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Abstract. In [7], Kellerhals and Perren conjectured that the growth rates of the reflection groups given by
compact hyperbolic Coxeter polyhedra are always Perron numbers. We prove that this conjecture holds in the context
of ideal Coxeter polyhedra in H3. Our methods allow us to bound from below the growth rates of composite ideal
Coxeter polyhedra by the growth rates of its ideal Coxeter polyhedral constituents.

1. Introduction

An n-dimensional convex polyhedron in Euclidean, spherical or hyperbolic n-space is
called a Coxeter polyhedron if all its dihedral angles are submultiples of 7.
A Coxeter polyhedron is a fundamental domain of the discrete group I generated by the set S
of all reflections with respect to its faces. We call (I", S) an n-dimensional hyperbolic Coxeter
group if (I', S) is obtained from a finite volume Coxeter polyhedron in hyperbolic space H".

Denote by I5(y) the word length of an element y € I" with respect to S, i.e. the smallest
integer / > 1 for which there exist s1, $2,...,5 € § such that y = s1s2---57, and put
Is(1) = 0. The growth series fs(t) of (I', S) is the formal power series Z/(?o:o axt*, where ay,
is the number of elements y € I' satisfying Is(y) = k. It is known that fs(¢) is the series
expansion of a rational function whose radius of convergence R satisfies R < 1, cf. [5, 7].
The growth rate t of (I', S) (and of P) is defined by T = lim sup;_, , &/ax and equals 1/R.

In lower dimensions, there are several results about growth rates of hyperbolic Coxeter
groups. In the compact case, Cannon—Wagreich [1] and Parry [14] showed that the growth
rates of two- and three-dimensional hyperbolic Coxeter groups are Salem numbers, where a
real algebraic integer @ > 1 is called a Salem number if @~ is an algebraic conjugate of & and
all other algebraic conjugates of « lie on the unit circle. In [7], Kellerhals and Perren proved
that the growth rates of four-dimensional hyperbolic Coxeter groups with at most 6 generators
are Perron numbers. Here, a real algebraic integer 8 > 1 is called a Perron number if all its
conjugates different from 8 are of absolute value strictly smaller than |S].
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In the non-compact case, Floyd proved that the growth rates of two-dimensional finite
area hyperbolic Coxeter groups are Pisot numbers, where a real algebraic integer y > 1 is
called a Pisot number if all its algebraic conjugates different from y are of absolute value
smaller than or equal to 1. Notice that Salem numbers and Pisot numbers are Perron numbers.
In [10, 17], Komori and Umemoto proved that the growth rates of three-dimensional finite
volume hyperbolic Coxeter groups with four or five generators are Perron numbers.

In the compact case and for each n > 2, Kellerhals and Perren conjectured that the
growth rates of n-dimensional hyperbolic Coxeter groups are always Perron numbers. As
follows from the discussion above, this conjecture is true for n = 2 and n = 3. It also holds
in the non-compact case, for n = 2, and forn = 3 if | S| < 5.

In this paper, we prove that the growth rates of three-dimensional hyperbolic Coxeter
groups (I, §) given by ideal Coxeter polyhedra P of finite volume are Perron numbers. Here,
a Coxeter polyhedron is called ideal if all of its vertices are ideal points of H?, that is, they
lie on the boundary at infinity dH>. Our main idea is to analyse the cusp properties of P
and to represent the growth function fipy(#) := fs(¢) in terms of the combinatorial-metrical
data of P (see Sections 2 and 3). The reciprocal polynomial of a multiple gpy(¢) of the
denominator of fipy(t), with g(py(1) # O then turns out to be the minimal polynomial of a
Perron number, which equals the growth rate of P (see Theorem 1 in Section 4). Inspired by
the work of Kellerhals [5], we prove in Section 5 that the Coxeter tetrahedron [(3, 6)[2]] with
a cyclic Coxeter diagram of alternating weights 3 and 6 has minimal growth rate among all
ideal Coxeter polyhedra in H?. In Section 6, we bound from below the growth rate of an ideal
Coxeter polyhedron P xp P’, being a composite of two ideal Coxeter polyhedra P and P’
along a face isometric to F, by the growth rates of P and P’ (see Theorem 3). We illustrate
our results by providing a few examples.

