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THE g-INTEGRAL IS NOT ROTATION
INVARIANT

1. Introduction

In [1] A. Novikov and W.F. Pfeffer verified that the restricted gage integral,
(abbreviated as g*-integral), is invariant with respect to lipeomorphic changes
of coordinates. W.F. Pfeffer in a letter, (3], asked the author to try to find
an example showing that the (unrestricted) gage integral, the g-integral, is not
invariant even with respect to rotations. This paper contains this example.
Our result illustrates that although the definition of the g—integral is sim-
pler, the slightly more sophisticated g*—integral has more attractive prop-
erties. The example presented in this paper also illustrates, see Remark 2,
that the family of g*-integrable functions is a proper subset of the family of
g-integrable functions (see also the Remark after Definition 8.4 in [2]).

2. Preliminaries

Put N = {1,2,...}. By Z and R we denote the integers and the real numbers.
Given a set A C R? we denote by |A| the Lebesgue measure of A. The open
ball of radius r centered at z € R? is denoted by B(z, r). (In this paper we use
the Euclidean metric, some papers use different but equivalent metric in R2.
The integrals defined via any of these metrics is the same.) A two-dimensional
interval is a set of the form [a,, b;] X [a2, b2] where a; < by, and a; < bs. The
regularity of an interval is the number

min{b; — ay, b3 — a2}
max{b; — ay, bz — a2}’

If 1 > n > 0 then an interval is p-regular if its regularity is not less than 1.
Denote by T the rotation of R? by +%. This rotation maps the z-axis onto
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If 1 > n > 0 then an interval is n-regular if its regularity is not less than .
Denote by T the rotation of R? by +%. This rotation maps the z-axis onto
the line y = z and the y-axis onto y = —z. A T-interval is the T-image of an
interval, that is, a closed rectangle with sides parallel to the lines y = z, or
y = —z. The regularity of a T-interval A equals the regularity of the interval
T-1(A).

A figure and a T-figure is a finite union of intervals and T-intervals re-
spectively. The perimeter of a figure, or a T-figure C is denoted by ||C||.
(Since the boundary of a figure consists of finitely many line segments there
is no doubt about the definition of the perimeter of figures.) A collection
P = {(Ai,zi) : i = 1,...,p} is a subpartition of the figure C if the intervals
A; C C are non-overlapping and z; € A;. The subpartition P is a partition
when Uf_,A; = C. A subpartition {(4;,z;) : i = 1,...,p} is n-regular if all
intervals A;, are n-regular fori = 1, ...,p.

A set is thin if it is of o-finite one-dimensional Hausdorff measure. A non-
negative function 6 on a set E C R? is called a gage on E whenever the set
{z € E : §(z) = 0} is thin. Given a gage function é on a figure C and a
subpartition P = {(A;,z;) : i = 1,...,p} of C we say that P is §-fine when
A; C B(z;,6(z:)).

For the standard definition of the gage integral we refer to Definition 6.1 of
[2). In this paper we do not use explicitly this definition. On the other hand
in the next few paragraphs we summarize the properties of the g-integral we
need in this paper. All these results and definitions are from [2].

Assume that C is a given figure. The function F defined on all subfigures
of C is called an additive function in C if

P
F(C)=)_ F(Cy)
i=1
holds for all systems {C; : i = 1, ..., p} consisting of non-overlapping subfigures
of C. Additive functions of intervals, T-figures and T-intervals are defined in
the obvious way. It is also clear that any additive function of intervals can be
extended to be an additive function (of figures). An additive function in C is
continuous if for any ¢ > 0 there exists an > 0 such that |F(B)| < € holds
for any subfigure B C C satisfying ||B}| < 1/e¢ and |B| < 7.
Recall Proposition 6.4 of [2].

Proposition 1 If C is a figure and f is g-iniegrable in C, then f is g-
integrable on each figure B C C, and the map F : B — (g) [ f is an additive
coniinuous function in A.

We also need the Henstock Lemma for g-integrable functions and the nec-
essary condition for g-integrability which can be obtained from its conclusion
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(Lemma 6.5 of [2], see also the remark after Proposition 2.3 in [1]).

Proposition 2 Let C be a figure and f a function defined on C. Then f is
g-integrable in C if and only if there is an addilive continuous function F in
C such that for every € > 0 there ezisls a gage § in C for which

P

2

i=1

f(.’c,')lA,'I - F(A,') <e€

holds for each §-fine e-regular partition {(A;,z;):i=1,...,p} of C.

