7) in Z. Now ({Dom(p) : p € U, ;<,Zij U Ji;} is a
subset of A in V of cardinality < g < A. Now A = A< hence ) is regular (since
XA > ) and therefore v %' sup J{Dom(p) : p € Ui jen ZinjUJij34+1 < A, and
7, Ji,j € Py for i, j < p, and so the P-names R and Z of R and 7 are names
for the forcing notion P,. For the generic subset G of P let G, = {p[y : p € G}.
So G, is a generic subset of P,. This can be shown in any one of the following
two ways. One way is to use the fact that Py ~ P, x P, x (see 2.4) and then
G, is the first component of G C Py * P ) and we have already proved that it
is generic in P,. Another way is to prove directly that G, is a generic subset
of P, using 2.2A. Since in computing R[G] = R and Z[G] =T only G, is used
we have R[G,| = R, Z|G,] =T and

V[G,] E “R is a quasi-order with set of elements & Z; for i < p is dense

in R and R satisfies the c.c.c. ”.

Hence there is a p € G such that pI-p, “R is a quasi-order u & R satisfies the

c.c.c. ”.

Letg*dg{B ifpeaG,

= € [ otherwise

then IFp, “<* is a quasi-order with set of elements u satisfying the c.c.c. ”.
Therefore there is a £ € S, , such that <, = <*. Since £ € S, we know
€ > v hence G¢ 2 G, and since p € G, we have Q¢[G¢] = <¢[G¢] = R.
Pey1 = P+ Q¢ hence G* = G¢41/Gg is a generic subset of Q¢[Ge¢] = R over
V[Ge| (provided that (i, <¢) satisfies the c.c.c. in V[G], but this follows from
V[G] E “R satisfies the c.c.c.”). For i < u we know Z; € V[G,] C V[G¢] and Z;

is dense in Q&[GE] = R hence G*NZ; # 0, and G* is a directed subset of R.

3.4A. Lemma. MA, — p < 2%,

Proof. Assume p > 2%, Let P be the forcing notion of all finite functions

from w into {0,1}, with proper inclusion as the partial order (i.e. the Cohen
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forcing). For each n € “{0,1} let Z, = {p € P : p € n}, and for each n < w
let Z, = {p € P : n € Dom(p)}. Obviously each Z,, and Z, is dense (and open)
and there are 2% < u such sets. By MA,, there is a directed subset G of P
such that GNZ, # 0 for each n € “{0,1} and GNZ, # 0 for each n < w. Since
G is directed g = |JG is a function, since GNZ, # 0 we know n € Dom(g) for
each n < w, hence g € “{0,1}. Now GNZ,; = 0 since for every p € G we know
p € UG = g hence p ¢ I, but this contradicts G N Z; # @ which we get by
MA,. U3.44,3.4

Some Applications of MA+2Re > R;.

3.5 Theorem. Assume MA and let A be a cardinal o < A < 28 and let
(A; : i < A) be a family of infinite pairwise almost disjoint subsets of w (i.e., if
i # j and ,j < A then A; N A; is finite), and let S be a subset of X\. There is
a function f on w into {0,1} such that for all i < X\ we have: f[A; =qe 14, iff
i € S, where 14, is the function on A; with the fixed value 1 and =,. denotes
that two functions have the same values for all elements of their domain except

(possibly) finitely many.

Proof. Let

P = {f: f is a function such that Dom(f) = 4;, U---U 4, Uw for some
i1,...,in € S and a finite w C w and for 1 < £ < n we have f[A;, =g lAi,}-

The partial order on P is inclusion.

Since, for each f € P, f~1[{0}] is finite we can take for each f € P a finite
wy 2 f71[{0}] to play the role of w in the definition of P.

To see that P satisfies the c.c.c. let (f; : ¢ < R;) be a sequence of members
of P. Since all the f[wy belong to the countable set of all finite functions from
w into {0,1} we have i # j, i,j < R; such that f;Jws, = fj[wy,. Obviously
fiU f; is a function and a member of P and above f; and f;, hence f; and f;
are compatible.

We shall specify below A dense subsets of P (called Z,7;,Z, ;). By MA
there is a directed G C P such that ZN G # 0 for each one of the specified
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dense sets Z. Let g = |JG. Since G is directed every two members of G are
compatible and g is a function from a subset of w into {0,1}. We establish now
the following properties of G.

1. Dom(g) = w. For n < w let I} = {f € P : n € Dom(f)}. Now Z} is
dense since for f € P if f ¢ T* then f|J{(n,1)} € Z}. Since GN I} # ( there
is an f € G such that n € Dom(f), hence n € Dom(f) C Dom(g).

2.If i € S then glA; =q¢ 14,. Fori e Slet Z, = {f € P: Dom(f) 2 A;}.
To see that Z; is dense in P let f € P then Dom(f) = A;; U---UA; Uw where
1,---,in € S and w is finite. If ¢ € {iy,...,1,} then f € Z,. If i ¢ {i1,...,in}
then A; N Dom(f) C U;<p<,(4i N Ai,) Jw and each set participating in this
union is finite. It follows immediately now that f U [(4; \ Dom(f)) x {1}] € P
and this member of P obviously is above f and belongs to Z;. Hence we have
now GNI; # 0. Let f € GNZ;, flA; =ae 1a, and since g O f we have
gl Ai =qe 1a,.

3. If i ¢ S then g[A; obtains the value 0 for infinitely many members of
A Let Z,,, = {f € P: (3m € A;) (m > n& f(m) = 0)}. To see that Z,; ,, is
dense let f € P, and let f be as in the definition of P. Since i ¢ S, neccessarily
i ¢ {i1,...,in}, therefore, as we saw above, Dom(f) N A; is finite. Since A4; is
infinite there is an m € A; \ Dom(f) such that m > n. Now f U {(m,0)} € P
hence f U {(m,0)} € Z,; also f < fU {(m,0)}; hence we have shown Z, ; is
dense. Since Z,; N G # 0 there is an f € G such that there is an m € A;
satisfying m > n and f(m) = 0, hence g(m) = 0. Thus g(m) = 0 for arbitrarily
large m € A;. Us.s

3.5A. Conclusion. M A implies 2* = 2%o, Os.54

It is natural to ask

3.6 Question. Under the assumptions of Theorem 3.5, is there an f : w —
{0,1} such that f]A; =q¢ 14, for i € S and f[A; =qc 04, for i ¢ S?