The main idea and results of this work are contained in Nonaka’s pre-print [ 13], with the
difference that some proofs presented here are shortened. Komori-Yukita [11, 12] proved our
Theorem 1 and 2 by a partially different approach independently.

2. Ideal Coxeter polyhedra

Consider an ideal Coxeter polyhedron P of finite volume in H>. A vertex v of P will be
called a cusp. The following lemma is well-known. Since it plays an important role in the
proof of our main results, we provide a short proof.

LEMMA. A cusp v of an ideal Coxeter polyhedron of finite volume in H? satisfies one
of the following conditions:
(c1) v belongs to three faces, and the dihedral angles at these faces are equal to %,
(c2) v belongs to three faces, and one of the dihedral angles at these faces is 5 and the other
two dihedral angles are 7.,
(c3) v belongs to three faces, and the dihedral angles at these faces are 7, % and %,
(c4) v belongs to four faces, and the dihedral angles at these faces are equal to 7.
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PROOF. Consider an ideal Coxeter polyhedron P of finite volume in the upper half-
space E? equipped with the hyperbolic metric ds> = (dxl2 +d x%~|—d x32) / x32 and with boundary

[E2 U {oo}. Suppose, without loss of generality, that one cusp v of P is oo and that v is the
intersection of k > 3 bounding hyperplanes of P. In this way, the dihedral angles of P at

these faces, denoted by :—1, :—2, R %, can be seen in a sufficiently small horosphere centred
at oo, and they satisfy the Euclidean angular condition
1 1
— 4+ —=k—-2. (1)
ni ng

so that

2n
k < =2
“np—1 +n1—1_ 2—-1

This means that k is equal to 3 or 4. If k = 4, then n; = ny = n3 = ngy = 2 which
corresponds to condition (c4). If & = 3, then (n1,n2,n3) = (3,3,3), (2,4,4) or (2,3,6)
which correspond to conditions (c1), (c2) and (c3) respectively. O

In the sequel, we call a cusp v a cusp of type (c;) if v satisfies condition (c¢;) for some i, 1 <
i < 4, according to the Lemma. We denote by ¢; the number of cusps of type (c;) for
i =1,...,4. Any edge e of a polyhedron in H> belongs to exactly two faces. If the dihedral
angle at e formed by these two faces is 7, we call the edge e a 7--ed ge. Let ¢, be the number
of T--edges of an ideal Coxeter polyhedron P of finite volume in H3. Denote by ¢, ¢ and §
the total number of cusps, edges and faces of P, respectively. Then we obtain the following
combinatorial identities.

c—e+§=2, 2)

3¢1 +3cp + 3¢5 + 4deg = 2¢, 3)
2e =3+ 3+ 4oy, “)
2e3 = 3¢; +¢3, (5)

e =2, (6)

2¢6 = ¢3. (7)

The first identity is Euler’s identity while the other identities follow by counting the number
of edges passing through a cusp. For example, the identity (3) is obtained as follows. On
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one hand, a cusp of type (c4) belongs to four edges and the cusps of types different from (c4)

belong to three edges. On the other hand, any edge is adjacent to two cusps.

Observe that the quantities ¢q, ¢ and ¢3 are even numbers due to the identities (5) and (7).
By the Lemma, we obtain the following obvious identities.

c=c+c+c3+c4, 8)

e=¢xt+e3+eq+ee. )
By using the identities (2), (3) and (8), we obtain
4 =2f—c—4. (10)
By substituting (10) in (8), we get
agt+ot+ag=2(c—7+2). (11)

REMARK 1. If an ideal Coxeter polyhedron in H3 is right-angled, that is, all dihedral
angles are equal to 7, then the type of each cusp is (c4). Hence, ¢ = ¢4 and ¢ = § — 2 by
(10). Furthermore, since any face has at least three cusps while each cusp is shared by at most
four faces, we also obtain 4¢ > 3f. Therefore, f > 8. As a consequence, a right-angled ideal
polyhedron of minimal face number in H? must be an octahedron (see also [8, Proposition 5]).