For a while it was confusing for the author that the above Theorem is
true for both g-integrable and g*-integrable functions with almost the same
wording. The basic difference is that in the case of g-integrable functions
partitions consist of subintervals, while partitions in the theory of g*-integrable
functions consist of subfigures.

We say that an additive function F in a figure C is derivable at z € C if
there exists a finite limit lim F(Q,,)/|@n| for each sequence {Q,} of subinter-
vals of C containing z, satisfying lim,_ . diam(Q,) = 0 and for which there
exists an n > 0 such that the regularity of all @,’s exceeds n. When all these
limits exist they have the same value, denoted by F'(z).

We also state Theorem 6.6 of [2].

Proposition 3 Let f be a g-integrable function in a figure C, and let F(B) =
(9) [g f for each figure B C C. Then for almost all z € C the function F is
derivable at z and F'(z) = f(z). In particular, the function f is measurable.

Recall also that the g-integral is a generalization of the Lebesgue integral
and a function is Lebesgue integrable if and only if both f and |f| are g-
integrable, see Theorem 6.7 of [2)].

By [ 4 f we denote the Lebesgue integral of f on A. For the g-integral we
shall use the symbol (g) [, f.

3. Main Result

Theorem 1 The g-integral is not invariant with respect to rotalions.

ProOOF.  We construct a function f : R? — R which is g-integrable on
any subinterval of R2, but there are subintervals of R? on which fo T is not
g—integrable.

Before turning to the details of our construction we outline its basic ideas.
We define f as the infinite sum of certain auxiliary functions f,. The functions
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fn are rather simple. These functions have non-zero values only on certain
narrow stripes which are parallel to the line y = z. We denote by H} the
union of those half-stripes where the function f,, has a non-zero positive value
denoted by t,. By H,; we denote the union of the other half-stripes where f,
equals —t,,. The choice of the constants t,, requires a sort of a compromise to
make f = ) fn, g-integrable, but f o T non-g-integrable. This goal can be
achieved since the non-zero values of each f,, almost completely cancel out on
each interval. On the other hand a T-interval can contain long linear parts
of a half-stripe in H;} without intersecting its neighboring other half-stripe in
H;. Hence it is possible that on relatively large subsets of a T-interval the
+t,, values of f, are not canceled by some —t,, values.

We turn now to the details of the proof. To define the sets H} and H; we
need some auxiliary sets H/, chosen so that H) D U?_,(HF N H;) and points
in R?\ H! are sufficiently far away from the sets Hf U Hy (k = 1,...,n).
We start the definition of the sets H}, H7, and H} by the definition of some
important constants.

Forn=1,2,... put

1 1

dn = hn = o3n+194n?’

— 92n
a7 and ¢, =2°".

It is easy to verify the following properties of the above constants.

[ <] oo o0
(1) Y ha<400, Y dn<+00, D hadn < 400,
n=1 n=1 n=1
and
— 1
(2) Z:l o<t ,};1 o 1) o < oo
For j € Z put

anj=j-dn— hn, bpj =j-dn+ hn,

and
a;;'=j‘dn—cnhn—hn+lv b:;,j=j‘dn+cnhn + hnya.

Put H{ o = Uf22 (a} ;,b) ;). Forn>2 put

+00

}I'O_Hn lOU U (anJa x,j)'

i=— oo
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The set H!, will consist of those lines which are parallel to y = z and intersect
the z-axis at a point belonging to Hj, o, that is,

Hvl'l = {(z,y) 13z € Hrlu,O: y=2z-— z}‘
Put H} o= UF2 o (an,j,ddn), Hyo = U2 oo (jdn, bu ),
Hf ={(z,y):3z € H},,y=2z -z},

H,',"={(z,y):BzeH,,""o,y=a:—z}\H’_l

and
Hf ={(z,y): 32 € Hpy=2z -2},

Hy ={(z,y):3: € H g,y=z -2} \ H;_,.
To define f, first let t, = d,/h,, and then put

tn ifze HY,
fa(z) =4 ~t, ifzeH,
0 otherwise.

Let f(z) = 300, fa(z). Since UpZ{(HF UH;) C H,_,and H,_,N(H}U
H7) = 0 the sets H} U H are disjoint for n = 1,2,.... Thus for any z € R?
there exist at most one n(z) such that f,(;)(z) # 0. Hence 35>, fa converges
everywhere.

Remark 1 Using that dy/h,, hy/dny1 are natural numbers, the definition of
ay ;s bn j, and of the sets HY, Hy, H}, it is easy 1o see that the siripes of the

form S ; = {(z,y) : 3z € (anj,bnj), y =  — =} are either subsets of H},_,
or are disjoint from H),_,.

