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Abstract. We prove that the one-dimensional random fields with finite first moment
are isomorphic to Bernoulli schemes.

§ 1. Introduction and Notations

We consider stationary processes defined on a space I of states with
only two elements: I = {0, 1}. A process will thus be a regular probability
measure u defined on the compact space K, = [ I, where Z is the set of

ieZ
the integers and K, is considered with the topology product of the
discrete topologies on the factors I.

The elements of K, will be identified with the subset X C Z.

If ACZ is a finite set and K, is defined in analogy with K, (Z/4
is the complement of A), the process defines a natural measure u, on
K7, 4 and a natural probability distribution f, on the set of subsets of A:

ua(B)= Y u(XUE) VECKg,, (L.1)
XcA
f,X)=pu({Y/YeK, YnA=X}) VXcCA. 12)

Notice that {Y/Ye K, YA =X} can be thought as an atom A(4,X)
of the partition \/ T'P where T is the shift operator (rightwards) on K
ied
and P = (P,, P,) is the two set (generating) partition of K, consisting in
the sets:
A({0},9)={Y/Y e Kz, Yn{0} =0}
A{0}, {0} ={Y/Y €Kz, Yn{0} ={0}}.
Stationarity of the process means that f(X)=f,, (X+s) where
X+s=(x;+8,Xx,+s,...)iff X=(x;,X,,...)and se Z.
If 1 is a process we can define the conditional probabilities f ,(X/Y),
for X C A, 4 finite, Y CZ/A, as the conditional probability for finding
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in K, an element Q such that QA4 =X, knowing that QN (Z/A)=Y:
these conditional probabilities are defined for all X C A and p,-almost
everywhere in Y € Z/A [1].

We shall consider only processes such that f,(X/Y)>0 u,-almost
everywhere.

A Markov field with memory r will be a process of the above type
such that:

f,X/Y)={,(X/YNn3,A) (1.4)

where 0,4 ={s/seZ,s¢ A, distance of s from 04 <r}. Notice that the
requirement f,(X/Y)>0 implies that the process is a mixing Markov
chain.

It can be shown that a Markov field with memory r is uniquely
determined by its conditional distributions [2] (if, as everywhere in this
paper, the time is 1-dimensional).

Furthermore, the f,(X/Y) can be uniquely written [3], in terms of a
shift invariant function @, defined on the non empty subsets of Z, such
that &(S)=0 if diamS >r, as

exp » @ESUT)

ScX

_ 0 +TCY
fA(X/Y) = (normalization) .

U -almost everywhere.
The r.h.s. of (1.5) makes sense for more general @’s : e.g. if @ is a shift
invariant function such that:

o)=Y [#©)<+oo. (1.6)
$3{0}

A stationary process with conditional probabilities given by the r.h.s.
of (1.5) with @ verifying (1.6) is called a Gibbs process with potential @ [2].

The above mentioned results mean that a memory r Markov field
is the same thing as a “finite range” Gibbs’ process.

In view of the well known theorem showing that Markov chains are
isomorphic to Bernoulli schemes [5], it is natural to ask wether a general
Gibbs’ process also shares this property.

In this paper we show that a Gibbs process with a potential such that:

[®]|;= ) |®(S) (diamS)< + o0 1.7)

$>{0}
is isomorphic to a Bernoulli scheme [6]. It is known that, if (1.7) is
" verified, there is one and only one Gibbs’ process with conditional prob-
abilities given by (1.6), [4], and, furthermore, such a system is K-system [4].
We shall actually prove that the process is a weak-Bernoulli shift
and then apply the Friedman-Ornstein isomorphism theorem [S]. The
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weak Bernoulli character of our processes will be proved by showing

that the partitions \/ T'P and \/ T'P with 4, =(1,2,...,m,) and
ieAy ie(A2+n)

A,=(1,2,...,m,) are e-independent for all m;, m, provided n—m,

is large enough. In terms of the notations (1.2), (1.3) and the remarks in

between, this means that there is N, > 0 such that:

Z €4, 0tz +my (X U X3) =14, (Xy) f,+an(X2l<e (1.8)

XiCAy
X2C(A2+n)

for n—m; = N,.