We shall return to this later. Note however
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3.7 Theorem. In Theorem 3.5 we can omit the requirement “A; C w”,

requiring only |A4;| = Ro.

Proof. We let P = {f : f is a function whose domain is A;, U---U A4, and
whose range is C {0,1} where for some n < w we have iy € S,...,i, € S,
F~1[{0}] finite }, ordered by inclusion.

Let p; € P (for i < 1) be X; conditions, Dom(p;) = |J As with u; < A
is finite, so w.lo.g. i # j = u; Nu; = u*. By the deﬁni:iit;li of P, there are
only countably many possible p; | EJ Aq, so w.lo.g. p;l y A, = f for every

acu* acu*

i < Ry. Let w; & p; '[{0}], it is a finite set so w.lo.g. i # j — w; Nw; =

w* & |w;| = £(x). So for each i the cardinality of {j : Dom(p;) Nw; \ w* # 0}
is at most the cardinality of Dom(p;) hence this set is countable, so w.l.o.g.
i < j = Dom(p;) Nw; C w*.

Now if 4 < j and p;, p; are incompatible, then there is z € Dom(f;) N
Dom(f;) such that fi(z) # f;j(x), so 0 € {fi(z), fj(z)} hence x € w; Uwj, in
fact z € (w; \ w*) U (w; \ w*); but by the previous sentence z ¢ w; \ w* so

z € w; \ w*; also z ¢ Dom(f) (as p;/Dom(f) = p;[Dom(f))soze | Aq
aCuj;\u*
hence (w;\w*)N( U Aaq) # 0. Let w; \w* = {x; ¢ : £ < £(x)}; so rephrasing

acu;\u*
if i < j < R; and p;, p; are incompatible then for some a(i,j) € u; \ u* and

£(i,7) < £(*) we have x; g(; jy € Aq(i,j)- Let D be a nonprincipal ultrafilter on
w, so for each j € [w,w;) for some ¢; < £(x) we have {i < w : £(3,j) =£} € D
and as u; is finite, for some a; € u; \ u* we have {i < w : a(i,j) = a;} € D.
The number of possible ¢; is £(x) so for some j(1) # j(2) € [w,w;) we have
21y = £j(2)- Hence

A={i<w:L(4,5(1)) = £jq) =L@ = £(1,7(2)) and

a(i,5(1)) = a1y and (i, 5(2)) = aj(2)}
belongs to D, so A n Aam) i
hence we have o1y = aj(2) and (u;(1) \ u*) N (uj2) \ v*) # @ contradicting the

choice of u*. So P satisfies the c.c.c.

includes {z;¢,,, : % € A} which is infinite,

@;(1)
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Now if i < A, i ¢ S and 4; N (Ues 4;) is infinite, then Ty, & {p €
P : A;Nnp~1({0}) has cardinality > n} is a dense subset of P. Also for each
z € U A; we have J; Qef {p € P:z € Dom(p)} is a dense subset of P. Lastly
for izé/\S we have Z;, = {p € P: A; C Dom(p)} is a dense subset of P.

So there is a directed G C P such that GNZ; , # 0 fori < X, i¢ S,n<w
and GNZ; #Qforie S,and GNJ, # 0 for x € |J A;. Let f* be Ufer

i<A
and f** be the function extending f* with domain |J A; and being constantly
i<\
zeroon |J A;\ | Ai. It is easy to check f** is as required. Os.r
i<A i€S

A partial answer to the Question 3.6 is

3.8 Definition. A sequence (4; : i < A) of infinite pairwise almost disjoint
subset of w is called a treeif for any i, 7 < Aif n € A;NA;, then A;Nn = A;Nn.
An example of a tree of 2% subsets of the set of all finite sequences of 0’s

and 1’s is the set {Ty : f € “2} where Ty = {f[n:n < w}.

3.9 Theorem. Assume MA, let ) be a cardinal such that Ry < A < 280 and let
(A; : i < A) be a family of infinite pairwise almost disjoint subsets of w which
is a tree. Let S C A then there is an f : w — {0,1} such that for all i € S we
have flA; =qe 14, and for all i € A\ S we have flA; =4 04,.

Proof. Let

P ={f: f is a function and for some i;,...,%i, < A and a finite subset w
of w we have Dom(f) = A;,U---UA; Uw,andfor£=1,...,n: flA4;, =ge 1a
ifip € S and flA;, =qe 04, ifip ¢ S}.

The partial order on P is inclusion.

ig

Let us prove now that P satisfies the c.c.c. Let (f; : ¢ < N;) be a sequence
of members of P. For f; let Dom(f;) = Aqgi,1) U -+ U Ag(ing)) U wi, where
a(i,1), a(i,2),... < A Let k; < w be such that k; is a strict upper bound of
w; and for each £, 1 < £ < n(i), A N k; contains a number m such that
fi(m’) = fi(m) for every number m’ € A, ;¢ which is > m. There is such
a k; since each fi[Aq(i¢) has the value 0 almost everywhere or the value 1

almost everywhere. We demand in addition that for 1 < £, m < n(i), £ # m,
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Aoy ki € Aa(iym) N ki and Ag(i ) N Aggi,m) C ki; without loss of generality
we can assume that for all 1 < Ry n(i) is fixed, i.e.,, n(i) = n for i < Vy, k; is
fixed, i.e., k; = k* for ¢ < X; and for 1 < £ < n, the set Ay(; ¢ NE* is fixed (for
each ¢) and f;|k* is fixed and w; is fixed. We shall now prove that for i # j
i,J < X; the conditions f; and f; are compatible. Consider the union f; U f;. If
this union is a function it obviously belongs to P and is above f; and f; (thus
completing the proof of c.c.c.). Suppose it is not a function. Since f;[k* = f;[k*
there is a k > k*(k < w) such that f;(k) # f;(k). Since w; = w; C k* clearly
k ¢ w; = wj, hence for some 1 < £y, £1 < n, k € Ay(iey) and k € Ay(je,)- Let
mg = Max Ag(;,6,) N k™, since kN Ay (i g,) contains a number m such that we
have (Vm/)[m < m' € Ay, fi(m') = fi(m)], clearly fi(mo) = fi(k). Note
bo # €y = Ax(iee) N K" # Aagien) N K" = Ag(je) N k" Since (4; 1 < Ry)
is a tree and k € Aqy(i,e) N Aa(jer), K > k¥, we have £y = £; and therefore
mo = Max(Aq(j,e,) N k*) and, as for i, f;j(k) = f;j(mo). Since mg < k* and
filk* = f;1k* we have f;(mo) = f;j(mo) hence fi(k) = f;(k), contradicting our
choice of k.