Remark 1 implies that if u < v and v — u is an integer multiple of d,, then
the +t, and —t, values of f, cancel each other on any segment of the form
{(#,y) :u<t<v} CR?\ H,_,, that is,

n-1

v
3) / fa(t,y)dt =0 for any y € R.

Using |fa| < ta, (3), and the definition of the sets H;}¥, and H; we infer that

(4)

/ fn(tvy)dtl S hntn =d,

holds for any u < v and y € R.
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Assume that C is a figure. Put F,(C) = [, fudAa where ), denotes the
Lebesgue measure in R2. It is obvious that for any y € R the intersection of C
with the line {(,y) : t € R} consists of finitely many disjoint one-dimensional
intervals. Denote the number of these intervals by n(y). It is an easy exercise

to verify that ff:: n(y)dy < ||C||. Using (4) we obtain

/+°° ( —‘m f,,(t,y)XC(t’y)dt) dy' :

- 00 [eo]

400
/ dn - n(y)dy
-0

where xc(t,y) = 1 when (t,y) € C and xc¢(t,y) = 0 otherwise.

Assume that > 0 is given, @ is an 7-regular interval and there exists zo €
Q such that zo & H/,. It is easy to see that dist(zo, HYUH7) > (cn —1)h, /V2.
Therefore if diam(Q) < (¢n — 1)k, /V/2 then B(zo,diam(Q))N(HFUH;) =0
and hence fQ fadXa = 0. Thus from fQ fadXa #£ 0, and zo € Q it follows that
(¢n —1)hn/V2 < diam(Q). Therefore the longer side of Q is of length at least
(¢n — 1)hn/2, and the n-regularity of Q implies that its shorter side is at least
N (¢n — 1)hn/2. Hence

2 —
ORI Py ot i~ AR PP A IO

(5)  IFa(C)l = | [ tnia) =

<dn-ICII,

Assume that S, ; is a stripe defined in Remark 1. According to Remark
1, fn is either identically zero on S, j, or |fa| = tn on S, ; N(HY UHy).
In the first case anS.. i fndAa = 0. In the second case, most of the t, values
of f, are canceled by'some —t, values. For ease of notation we illustrate
this by working out some simple examples. If S, ; intersects the boundary of
Q in two parallel segments then obviously the area of Q NS, ; N H} equals
the area of QN S, ; N H; and hence again anS...,' fndA2 = 0. Assume that
Q = [_(1/2)$(1/2)] X [0’ 1] and S"-.f = S".O = {(z)y) 3z € (_h"hhn)! y=
z — z}. Then S, ; N Q can be split by the line £ = h, into a parallelo-
gram, denoted by P, and a triangle, denoted by E. It is again obvious that
anP fndA2 = 0. On the other hand the area of the triangle is small. Since
its vertices are the points (—hy,,0), (ha,0), and (h,,2h,) its area equals 2h2.
Thus |fqns fadXo| = |anE fadXa| < 2h"t,, If Sp; contains the dlagonal
of @ then the estimations are somewhat ‘more difficult than the above ones
but one can see that |ans.,,« fadXa| < 8h2t, holds (this estimation can be
improved but for our purposes it is suﬂ‘icient). In the general case arguments
similar to the above ones can be used, the details are left to the reader. Finally
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one can obtain that

< 8hlt,.

(™

/ fadA2
Qnsn,j

It is easy to see that when n is fixed then the number of those S, ; for
which S, ;NQ # 0 is no greater than 1+(||Q||/dy). Since F(Q) = fQ fadAy =

Y ie—co ans _ fad)2 by using (7) we obtain

©) 1@ < tn-t (14 120 ~ g 2 (14 L) g1 1) 44,

Using (6) we infer

Fa(@) _ 8ha(llQll+dn) _ ¢ (allC 4d,
o] 0] ( Q| *""<c,.—1)2h,%-n)5

(9)

ha QI 4dn ( 1 dn )
8 (,,g_-zl)h_ugu t G = 7h, -17) DRl Srrapnyy Il Fepug s T uueg K

For an interval @ C R? put F(Q) = Yo%, Fu(Q). Observe that (1) and
(8) imply that the series in the definition of F converges. Since a figure is the
finite union of intervals F(C) is well defined for any figure C.

Next we verify that F is the indefinite g-integral of f.