The proof is a generalization of the original proof of Friedman and
Ornstein for Markov shifts and is technically based on the results of
Ruelle [4]. In the next section we give a brief survey of Ruelle’s theorem.
In Section 3 we use the theorem of Section 2 to write (1.8) in a different
form. Section 4 contains the technical part of the paper. In Section 5 we
discuss some open problems.

§ 2. Ruelle’s Theorem

Let @ be a potential verifying (1.7) which is fixed once for all.
Let Z, be the positive integers and let K,, = [] I: as in Section 1
ieZ+
the space K, will be regarded as the family of subsets of Z, and con-
sidered with the product topology.
Let 4(Kz,) be the set of the continuous functions on K, and let
UX/t,Y)= Y &SurtT) where 7,T is a short hand notation for

o $Tcv
T +s. Define on ¥(K,) the transfer operator:
Zf(Y)= ) e VXIuVf(Xur,Y) (2.1)

Xc{1}
(where X can obviously be either @ or {1}).

If u denotes the Gibbs process associated with @ we have:

Theorem 1. There exist, and are unique, a number 1>0, a function

he¥(K;,) and a measure v on K, such that:
i) |A7" 2" £C where C is a suitable n-independent constant.

i) Zh=1h, L*v=42v, v(h)=[h(Y)v(dY)=1.

Furthermore:

iii) if ACZ, and €, denotes the subspace of €(Kz,) consisting in
the fe €(K;,) such that f{(Y)=f(YNA)NYCZ,, thenif A=(1,2,...,m):

v(IA7" 2] < (1 —e™ 2120 y(f])

for all fe € , such that v(f) = _[f(Y) v(dY)=0and for alln=m.
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. _ h(X)
1<____<
iv) C"1< D <C VX YeKg,.

v) lim |[A7'#"1—h|, =0, where { denotes the function which is
identically one.

vi) if feb(K,) and {(Y)=f(YNZ,), VY e K, then (with an obvious
meaning for the symbols) :

u(h= Kf f(Y) p(dY) = Kj f(Y) h(Y) v(dY) = v(fh). 2.2)

An immediate consequence of vi) and of definition (1.2) is the follow-
ing: if y,x is the characteristic function of the atom A(4,X) (ie. if
xax(Y)=1if YnA=Xand y, x(Y)=0 otherwise) and if ACZ, we can
use vi) to write f,(X) as:

LX) = [ xaxMpdY)= [ x,x(Y)h(Y)v@dY) (2.3)

Kz KZ

a formula that will be useful later.

§ 3. A Restatement of (1.8)

Assume that A4, =(1,2,...,m,) and A,=(1,2,...,m,): using (2.3)
we find:

fA. u(A1+n)(X1 uX,)= _[XAI,X,(Y) X<A2+n),x2(Y) h(Y)v(dY) VX;C4;. (3.1)

This formula can be written in a more convenient form in terms of
the transfer operator. Notice first that the definition (2.1) implies:

(&N (Y)= Y e VU=Yf(Qur,Y) YekK,, (3.2
Qc(1,2,...,n)
and similarly:
[ (V) (&*dY)= Y [flQuzY) e U ¥=Vo(dY) (32)
Kz, Qc(1,2,...,n)

for all measures g e 4(K; ).
Therefore, using (3.2) and £*v = Ay, it is easy to see that:

Xz +n), %, (Y) v(@Y)=[A7"L* (3 4, %,y - V] (AY) (33)
hence:

fay 0424 X1 VX2 = [ 240 x Xts 4 mx, DAY
= {24, x, (Y hY) A" L*" 14, x,-n - V) (AY) (34

