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Abstract. We construct a C*-algebraic formalism designed to provide a framework for
the characterisation of phase transitions in a class of Ising spin systems: this class is large
enough to include the rectangular lattice models, of arbitrary finite dimensionality, with
nearest neighbour interactions. Using an extension of Onsager’s transfer matrix formalism,
we express properties of a Gibbs state of a system in terms of a contractive linear transforma-
tion, v,, of a certain Hilbert space, the properties of v, being governed by the temperature
as well as the interactions in the system. We obtain conditions on v, under which the system
exhibits a phase transition characterised by (A) a thermodynamical singularity, (B) a change
in symmetry, associated with the G-ergodic decomposition of Gibbs states, (C) a divergence
of a “correlation length” (appropriately defined) at the critical point, and (D) “scaling laws”
in the critical region. Applying our formalism to the rectangular two-dimensional Ising
model with nearest neighbour interactions, we show that its phase transition possesses the
properties (B) and (C), as well as (A).

1. Introduction

The Ising model has for some time played a notable role in the
theory of critical phenomena, due to the fact that it provides a relatively
simple example of a phase transition of the second type which does not
correspond to a mean field theory. In particular, the two-dimensional
version of the model, with nearest neighbour interactions, _#,, has proved
to be exactly solvable in certain respects, and thus has provided a testing-
ground for various general ideas concerning critical phenomena. Specifi-
cally, Onsager [1] has obtained an exact solution for the thermodynami-
cal functions of #,, demonstrating that its specific heat has a singularity
at a well-defined temperature 7, Among the significant extensions of
Onsager’s solution is the treatment by Montroll, Potts and Ward [2] of
the correlations between a pair of spins in _#,, revealing a transition from
short-range order (clustering) to long-range order (non-clustering) on
passing through 7, from above. On a heuristic level, Kadanoff and
collaborators [3] have based a theory of the so-called “scaling laws” on
the behaviour of these correlations in the critical region.
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The object of the present article is to provide a C*-algebraic frame-
work for the characterisation of critical phenomena in a certain class of
Ising spin systems: this class is large enough to include all finite dimen-
sional rectangular lattice models with nearest neighbour interactions.
Our main aim is to obtain conditions under which a given Ising system
exhibits a phase transition characterised by:

(A) asingularity in a thermodynamical potential at a temperature t,;

(B) a spontaneous symmetry change!, associated with a spatially-
ergodic decomposition of the Gibbs state, on passing through 7,;

(C) the divergence of a “correlation length” (suitably defined), as the
temperature 7—1,+0; and

(D) scaling laws in the neighbourhood of z,.

Our investigation is centred on the infinite-volume Gibbs states of
the system. By extending Onsager’s transfer matrix method, we are able
to express properties of such a state in terms of a contractive transforma-
tion, vy, of a certain Hilbert space!®. The properties of v, are determined
by the temperature and by the interactions in the system. Thus, we
obtain conditions on v, i.e. on the temperature and interactions, under
which the system exhibits a phase transition, with properties (A)}-(D).
In the particular case of #,, we show that the transition is characterised
by (B) and (C), as well as (A).

The subject-matter of the article will be presented as follows. In
Section 2, we formulate the C*-algebra of observables, &, for a system
of Ising spins on an assembly of sites, S=T x Z, where Z is the set of
integers and T is an arbitrary countably infinite point set. We define
automorphisms g, G of &7, where g corresponds to spin reversals and G to
the group of space translations along the Z component of T' x Z. We also
define auxilliary C*-algebras %, % generated respectively by Ising and
Pauli spins on the set T.

In Section 3, we specify the interactions between the spins, and then
construct the Gibbs state, ¢, on ., for temperature 7, as a limit of finite
volume Gibbs states.

In Section 4, we employ the transfer matrix formalism to express the
properties of ¢ in terms of those of an associated state ¥ on %. This leads
to a formulation of the G-correlation functions, for ¢, in terms of a semi-
group, {v3|neZ +}, of contractions of a certain subspace, $,, of the

1 A different kind of symmetry change has been formulated by Dobrushin [4], who
has shown that, in certain cases, the state of an Ising spin system can depend on symmetry-
breaking boundary conditions, even in the thermodynamical limit.

a After this manuscript was completed, D. Ruelle kindly drew our attention to a
recent paper by R. A. Minlos and Ja. G. Sinai (Teor. i Matem. Fizika 2, (2), 230-—243 (1970))
in which certain properties of Ising spin system are expressed in terms of a stochastic

operator P,. It may readily be seen that this latter operator is closely related to the one
denoted by v, in the present article.
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GNS space for ¥ (Proposition 4.1). Thus we obtain conditions on v, for
the G-ergodicity, and for spontaneous g-symmetry breakdown of
the state ¢ associated with its G-ergodic decomposition (Propositions
4.2,4.3).

In Section 5, we employ the results of Section 4 to specify conditions
under which the system exhibits a phase transition characterised by (A),
(B) and (C). In particular, we show that ¢, exhibits a transition which
it is characterised by these properties.

In Section 6, we obtain scaling laws for the critical region, on the basis
of the results of Section 4, supplemented by additional assumptions on
the spectral properties of the contraction v,. In Section 7, we summarise
our conclusions.

Throughout the article, we shall use the standard symbols R, R,
Z, Z, and C to denote the real line, the positive reals, the integers, the
non-negative integers and the complex plane respectively. If a,be Z,
we denote by [a, b] the set {n}neZ ;a<n=<b}. If # is a Hilbert space,
we shall denote by Z () the set of all bounded operatorsin . If Eisa
topological space, we shall denote by #(E) the set of all complex-valued
continuous functions on E. If F is a countable set, we denote by 2(F)
(resp. 2,(F)) the class of all (resp. finite) subsets of F.

2. The Observables

Let S, the assembly of sites, be a set T x Z, where T is a countably
infinite point set. Denoting points in T, Z, S by t, n, s = (t, n), respectively,
we define {u"|neZ} to be the group of transformations of § given by

u't,n)=@t,n+n"),VteT;nne”Z. 2.1)

For ne Z and L e 2(S), we define w"L={s|u_,se L}.

Let K be the set {—1,1}, equipped with the discrete topology:
K thus corresponds to the set of possible values of an Ising spin at a site.
For Le 2(S), M € #(T), we define X;, Y, to be the topological powers
KL, K™ respectively. Thus, X; (resp. Y,,) is the spin configuration space
for L (resp. M). It follows from our definitions of these spaces that X,
Y,, are compact (Tychonoff’s theorem) and that

X, . =X.xX, for LLe?S),LAL=0, 22)
YMUM'=YMX YM' fOI‘ M,MIEQ(T),MHMI’——ﬂ, (2.3)
and Xyxn=YY for MeP(T),NeP?Z). 24

Elements of X;, Y,, will be denoted by x;, y,,, respectively. For se L
(resp. t € M), we shall denote the s’th projection of x; (resp. £'th projection
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of y,0) by x, (resp. y,). We shall sometimes denote x,, .y by ¥, and, for
ne N, we shall denote the n’th projection of y3, by y.