First we show that F is continuous. Assume that € > 0 is given. By
using (1) choose No € N such that 3" v 1d, < £. Since the functions f,
are bounded and measurable there exists au n > 0 such that if the figure C
satisfies |C| < n then IZN"'l Fa(C)| < %. Therefore if C is a given figure
with ||C|| < 1 and |C] < 5 then the above estimations and (5) imply

No-1
|F(C)| = ©)|=> R0+ Z Fo(C)| <
n=1 n=Ng
5+ Z IClidn < 5 + Z -d,,<c
n=No n-No

When n > N; we have Hy N(H}f UH;) = 0. Thus fuo(z) = 0 for
any n > Nj, and z € Hy,. Therefore f(z) = Z:,,_lf,,(z), and F(Q) =

n_l Fa(Q) holds for any z € H}y, and interval Q C H}, . The functions f,
are bounded, Lebesgue integrable functions and H} N, s open therefore F is an
almost everywhere differentiable function of an interval on H N, and F'(z) =
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f(z) holds for almost every z € Hj, . This also implies that F'(z) = f(z)
holds for almost every = € U,,..,H ;

Assume that zo ¢ U, H}, and n € (0,1) are given, Q is an n—regular
interval, and z¢ € Q. Then (9) 1mpl|es

1F2(Q)l 1 dn
(10) “Tar <% (n(cn myy R -n)'

Assume that € > 0. By using (2) choose Ny € N such that

— 1 dn
(11) Z 64 (n(cn — + T _ﬂ) <e

n=Np

It is easy to see that zo & H)y, _, implies that there exists a neighborhood,
U, of z¢ such that for £ € U we have f(z) = 0 for n = 1,..., No — 1. Then
F(Q) = ¥ nn, Fa(Q) holds for any interval Q C U. Thus (10) and (11) imply

L)
e

for any n-regular interval @ C U for which 2o € Q. Since0<n<lande>0
was arbitrary we obtained F'(zo) =0 = f(zo).
Therefore we verified that F is a continuous function of an interval and
F'(z) = f(z) holds for every z € R? \ U%%,H/, and for almost every z €
n-lH .
Assume that ¢ > 0, and the interval A C R2 are given. If F is differentiable
at z and F'(z) = f(z) choose §(z) > 0 such that

(12) f@)IRl- F(Q)| <

€
mIQI

holds for any e-regular interval satisfying z € Q, and Q C B(z, é(z)).

If 2o € URL, H;, then there exists an Ny € N such that zo € Hy \ Hjy, _,
(where put Hy = 0). Choose éo(zo) > 0 such that B(zo,é60(z0)) C Hj,.
It is easy to see that from zo & H}, _; it follows that there exists 81(z0) €
(0,60(20)) for which fi(z) = 0 holds for k < Ny and z € B(zo, 61(z0)). It is
also clear that z € Hy, implies fi(2) = 0 for k > No. Thus f(z) = fn,(z)
when z € B(zo, 61(z0)).

The functions f, are Lebesgue, and hence g-integrable. For each n € N
using Proposition 2 with ¢/27+! we can find a gage function &/, such that

p

(13) >

i=1

Fa(@i)lAil = Fa(4i)| < 5ompr
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holds for each &/ -fine subpartition {(A4i,zi) : i =1,...,p} of A.
If F is not differentiable at zo or F'(z¢) # f(zo) then zo € UL, H,,.
Choose No such that zo € Hyy \ Hy,_,- Put é(zo) = min{é;(zo), &, (z0)}
Assume that {(A;,z;) : i = 1,...,p} is a é-fine, e-regular partition in A.
Put

['={i€{l,...,p}: F is differentiable at z; and F'(z;) = f(z:)}.

Using (12) and (13) we obtain
p

2

i=1

o0

OINEEDD
n=1{igl:z,€ H\\H! _,}

€ = € € €

iel n=1

(when ¥ = @ then the “empty sum”, 3y, is defined to have value 0). This

implies that f is g-integrable.

Finally we verify that foT is not g-integrable. Assume for a contradiction
that f o T is g-integrable. By Proposition 3 the indefinite g-integral of f o T,
that is the interval function (g) f, foT, is almost everywhere differentiable and
its derivative at almost every z equals foT(z). We show that it is impossible.

For ease of notation instead of working with foT, (ordinary) intervals, and

(ordinary) figures we shall work with f, T-intervals, and T-figures respectively.
If Q is a T-interval, then T-!(Q) is an interval. Put

c@=@ [  for

It is clear that if f o T is g-integrable then G is an additive function of T-
intervals which is almost everywhere differentiable with respect to T-intervals.
Next we show that this leads to a contradiction.