= [ %42, %,-n(Y) (A7 L7 (14, x, - 1) (Y) v(dY).
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Combining (3.4) with (2.3) and using 2~ ! Zh=h:
Z ‘fAl u(A2+n)(X1 uX,)— fAl(Xl) {4, +n(X2)l

X>CAz+n
< ; § 22, %2 - mDILA™ L (14, %, b — £4,(X1) BT (V) v(dY)
X2CA42+n
= [IA7" L™ ta,.x, — [4,X)) Bl dv= [|A7" L F|dv. (3.5

Where F(Y)= (XAl,X,(Y) - fA,(Xl)) h(Y).
Our main result will follow from the inequality:

flATrm grtmE dy <f, (X,)e(n) (3.6)

where &(n) ——> 0. Formula (3.6) is proven in the next section.

§ 4. Proof of (3.6)
The proof is based on the following estimates:

Lemma 1. The function h has the property:

Ih(Y) = h(YA(1,2, ..., m)| < @l h(Y) 5 (n) (4.1)
where, here and below, n(n)= ), (diamS)|®(S)|.
$5(0)
diamS=n

Proof. Part v) of Theorem 1 allows to write, setting Y, = YN (1,2,...,n)
Ih(Y) =h(Y,)| = lim [(A7*2*1) (Y) - (A7 L 1) (Y,)|

< lim Z”S Z !e_U(Q/T sY) __ e“U(Q/T sYn)'

Toso® Qc(L,....s)

- b DSutsT)

S
<limi Y e V@i _g Ty, (42)
= s> w
Qc(1,...,s)
< lim J~¢ e~ UQsY) elid’llln(n)
= $—* 00
Qc(1,...,s)

= h(Y)el® y(n)
and the lemma is proved.

Lemma 2. Let ny>0. For all n = n, there is a function F,€ €1 5, no
(see iii) Theorem 1 for the symbol € ; 5. . .,/ Suchthat:

a) v(F,)=0, (4.3)
b) There is a C' >0 such that, if 8,=(A"""™ F"*™F)_F,, then:
V([04]) = C'f4,(X1) n(ng) . (4.4)

Proof. Notice first that the definition of F [after (3.5)] together with
ii) in Theorem 1 implies v(F)=0.
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Put Y, =Yn(1,2,...,n,), then adding and substracting appropriate
terms we can write the following straightforward sequence of equalities:
(A2 ™M E)(Y)
= A7) > e V@memM(y %, (Q = L(X)h(QUT, 4, Y)

Qc(1,2,...,n+mjy)

— j—(+my) y e V@mem¥eo (3 ) (Q) —14,(Xy)
Qc(1,2,...,n+my)

: h(QUTn-leY"O)
+i_(n+m1) Z e“U(Q/rn+le)(XA1,Xl(Q)—fAl(Xl))

Qc(1,...,n+my)

: (h(QUTn+m1 Y) - h(QUTn+m1 Yno))

+ - (ntmy) Z (e—U(Q/rMm,Y)_ e_U(Q/tn+m1Yn0))
Qc(1,...,n+my)

(0, x,(Q) = £4, (X)) h(QUT, 1, Yay) -

The first sum in the r.h.s. will be called F, and the sum of the other

two terms will be J,,.
Using Lemma 1 to bound the second sum and iv) Theorem 1 together

with the inequality [used in (4.2)]:
e V@t m¥) _ e =U(@mrm; Yool < e ~U@mrm¥) ell®ll1 yy(p |
to bound the third sum, one finds:
1B.(Y) < el®li(1 + C)n(ng) A~ @ +mw 3 e~ UQ/tm+mY)

Ay x,(Q) — 4, XDIh(Qu T, 41, Y)
hence, using ™! #*y =y and (2.3), we have:
[rdY) 16, =2(1+ C) el (ng) £, (X))

therefore, since, as remarked at the beginning of the proof, v(F, +34,)

[(F +5 ») dv =0 we can modlfyé into 8, =45, — v(5,) and, correspond-
ingly F, into F,=F, +v(5,) and obtain a couple " On verifying the
lemma.