3. The growth function of an ideal hyperbolic Coxeter polyhedron

Consider an ideal Coxeter polyhedron P C H? of finite volume and its associated re-
flection group (I', S) (cf. Section 1). The growth function of P, denoted by fip)(), is given
by the growth function fs(¢) of (I', §). In order to study and calculate growth rates, we
use the following two well-known results, due to Solomon [15], for the first instance, and to
Steinberg [16], for the second one.

THEOREM. The growth function fs(t) of an irreducible spherical Coxeter group (I', S)
is given by fs(t) = ngl[m,' + 1 where[n] :=14+t+---+"Land {mi=1,my,...,my}
is the set of exponents (as defined in Section 3.16 of [2]) of (L', S).

THEOREM. Let (I', S) be a Coxeter group. Denote by (I'r, T) the Coxeter subgroup
of (I, S) generated by the subset T C S, and let fr(t) be its growth function. Put F = {T C
S| T'ris finite}. Then

1 Z (=Tl
— = A
fs@™)  f= fr@®
In [2, 7], for example, one can find the list of the exponents and the growth poly-
nomials of all irreducible spherical (finite) Coxeter groups, classically denoted by
Ana Bna Dna E65 E77 E85 F47 H37 H4a IZ(m), in terms Of [n] = 1 + t + e + tn_l? [n5 m] =
[n][m] and so on.
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From now on, we focus on ideal Coxeter polyhedra P of finite volume in H? and their
growth functions f(p)(f) as given by the growth functions fs(¢) of the associated reflection
groups (I, §). Since P has no vertices in H?, only faces and edges of P can be stabilised
by finite subgroups of (I, §). In particular, a non-trivial finite Coxeter subgroup (I'7, T) of
(I, §) satisfies |T| = 1 or |[T| = 2. For |T| = 1, (I'r, T) is isomorphic to A with growth
function [2] = 1 + ¢, and the number of these subgroups in (I', S) equals §. For |T| = 2,
(T'r, T) is isomorphic to the dihedral group I>(m) of order 2m , m > 2, and with growth
function [2, m]. Observe that the group />(2) is isomorphic to A1 x A with growth function
[2,2] = (1+1)>2

By means of Steinberg’s Theorem, we can write

1 f €2 e3 ¢4 €6
—=1—-—=+ + + +
fipy@™h 21 2,21  [2,3] [2,4] [2,6]
_ f 6f—2c—c¢; —12 2¢c—2f+2¢c; —c2+4
1+1¢ 2(1 +1)2 2(1 +0)(1 4+t +12)
) 20—=2f—¢c1 —c2+4
+ 2 I 2 2 2y
T+ 020+ " 20+ 020+ 1+ )1 —1+12)
The second equality is obtained by using the identities (4)—(7), (10) and (11). By simplifying
the expression above, we get the following combinatorial formula for the growth function.

PROPOSITION. Let P C H3 be an ideal Coxeter polyhedron of finite volume with ¢
cusps and § faces. Then, its growth function fip)(t) is given by

22,310+ (1 — 1 + 1)
= , 12
fin @) (t — Dgipy(0) (12

wherein g(py(t) is a polynomial of degree T with combinatorial coefficients given by

gy (O = (=Dt +(c—f+D®+ (c+f—c1/2 -+
+ (2 =2+ (c1 — 2)/24+ 2t  + 2f — (¢1 — ©2)/2 — 6)>+
+ =/ +GF-3)—1. (13)

Since the radius of convergence R < 1 of the growth series fip)(t) = Y o axt® is the
smallest real zero of g(p)(¢) in the interval ]O, 1[ whose reciprocal T = 1/R is the growth rate
of P, it suffices to analyse the zero distribution of g;p)(#) in the unit disc of C.