We define 7 (resp. #) to be the C*-algebra €(Xs) (resp. €(Yy)),
equipped with the uniform norm. .« is taken to be the algebra of observab-
les for the Ising spin system. For L e 2,(S) (resp. M € 2,(T)), we define
o) (resp. %,,) to be the subalgebra of of (resp. %) whose elements 4
(resp. B) possess the property that, if xg = (x1, X5\1) (resp. yr = (Var> Yr\u1))
then A(xg) (resp. B(yy)) is independent of xg; (resp. yr»)- Hence .o7;,
(resp. %) is isotonic with respect to L (resp. M). Defining oZ,= ) o/

Le24(S)
and B,= |J) @, it follows from the Stone-Weierstrass theorem
Me?(T)
that o, #, are dense in <7, %, respectively.

Definition 2.1. For L € 2,(S), M € 2(T) we define the bijective maps
pL: o —>€(X,) and q,: B, —> € (Y, by the formulae
prA=Ap; Ap(xy) = A(xy, xS\L); VAe sy, x, € Xy, X511, € Xs\1 (2.5)
and
duB = By; By () = B(Yss yT\M); VBeBu Y€ Yars Yrww € Yo - (2.6)
Note. These definitions are unambiguous because of the independence

of A(xy, xg\.) (resp. B(ya, yrag) of Xs\r (r€sp. yr) for A€o/ (resp.
Be %,

Definition 2.2. For M € Z,(T), N € 2,;(Z), we define o,y to be the
subset of .7,y Whose elements A are of the form

A(x)= [] B®(™), @7
neN
where the B™’s e #,,\I,,. We shall denote A4 by [ | B™. Further, we
define /= ) Ayy neN

MeP4(T)
Ne2?;(2)

Note. It follows easily from Definition 2.2 and the Stone-Weierstrass
theorem that, for M e #,(T) and N € Z(Z), Ay is the C*-algebra
generated by &/, and is also the norm closure of the space of finite
complex linear combinations of elements of o7,,5. Hence, </ is the norm
closure of the set of finite complex linear combinations of elements of
o, ie., of serves as a basis set for ..

Definition 2.3. (i) We define G (resp. G ) to be the group (resp. semi-
group) {z,|ne€ Z(resp. Z,)} of automorphisms of &/ given by

(t,4) (x)=A(t,x), VxeX;, neZ
where (thXx)s =%, VxeXg, seS,neZ.

Thus, G corresponds to space translations along the Z-component of S.
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(i) We define ¢ (e Aut./) by the formula
(@A) (x)=A(@'x), VAed, xeX;

where (9'x),= —x,, Vx € Xj, seS.

Thus, @ corresponds to spin reversals. . .

(ili) We define o '={A|Ade o, 04=—A}, and =L nf .

Definition 2.4. (i) We define ®, to be the set of states, p, on o which
are invariant with respect to G, i.e. y =yert,, Vne Z.

(ii) We define &; to be the set of G-ergodic states on <, i.e. &5 is
the set of extremal elements of the convex, w*-compact set 6.

(iii) We define ®, to be the set of states, ¢’, on &/ that are invariant
with respect to g, i.e. P’ =p'og.

Having defined &/ and #, we now introduce another algebra, B,
as follows. For each M € 2,(T), we define #), to be the finite-dimensional
Hilbert space

{1/ €€ (faben= % S0r) g0}

ymeY¥Mm

It follows from this definition and Eq. (2.3) that
Ko =Hu@ Ky ; YM,M' € P(T), MM =0. (2.8)

For M € 2,(T), let % denote the algebra of bounded operators in #,,
equipped with the uniform norm. For M CM'e 2,(T), we identify
B % M) With B®1I,,. w (€ 93 .). Under this identification, 4, is isotonic
with respect to M. We define 93 to be the C*-algebra given by the norm

completion of [ Br(= B ,). It follows from our definitions that %
Me2¢(T)
possesses the local commutivity property:

By, € By,, for M, MyeP(T), with M,AnM,=0. (29)

Definition 2.5. (i) For M € 2(T), we define o, to be the bijective map
of # onto (Y, x Y, given by:

i B=By; BN 0s)= Y Bua:Va) f 0i): V€A yu € Yy (2.10)
ymeY¥m

(i) For te T and r=1,2, 3, we define 6" e%m by

(a{t)at )(yta yt’)__(yt+yt) (ocmotz)(y,, yt) ( t_y;) >

. 1 ,
and (ogy6>) (v, Y1) = 5 L=y (2.11)
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(iii) For M € Z,(T) and r=1,2, 3, we define 6{) by the formula
G0=3 6. 2.12)
teM
Note. It follows from Definition 2.5 that the 6"’s conform to the
algebra of Pauli matrices, i.e.
[6",6¢7]_=0 for t+t; and 213
@M =1; 6W6P=i6?; 6361 =is?; ¢263 =iV, @13)

It also follows from our definitions of # and the 6’s that # is the C*-
algebra generated by {6"|te T;r=1,2,3}.

Definition 2.6. For M € Z,(T), we define 6, to be the imbedding
of &, into %, given by:

(6xB) f) Wa0) = @uB) va) f Ors); VBEBrr, fE€Hu» yuE Yy (214)
We define 6 to be the imbedding of # into % given by

Oy =0m>, YMeZy(T). (2.15)
We shall denote the image of % (resp. 4,,) under & by 8© (resp. ).

3. Interactions and Gibbs States

We shall formulate the properties of the infinite assembly of spins
in terms of those of a sequence of finite sub-assemblies. For this purpose,
we introduce covers ./ (€ 2;(T))and A" (€ Z,(Z)) of T and Z, respectively,
where A" ={[a,b];a,b(>a)e Z}. We assign to each M x N (M e ./,
N € .#")a Hamiltonian H,,y (a real-valued element of €(Y}))) correspond-
ing to the potential energy of a system of spins confined to that region.
It is assumed that H,,y is of the form

HynO) = Y [ + Z}ng(yﬁt?, i), (3.1)

neN
where, for N ={[a, b], (b + 1) is identified with a in the last sum (cyclical
boundary conditions). Clearly, f,,(y%)) corresponds to the energy of
interaction between spins in the “hyperplane” T x {n}, and g,(y{,
Y™ V) represents the interaction between neighbouring hyperplanes. We
shall assume that g,, is of the form

IO ) =~J Y yn (3.2
teM

with J e R, ; and that f,, possesses the following property (P): There
exists a map v:.# —P,(T) such that, if M'e # and v(M')CMe A,
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then f,, may be expressed in the form
Sun) =f\€(1}\l’)(yv(M')) + fﬁ{M’(yM\M') (3.3
where [ €€(yyary) and fﬁ{M €C(Vanur) -

Physically, v(M’) corresponds to the union of M’ with the maximal
subset of T\M’ whose spins are coupled to those in M’. Thus, (P) signifies
that the interactions within each hyperplane are of finite range.
The theory will be concerned specifically with the following cases.
Case I. This is #,, the two-dimensional Ising model, with nearest
neighbour interactions and toroidal boundary conditions, in the absence
of any external magnetic field. In this case, T =Z, .# is taken to be
{la,b'];d,b'(>a)e Z}, and f,, is given by the formula
Suly) == Z YeVe+1 34
teM
where J'e R, and, for M =[da, b'], (b’ + 1) is identified with a'.
Case I1. In this case, T is an arbitrary, countably infinite point set,
M =2P:(T), and f,, corresponds to interactions between finite groups
of spins in M. Specifically, there exists a positive integer p, and, for
pe[1,po], a non-negative function J® on T? such that

=~ X% Y Pt t) Yy Yy (3.5)
pell,po] ty,---, tpeM
Further, the functions J® are stipulated to accord with property (P):
ie., given pe[1, po] and t € T, there exists at most a finite set of points ¢/,
in T, such that {z,#'} C a set {t,,...,t,} for which J®(t,,...,t,) +0.