Looking at the proof of Theorem 3.5 it is clear how to choose dense subsets
T of P such that if G is a directed subset of P which intersects each one of
them then g = |JG has the following properties: Dom(g) = w, for i € S we
have gl A; =4 14, and for i € A\ S we have g[A; =4 04,. Oz

3.10 Theorem. In 3.9 “A; C w” is not required, provided |4;| < Ro.

Proof. The proof is analogous to the proof of Theorem 3.7. Os.10

§4. The Uniformization Property

Let us present now the setting with which we shall deal with the problem 3.6.

4.1 Definition. Let A = (A4; : i < a) be a sequence of sets (or we use a

family of sets), each of which is (usually countable and always) infinite and h a
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function from J;_, A; to the class of nonzero ordinals. We say that (4, k) has

i<a
the uniformization property if for every family of functions (f; : ¢ < a) such that
fi : A; — Ord and f;(a) < h(a), there is a function f : |J, ., Ai — Ord such
that for each i < o the function f; is almost included in f (i.e., included except
for < |Dom(f;)| members a of Dom( f;); which usually means except for finitely
many a € Dom(f)). We shall denote |J,_, A; with D(A), so Dom(h) = D(4A).

If h is constantly A we may write (4, A) and if A = 2 we may write A. We shall

i<a

say that A is a tree if there is a partial order < on D(A) such that:

a) (D(A), <) is a tree such that for all z € D(A) the set {y : y < z} is a finite
set linearly ordered by <.

b) For each i the set A; is a branch in D(4), i.e., if z € 4; and y < = then
also y € A; and any two members of A; are <-comparable. Since each A;
is infinite and since by clause (a) the tree (D(A), <) is of height < w, each
A; is a maximal branch, i.e., it goes all the way up.

We shall denote (D(A), <) with 7' and T}, will denote the n-th level of T,
that is T, = {z : |[{y : y < x| = n}. For a branch A we denote with (A)},) the

only member of A in the level n, i.e., the only member of ANT,.

4.2 Claim. If A = (A; 1 i < a), @ > w, is a tree in the above sense and

D(A) C “>2 and the tree order is < then A does not have the uniformization

property.

Proof. So let m; € “2 be such that A; = {n;[n: n < w} so (4i)p) = nsIn. Let
us define the function f; on A; as follows. f;(n;[n) = n;(n). The value of f; for
this member of D(A) tells us which way the branch goes at n;[n, right or left,

since
Mil(n+1) =n:" (ni(n))

Assume now that there is a function f uniformizing all f;’s, or even all f;’s for
some uncountable set I C a. For each i € I let n(i) be such that f;(z) = f(z)
for every z € A; of level > n(i). Since I is uncountable there is an n* < w
such that {i € I : n(i) = n*} is uncountable, we denote this set with I;.

Since D(A) has at most 2" members of level n* there is a p € ™ 2 such
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that I, = {i € I; : n;[n* = p} is uncountable; we denote this set with
I,. For all i,j € I, we have n;[n* = p = n;In* and since A; and A; are
branches we have 7;(k) = n;(k) for all k < n*. For ¢ # j such that 4,5 €
I, we know that A; and A; are different branches hence there is a least £
such that 7;(¢) # n;(£), since £ < n* = n(i) = n(j) clearly £ > n* hence
fi(mil€) = f(n:1€) and f;(n;1€) = f(n;1£). By the definition of f; and f; we
have 7:1(¢ + 1) = (m1€)" (1:(0)) = (10)" (Fm10) = (n516)" (f(1518)) (since
7:[£ = n; [£ by the minimality of £) = (n;£) " (n;(£)) = n;[(£+1), contradicting
the choice of /. g0

4.3 Theorem. Assume MA. Suppose A = (A; : i < ) is a family of pairwise
almost disjoint countable sets and A < 2%°. Then (4, R¢) has the uniformization
property provided that:

(x) for every countable A, {i < A: AN A; is infinite } is countable.

Proof. Let f; : A; — w for i < A, and we shall find f, almost extending each

fi- Let P = {f : there are i1,...,i, < A such that Dom(f) = 4;, U--- U A4,

Range(f) C w and f almost extend f; for £ =1,...,n} ordered by inclusion.
It suffices to prove that P satisfies the c.c.c., and proceed as in e.g. 3.5.;

but this is not hard (proof similar to 3.9). 043

4.4 Discussion. Theorem 4.2 asserts that if D(A) is a tree which at each node
branches into at most two branches then A does not have the uniformization
property (the fact that in the theorem D(A) was actually a subset of “2 is
obviously irrelevant). The assumption in the theorem that D(A) is a tree can
be replaced by the following weaker assumption. For each i < a let A; be given

as a sequence of length w enumerating its elements with no repetitions, which

we write as (0,041, --) 50 {a;n : n < w} = A;. The weaker hypothesis is that

A is uncountable and for each sequence (by, .. .,b,—1) of members of D(A) the
set {ain : {@i0,.--,in-1) = (bo,...,bp—1)} has at most two members, i.e., for
all A; given a;0,...,a;,—1 there are at most two possibilities for a;,. (This

assumption obviously holds if D(A) is a tree with branching as above and each
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sequence (a;,0,@;1,-.-) is such that a;n = (4;)[y for all n < w). We shall see
that also under this weaker assumption A does not have the uniformization
property.