We can now prove the main theorem:
Theorem 2. Given ¢ >0, I n, such that
fla-t@)e+r™F|dv <ef, (X;) n2n, 4.5)
and n, is m,-independent.
Proof. Let n(N) be such that [see (4.4)]: n(n(N))C' < 1/N.
Let k be an arbitrary integer and let:
k

n>2Y n(N+i). (4.6)

i=1
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Then n — n(N + k) > n(N + k); therefore Lemma 2 applies to the function
(A7t TE and gives a function F' €y 5, nn+i) and a rest
o' such that (4.4) holds. Then apply iii) Theorem 1 to the function
(A~12)"™N*k and obtain:

v(llw—m,gmm; FDEV(M~n(N+k)$n(N+k),;t~(n"n(N+k)+m,)gn—n(NJrk)er‘F})

é(l . e—z“@ﬂ,) V('FID + }M—n(NJrk)yn(N*—k)’l v(]ér')
< (1—e 2Py p(p - nNF+my) gon—nN+k)+mi )
+ ((1 _ 3“2“‘1’”1) + ”/‘{”n(N+k)gn(N+k)“) V(IM)

and, using i) Theorem 1 and b) Lemma 2:

C'(C+1—e 2ol
N+k fa (X0

+(1 _e”2|l¢|lx) v([in—n(N+k)+m;$n~n(N+k)+mlFD

and, iterating the procedure we find (for a suitable C" > 0):
k-1 (1 . e~2}!¢|!1)i
(AT MTME) SC, (X)) Y e

(AT T LT =

S N+k—i
(1 — 210k o)
C7 o210l
< (-—-— L1 - e—z"q"“‘)k)fm(xn

and our theorem follows from the arbitrariness of N and k.

§ 5. Conclusion

The reader, familiar with Ref. [4], will have noticed that, technically,
the results follow from the improvement of part of the proof of Proposi-
tion 5 in [4] which is given in our Lemma 2 via Lemma 1 which is
adapted from [7] (Lemma 1).

From a conceptual point of view the proof is nothing else than a
generalization of the original method of Friedman and Ornstein for
proving the Bernoullicity of Markov processes; the key to this generaliza-
tion is furnished by Ruelle’s theory of the transfer matrix and its use for
proving that Gibbs fields are K-systems if their potential verifies (1.7).

If (1.7) is violated the proof of Theorem 1 fails and, actually, one can
construct counterexamples to it [8].

Let us consider only the case in which @ has only “one” and “two”
body components which do not vanish (i.e. assume that &(S)=0 if the
number of points in S is larger than 2). Then & is given (since it is a shift
invariant function) by a constant @(s) and a function @(s, t) = of the form
@(s—t). f p(Is—t)h <0, 20(s)= — }_ o(jt—s|) and if p(|s—t))~

tFs IS_—tII+E
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as |s—t|— oo (so that (1.7) is violated) then it can be shown that the
operator .Z has a degenerate eigenvalue 4, [7].
It would be of great interest to know wether the systems just described
are Bernoulli schemes. We mention just two possibilities:
1) i) for 2&(s)+ Y, ¢(|s— t|) the systems are Bernoulli schemes.
t*s
ii) for 2&(s)= Y ¢(|s—t|) the systems are not always Bernoulli
t*s
schemes (and many possibilities arise if one varies @(s)).

2) the systems are never Bernoulli schemes.

Of course there are other possibilities beyond 1) and 2) above; 1) is
most appealing since it would establish a link between the “phase
transitions” and the isomorphism of the equilibrium state with a B-system
(at least in one dimension). We notice here that under the assumptions of
case 1)i) above it is known that the Gibbs field is unique and, also, a
K-system [9].

A final remark is that the restriction on the space of states I to contain
two elements, set at the beginning of this paper, is clearly unnecessary:
the same results would be true with any finite I. Things are, however,
unclear in the case of more general Is.
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