Case II'. This corresponds to Case II, with the restriction that
J® =0 when p is odd.

Note. 11 includes the cases of rectangular Ising models of arbitrary
finite dimensionality d (i.e. T = Z~ ') with finite range interactions in each
hyperplane T x {n}, in the presence of an external magnetic field (re-
presented by J).

Note. The Case II' corresponds to the restriction of II to cases where
H,,y is invariant under spin reversals (y,,— — y,s), and thus where there
is no external magnetic field.

Definition 3.1. For M € M, N € &, we define the Gibbs state ¢,,y, on
Ay xn, corresponding to the inverse temperature f§, by the formulae

¢MN(A) = EMN(A)/ Eyvn(I ) (3.6
with Exy(A)= . Asexn(8) expl = BHn(30] (3.7)

and Ay xN=DPuxn4. (3.8)
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The following lemma, concerning the properties of ¢,y in the
thermodynamical limit, will be derived in Appendix 1 from standard
properties of the Ising model.

Lemma 3.1. (i) In both cases (1) and (II), there exists a unique state ¢
on o, such that

¢(A)=/%—A}im JV—Iéim dun(4), VAed, (39
where M — 1
M-
increasing sequence of elements of M (resp. N°) whose union covers
T (resp. Z).

We shall refer to ¢ as the Gibbs state corresponding to the inverse
temperature f3.

(i) ¢ € 6g.
(ii)) In Cases (I) and (IT'), p € 6,

Definition 3.2. (i) We define u to be the (unique) measure? on &g
induced by the G-ergodic decomposition of ¢, i.e.

b= | dudute). (3.10)

(i) We say that ¢ undergoes a g-symmetry breakdown associated
with its G-ergodic decomposition if ¢ € ®, and u(6c\6,) +0.

Definition 3.3. (i) We define F : o x o x Z— C by the formula
FA,A:n)=¢(A't,A); VA, Ae A, neZ. (3.11)
(ii) We define F,: o/ x o/ - C to be the ergodic mean? of F, i..

im (resp.,/V —]3im)refers to the limit with respect to any
- 0

1 m
F(A', A)= lim P Y F(A,A;n); VA, Aesd. (3.12)
m= n=1
(ii)) we define F': o x o/ x Z— C by the formula
F'(A', A;n)=F(A', A;n)— F (A, A;VA, Ae d,neZ. (3.13)

Note. Since ./ is Abelian, it follows from Lemma 3.1 (ii) and Definition
3.3 (i) that F(4', A;n)=F(4, A’; —n), and thus F is determined by its
restriction to o/ x o/ x Z . Consequently, since </ is a basis set in o,
it follows that F is determined by its restriction to &/ x & x Z . Likewise

2 The uniqueness of the G-ergodic decomposition in the present case follows easily
from the general treatment of G-Abelian groups, by Lanford and Ruelle [5].

3 The existence of this mean follows easily from the application of Riesz’s ergodic
theorem (Ref. [8], p. 407) to the unitary representation of Z induced by G in the GNS space
for ¢.

23 Commun. math. Phys., Vol. 24
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F', F, are determined by their restrictions to AXAXZL,, dxd,
respectively.

Note. Since the elements of &; are weakly G-clustering, it follows from
Definitions 3.2 (ii), 3.3 (iii) that

F (A, A)= [ du(@) ¢(4) ¢, (A), VA, AeoL; (3.14)
éc

and
F(A, A;n)= [ du(@)[dp(4'1,4) — p(A)D(A);VA, Acstine Z . (3.15)
.fe}

Since the integrand in (3.15) corresponds to the G-correlation function
for the ergodic state ¢,, we shall refer to F’ for the p-correlation function
for ¢.

Lemma 3.2. If F, does not vanish on o7 x o7, and if ¢ € ® , then ¢
undergoes a @-symmetry breakdown associated with its G-ergodic de-
composition.

Proof. Assume that F, does not vanish on &™) x o/("). Then it
follows from Eq. (3.14) that 34, A € o/7) such that | du(x) ¢,(A)P,(A4)
(L]

+ 0. Hence, ¢, (-, cannot vanish a.e. on suppu; and consequently, by
Definitions 2.3 (iii), 2.4 (iii), ¢, cannot belong to &, a.e. on supp u. There-
fore, u(6\®,) +0, which proves the lemma. Q.E.D.

4, The Transfer Matrix Formalism

In this Section, we present a formalism which enables us to express
the G-correlation functions for the state ¢ in terms of a one-parameter
semi-group of contractions of a certain Hilbert space (Propositions 4.1,
4.2),

Definition 4.1. Corresponding to the above formulation of H,y we
define V), € (Y, x Y,,) (for M € .#) by the formula

VitOres Vir) = €xp(— 3B fr(yas)) exp (— BJ zMy,y;)exp(_ 3B fu ) (4.1)

We then define V), (€ %,,) and f,,(e #9) by the formulae

Vie =00 Vg (4.2)

and fu=0ufus (4.3)
i.e., by Definitions 2.5 and 2.6

Vae = Caexp (=3B fu) exp (U5 637) exp (=36 o) @4

where J¥=tanh™!(2e™#) 4.5)
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and C, =(2sinh2J})*"™, where y,, is the number of points in M. In
accordance with a usual terminology, we shall refer to V,, as the transfer
matrix.

Note. It follows from Eq. (4.4) that V,, is a positive selfadjoint bounded,
invertible operator in the finite-dimensional Hilbert space .. Further,
by Eq. (4.1), V3;(¥ar, Yar) in positive and therefore, by Frobenius’s theorem,
the principal (i.e. largest) eigenvalue of V,, is non-degenerate.

Definition 4.2. Let the principal (normalised) eigenvector and eigen-
value of V), be Q,, A, respectively. Then:

(i) We define 4, the normalised transfer matrix, by the formula

By = Vel Ars» (4.6)

and we denote by {E,/(A)} the family of spectral projectors for oy,

(Bu=[MEND).
(i) We define w),: %,,— %, by the formula

wyB=10,Boy (=VyBVy"), VYBe%y. @.7)
(iii) We define ¥,, to be the state on 4%,, given by:
¥, (B)=(Q,, BR,), VBe%,. (4.8)

(iv) We introduce a cover #'(C #)of T such that .4’ —I&im ¥ (B)

exists, VBe #,: such a cover may be constructed by means of the
diagonal process, in view of the fact that 4, is a finite-dimensional
vector space when M € 2,(T). We define ¥ to be the unique* state on %

for which Y(B)=M'— Allim ¥,B), VBe%,. 4.9)

(v) We denote by (9, =, Q) the GNS triple (carrier space, representa-
tion, cyclical vector) corresponding to the state ¥ on %.