Let A be as above. For each i < a let B; = {{@ios.--yain-1) : 1 < w},
B = (B; : i < ). Now B is obviously a tree which at each node branches to
at most two branches, and for ¢ # j we have B; # B; since A; # A;. We can
prove by induction on n that {a;, : i < a} has < 2™ elements, hence U B; is
countable. Let (f; : i < &) where f; : B; — {0,1} be a family of functio;1<sl;vhich
cannot be uniformized, by claim 4.2. We define a family (g; : ¢ < w;) where
gi + A; — {0,1} as follows. Let gi(ain) = fi((@io0,...,ainr)). We shall see that
this family too cannot be uniformized. Suppose g : D(A) — {0,1} uniformizes
this family. Define f on D(B) as follows: f({ai0,--,in-1)) = g(@in-1) if
n > 0 and f(()) can be given any value. We shall see that f is an uniformization
of (fi : i < a). Given i < a we know that for some k < w, for all n > k
we have g;(a;n) = g(ain) hence, by the definitions of g; and f we have
fi({@s0,---yain)) = f((@i0,- .-, ain))-

Let us remark now that the theorem is true also for a tree D(A) which
has a bounded branching at each node (and hence also in the more general
case mentioned above). We shall show it here for the case where D(A) C “>4,
which is sufficiently general to exhibit the proof of the general case. For a
natural number k let dy(k) denote the coefficient of 2¢ in the binary expansion
of k, de(k) € {0,1}. We define now on the branch A; of “>4 two functions
f2 and f} by setting f£((Ai)n) = de((Ai)fn+y), for £ = 0,1. Let f¢ be the
function uniformizing the functions ( ff ti<a)for £=0,1. Let n*,z and I be
such that I C a, [I| > No, (Ai)jn+) = 2z for i € I and ff(n) = f*(n) for n > n*
(as in the proof of the theorem). We get now a contradiction from the fact that
for i,j € Ii # j there is a least level where A; and A; go to their separate ways,
while at each node (from level n* and above ) f° and f! determine completely
the way the branch goes in the next level so A; and A; must go the same way.

We deal here exclusively with trees A and other systems where |D(A)| =
No. In 3.8 we dealt with a different definition of a tree, namely we called a

family w of subsets of w a tree if for all z,y € wif n € xNy thenzNn =yNn.
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In this case let us define <* on w by k <* £ if K < £ and for every A € w
if £ € A then also k € A. It is easily seen that <* is a partial order; the set
{k : k <* n} is linearly ordered by <* which coincides with < on this set and
that each A € w is a branch in the tree (w, <*). Thus a tree in the sense of 3.8
is also a tree in the present sense.

Now let A be a tree as defined here with |[D(A)| = Ry with <* as the
partial order relation of the tree. Identify the members of D(A) with the natural
numbers in such a way that if k <* £ then k < £. Now suppose n € A;NA; and
k <mn, k € A;. Since A; is a branch of the tree we have k <* norn <* k;n <* k
would imply n < k, contradiction; hence k <* n. Since also A; is a branch,
n € Aj and k <* n we get also k € A;. Since this works in both directions we
have A;Nn = A; Nn. Thus a tree in the present sense is isomorphic to a tree

in the sense of Definition 3.8.

4.5 Theorem. Assuming MA+2% > R;. Let A = (4; : i < Ny), 4; =
{ain : n < w} be a set of Ny countably infinite pairwise distinct sets such
that |D(A)| = Ro. Then there is an uncountable subset W C R; which has the
property that for every sequence (bp, ...,bn—1) the set {ain : (ai0,...,8in-1)
= (bo,...,bn—1), and © € W} has at most two members. As a consequence A

does not have the uniformization property, since AW does not have it.

Proof. Remember A; is {a;0,a;,1,...} (with no repetitions). Let

p {w C Ny : w is finite and for all (bo, ...,bn_1) we have
[{an, : i € wand (aio,...,ain-1) = (bo,...,bn-1)}| < 2}

and P is partially ordered by inclusion. By deleting at most Xy members of A

we can make sure that for all i < X; and n < w:

{j < R1:(aj0,---185n-1) = (@i, -, Cin—1)} =Ry

[For every finite sequence (bo, . . .,bn_1) of members of D(A), and there are Ro

such sequences, if 0 < |{j < Ry : (aj0,--.,85n-1) = (bo,---,bn-1)}| < Ro we
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delete all the A;’s with j in this set, so altogether we deleted countably many
sets.]

Let us see now that P satisfies the c.c.c. Let (w; : t < R;) be a sequence
of members of P. Let us write wy as {if,5,...,i},}. Let k(t) be the least
number k such that the sequences (a;: 0,04t 1,-..,0: k—1) for r = 1,... n(¢)
are pairwise distinct. Without loss of generality we can assume that for all
t < N; we have n(t) = n, k(t) = k and for each r = 1,...,n the sequence
(@it 0,41, - -, @it k—1) is fixed for all ¢ < Ry, we shall now see that for s, < R;
we have ws Uw; € P and hence we have ws and w; are compatible. Proving
ws Uwy € P is equivalent to showing that for all sequences (bo, ..., bm—1) we
have [{aim : @ € ws Uw and (ai0,...,0im-1) = (bo,...,bm-1)}] < 2. If
m < k then the initial (m + 1)- tuples (a;0,...,0im—1,8:m) of the A;’s for
i € ws |Jw; are exactly these (m+1) - tuples for i € w, sinceform =1,...,nwe
have (ais 0,---,@is k—1) = (@it 0,---,0:t_k—1), hence {a;m : i € w,(Jw; and
(@i0y- -y 8im=1) = (boy..-,bm—1)} = {aim : 1 € ws and (as0,...,8im-1) =
(bo, .- .,bm—1)}, and the latter set has at most two members since w; € P. If
m > k then since the initial sequences of length k of all A; for i € w; are all
distinct, and the same holds for all i € w; so (bg,...,bm—1) can be an initial
sequence of A; for at most one i € w, and at most one ¢ € w; so that |{i €
wsJwe : (@i05-- -, 8Gim—1) = (boy---,bm—1)}| < 2 hence |{aim : 1 € ws|Jwy,
and (a;0,...,8im-1) = (bo,...,bm—1)}| < 2. So P satisfies the c.c.c.