Assume that n € N is given and Q is a T-square such that two opposite
sides of Q are on the linesy = 2z —kd,,, y = z —(k+1)d, and Q C R2\ H! _,.
Then the sides of Q are of length d,,/v/2 and |Q| = d2/2. Denote by S the
closed stripe bounded by y = z - (k+ 1)d, — h, and y = z — (k + 1)d,,. Put
Q' = QnNS. It is obvious that |Q’| = dnh, /2. From the definition of f, and f
it follows that f,(z) = f(z) = tn on the interior of Q’. Thus

Fa)l Al - F"‘"' -

fa(zi)|Ail = Fa(A))| <

2

iel

f(zi)lAil = F(A)

/ / dn X 2
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Put Q" = Q\ Q'. Then G(Q) — G(Q") = G(Q’') = |Q|. Therefore

G(@Q G@QM|_
(14 o~ | =

Next we state a proposition which is needed to complete the proof of the
theorem. Then using the Proposition we complete the proof of the theorem.
Although the proof of the Proposition is not too difficult, for the sake of
completeness we finish the paper by proving the Proposition.

Proposition 4 If ¢ is a point of density of R\ U, H, then one can find a
sequence {Q; : j = 1,2,...} of T-squares such that zo € Q;, diam(Q;) — 0 as
J — 00, and there ezists n(j) and k(j) for which two opposite sides of Q; are
on the lines y = z — k(j)dngj), y = = — (k(j) + D)dngj) and Q; CR2\ H};)_;.

Since almost every point of R?\ U3%, H, is its point of density the conclu-
sion of the Proposition holds for almost every zo in R?\ U, H}.

Now we return to the proof of the theorem. One can define, as in the
paragraph preceding the Proposition, the T-intervals Q; and Q7.

It is easy to see that the intervals Q] are

dﬂ- '7& dn(j) = hngj) > 2
% d"(]) 2

regular. If G is differentiable at zo € R? then

G(Q;) _ G(Q7)
1 li = lim = G'(z0).
(15) Jim === T T (z0)
Since "
lim I_Q lim n(J)(du(J)"' "(J)) =1
j=oo |Qj] T imoo d;’x(:)

from (15) we obtain

i 6@ _ 6@y

imoo | TQ;1 T4
. G(Q;) G(Qf) 1Qjl —0
L o i o7 M Ton |

This contradicts (14). Thus at almost every points of R? \ U3, H/, the T-
interval function G is non-differentiable with respect to T-mtervals
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Since it is easy to see that R2\ U3, H}, is of positive Lebesgue measure
we obtained a contradiction with the assumption that G is almost everywhere
T-differentiable and this completes the proof of the Theorem assuming the
Proposition.

Finally we verify the Proposition. Assume that zq is on the line y = z — 2.
From the construction of the sets H, it follows that if 2o is a density point of
R2\U, H}, with respect to Az, then zg is a density point of R\US2, Hy, o = H"
with respect to ;.

For every n € N choose a j, such that zg € [b], ; _y,a}, ;] = In. Since zo ¢
H}, itis easy tosee that I,NH, o = 0. Put I = (b}, ; _1+dnt1, 05 j —dnt1). If
29 € I,\I!, then either zg isin [bﬁ,,j__l,b:,.ja_l+dn+1] orin [a{,'j.—d,,.n,a:,'j‘].
Since the other case is similar we can assume that zo € [b;, ; _;,b}, ;. _1+dn41).
Observe that (b}, ; _1—dn41,) ;. _1) C (e ;1,00 5,-1) C Hy . Using H'N
H} o = 0 we have A1([20 — 2dn41,20) N H") < dny1. Therefore if 20 € In \ I},
for infinitely many n’s then zg cannot be a point of density of H. Thus there
exists an N’ € N such that for n > N’ we have 25 € I},.

Assume that for an n we have zy € I},. Denote by k' the greatest integer
for which k' - dn41 < zo. It is easy to see that zp # k' -dnp4;, and zp €
(k' -dpy1, (K" +1)-dn41) C In. From I N H}, 5 = B it follows that we can can
find a T-square Q' such that zo € Q' C R?\ H},, and two opposite sides of Q'
are on the lines y = z — k'dp 41, y = ¢ — (k' + 1)dpn41. The results of this and
the preceding paragraph imply that one can find the sequence of T-squares
required in the Proposition. This concludes the proof.

Remark 2 The function f defined above is g-integrable but not g*-integrable.
Indeed, we verified that f is g-inlegrable. Since the rolation is a lipeomorphism,
the assumplion that f is g*- inlegrable by the result of [1] would imply that
foT is also g*-integrable which is impossible since we showed that fo T is
notl even g-inlegrable.
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