Note. Although ¥ may depend on the choice of .#’, this choice will
be irrelevant to our formulation of the properties of ¢ (e.g. in Proposi-
tion 4.1).

Definition 4.3. For M e M, let 1), X, denote the second largest
eigenvalue and the spectral set, respectively, of ,,; and let X(#’)
={Z\|M e .4'}. Then:

(i) We say that the principal eigenvalue of 4,, is .#,-asymptotically
degenerate (resp. non-degenerate)® if .# contains a subcover, .,
of T such that .#, — Alli_r}lw Ay =1 (resp. £1). Note that there might exist

subcovers Ay, Mg of T such that the principal eigenvalue is asymptoti-
cally degenerate with respect to .#; and non-degenerate with respect
to A .
4 That equation (4.9) uniquely defines ¥ follows from the fact that %, is dense in %.
5 The significance of asymptotic degeneracy has been emphasised by Kac (cf. Ref. [6]).

23*
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(i) We say that (') possesses the property Q if, for sufficiently
large M e M', X, is given by Z{P U Z(?) such that:

(a) X C[0, 4], where 4(<1) is independent of M; and

(0) 2@ C [dy, 1], Where 4" — lim dyy =1,

We define 4, to be the infimum of the values of 4 for which X, can
be expressed as such a union.

(i) We say that Z(.#") possesses the property Q if it satisfies Q and
if, in addition, HBI, B,,Jul e@, and ll, Jn€Z 4, n< o0 and, for any
A< Ao, [(Ep(do) — EM(A)) B, %y B, 0% .. B QM|| does not converge to
zero as M(e M')— 0.

Note. Definition 4.3 will not be involved until Section 5. For the
moment we note that it follows® from the Schultz-Mattis-Lieb (SML) [7]
formulation of _#, that, in case (I), X(.#) possesses the property Q except
at the transition temperature; and that the principal eigenvalue of 4,, is
M -asymptotically degenerate (resp. non-degenerate) below (resp. above)
that temperature.

Lemma 4.1. (i) There exists a unique linear map w: Y ,—»g; 5 such
that, given Be # 5, AM,(B) € M.

wyB=wB, YMD>DM,yB). (4.10)
(ii) Y(wB)=¥(B), VBe4%,. (4.11)
Proof. (i) Let Be 4%, ie. Be %, for some M’ e./. Then in view

of property (P), Definition 2.5 and Eq. (4.3), f), may be expressed in the
forms 2 A1)

fM—fV(M)+fM\M 4.12)
= [ Rarn+ 8o (4.12)
Wl fi’%f)‘l) i'(8\4’) ’ %M e‘%M\M )

fv(v(M'))e ’@v(zzv(M’)) and fM\v{M’)e ggg{v(M’)'
Further, it follows from Eq. (2.12) that

Gﬁ)—O'M\ (M)+0V(M) (4.13)

Since the algebra % is Abelian (being isomorphic with %), and since %
possesses the local commutativity property (Eq. (2.9)), it follows from
Egs. (4.4), (4.7), (4.12), (4.12) and (4.13) that

wyB=0BO 1, Y M >v(yv(M")), (4.14)
with Q=CXP( 2va(v<M y) €xp(—J§ ‘79&4 ) €xp(—3 ﬁf(v(M)) (4.15)

© One can infer from SML that #, possesses the property 0, except at f=f,, by
considering the case where n=1 and B,(yy) = y,. For, using the technique employed in the
last part of our proof of Lemma 3.1, it follows easily that, in this case.

M- b]{im [(Er(4) — Eag(R) By Bpgll 0 for A< 4y



Phase Transitions 321

Therefore, since Q is independent of M, the required result follows
directly from Eq. (4.15).

(ii) It follows from (i), together with Definition 4.2 (ii), (iii) that, for
M D My (B), ¥y (wB)= ¥y (wyB)=¥y(B). Hence, by Eq. (49), ¥(wB)
=¥(B). Q.E.D.

Lemma 4.2. (i) There exists a positive self-adjoint contraction, 0,
of 9, uniquely defined by the formula

va(B)Q=n(wB)Q, VBed%,. (4.16)
(i) 1Q=0. 4.17)
Proof. (i) Let v, : (B ;) Q— $ be defined by:
vln(ﬁ) Q=n(wB)Q, VBe .9?, .
Hence, by Definition 4.2 (i) —(v) and Lemma 4.1 (i), if Be %, then
(rx(B)Q,v,n(B)Q)=.4' — lim ¥, (B*w,B)=.4'— APE“OO(EQM’ 6, BG,,) .

Since 3, is a positive self-adjoint contraction of 5, it follows that the
right-hand side of this equation is real, non-negative and

S~ lim (BQM,EQM)= M~ lim ¥, (B*B)=¥(B*B)= |n(B)Q|> .

Hence (n(B)Q vln(B)Q e [0, | =(B) Q”z], VBe %, Therefore, since
(% 4)Q is dense in $, v, admits a unique extension to a bounded, self-
adjoint contraction of $. This contraction is the required operator v.
(ii) follows on putting B=1I in Eq. (4.16), and noting that Definition
4.2 (ii) and Lemma 4.1 (i) imply that wi=1. Q.ED.

Definition 4.4. (1) For each M € ./, we define the map éM of U Ly
ME.@f(Z)

into Z(#,) as follows. Let A= [| B™ e o,y (in the notation of

neNg
Definition 2.2), with Ny = {n, n,,...,m} CN € ;(Z), n; <n,--- <m, and
the B™’s € 4,,. Then, denoting 5(B(”’) by B™,

BM(A) = B prz—m B ﬁx;—nzB(na) ﬁan_nk—lé(”k) . (4.18)
(ii) We define the map 6 of 7 into Z($) as follows. Let A= [ B®
neNo

€ syyy as above. Then
0(A) = n(B®) v~ m g(B®) prs ~m2 (B pmeme-1 g (B™W) | (4.19)
Lemma 4.3. ¢(4)=(Q, 0(4) Q),VAec o . (4.20)
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Proof. Let A= [] B™, as in Definition 2.2 with the B™’s € %,,, and
neNo

M, € Z,(T). Then it follows from Eq. (2.5)-2.7), (3.1), (3.2), (3.7), (3.8), and
(4.1) that, for M, CM € # and Ny CN =[a,b]e /' =P ;(Z),

n1~1 nz“‘l
Bu@= 3 [T Vaoiols )| o080 TT vt
yhreYln=a n=n
nk—l b
BP0 o TI it o) B0 T1 Tl ™)
H= -1 n=ny

where B} = q,,B™, and (b + 1) is identified with @ in the last product.
Thus, by Definitions 2.5, 2.6 and Eq. (4.2),