For € < N; let Z. be the subset of P, Z, = {w € P : (35 > ¢)[j € w]}.
Let us prove that Z, is a dense subset of P. Let w € P and let k be such that
the sequences (@ 0,a;,1,-.-,a;k—1) are all distinct for different i € w. Take a
fixed ¢ € w (the case where w = @ is trivial ). By our assumption there are ¥;
ordinals j such that (ajo,...,a;k-1) = (ai0,-..,a:k—1), hence there is such a
Jj > max(w), . We shall see that wU {j} € P, to prove that we have to show
that for all (by,...,bmn—1)

() Homm 7€ WU} and (ay0, - s Gyme1) = (oy- - bm1)} < 2
If m < k then since the first k¥ members of A; are the first £ members of A;,
where i € w, the left side of (*) remains unchanged if wU {j} is replaced by w

and since the inequality holds for w, as w € P, it holds also for wU{j}. If m > k
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then, since the sequences (a,0,a,1,-..,08yk—1) are all distinct for different
7 € w there is at most one v € w such that (a,0,...,0yn-1) = (bo,...,bm-1),
hence there are at most two v € w U {j} which satisfy this equality and (*)
follows immediately.

By MA there is a directed subset G of P which intersects each Z,. Therefore
W = |G is a cofinal subset of R;. We take now At = (4; : i € W). We
still have to prove that for all (bo,...,bm—1) we have |{a;m : i € W and
(@305 -+, 0im=1) = (bo, ..., bm—-1)}| < 2. Assume that for some (b, ..., bm—1)
this set has three members a;, m, Giy,m, @i5,m Where iy,i2,i3 € W. Since W =
UG and G is directed we have iy,12,i3 € w for some w € G C P. Then we
have |[{aim : ¢ € w and (a;0,...,8i,m-1) = (bo,...,bm-1)}| > 3, contradicting

w € P. Oas

4.6 Theorem. It is consistent that there is a tree A = (4, : @ < w;) such

that |D(A)| = Ry and A has the uniformization property.

4.6 A Remark. We can phrase a condition on forcing notions preserved by F'S
iteration (it depends on an A with the relevant property) and by this prove the

consistency of an axiom; see [Sh:98].

Proof. Let T be a tree with w levels, |T'| = Ro, T, (the n’th level) is finite for
n < w and for all z € T,, we have [{y € Tp41:y > z}| > 27 We shall obtain
a generic extension of V' in which there is a tree A of length X; which has the
uniformization property. We saw above (in 4.4) that if the branching of a tree
at each node is bounded the tree does not have the uniformization property.
Here we shall see that if at level n each node branches to 2" branches the tree
may have the uniformization property. There is a gap here which one should
narrow or even eliminate.

First one introduces R; generic branches of T' by the following set Q¢ of
conditions

Qo = {f : f is a finite function on w; x w such that:

(a,n) € Dom(f) = f(a,n) € Ty,
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(a,n +1) € Dom(f) = (a,n) € Dom(f),
f(a,n) < f(a,n + 1) (when defined)}

The partial order relation on Qo is inclusion. If G is a generic subset of
Qo let F =G, Aq = {F(a,n) : n <w} and A = (A, : @ < w;). Now A
will be the tree which has the uniformization property (it is obvious that for
a # B, o, B <w; we have A, # Ag, since the subset {f € Qo : In[{a, n), (8, n)
€ Dom(f) & f(a,n) # f(B,n)]} of Qo is dense in Qp).

The next step is to carry out an iterated forcing so that at each step a
different system § = (g; : ¢ < w;) where g; : A; — {0,1} gets uniformized.
Eventually we obtain that A has the uniformization property if all appropriate
g’s appear. We shall describe first only a single step of this iterated forcing.
The conditions we use now are the following. Let g be a name of a system
of functions as above in the forcing Qg. We define Q(g) = {h : h is a finite
function from X; to w and for every a, 8 € Dom(h) the functions g, [{z € A4 :
height(z) > h(a)} and ggl{z € Ag : height(z) > h(8)} are compatible }.

The partial order relation on Q(g) is inclusion. This forcing is done over
V[Go], where Gy is a generic subset of Q. Let G be a generic subset of Q(g)
and H = |JG. We can now define the uniformizing function g : ' — {0,1}
as follows. For z € T if x € A, and heigth(z) > H(a) then g(z) = gq(x); if
z belongs to no A, such that H(«) < height(z) we define g(x) arbitrarily. If
x € Aq, height(z) > H(a) and also, 3 # «, x € Ag and height(z) > H(G) then
since G is directed and H = |JG there is an h € G such that a, 3 € Dom(h),
h(a) = H(a) and h(B8) = H(B). Since h € Q(3), h(c), h(B) < height(x) we, by
the definition of Q(g), have go(z) = gg(z), so that g(z) is well defined. It is
obvious from the definition of g that it uniformizes all g,’s for oo < N;.

Let us consider now the set Qg * Q(g) and prove that it satisfies the c.c.c.
Let W be an uncountable subset of Qo * Q(g) and we shall prove that there are
two distinct members which are compatible. Each (p, g) e W C Qo * Q(g) is
first extended as we shall tell. If two of the extended conditions will turn out to
be compatible then the corresponding original conditions are compatible too.

First we extend p to p; which decides exactly the value of ¢ (g is the name
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of a finite subset of w; X w), so we shall now regard ¢ as a finite function
from w; to w and not as a name. Then we extend p; to ps so that the
Dom' (p;) def {a : (3n)[{e,n) € Dom(pz)]} (which is the set of branches on
which p “speaks” ) will include the domain of q. Let u, denote Dom!(p)
i.e., the set of indices of the branches about which p contains information.
For a sufficiently large ¢ < w we can extend p, to ps so that ¢ > |up,],
Dom(ps) = up, x {0,...,c} and p3(i,c) # p3(j,c) for 4,5 € up, such that
i # j (i.e., different i € u,, are indices of branches of A which branch off from
each other at a level up to level ¢), and ¢ > ¢(i) for ¢ € up. (From now on we
shall assume that all the members of W have the properties of (p3 q).