EXAMPLE 1. Consider one of the three ideal Coxeter tetrahedra in H> denoted by
Ty = [(3,6)], I = [4] and T3 = [33-31] (cf. [4, p. 348]). In Figure 1 we provide a
description of their metrical structure where the weight k € {2, 3, 4, 6} indicates the presence
of a 7-edge. Each tetrahedron satisfies ¢ = f = 4 and ¢ = 6. More specifically, all the
cusps of 71, T» and T3, respectively, are only of one type, namely of type (c3), (¢2) and (c1),
respectively. Observe that T3 is an ideal regular tetrahedron of dihedral angle . By (13) of
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FIGURE 1. Metrical structure of the ideal Coxeter tetrahedra 77, 7>, T3 C H3

the Proposition, we obtain the following expressions for the denominator polynomial g; (t) of
the growth function f;(¢) of 7; fori = 1, 2, 3 (compare with [10, Proposition 1]).

g =3t + 10 +4° + 2 4+ 283 + 1 — 1=+ D+ + 2+ 2+ - 1), (14
p@) =3t + 10 4+4° +4°7 + 1 —1=B1> -t + DB+ 2 +1 - 1), (15)
() =3t + 10+ 20 + 4 427 4 — 1 =RIEC+ D -1+ D@2+t —1). (16)

For the growth rate 7 of 77, we get the numerical estimate 71 ~ 2.03074 by exploiting (14).
By (15), the reciprocal value of the (single) real root of cubic polynomial in g>(¢) (being of
discriminant —304) gives the growth rate t; of 7> and equals

1
o= 5(3/2(23 — 357 + V/2(23 + 3./57) ~ 2.13040.

By (16), we see that the growth rate 73 of 73 equals (1 + +/13)/2 ~ 2.30278.
By comparison, we obtain 71 < 172 < 73.

EXAMPLE 2. Consider a right-angled ideal Coxeter polyhedron P C H?>. Then, all
cusps are of type (c4) so that ¢ = ¢4 > 5, ¢ = 2c and f = ¢ 4 2 by the identities (2) and (3).
In this case, equation (13) yields

gy () = (c— DT =t 42— 1> = 2t* +2(c — NP =202 + (c— )t — 1
={(c— Dt —1}® +2r* + 262 + 1)
={c—Dr =1} BIA+)(1 -t +17).
By (12), we obtain the expression

(t+1)>2
t—D{c—-Dr—1}’
which shows that the growth rate of P is the Pisot number (and Perron number) t = ¢ — 1.

In the special case of a right-angled ideal octahedron O satisfying ¢ = 6, the result (17)
gives t(0) = 5.

fipy (1) = a7
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4. Perron numbers and growth rates of ideal Coxeter polyhedra

The aim of this section is to prove our main theorem.

THEOREM 1. The growth rate of an ideal Coxeter polyhedron of finite volume in H?>
is a Perron number.

PROOF. Let P C H? be an ideal Coxeter polyhedron of finite volume with ¢ cusps, ¢
edges and § faces satisfying ¢ — ¢ + f = 2. By Example 2, we know that the growth rate of
a right-angled polyhedron is a Perron number. Therefore, we may assume in the sequel that
P is not right-angled, that is, the number ¢ — ¢4 = ¢1 + ¢ + ¢3 is positive (and even). We
perform the proof in two steps.

Firstly, and as a warm-up, we assume that P is a simple polyhedron, that is, each cusp
lies on exactly three faces. It follows that 2e = 3¢ and ¢ = 2(f — 2). For the growth function
fipy(t) of P, equations (12) and (13) of the Proposition yield

12,2310+ )0 -1 +1)
B (t = Dgepy (1)

fipy @)

with
gy @)= (=Dt + G-+ (124 +a+u+f-Hr+

+ QG =3)+ (1 — /2t + (c1/2+3¢2/2 + ¢35 + ¢4 — )P+
7
+(f+c1/2—4)t2+(f—3)t—1=:antk—leZ[t]. (18)
k=1

By a result of Komori-Umemoto [10, Lemma 1], it suffices to prove that all coefficients
ni, k > 1, of the polynomial g(py(#) in (18) are non-negative and that the greatest com-
mon divisor of {k € N |ny # 0} is 1. In fact, their result will then guarantee the existence of a
real number ro €]0, 1[ which is the unique zero of g(p)(¢) having the smallest absolute value
of all zeros of g(p)(¢). This ry will be equal to R = 1/7 so that 7 is a Perron number.