Eyon(4) = Tr g, [B®) Vg Bod v Bow Phra=metni+1]
= A7 T, 03 00 (A)]
and therefore, by Eq. (3.6),
N = lim o (A) = im Troe,, [83 00 (A))/ Tror,, [03].  (4:20)
Further, by Definition 4.2, #}, tends normwise to the projection operator

for QM, as n— oo. Hence, it follows from Eq. (4.21) and the finite-dimen-
sionality of #,, that

N = T y(A) = (Qu, O (4) Q) 4.22)
By Definitions 4.2 (ii) and 4.4 (i),
0,0(A) @y = B"(Wiz~m B™) (Wi~ ™ B™) Q.
Hence, it follows from Lemma 4.1 (i) that, for M sufficiently large,
Ope(A) Qo = B (w™2"" BUD) | (w "M B™) Q.
Thus, defining
K,(A) = B (w17 Bors 0) | (wremm By for p=1,...,k, (4.23)

we see that (Q,,, 0,,(4) 2,/) = (4, 1(4) R,,); and therefore, by Eq. (4.8)
and (4.22),
N — lim Gpry(A) = Fyy(c; (4)).- (4.24)

It now follows from Egs. (3.9), (4.24), together with Definitions 4.2 (iii}—(v),
that
d(A)y=M"— A}im N = Iéim Gun(A)=(2,n(x,(4) Q). (425
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Moreover, by Definition 4.2 (ii), Lemma 4.1 (i) and Eq. (4.23),
n(k,(A) Q=n(B™) v™+ 17" n(k, ., (A) 2, for r=1,..,k—1.

Thus, 7(k,(4)) 2 =n(B™) v~ "g(B").. v "™~ 1g(B™)Q, ie, by
Definition 4.2 (ii),
n(k,(A) 2=0(4) Q. (4.26)

Eq. (4.20) follows directly from Egs. (4.25), (4.26). Q.ED.

Definition 4.5. (i) We define §, to be the subspace of $ generated by
linear combinations of vectors v"n(B;)v"n(B,)...v"n(B,) 2, with
rl,...,LeZ, and By,...,B,e 9. Thus, §, is stable under both v
and n(#?).

(il) We denote the restriction of v to §, by v,.

(iii) We define E, to be the projection operator for the subspace of £,
spanned by vectors that are invariant under v,. (Thus, by Lemma 4.2 (ii),

QeEH,)
(iv) We define vy = v, — E,.
(v) We define maps o, a* of 7 into §, by the formulae

a(A) = 6(A) Q; a*(A)=0(A)* Q; VAe . (4.28)
Lemma 4.4. o() (=a*(f)) is a basis set in $,.

Proof. 1t follows from Definitions 4.4 (i) and 4.5 (v) that a(d) = oz*(;z/)
= {n(B) v"n(B )v'2...on(B,) Q| 1y,....L,eZ; B, By,....B,e BY \ I} .
Hence, since #,°\] is norm-dense in .93‘0) it follows from Deﬁnltlon 4.5(i)

that a() (= a*(ﬂ)) forms a basis set in §,,. Q.ED.
Proposition 4.1. (i) $(4)=(Q, a(4)) = (a*(4), ), VAe . (4.29)

(ii) Given A, A€ o,Any=ny(A’, A€ Z such that for ny < n(e Z),
F(A', A; n)=(a*(4"), v~ a(A)). (4.30)
(iii) F,(4’, A)=(a*(4"), Eqa(A); VA, Ae . 4.31)

(v) F'(A, A;n)=(o*(4), W) ™a(A); VA, Aed, n>ny.  (432)

Proof. (i) follows from Lemma 4.3 and Definition 4.5 (v).
(ii) Let 4, A’ o, where A= ] B™, as specified in Definition 4.4,

neNo
and

A'=[] B®, with No={n),...,n}eP(Z) and nj<ny<--<n.
neNg

Denoting n;—n; by no(=ny(4’, A)), it follows from Definitions 2.3 (i)

and 4.4 (i) that, for n> n,, 8(A't,A) = 6(A4") v"~"B(A). Hence, it follows

from Lemma 4.3 and Definition 3.3 (i) that

F(4', A;n)=(Q, 0(4) 1" ™0(4) Q).
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Consequently, by Definition 4.5 (ii), (v),
F(A', A;n)=(a*(4"), v " a(A)),

as required.
(iii) It follows from (ii) that, for m(e Z.) > n,,

m m+no
§ r - e maan = ¥ - Y ) Foadin),
n=1 n=m+1
for ny>0,
=0, for ny,=0, (4.33)

(mZ"O Z) oa*(4'),v5x(A),

n=m+1 n=1

for ny<O0.

Further, it follows from Definitions 3.3 (i), 4.4 (ii) and 4.5 (v) that, since
v, is a contraction, |F(4’, and |(a*(A"), vjo(A4))| are both < |4 [,
Vne Z . Hence, by Eq. (4.33),

m

$ Fuadin - § a0, ohota)] 5l 4]

n=1 n=1

A, @39

irespective of whether ny > or = or < 0.
Next we note that, since v, is a contraction of §,, it follows from
Definition 4.5 (iii) that (cf. Ref. [8], p. 409)

. 1 &
(5,90)— lim — ' vg=E,;
m—=o M 7y
and therefore, by the inequality (4.34),

lim i Z F(4', A;n)=(a*(4"), Eqa(A)) .

m— o

The required result follows from this last equation, together with Defini-
tion 3.3 (ii).

(iv) follows from (ii) and (iii), together with Definitions 3.3 (iii) and
4.5 (iv). Q.E.D.

Corollary. (In|v5| ~")"'= sup {rlreR+; lim F'(4', A;n) e
A, Ae oA n— o
=0 for r<r’eR+}.

Proof. Since (<) (=a*()) is a basis set in ,, and since v, is a
positive self-adjoint operator in $,, it follows from Proposition 4.1 (iv)
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that
(In|vo]| =)' = sup ~{r|reR+; lim F'(4', A;n)e"" =0 for r<r’eR+}.
A',Ae A n—oo

Since 7 forms a basis set in .o, it follows from Definition 3.3 (iii) that this
last equation may be extended so as to yield the required result. Q.E.D.

In view of this Corollary and of the significance of F’ (cf. Note at the
end of Section 3), we introduce the following definition.

Definition 4.6. (i) We define I=(In|vp]|™")~" to be the correlation
length for the state ¢.
(i) For A’, A e o/, we define the correlation length

lya= sup{rlre R,;lim F'(4,A;n)e"" =0 for r<r'e R+} .
Thus, by the Corollary to Proposition 4.1, = sup I, ,.
A',Ae s

Proposition 4.2. (1) ¢ is G-ergodic if and only if the projector E, is
one-dimensional, i.e. if E, is the projection operator for Q.

(ii) Let H§ be the subspace of $, generated by a(s/'’). Then F,
vanishes on /") x o/ ") if and only if the spaces Ey9,, 94 are not
mutually orthogonal; in which case, if ¢ € ®,, then (by Lemma 4.2), it
undergoes a g-symmetry breakdown associated with its G-ergodic de-
composition.