Using the standard technique we can delete members from W so as to
obtain a set W with the following properties. There are a ¢ < w, a finite
subset v C Ny; finite sequences v* = (j¢,...,5%) for a < N; of n different
members such that the sets {jg,...,5%} (which we shall also call v®) are
disjoint from each other for different a’s and are disjoint from v; a function
p with domain v x {0,...,c}, a function p with domain {1,...,n} x {0,...,c},
a partial function ¢ with domain v and a partial function h on {1,...,n}
such that W = {(pa,¢a) : @ < X1} and Dom(p,) = (v U ve) x {0,...,c},
P = Pal® X {0,...,c}), pal(va x {0,...,}) = {{ig,m), p(k,m) : 1 <
k < n} and ¢ < go and g4 \ ¢ = {(j2, h(k)) : 1 < k < n}. The members
o(1,¢),p(2,¢),...,p(n,c) and p(a,c) (for « € V) of T, are pairwise distinct
(by the properties of (p,q) obtained above). Above each one of them there are
at least 2¢° different members of Teq1. Let (te:1 <2< 2”2) be a sequence
of 2¢ different members of T.+1 which are above p(k,c). For o, £ =1,... ,2Cz
let p}, , = pa U{((4R,c + 1),txe) : 1 < k < n}. Notice that for different o’s
the initial parts of the branches with indices j,...,j% were the same, but
this is not the case for the p, ,’s since we introduced different branchings at
level c+ 1. Let p; = pj,for £=1,... ,2°2. Since all the p;’s behave the same
way on v and have otherwise disjoint domains also | J, <e<2e? P; € Qo. Extend

this condition to a condition p* which determines the values of g;a (p(m,k))

foralll§a§2°2,1SmgnandlSkgc.lfwekeepaﬁxedand
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let k,m vary we have here 2¢" functions on a set with at most n x ¢ < 2
members into {0, 1}, hence there must be two different 8 # v, 1 < 8,7 < 2’
such that gjf(p(k, m)) = gjx(p(k,m)) for all 1 < k <n, 1< m < c (they
are Qg-names but we mean the values p* force for them). We claim that
(p*,48 U ¢y) € Qo * Q(g), hence (pg,qs) and (py,qy) are compatible. What
may prevent (p*,qs U ¢,) from being a condition when each of (p*,qg) and
(p*, gy) is (since (pg,qs) and (p,,q,) are conditions and pg < p*, py, < p*
by the choice of p*)? There may be ki, m, k2, such that m > h(k1), m >
h(ka), F(jg,»m) = F(ji,,m) such that g;o (p(k1,m)) # gjp (p(kz,m)) (where
F = U{f : f € Gg,}, see the choice of the A;’s). But by the choice of p*
this can occur only for m < ¢, so we get p(ki,m) = p(kz,m). This is the
case where the corresponding functions g; give different values to the same
member p(ky,m) = p(kg,m) of T and this member is above the place in the
two branches with indices j,fl and j,;’2 where the uniformization is supposed to
occur. By our choice of 8 and v we have 9t (p(k2,m)) = 93z, (p(k2,m)), hence
95t (p(k1,m)) # 9i¢. (p(k2,m)) while p(k1, m) = p(k2, m), but this shows that
(p*,qp) is not a condition in Qg * Q(7), which is a contradiction.

This of course does not yet prove Theorem 4.6. If we want to carry on the
iteration, somehow imitating the scheme of Martin’s axiom, we should do two
things: first isolate some property of (4; : i < w;) in V%0, a property which is
the “reason” why Q(g) is c.c.c. Then we should formulate a property of forcing
notion which would ensure the property of (A4; : i < w) is preserved, at last
we should show by induction on a < w, that the iteration of Q(g) over all
names for candidates has the desired property. Where by candidate we mean a
g={(9::1<wi1),gi: 4 — {0,1}.

Assume T was chosen such that:
(Vm)(3n > m)(Vz € Tp)[|{y € Tnp1 : y > z}| > 2HVET:WsH™)

What we get from the genericity of the R;-branches is:
® for every k < w and distinct A¢ for i < wy,£ < k from A there are n < w,

and pairwise distinct a1,...,ax € T, and w C w; such that:
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(1) a; = (Af)}n for every i € w

(i) i #j € w= (A iy # (A)pmry

(iii) |w| > ZI(]k 2llv<aell — j(aq, ... ax_1) (the i is for notational conve-

nience)

For § = (9o : @ < w1), ga : Ao — {0,1} the forcing notion Q(g) is defined
above, let (Pa,Qq : @ < o*) denote a Finite Support iteration of length a*
such that Qg is as above and for a > 0, Qo = Q(g ) uniformizes a candidate
g where go = (g¢ : € <wy) such that IFp, “g* is aacandidate 7. We prove by
ir?duction on a < a* the following condition.

(¥)o 1 if k < w and p; € P,, Afeﬁfori<w1,€<k,thenVn1 < wdn < w,

n > ny Jdag,...,ax—1 € T 3w C w; such that

(1) a¢ = (A% for £ < k,i € w and ag, = ag, ¢ (Vi € w)(A = A?).

(ii) for i # j € w we have (Af)p,41) # (Af)[nﬂ] or A = AL,

(iii) |w| > i(ag,...,a5-1)

(iv) Jq € P, such that p; < g for each i € w

Note that (%), = P, satisfies the c.c.c. So if we succeed to prove that, the
rest of the proof is like the proof of 3.4. Also note that proving (%), w.l.o.g.
for each i the sequence (Aff : £ < k) is without repetitions. So let us carry the
induction.

Case (1) a = 0 nothing to prove.

Case (2) cf(a) > Rg. Then for some 3 < a we have: ¢ < w; = p; € Pg so
() gives the conclusion.

Case (3) a limit, cf(a) = w.

Let « = |

pi € Pa,,, so for some n we have |{i : n(i) = n}| = R; then (x)q,, gives the

h<w On then for each i < w; there is n(i) < w such that:
conclusion.
Case (4) a limit, cf(a) =Ry soa=J

and continuous; for each i we let h(i) = Min{j : Dom(p;fa;) C a;} this is a

i<w, @i and (o 1 i <wi) is increasing
pressing down function on the set of limit ordinals < wy, so by Fodor’s Lemma
for some iy we have: S def {i : h(3) < a;,} is stationary. W.l.o.g. p; € Pa,,,,

let pj = pilai, so p; € P, - Now for any finite w C wy, if {p} : i € w} has
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an upper bound p* in P;,, then {p; : ¢ € w} has a common upper bound p
in P,: p* U U (pil]evi, ti+1)). Hence by (>|<)o,io (which holds by the induction
hypothesis) 1;:3” can complete the proof of (x)4.