By (18), and since ¢, f > 4, it is obvious that the coefficients ny for k # 4 are non-
negative. As for the coefficient ng = 2(f — 3) + (¢; — ¢2)/2, we use ¢ = 2(f — 2) and rewrite
ng =3¢1/2+¢2/2+ ¢35+ ¢4 —2and since ¢ = ¢ + ¢ + ¢3 + ¢4 > 4, we have ng > 0.
Since the coefficients n7 = ¢ — 1 = 2f — 5 and ng = § — 3 are positive with coprime indices,
the conclusion follows in the case when P is simple.

Secondly, assume that P is not simple, that is, P has at least one cusp of type (c4) so that
¢ > ¢4 > 1. By (2), (3) and (10), we derive that f = (¢1 4+ ¢2 4+ ¢3)/2 + ¢4 + 2. Hence, by (13)
and as above, we get

(g+co+c 2¢1 + 3¢ + 3¢3 + 4¢
9<P>(t)=(c—1)t7+<lf23—l)t6+( 1 22 s 4—2)t5+

3 2 3 2 2
+( c1+622+ C3_2)t4+(c1+ czz 3+ 4

2)t3+
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(2c1 +c+4c3

;
. —2)t2~|—(f—3)t— 1= ma* —1eZir]. (19)

k=1
Since P is not right-angled, with f > 5 and with ¢; 4+ ¢ 4+ ¢3 > 0 an even number, the
identity (19) allows to conclude that all polynomial coefficients n; are non-negative with
strictly positive coefficients n7 and ns having coprime indices. Therefore, the growth rate t
of P is a Perron number. |

5. The minimal growth rate of ideal Coxeter polyhedra

In this section, we determine the polyhedron of minimal growth rate among all ideal
Coxeter polyhedra in H? of finite volume. Our approach is inspired by the work of Keller-
hals [5] wherein she determined the (unique) non-compact finite volume Coxeter polyhedron
of minimal growth rate. She showed that the Coxeter tetrahedron [3, 3, 6] with only one cusp
(being of type (c3)) has minimal growth rate 7o ~ 1.29647, and that 7y is not a Pisot number
but a Perron number with minimal polynomial 1T —13—12—1—1(cf. [5, p. 1013]). It follows
from this result that the minimal growth rate of ideal Coxeter polyhedra of finite volume must
be strictly larger than p.

As hinted by [5], the three ideal Coxeter tetrahedra 77, T>, T3 with growth rates 71 <
72 < 13 ~ 2.30270 in Example 1 are of special interest and allow us to prove the following
result.

THEOREM 2. The Coxeter tetrahedron Ti = [(3,6)] has minimal growth rate
among all ideal polyhedra of finite volume in H3, and as such is unique. Its growth rate
71 ~ 2.03074 is the Perron number with minimal polynomial t* — t* — > — > —t — 3.

PrROOF. By Example 1, it suffices to prove that the growth rate of any ideal finite
volume Coxeter polyhedron P which is not a tetrahedron is larger than 73, the growth rate
of the tetrahedron 73. Since P is not a tetrahedron, we have ¢, f > 5. We will show that
L/ fry (1) > 1/fipy(t) for all t+ €]0, 1[. By our Proposition, it is enough to prove that
gy (1) > g3y () = g¢3(¢) for all + €]0, 1[. Thus, consider the difference of the functions
given by (13) and (16)

9Py (1) =(c — D" + (¢ = f+ De® + (¢ +F— ¢1/2 = De° + 2c = 2§ + (¢1 — ©2)/2 + )¢t
+Qf— (1 —)/2=6) + (c—f+a /D +(F-3)r—1,

a@) =3t +10 420 + 4+ 20+ 1 =R+ D -+ DB+ —1).
An easy computation and the bounds ¢, § > 5 yield
gy () — () =20 422+ 23+ + ) =4+t =1 +2)>(F—4)