Proof. (i) It follows from Definition 3.3 (ii) that ¢ is G-ergodic (i.e.
weakly clustering) if and only if F,(4', 4)=¢(4)$(4), VA, Ae .
Since <7 is a basis for <7, this ergodicity condition is equivalent to:

(A, A)=$(4) p(A), VA, Ae d ;
i.e. by Proposition 4.1 (i), (iii), it is equivalent to the condition that
(e*(A4'), (Eo — E(Q)) 2(A)) =0; VA, Ae o/,

where E(Q) is the projection operator for Q. Thus, since a() = o* ()
is a basis set in §,, it follows that ¢ is G-ergodic if and only if E, = E(Q),
as required.

(ii) Since o/7) is a basis set in &#(7), it follows from Definition 3.3 (ii)
that F, vanishes on &™) x /(7 if and only if vanishes on .o/(7) x (7).
By Deﬁnltlon 4.5 (v), a(L )= oc*(;zi‘ )) and by Proposition 4.1 (111)
F, (4, A)=(a*(4'), Eoa(A)), VA4, Ae o/, Hence, F, vanishes on &/
X ) , and thus on &/ x &/(7), if and only if Ega(/(7)) =0, ie. if the
spaces Eoﬁo and $§7) are mutually orthogonal. Q.ED.

Proposition 4.3. Let X (/') possess the property Q (specified in
Definition 4.3). Then:
(i) The correlation length 1= (In(4g ')~ *
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(i) If Z(MA') possesses the property Q, then = (In(4q )~ 1.

(iii) If the principal eigenvalue of ¥, is My-asymptotically non-
degenerate for some My C M', then ¢ is G-ergodic.

Proof. (i) By Egs. (3.9) and (4.22),

F(4', A;n) ="~ lim Fy(4', A;n),VA', A€ S,neZ, (435

where Fy(A',4;n)= (@ 0,(A'1,A) Q) VA, Ae ) Apy,neZ. (4.36)
Ne?4(Z)

Defining n,, as in Proposition 4.1 (ii), it follows from Definitions 2.3 (i),
4.4 (i) that 0,,(A4't,4) = 0,,(4") T3 "°0),(A), Yn > n,. Hence, by Eq. (4.36),

Fo(A', A; 1) = (Qyr, 00 (A') 037 030(A) @y), for n>ng. (4.37)

Assuming now that X (.#’) possesses the property Q, it follows from
Definition 4.3 (ii) that, for sufficiently large M(e.#’), we may express 0y,
in the form

by = 0D + 6@ (4.38)
a4 . 1 .
where %= [ AdEy(); and o@= [ AdE,(). (4.39)
-0 dm—0

Let E be the projector defined by:
EQ = E\ (1) — Ep(dp —0). (4.40)
Then since, by Definition 4.3 (ii), .#'— lim d,, =1, it follows from

M-
Eqgs. (4.38)~(4.40) that

|55 — (B " — E@| =0, Vn>n,.

M — lim
M-
Consequently, by Eqgs. (4.351+4.37),
F(A', A;n)=M' —A}im [FUXA, A;n)+ F3(A, A);VA Aest ;n> ng, (4.41)

where FO(A', A;m) = (Qyy, 010 (4)) (60)"~ ™ 8,4(A4) Byy) (4.42)
and FR(A', A) = (Qup, 0, (4) ERBe(4) 2y) (4.43)

Further, it follows from Definition 4.4 (i) and Egs. (4.39), (4.42) and (4.43)
that
|F(A', A;n)| < | 4| |4] 4%, for n>ny, 4.44)

and F@(4, 4)| < | 4] 4] - (4.45)
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In view of this latter equation, it follows from the Bolzano-
Weierstrass theorem that .#’ contains a subcover, .#", of T such that
M — A}im F@)(A', A) exists. Hence, defining

— 00

FOA', A)=M" — lim FP(A, 4), (4.46)

it follows from Eq. (4.41) that
F(4',4;n)=F(4’,4)+.4" — lim FO(A',A;n), VA, Ae s, n>n,. (4.47)
Since 4 <1 (cf. Definition 4.3 (ii)), it follows from Definition 3.3 (ii) and
Egs. (4.44), (4.47) that

F (A, A)=FP(A, A NVA, Ae o (4.48)

and thus, by Definition 3.3 (iii) and Eq. (4.47),
F(A', A;m)=M"— lim FiP(4, A;n), VA, Aedd, n>n,. (4.49)

Consequently, by Definition 4.6 (ii) and Eqs. (4.44), (4.49), I, <4 and
thus (by Definition 4.3 (ii)) < 4,, VA, Ae .

Since o is a basis set in &, this inequality may be extended to all
A', Ae o/, and therefore [ <(In(445 1)~ .

(i) It follows from Definitions 4.3 (ii), 4.4 (i), Egs. (4.42), (4.49) and
the Bolzano-Weierstrass theorem that, if Z(.#’) possesses the property 0,
then 34, Aeo/ such that I, ,=(In(45')"*. Thus, in view of (i),
I=(In(45 M)~ "

(iii) Assume that the principle eigenvalue of 4,, is #,-asymptotically
degenerate, with .#, C.#'. Then it follows from Definition 4.3 (i) and
Eq. (4.43) that

FR(A', A) = (Qp, 00 (4) Bpg) (Pog, 00(A) By), for Me M,
and hence, by Egs. (3.9), (4.22),
My — &1_1& F@(A, A)=¢(A) p(A). (4.50)
Thus, the set .#”, which was introduced in the proof of (i), may be taken
to be .4, ; and hence, by Egs. (4.48), (4.50),
F (4, A)=¢(4) p(A), VA, Ae o .
Since .o/ is a basis set in .7, this last equation implies that
F(A,4)=¢(A) p(A),VA', Ae A ;
and thus that ¢ is G-ergodic (weakly clustering). Q.E.D.
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5. Application to Phase Transitions

The following properties of the Gibbs state have now been established:
(1) (cf. Ref. [1]). The specific free energy, f, is given by

M — j&im (=pB) Ny'lnda,,,

where A, is the principal eigenvalue of V,, and N,, is the number of
sites in M.

(2) ¢ is G-ergodic if and only if the projector E, is one-dimensional
(Proposition 4.2 (i)). Further, this condition is fulfilled if the principal
eigenvalue of ), is .#,-asymptotically non-degenerate for some subcover
My(CM") of T (Proposition 4.3 (iii)).

(3) If the spaces E, 9o, H5’ are not mutually orthogonal (ie. if F,
does not vanish on /(™) x o/(7)) then, if ¢ € ®,, it undergoes a g-sym-
metry breakdown associated with its G-ergodic decomposition (Pro-
position 4.2 (ii)).

(4) The correlation length [ is given by (In{lvp]~})™! (Definition
4.6 (i)). In cases where the system possesses property Q, [=(Indg*)~*
(Proposition 4.3 (ii)).

Let us now consider cases where ¢ € ®, and the system possesses the
following properties (a)—(d), which have already been established’ for
the model ¢, (our Case (I)):

(@) f has a singularity at a unique inverse temperature f,.