Case (5) a =+ 1.

If o +1 this is clear, so assume 3 > 0. Remember that Q(g ) is the set
of functions f such that : Dom(f) is a finite subset of w; and for g € Dom(f),

f(€) <w and
(¥¢,€ € Dom(£))(¥n) [ £(Q) Sn A f(€) <n

& (AQ)pn) = (Ae)my = 95((A)m) = 90((Ae)pu)|

W.lo.g. for each 1 < w; we have § € Dom(p;), so p;() is (the name of ) a
finite function from w;. W.l.o.g. p;(8) is an actual function, and |Dom(p;(5))| is
constant so let Dom(p;(8)) = {A¢ : k < ¢ < k(0)} (where k comes from the case
of (%) We are trying to prove) w.lo.g. p;(8)(Af) depends on £ only. We apply
(%) to k(0), p;|3 € Pg and Af(i < w1,£ < k(0)); we thus get n, as(¢ < k(0))
wq and qo. Clearly we can find ¢1 € Pg, g0 < ¢q1 such that for each i € wy,
k < £ < k(0) and m < n we have q; IFp, ;‘g,y(m) = ¢;(¢,m)” where Af = A,; of
course ¢;(¢,m) € {0,1}. The number of possible functions is i(a, ..., ak@o)-1)
as |wo| > i(ag, ..., ak(0)—1) so for some ¢, w = {i € wp : ¢; = c} has cardinality
> i(ag, ... ak-1). Now ¢ = g1 U {{B, Uy, Pi(8))} € Po and ¢, ar(€ < k), w
exemplify (*)q. Ose

§5. Maximal Almost Disjoint Families
of Subsets of w

5.0 Definition. By a mad ( maximally almost disjoint) subset of P(w) we
mean an infinite subset F' of P(w) such that for all z,y € F we have |z| = Ry

but |zNy| < o and for every z € P(w) there exists z € F such that [zNz| = No.
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5.1 Claim. There is a mad subset of P(w) of cardinality 2%°.

Proof. Replace w by the set of all nodes of the full binary tree, i.e., with the
set of all finite sequences of 0’s and 1’s. This tree has 2% branches and every

two of them are almost disjoint. Extend the set of all branches to a mad set by

Zorn’s lemma. Os.1

5.2 Observation. No countable subset of P(w) is mad.

Proof. Let (a; : i < w) be a sequence of infinite pairwise almost disjoint subsets

of w. For each i < w we have a; \ U;.;a; = a; \ U, ;a5 N a;, and since each

set a; N a; is finite and a; is infinite there is an z; € a; \ U].Q. aj. For j < i we

have z; € a; while z; ¢ a; hence z; # x;, therefore the set b = {z; : i < w} is

an infinite set. Since for j < i, z; ¢ a; we have bNa; C {zo,...,z;}. Thus the
intersection of b with each a; is finite and therefore {a; : i < w} is not mad.

Us.2

So if the continuum hypothesis holds then there are mad sets of cardinality

2% = R, and of no other cardinality. If the continuum hypothesis does not hold

we are faced with the question whether there are mad sets of cardinalities > N;

but < 2%,

5.3 Theorem. Martin’s axiom implies that every mad set is of cardinality 2%°.

Proof. Let A be an infinite set of infinite pairwise almost disjoint subsets of w,
|A| < 2%, Let P4 = {(a,t) : a is a finite subset of w and ¢ is a finite subset of
A}. For p = (a,t) and q = (b, s) in P4 we define: p < q if: a C b, s Ct and for
each u € t we have bNu = aNu. Now < is easily seen to be a partial order.
The meaning of the condition (a,t) is that the set w which we are constructing
will include a, but for every u € t we will have w N u = a N u, so no additional
members of u will be in w (other than those already in a).

If {(a,t), {(a,s) are in P4 then, obviously, also (a,t|Js) € P4 hence (a,t)
and (a,s) are compatible. Therefore incompatible members of P4 must have

different first components. Since there are only Nq finite subsets of w every
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subset of P4 of pairwise incompatible members must be countable, and the
c.c.c. holds.

For every u € A let Z, = {(a,t) € P4 : u € t}. Now Z, is a dense subset
of P4 since for every (b,s) € P4 we have (b,s U {u}) € Z,. For n < w let
Z, = {(a,t) € P4 : (3k > n)k € a}. Let us prove that 7, is a dense subset of
Py. Let (b,s) € Py4. Since s is finite and A infinite there is a v € A\ 5. Now
vN(Us) =vnU{vNu: u € s} is finite hence v\ |J s is infinite. Let k € v\ s,
k > n, we shall see that (b U {k},s) > (b,s). To prove that let u € s; now
(bU{k})Nu=>bNusince k ¢ |Js hence k ¢ u.

By Martin’s axiom there is a directed subset G of P4 which intersects each
Z, and each Z,,. Let A be the union of the first components of G. Let u € A,
let {(a,s) € Z, NG, then u € s. We shall see that ANu = aNu and hence ANu
is finite. We know (a,s) € G so a C A hence aNu C ANwu; assume that m € A,
then m € b for some (b,t) € G. Since G is directed there is an {(¢,r) € G such
that (c,7) > (a,s), (b,t) so m € b C ¢ but m € u by its choice so m € c¢Nwu.
Since u € s and (¢, r) > (a,s) we have uN ¢ = uNa, hence m € uNa. So we
have proved m € ANu = m € aNu; hence ANu C aNu; so by a previous
sentence A Nu = aNu, hence AN w is finite. A is infinite since for every n we
know G contains a member (a,t) of Z, hence A contains a number > n.

Thus we have constructed an infinite set A which is almost disjoint from

every member of A, and hence A is not mad. Os.3

5.4 Theorem. If V does not satisfy the continuum hypothesis and A is a
cardinal such that R; < A < 280 in V then V can be generically extended by a
c.c.c. extension which preserves also 2% (automatically it still is a cardinal) to

an extension V[G] where there is a mad subset of P(w) of cardinality A.