2 A 3 (%)
+t7(1 =01 +1¢ )(E_Z)H (l—t)E
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>+ + P+ )+t =+ =221 — (1 +17)
=1(1 =2t + 46> = 3> + 4t* +1%)
=t{ - +32A -0 +* @+ >0

forall t €]0, 1[. Therefore, the growth rate T of any ideal Coxeter polyhedron of finite volume
which is not a tetrahedron is strictly larger than 3. O

REMARK 2. For the growth rates t; of the three ideal Coxeter tetrahedra 7;, i =
1,2,3, we have that 71 < 12 < 13 ~ 2.30278 by Example 1. A similar arrangement holds for
their volumes v; = vol3(7;), i = 1, 2, 3. These values are known and satisfy (cf. [4, p. 348],
for example)

5
v = voly(Ti) =3 JI(”) ~ 0.84579

3

vy = vol3(Ty) =2 JI(%) ~0.91597

V3 = vols(T3) =3 H(%) ~1.01492 ,

where

X

1 < sin(2rx) .

e =5 Zsz—/logﬂsmtldt, xeR,
= 0

is Lobachevsky’s function. In particular, we get the inequalities v; < vy < V3.

6. Bounding growth rates of composite ideal Coxeter polyhedra

As a motivation for this section, consider an ideal Coxeter pyramid P C H? of finite
volume, that is, P is the convex cone with apex on dH?> and base which is an ideal k-polygon.
By the Lemma, any of the cusps of P belongs to three or four faces of P, thatis, P is either
an ideal Coxeter tetrahedron 7; for some 1 < i < 3 or a cone over an ideal rectangle. In
the latter case, the Lemma also implies that there are only two ideal Coxeter square pyramids
P and P», say. The pyramid P; has a rectangular face with two opposite %-edges and two
opposite Z-edges, while the pyramid P, has a rectangular face with only 7-edges. Their
metrical structure is depicted in Figure 2.

Now, both pyramids P; and P, can be dissected into ideal Coxeter polyhedra which are,
moreover, tetrahedra of small growth rates. More concretely, consider the hyperplane whose
closure passes through the apex of P; and two opposite cusps belonging to the rectangular face
of P;. Cutting P; by this hyperplane, we obtain two tetrahedra isometric to 77. In a similar
way, the pyramid P, admits the decomposition into two isometric copies of T>. Therefore, by
Remark 2,

vol(Py) = 2vol(T}) =5 JI(%) . Vol(Py) = 2vol(Ty) = 4 H(%) .
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FIGURE 2. Metrical structure of the ideal Coxeter pyramids Py, Py C H3

As for the growth rates of P; and P>, we first determine their growth denominator polynomials
by exploiting the Proposition (cf. also [17]), that is,

gy @) =40 + 1428 42 42— 1, gp ) =432 +20—1.  (20)
Then, we get the estimates t(Py) ~ 2.74738 and t(P,) ~ 2.84547. It follows that
(P >1, (P)>1n.
In fact, the following general result is true.

THEOREM 3. Let P and P’ be ideal Coxeter polyhedra in H> with growth rates t(P)
and T (P'). Suppose that P has a face F which is isometric to a face F' of P', and denote by
P xp P’ the ideal polyhedron arising by glueing P to P’ along their isometric faces F and
F'. If P g P’ is an ideal Coxeter polyhedron, then its growth rate T (P *p P') is greater than
max{t(P), T(P")}.

REMARK 3. The reflection group associated to the ideal Coxeter polyhedron P *p P’
is the free product of the reflection groups associated to the ideal Coxeter polyhedra P and
P’ amalgamated by the reflection group associated to the ideal polygon F, cf. Theorem 6.1
of [3].

PROOF. We make use of our Proposition in order to compare the growth functions
fipsppy(t) and fipy(t) of P sxp P’ and P, say.

To this end, let ¢, , (F) be the number of cusps of F which lie on a 7--edge and a 7--edge
of F. If F has a 7-edge, this edge must coincide with an (isometric copy of a) 7-edge of
F’ since P g P’ is a Coxeter polyhedron. Note that the dihedral angle of P g P’ at this
edge is 5. Thus, any cusp counted in ¢4 4(F) corresponds to a cusp of P’ which is counted
in ¢4 4(F’). In addition, the type of this cusp in P *p P’ is c4, and this cusp is counted in
(P xp P).