(b) The principal eigenvalue of &, is .#-asymptotically non-
degenerate for < §..

(c) F, does not vanish on &™) x o/ for > B..

@ 2z (J/Z) possesses the property Q; and further 4, is a continuous
function of f, which takes the value unity at = §,. It follows from (1)—(4)
that the properties (a)-(d) ensure that the system exhibits a phase transi-
tion at f = g, characterised by:

(A) a thermodynamical singularity;

(B) a change from G-ergodicity of the (g-invariant) state ¢(f <pf,)
to a g-symmetry breakdown of ¢ associated with its G-ergodic decom-
position (8 > B,)%;

(C) a divergence of I as f—f,1+0.

Thus if ¢ € ®, the properties (a)—(d) ensure that the system exhibits
a phase transition characterised by (A), (B) and (C). It should be em-

7 For the model #,, (a) is proved by Onsager [1]; (b) is proved by SML; (c) follows from
the SML treatment of the asymptotic properties of the correlation function governing a
pair of spins; and (cf. our footnote (6)), (d) also follows from SML.

8 A related result for the model #, has been obtained by Emch, Knops and Verboven
[9], who show that, when B> B, the restriction of ¢ to a certain linear manifold of

observables for one row decomposes into weakly-clustering states of equal and opposite
non-zero polarisation.
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phasised that the concurrence of these three characteristics is rather
remarkable, since they depend on apparently unrelated features of the
model. For the free energy is governed by the principal eigenvalue of
Vs, the G-ergodic properties by the dimensionality of E,$,, and the
length [ by the gap between the principal eigenvalue and the rest of the
spectrum of v,,.

Finally, we note that, if G is a subgroup of a larger amenable® group H,
then G-ergodicity implies H-ergodicity. On the other hand, the H-ergodic
decomposition is not necessarily a refinement of the G-ergodic one; and
therefore a g-symmetry breakdown associated with the latter decomposi-
tion does not ensure the existence of such a breakdown associated with
the former one. Consequently, further information is needed if one is
to extend the above conclusions from G to H. In the particular case of
the model #,, with H taken to correspond to the lattice group Z2, such
information is provided by SML’s result that the asymptotic form of the
space-correlation between a pair of spins is independent of the direction
of their relative displacement. Hence, one easily concludes that, for
B> B., the system undergoes a g-symmetry breakdown associated with
its H-ergodic decomposition as well as its G-ergodic one. Thus, in the
case of #,, all our above conclusions may be extended from G to H.

6. Scaling Laws

Assuming that the model has a critical point, characterised by the
divergence of I, we now tentatively introduce a procedure designed to
lead from the formalism of Section 4 to the so-called “scaling laws”.
These laws concern the asymptotic properties of the u-correlation func-
tion F’ in the critical region. We shall formulate properties of this func-
tion, subject to certain specified assumptions, for cases where g,,, the
interaction energy in a “hyperplane” T, is of the form

gm =95t +hgiy (6.1)

where g\, g\9 are even and odd functions, respectively, of y,,, and where
h is a constant. In the following analysis, we shall be concerned with the
dependence of F’ on h and B. It should be noted that, in the particular case

where gi¢’ = )y, thelast termin Eq.(6.1) corresponds to the coupling
teM

of the spin system to an external magnetic field whose strength, in
appropriate units, is h.

° For a definition of “amenable group”, see Ref. [10].
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Let {Ey(4)} be the family of spectral projectors for v (ie.
o = [AdEy(A)). Then it follows from Proposition 4.1 (iv) and Defini-
tion 4.6 that

F(A',A;n) = — j =m0 d(o*(A'),(Eo(Ao) — Ep(W) o A))y s VA, A'e st (62)
n> no N
where 1o =exp(—171), 6.3)

and where the (B, h) dependence of the inner product in Eq. (6.2) is
indicated by the subscripts. On changing the variable of integration
from A to s(=4/4¢) in (6.2), we obtain the formula:

— 1 ~
F(A', A:m)= —exp— (" l"") [5""™dG 4 4(B,h;s) VA, Aeyn>n,, (64)
-0

where  Gu4(B, h; 5)=(a*(4'), (Eo(4e) — Eo(Ao5)) o(A))g,n - (6.5)

Noting that [ is a function of § and h, we now introduce the following
assumptions for [ and G 4:
(1) 3 an inverse temperature f, such that hm 11m I(B, h)=0; and

further, 1., = I for the pair (4’, A) of elements of JZ/ under consideration.
(2) 3 a neighbourhood, D, of (8,0) in R xR, and a real-valued
function « on D such that
(i) the map B, h—1, o of D onto (D) x «(D) is one-to-one,
(i) G, 4 may be expressed in the form

Gaa(B,h;s)=(1—9)“K 4 055), (6.6)

where (iii) v is a function from «(D) into R,

@iv) K, 4(l ;) is finite for all (], o, s)e (D) x a(D) x [0, 1], and is
continuous with respect to s at s=1,

) llirg K 4l a; 1) =k, 4(ar) exists and +0, Vo€ a(D),

and
o Kaalboa;1) =Ky (0, 055)
(v =3

the convergence being uniform with respect to s.

—0asl—oooforalls=1,

Note. Assumption (1) is designed to characterise the critical point
(B=pB.,h=0) in a manner that is consistent with the discussion of
Section 5. Assumption 2 consists of a refined version of the statement
that G4 4 behaves like a positive power of (1 —s) in the neighbourhood
of s=1.
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Pmmmhn&LLah%@mxﬁﬂWA¢QMNMMMx=%n 6.7)
Then, under the assumptions (1) and (2),
. By 4(@)e™™
lim £l 05.0) = 24497 68)

for fixed x %0, with B 4. ,(0) = 2m)" > T'(v(ex) + 1) k 4. 4 ().

Note. This proposition corresponds to a statement of a generalised
scaling law of the type proposed on phenomenological grounds by
Coniglio and Marinaro [11].

Proof of Proposition 6.1. Since, by Eq. (6.5), G, ,=0 at s=1, it
follows from the integration by parts of the integral in equation (6.4) that

(n—no)\ | —no—
F'(4', A;n)=(n—ny) exp| — 7 [dss" 7 G (0,0t s).
0
Hence, by Egs. (6.6) and (6.7), we may express f ., in the form
faoa=fid+ i, (6.9)
where
(AY(] - o Mo 1+v(@) r Ix—no—1 V(@)
o x) = X = |exp| == —x l K 4 4(Lo;1) fdss 1—sy®,
: 0

and (6.10)
LA x) = (x — ﬁ)exp(ﬁ — x) e

! ! (6.11)

1
. j‘dsslx—no—l(l _s)v(a)+1
0

Kyallho;s)— Ky q(l,051)
I(1—ys) '

Now it follows from assumption 2(v) and Eq.(6.11) that, given

£>0,3 N(g, o) < 00 such that

|2 o %)| <& (x - %) exp <% - x) PHv@

1 (6.12)
fdssETmT (1 — g ®F L YIS N(e, o).
0
1
Using the identity [dss*~'(1—s)’"'= T@re) for a, b>0, it follows
0 (a+b)

from Egs. (6.10), (6.12) that
n n I'(Ix—ny) IF'(v(e)+1
)= (3= " exp " —x) K yuh,25 ) MO TOOH )

(6.13)
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and
A "o o 2 +v(@)
’f;de(l,a;X)|<8 x— - exp -+ —x|I

I'(lx —no) I'(v(x) +2)
I'(Ix+v(e)+2—ny)

(6.14)

,VI>N(s,a).

