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 On the Baire class of selective derivatives

 The notion of the selective derivative was intro-

 duced by R. J. O'Malley (see [1] or [2]). In our paper

 [3] we solve a problem of O'Malley showing that every

 selective derivative is of Baire class 2.

 Theorem. Suppose that a selection Pj-x j is

 given (i.e. x < Pj-^ y] < ^ holds for every 0<x<y<l) and
 the finite selective derivative

 f(pCx,xfh] 2 ' - f(x)
 sf'(x)-lim

 h+0

 p[x,x+h] - x

 exists everywhere on [0,1] (for h<0 [x,x+h] denotes the

 interval [x+h,x]). Then sf'(x) is of Baire class 2.

 Our proof is based on the following

 Lemma . Let the interval functions £(x,y) and

 4.(x,y) be defined on the subintervals of [0,1] and let

 <f>(x,y) be a Baire 1 function defined on the set

 {(x,y) : 0£x<y<l} satisfying

 min(£(x,y) , *(x,y) )_<<J> (x,y)<max(.£(x,y) ,A.(x,y) )

 for every 0<x<y<l. If the limits

 lim £(y,x) = lim A.(x,y) = g(x)
 y+x-0 y+x+0

 exist for every 0<x<1, then the function g(x) is of Baire

 class 2 on (0,1).
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 By a theorem of O'Malley, f(x) is Baire 1

 (CID» Theorem 10>;thus the function <t>(x,y) =
 x - y

 is Baire 1 on the set {(x,y): 0<x<y<l}. Vie put

 f(y) - fip[x LX;yJ v])
 (1) l(x,y) =

 y * PCx,y]

 f(p[x v ] } ~ f(x)
 (2) A.(x,y) =

 PCx,y] - x

 then by definition lim £Cy,x) = sf'(x) (0<x<l)
 y+x-o

 and lim A.(x,y) = sf 1 (x) (0<x<l).
 y-»-x+o

 It is easy to see that for every selection pj-x
 we have

 (3) min(£(x,y) ,^(.x,y) )<^ f(x) <^n.ax(£(.x>y) ,A.(x,y) ) .
 y-x

 Hence the lemma is applicable and the theorem is proved.

 The formulas (1), (2) and (3) lead to the following

 generalisation of selective derivatives.

 Definition. Let f(x) be an arbitrary function on

 [0,1]. Suppose that the interval functions -£Cx,y) and

 Ą.(x,y) are defined on the subintervals of [0,1] and

 satisfy (3). If the finite limits lim £(y,x) and
 y-+x-o

 lim >fc(x,y) exist and are equal, then fix) is said to
 y -»-x+.o
 be diff erentiable at the point x with respect to £(x,y)

 and AÍx,y) and the derivative ^f'(x) is defined by

 ļf' (x) = lim £(y,x) = lim /t(x,y) .
 y-»-x-o y+x+o
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 The following theorems are proved.

 1) If f(x) is diff erentiable with respect

 to both ^(Xjv), /^(xjy) and ^2(x, y), A2(x,y)> then
 *1 S
 P f ' (x)= çf ' (x) holds on [0,1] apart from a countable ¿1 P jl2
 set .

 2) If f(.x) is differentiable with respect to

 £(x,y) and A(x,y) and ^f'(x)>0 for every xe[0,l],then
 f(x) is non-decreasing on a subinterval of [0,1]. If

 in addition f(x) is a Darboux function then f(x) is

 non-decreasing on [0,1].

 3) Suppose that f(x) is differentiable on

 [0,1] with respect to £(x,y) and A.(x,y). Thenf(x)

 is Baire 1 and there exists an everywhere dense open

 set U such that f(x) is continuous and almost everywhere

 differentiable on U.

 4) If f(x) is differentiable on [0,1] with

 respect to £(x,y) and <fc(x,y ), then the set of points of

 continuity of the (ordinary) derivate numbers f and

 f is everywhere dense in [0,1].

 5) If f(x) has the selective derivative sf'(x)

 for a given selection, then the set of points of continuity

 of sf'(x) is everywhere dense in [0,1].

 6) If f(x) is differentiable on [0,1] with

 respect to £(x,y) and a(x ,y), then there is a set

 H^[0,1] such that fCx) is differentiable at the points

 of H, ^f ' (x)=f 1 Cx) holds for every x£H, and [0,1] 'H is
 of the first category.
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 7) If f (x) is differentiable on [0,1] with

 respect to £(x,y) and A(x,y), then the function

 £f 1 (x) is Baire 2.

 Problem: Suppose that ^f'Cx) exists on [0,1].

 Does the function ^f'(x) belong to the family of the
 honorary functions of the second class (i.e. there is

 a function g(x) in the first Baire class such that

 ^f 1 (x)=g(x) except on a countable set)? Is it true
 for the selective derivatives? We note that O'Malley

 has constructed a selective derivative v?hich is not

 Baire 1 but his function is an honorary function of the

 second class.
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