Let Fj be a a face of P which is adjacent to F at a -edge, and let F be a face of
P’ which is adjacent to F’ at a 7-edge. If these two Z-edges are identified by the glueing,
then these edges disappear in P sz P’. In particular, the hyperplane containing Fj is - up to
isometry - identical to the hyperplane containing F;.
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From the above, we get the following conclusion. Firstly, any cusp counted in ¢4 4(F)
coincides with both a cusp counted in ¢4 4 (F”) and a cusp counted in c4(P* g P’) since P*p P’
is also Coxeter polyhedron. Secondly, any cusp counted in ¢ 4(F) must coincide with a cusp
counted in both ¢ 4(F’) and ¢z (P xp P’).

The dihedral angle of P *r P’ formed by a %-edge of F and a %-edge of F” is equal to
%. Thus, by glueing F and F’, any cusp counted in ¢z ¢(F) coincides with a cusp counted
in ¢y 6(F’), and it is also counted in ¢; (P *r P’). Since % + % = 7, any cusp counted in
¢3.6(F) coincides with a cusp counted in ¢g 3(F’), and it is also counted in ¢4 (P xp P’).

By the above investigation, we obtain the identities

(P *xp P/) =c¢(P)+ C(P/) —c(F), 21)
ci(P*p P)=ci(P)+ ci(P') + c26(F), (22)
(P #p P')=c2(P) + 2(P') — 2c4 4(F) — c24(F). (23)

Denote by f the number of faces of a polyhedron, and let ¢x (F) be the number of 7 -edges of
the face F. Since any %-edge of F (and of F”) disappears in P xr P’, we deduce that
f(P s«p P') =f(P) +f(P") — e2(F) — 2. (24)
From the equations (21)—(23), it follows that ¢c(P xg P") —¢(P) > 0, ¢ (Pxp P’ ) —c1(P) > 0
and ¢a(P g P') — ¢a(P) > 0.
As for (24), we have that f(P xp P") — f(P) = f(P") — ea(F) — 2 > 0 as well, since
f(P") > e(F)+ 1> ex(F)+ 1, and ¢(F) = ex(F) only for f(P’) > ¢(F) + 1 by the Lemma.
By the Proposition, we get, for all # €]0, 1[,
Gipwr (@) = gipy () =2+ DA+ 1+ 12 + 1) ((P xp P') = «(P))
+1(1+ 221 = D(F(P xp P') = §(P))
+22(1 +2)(1 — 1) (c1 (P % P') — ¢1(P))
+3(1 = (2 (P xp P') —2(P)) > 0,

and therefore,

=1 gipsppny(®) < (@ —1) gipy(®), Vi €]0, 1.
Hence, by the Proposition, we obtain
1 1
<
fiesppy@  fipy (@)
so that T(P xr P') > max{t(P), t(P))}. O

, Vi €]o, 11,

EXAMPLE 3. Consider an ideal right-angled octahedron O in H* whose growth rate
is the Pisot number t(0O) = 5 (cf. Example 2). It is obvious that O can be decomposed into
two isometric copies of the Coxeter pyramid P>. By (20), P, has the growth denominator
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polynomial g(p,)(t) = 4t> + t> + 2t — 1 and growth rate 7(P2) ~ 2.84547 which is smaller
than 5.

EXAMPLE 4. Consider an ideal regular cube C C H? of dihedral angle % By the
Proposition, its growth function is given by

(2,3]
1) =
fo® = har+3 =1
providing the growth rate 7 (C) = % ~ 4.54138. The cube C admits a symmetry plane

H so that C = P xp P where P is an ideal triangular Coxeter prism and ' = C N H. The
dihedral angles of P at edges not belonging to F' are equal to %, while the quadrilateral face
F has two opposite 7-edges and two opposite Z-edges. For the growth function of P, this
implies that

2,231t =t + 1)
t—DGS 204+ 3 +32 42— 1)

It follows that the growth rate estimate 7 (P) ~ 3.16204 satisfies 7(P) < 7(C).

fipy@) =

ACKNOWLEDGMENT. The first author would like to show his greatest appreciation to
Professor Hiroyasu Izeki who provided valuable comments and suggestions. He would also
like to thank Dr. Alexander Kolpakov for valuable comments. The second author was partially
supported by Schweizerischer Nationalfonds 200020-156104. The authors would also like to
thank the referee for helpful comments.