Using the asymptotic formula I'(y)x (2n)*y*~*e?, it follows from
assumption 2 (v) and Eq. (6.13) that

llir?o S o x)=Q2r)EL(v(e) + 1) kg () e %/x*@ . (6.15)

Similarly, it follows that, as I— oo, the coefficient of ¢ on the right-hand
side of (6.14) tends to a finite value (= (27)* I'(v(e) + 2) e~ */x"®*!). Hence,
the required result follows from Eqgs. (6.13) and (6.15). Q.E.D.

7. Conclusion

We have formulated spatial (G-) correlations in Gibbs states of
a specified class of Ising systems in terms of the quadruple (,, o, o*, v;)
(Propositions 4.1, 4.2). In particular, G-translations have been shown to
correspond to the one-parameter semi-group {v|n € Z ., } of contractions
of $,.

In cases (e.g. ,#,) where the model possesses the properties (a)—(d),
specified in Section 5, the system has a critical point at the inverse tem-
perature f§,, which is characterised by (A) a thermodynamical singularity,
(B) a change in g-symmetry associated with the G-ergodic decomposition
of the Gibbs state, and (C) a divergence of the correlation length I as
B—pP.+0 (cf. discussion in Section 5). Further, the supplementary
assumptions (1), (2) of Section 6 lead to a generalised scaling law (Pro-
position 6.1), of the type proposed on phenomenological grounds by
Coniglio and Marinaro [11], in the critical region. Thus the formalism
provides a framework for a systematic treatment of critical phenomena
in Ising systems.

It is worth noting (cf. Section 5) that the characteristics (A), (B), (C)
of the critical point depend on different features of v,, and therefore their
concurrence depends on some special properties of the model (e.g. (a)(d)).
In fact, there exist other models*®, for which the critical point possesses
properties (A) and (B), but not (C).

10 For example, cf. the BCS model as formulated by Thirring in terms of spins [16].
This model has a phase transition characterised by (A) and (B). However, since it corresponds
to a mean-field theory, the correlation functions corresponding to its ergodic states may be

easily shown to factorise in a manner which precludes the possibility of the characterisa-
tion (C).
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Our formalism has some points of analogy with those employed for
the treatment of a number of different models, in each of which spatial
correlations were related to the spectral properties of a contraction of
some Banach space (cf. Refs. [6, 12, 13]). Clearly, it would be of interest
to have a basic theory, yielding conditions under which spatial correla-
tions of a system correspond to a semi-group of such contractions.

Appendix

Proof of Lemma 3.1. It follows from Definitions 2.3 (i), 2.4 (i) and 3.1,
together with the cyclicity of the N-boundary condition in Eq. (3.1),
that (i) implies (ii). Further, by Definitions 2.3 (ii) and 3.1, together with
the definitions of Cases (I), (II'), ¢\ x = ¢rnc0 in those cases; and hence
by Definition 2.4 (iii), (i) implies (iii). It therefore remains for us to prove (i).
This we shall do firstly for Case (II), and then for Case (I).

Case (1I). For each L e 2,(S), we define o, (€.s/;) by the formula

o.(x)= [] x,. Then it follows from the generalised Griffiths inequalities
seL
(cf. [14]) that, for LC M x N, ¢,,n(0) is a non-decreasing function of M

(i.e. dpn(o) = dppnlo) if M'CM). Thus, sinceJV—Alrim Orpn(oL) exists
(by Eq. (4.22)) it follows that this limit is a bounded, non-decreasing
function of M. Consequently .# — I&im N — h}im Ounloy) exists.

This establishes the required result, since {o,|L e 2,(S)} is a basis
for of.

Case (I1). In view of Eq. (4.24) (whose derivation does not depend
on Lemma 3.1), it suffices for us to show that

M — lim ‘I’M(é) exists, VBE%?,. A1)

Let M;, M,, M; be arbitrary, mutually disjoint elements of #,(T), and
let BM1M2M3(693 ) be defined by:
By, = [] 60 [T 62 T] 62 (A2)
t1eM, t2eM> t3eM3
Then the set of all such By, 5, 5,’s form a basis for 4, and thus (A.1) is
equivalent to the condition that

M — lim Po(Bas,aone,)  EXists (A.3)

for all mutually disjoint M, M,, M € 2,(T).
Let Uy, be the unitary, self-adjoint operator in J,, given by
Uy = [Té2. (A4

teM
24 Commun. math. Phys., Vol. 24
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Then it follows from Egs. (3.4), (4.3), (4.4) and (A.4), together with Defini-
tions 2.6 and 4.2 (i), that UM commutes with &, Therefore, since the
principal eigenvalue of 9, is non-degenerate it follows that U,y
—Q ¢’ where y,, is a phase angle; and thus, by Definition 4.2 (iii),

TM(BMleMg): YJM(UMBMIMZMg U;ql)a (A5)

for M D> M, UM, UM,. On the other hand, it follows from Egs. (2.13),
(A.2) and (A.4) that

UniBrtovtone, Une = (= DV Byg aronts » (A.6)

where Nj, is the number of sites in M; UM,. Consequently, by (A.5),
¥ vt (Bar, m,m,) =0 if Ny, is odd, in which case (A.3) is trivially satisfied.
It remains for us to establish (A.3) in the case where N,, is even.
For this purpose, we note that the SML techniques serve to express the
properties of ¥,, in terms of those of an associated quasi-free state*?
', on the algebra %), of CAR over M: this is the algebra generated by a
set {a¥, o} such that [o,, o], =0 and [e,, &}], =0, I',Vt,t' € M.

It follows easily from SML that, if N, is even, '{’M(BM1 MaM,) Can
be expressed in the form 'PM(BM1 M) Where BM1 MM, 1S @ uniquely
defined M-independent element of 93’[,,,,,], with a (resp. b) the least (resp.
greatest) element ¢t in M; U M, U M;. Consequently, in order to establish
(A.3), it suffices for us to show that

M — lim P\(B) exists, VB e ,,. (A.7)

Let C' be an element of .@’[a’b] of the form €, C, ... C., where each C.
is an element o, or o of the set {«, o |t € [a, b]}. Then, since ¥, is a
quasi-free state, it follows that ¥,,(C') is a sum of products of terms
EF’M(C’ C). By a trivial extension of the analysis of SML (Section 4), one
sees that ¥ (C’ C)), and thus ¥, (C'), is A -convergent as M — co. Hence,
since 937’[,,’ » is the C*-algebra generated by {a,, 0|t € [a, b]}, it follows
that (A.7) is valid. Q.E.D.
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