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1. Introduction. Let M be a Riemannian manifold with metric g.
Let V7, 7y and R be the Riemannian connection, the covariant differentiation
with respect to a vector X or a vector field X and the Riemannian
curvature tensor respectively. k-th covariant differential of a tensor
field T is denoted by F/*T and /°T = T by definition. For each x, y € M,
a linear isomorphism A of the tangent space M, onto M, is naturally
extended to a linear isomorphism of the tensor algebra T(M,) onto T'(M,),
which is also denoted by A.

Now, we assume that M is (Riemannian) homogeneous i.e. that M
admits a transitive group of isometries. Then, for every integer m = 0,
the following condition P(m) is satisfied. P(m): “For each x, ye M,
there exists a linear isometry A of M, onto M, such that

A(*R), = ("*R), for k=0,1,2 ---,m.”

In fact, A is given by putting A = df,, where f is an isometry which
maps « to y. Of course, the condition P(m,) implies P(m,) if m;, = m,.

I. M. Singer [4] dealt with a converse problem and he proved that
if M is a complete simply connected Riemannian manifold which satisfies
the condition P(m) for a certain m, then M is homogeneous. In this
theorem, the minimum of such integers m depends on M, though it is
smaller than n(n — 1)/2 + 1, where n is the dimension of M. And so, he
put a question among others that “do there exist curvature homogeneous
spaces which are not homogeneous?”. A.curvature homogeneous space
is, by definition, a Riemannian manifold satisfying the condition P(0).
The answer to his question is trivial, unless we assume that the space
in consideration is complete, simply connected.

The purpose of the present paper is to give an example of curvature
homogeneous space which is not homogeneous.

2. Curvature homogeneous spaces. First, we recall the following three
types of curvature homogeneous spaces which may be not homogeneous.
1. Let M be an n-dimensional Riemannian manifold which is immersed
isometrically into an (» + 1)-dimensional space form. If the » principal
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curvatures are constant on M, then M is curvature homogeneous.

2. Let M be a 3-dimensional Riemannian manifold. If three charac-
teristic roots of the Ricci tensor are constant on M, then M is curvature
homogeneous.

3. Let M be an n-dimensional conformally flat Riemannian manifold.
If n characteristic roots of the Ricei tensor are constant on M, then M
is curvature homogeneous.

K. Sekigawa [3] gave an example of 3-dimensional complete simply
connected Riemannian manifold M° with the following properties:

(1) The homogeneous holonomy group of / is irreducible,

(2) The scalar curvature S is negative constant on M°,

(8) M° has two distributions D, and D, such that

(a) dimD,=1 and dim D, = 2,
(b) D, and D, are mutually orthogonal,
(c) for each xe M°, if X, Ye D,(x) and Ze D,(x), then

R(X,Y)=82XAY,

RX,Z)=0,

where X A Y maps We M;? to g(Y, W)X — g(X, W)Y.

MP?° is a curvature homogeneous space of type 2. We shall show

that M° admits no transitive group of isometries. For this purpose, we
use the following theorem of W. Ambrose and I. M. Singer.

2.1)

THEOREM. ([1]) Let M be a simply connected, complete Riemannian
manifold. A mecessary and sufficient condition for M to admit a transi-
tive group of isometries is that there exists a metric linear connection

l’; satisfying the following two conditions:

(AY FR =0

By FT=0,

where T is a tensor field of type (1, 2) defined by T(X) =V — I;X.

The conditions (A)" and (B)’ are equivalent to

(A) V+R = T(X)-R
and
(B) VT =T(X)-T for all X,

respectively, where 7(X) operates on R and T as a derivation of tensor
algebra at each point of M. And so, we show that M° can not admit
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such a T.
Now, we take a local field of orthonormal basis {X,, X,, X;} on some
neighborhood U, of each x€ M° and put

7 X; = ;:: B/X, for 4,7=1,23.

Then, we have B;;* = —B,,’ for %, 7,k =1, 2,3. K. Sekigawa [3] showed
that as such a {X,, X;, X;}, we can choose one which satisfies the following
conditions:

2.2) X, X,e D, X;e D,,
(2.3) Byi=By =By =B =0,B =0 on U,
for 4,7 =1,2,3. ,
Next, we assume that there exists a metric connection F satisfying

(A) and (B) on M°. Put

T(X)X; = Z‘ T,X, for i,7=1,23,

then T,* = — T, since I; is a metric connection. From (A), we have
@4 (FxR)X; X)) = (T(X)-R)(X;, X)) for 4,j,k=1,23,
where R, is the Ricci tensor. On the other hand, from (2.1), we have
(2.5) R(X, X;) = N0, for 4,5=1,2,3,

where M, =2, = S/20 and X\, = 0. Substituting (2.5) into (2.4), we
have

B,i*(n; — N) = T*Ov; — N) for 4,5,k=1,2,3,
which show that

(2'6) Bial = Tial, B,;g3 = Tiza fOI' 1= 1, 2, 3.
From (B), we have
@7 X,Tot + 3 (Bu! — Tu) T
3
- Z (Bik‘ - Tika) Tjal

8=1

Me

- (Bij8 - Tijs) akl =0

8

for 4,7,k 1 =1,2 8. Taking account of (2.3) and (2.6), (2.7) reduces to

Il
-
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X.T;:=0,
By — THT:=0,
X.T.) — By — T:,HT.P=0,
X.T*=0 for +=1,23.
From (2.3), (2.6) and (2.8), we have

T.:= B, X, T =X,T,; = X;T.) = X;,T,’ =0
for 2 =1, 2,3. Summing up the above results, we get
(2.9) B,* =T X.By'! =0 for 4,j,k1=1,23.
By (2.1), (2, 3) and (2.9), we have

0=R(X, X)X; =VxVx,Xs — Vil xXs = Vizg,x3Xs
= (B\#By")X, + (By'B) X, ,

inTnz - (Buz - Tnz) T212 =0 ’

(2.8)

which shows that
(2.10) B, =B, =0.
But, by (2.1), (2.3), (2.9) and (2.10), we have
—8/2X, = R(X,, X)X, =V V2, Xs = Vi J 2, Xi = Viz, xpX: = 0,
which is a contradiction.

Finally, we write down the example of Sekigawa:
R = {(u, v, w): w, v, w are real} with line element

ds* = (f (u, v, w))’du’ + dv* + dw?,
where
fu, v, w) = ¢, exp (V' —8/2) + ¢, exp (—tV —S[2) ,
t=vecosu —wsinu,
¢, G, positive constants, S: a negative constant .
This is complete, since f* = ¢ for some positive constant ¢. If we put
X, =1/f d/ou ,
X, = (cos u)d/dv — (sin u)d/ow ,
X; = (sin w)0/0v + (cos w)d/ow ,
then
B,/ = B,y = B,)) = B)'! = B, =0, B, # 0,
RX, X)) =82 X, AN X,, RX,, X;) = R(X,, X;) = 0.
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