Proof. We start in V with a sequence (A, : @ < A) of almost disjoint subsets
of w (there is such by claim 5.1). Now we proceed with a system of IS iterated
forcing of length w; as follows. At step a we assume that we have constructed
a sequence (A; : i < A + a) of pairwise almost disjoint subsets of w. We take

F, = {A; :i < A+ o} and we use at this step the forcing notion Pf,, where
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P4 is as in the proof of Theorem 5.3, and we introduce by means of it a new
infinite subset Ay, of w almost disjoint with each member of F,,. (This follows
immediately from the proof of Theorem 5.3.) Since Pg, is a c.c.c. forcing, by
2.8 our iterated forcing is c.c.c. For Pr, we can use, instead of pairs (a,t)
where a is a finite subset of w and t is a finite subset of F,, such pairs where
t is a finite subset of A + o and each i € t stands for the corresponding A;.
Thus each Pr, will consist of elements from V' (while its set of elements is not
necessarily in V), and the cardinality of Pg, is therefore Max(a, A) = \. For
the iterated forcing we can use only standard names in the set P of conditions,
hence |P| = A. Since P is a c.c.c. forcing, standard arguments (as in 3.4) show
that |P(w)|(VIED = [(A)¥e]V < (ARe)VIG] < [(2R0)R0]V = [2%]V| hence in V[G]
we know 280 is the same as in V.

Finally let us prove that {4, : @ < A+ w;} is a mad subset of P(w).
The “almost disjoint” is trivial. Let A C w, A € V[G]. For each n € w let 7,
be a maximal antichain in P of conditions which decide n € A, where A is a

name of A. Since P satisfies the c.c.c. we know |Z,,| = Ro. Let Z = |J

n<w In, SO

|Z| = No. For each g € Z the set Dom(q) is a finite subset of wy, hence there is
an a < w; such that for all ¢ € 7 we have Dom(q) C a. If G, is the component
of G in the iterated forcing up to and not including a, we have A € V[G,].
We shall see that AN Ag is infinite for some 3 < A + o which establishes that
{A; : i < A+ w;} is mad. Moreover, we shall show that if AN Ag is finite for
every 3 < A+ a then AN A, is infinite. This follows from the following lemma,
which ends the proof. Os.4

5.5 Lemma. Let F be a set of pairwise almost disjoint subsets of w, and let
B C w be such that for every finite subset F' of F the set B\ |J F! is infinite.
Let G be a generic subset of Pr over V and let A be the union of the first

components of the members of G, then AN B is infinite.

Proof. For every n let

T, = {{a,t) € Pr: (Im > n)[m € BNal}.
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We shall see that 7, is dense. Let (b,t) € Pr. By our assumption B\ |Jt is
infinite hence it contains an m > n. Now (a U {m},t) € Z,, and since m ¢ |Jt
(au{m},t) < (a,t). Since T, is dense, G contains some (a,t) € Z,,, hence A D a
and so A contains an m € B such that m > n. Since this holds for every n < w

we have A N B is infinite. Os.5

Discussion. We shall prove that essentially all countable forcing notions are
equivalent. If one carries out the proof of the last theorem for the case where
a = N, but one starts with a sequence (A; : ¢ < w) of pairwise almost disjoint
subsets of w then each Pr is a countable forcing and therefore equivalent to the
addition of a Cohen real. Thus the FS iterated addition of X; Cohen reals yields
an extension of V with a mad set of cardinality N;. But the iterated extension
of ®; Cohen reals is the same as the simultaneous addition of X; Cohen reals

(as in the proof of I 3.2).

5.6 Theorem. Every two countable forcing notions where above every condi-

tion there are two incompatible conditions are equivalent.

Proof. Let P be the set of all finite sequences of natural numbers ordered by
proper inclusion and let @@ be a countable forcing as in the theorem. We can
assume that Q has a minimal element (g (or change the proof slightly). We
shall show that P and @ are equivalent by constructing an isomorphism F' from
P onto a dense subset of Q. We shall define F(n), for n € P, by induction on
the length of 7. Let F(()) = 0o, where ¢ is the minimal member of Q. Let
Q = {qn : n < w}. We shall take care to satisfy the following in the definition.

(i) Forevery n € P theset {F(n"(i)) : i < w} is a maximal set of incompatible
members of @) greater than F'(n).
(ii) For every n there is an n € P of length n + 1 such that F'(n) > ¢y.

It is easy to check that this suffice. We assume, as an induction hypothesis,
that {F(n) : £g(n) = n} is pre-dense in P. Since, by clause (i), for every n €

U “w we have {F(n" (i) : i <w} is a maximal set of incompatible members of
£<n
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Q above F(n), the set {F(v) : £g(v) = n} is a maximal antichain of Q. To define
F(n"(i)), for all i < w and 7 € "w, define a set Z; of pairwise incompatible
members of Q above F(n) as follows. If /g(n) = n and F(n) is compatible
with g, let so > F(n),qn (in Q) otherwise let sp > F(n). Let t1,s; be two
incompatible members of ) greater than sy and, by induction, let ¢, 41, s,41 be
two incompatible members of Q greater than s,. Take Z,, = {t, : 1 < n < w},
I, is a set of pairwise incompatible members, and if F(n) is compatible with
gn then each member of 7, is > gn. Let Z; be a maximal set of pairwise
incompatible members above F(n) which includes Z,,. Now I is countable,
since @ is, and we define the F'(n" (i))’s so that {F'(n"(i)) : 1 <w} = Z. Since
(ii) holds {F(n) : n € P} is a dense subset of Q. Os.e

5.7 Discussion. Using the method of Theorem 5.4 we can extend V so that
in the extension for every X such that Ry < X < 2% there is a mad subset of
cardinality A but 2%¢ is preserved. To do this let (Ay : @ < ) be the cardinals
Rp < A < 2% in increasing order. For a < u we construct a mad subset
{A% : i < Ay + w1} of P(w) as follows. {A} : i < Aq} € V is a family of
pairwise almost disjoint subsets of w. We extend V' by iterating u X w; times
and at the step of ordinal u x i + a we add the set AS,; C w as an almost

disjoint set of {A$ : j < Ay + 1} as in the proof 5.5: forcing by P{A;?:j<Aa+i}-