References

[1] J.W.CANNON and PH. WAGREICH, Growth functions of surface groups, Math. Ann. 293 (1992), 239-257.

[2] J.E. HUMPHREYS, Reflection Groups and Coxeter Groups, Cambridge Studies in Advanced Mathematics 29,
Cambridge Univ. Press, Cambridge, 1990.

[3] T.INOUE, Organizing volumes of right-angled hyperbolic polyhedra, Algebr. Geom. Topol. 8 (2008), 1523—
1565.

[4] N.W.JOHNSON, R. KELLERHALS,J. G. RATCLIFFE and S. T. TSCHANTZ, The size of a hyperbolic Coxeter
simplex, Transform. Groups 4 (1999), 329-353.

[5] R.KELLERHALS, Cofinite hyperbolic Coxeter groups, minimal growth rate and Pisot numbers, Algebr. Geom.
Topol. 13 (2013), 1001-1025.

[6] R.KELLERHALS and A. KOLPAKOV, The minimal growth rate of cocompact Coxeter groups in hyperbolic
3-space, Canadian J. Math. 66 (2014), 354-372.

[7] R. KELLERHALS and G. PERREN, On the growth of cocompact hyperbolic Coxeter groups, European J.
Combin. 32 (2011), 1299-1316.

[8] A.KOLPAKOV, On the optimality of the ideal right-angled 24-cell, Algebr. Geom. Topology 12 (2012), 1941—
1960.

[9] A. KoLPAKOV, Deformation of finite-volume hyperbolic Coxeter polyhedra, limiting growth rates and Pisot
numbers, European J. Combin. 33 (2012), 1709-1724.



[10]

[11]

[12]

[13]
[14]
[15]
[16]
[17]

GROWTH RATES OF IDEAL COXETER POLYHEDRA 391

Y. KOMORI and Y. UMEMOTO, On the growth of hyperbolic 3-dimensional generalized simplex reflection
groups, Proc. Japan Acad. 88 Ser. A (2012), 62-65.

Y. KoMORI and T. YUKITA, On the growth rate of ideal Coxeter groups in hyperbolic 3-space, Preprint,
arXiv:1507.02481.

Y. KoMORI and T. YUKITA, On the growth rate of ideal Coxeter groups in hyperbolic 3-space, Proc. Japan
Acad. Ser. A Math. Sci. 91 (2015), 155-159.

J. NONAKA, The growth rates of ideal Coxeter polyhedra in hyperbolic 3-space, Preprint, arXiv:1504.06718.

W. PARRY, Growth series of Coxeter groups and Salem numbers, J. Algebra 154 (1993), 406-415.

L. SOLOMON, The orders of finite Chevalley groups, J. Algebra 3 (1966), 376-393.

R. STEINBERG, Endomorphisms of linear algebraic groups, Mem. Amer. Math. Soc. 80 (1968).

Y. UMEMOTO, The growth rates of non-compact 3-dimensional hyperbolic Coxeter tetrahedra and pyramids,
Proceedings of 19th ICFIDCAA Hiroshima 2011, Tohoku University Press (2013), 261-268.

Present Addresses:

JUN NONAKA

WASEDA UNIVERSITY SENIOR HIGH SCHOOL,

3-31-1 KAMISHAKUJII, NERIMA-KU, TOKYO 177-0044, JAPAN.
e-mail: jun-b-nonaka@waseda.jp

RUTH KELLERHALS

DEPARTMENT OF MATHEMATICS,

UNIVERSITY OF FRIBOURG,

CHEMIN DU MUSEE 23, 1700 FRIBOURG, SWITZERLAND.
e-mail: ruth.kellerhals @unifr.ch




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


