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A Note on Absolute Norlund Summability
Factors

Let }_ an be an infinite series with sequence of partial sums (s,). By 6, and
t, we denote the nth (C, 1) means of the sequences (s,) and (na,), respectively.
The series Y a, is said to be summable |C, 1|¢, k > 1, if (see [3])

oo

> k18, — bai|* < 0. (1)

n=1
Since t, = n(6, — 6,—1) (see [4]), condition (1) can also be written as

— 1
Y —ltalf < 0. (2)
n
n=1
Let (p,) be a sequence of constants, real or complex, and let us write

Po=po+pr+p2+--+pa#0, (n>0). (3)

The sequence-to-sequence transformation

1 &
2n = P_ntgpn—vsu (4)

defines the sequence (z,) of the Norlund means of the sequence (s,), generated
by the sequence of coefficients (p,). The series ) a, is said to be summable
|N, pa| if (see [5])

(o)
le,,—z,,_II < 00, (5)
n=1
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and it is said to be summable |N, p,|i, k > 1, if (see [2])

[e ]

Dkt z, — 2 |F < 0. (6)

n=1

In the special case when p, = 1 and P, = n + 1, the Norlund mean reduces to
the (C,1) mean and |N, p,|r summability becomes |C, 1| summability.

Varma [6] proved the following theorem concerning the |C, 1| and |N, p,|
summability methods.

Theorem 1 Let pg > 0, p, > 0 and let (p,) be a nonincreasing sequence. Lel
k> 1. IfY ap is summable |C, 1|, then the series Y anPa(n+1)~! is summable
IN, pal.

Quite recently the author proved the following theorem (see [1]).

Theorem 2 Let (p,) be a sequence as in Theorem 1. If

n

Z %ltv| =0(Xn) as n — o, Q)

v=1

where (X,,) is a positive nondecreasing sequence and (l,) is a sequence such that!

D nXnlA%,| < 0o (8)
n=1
1, Xn =0(1) as n — oo, (9)

then the series Y anl, Pa(n + 1)~ is summable |N, py|.

The aim of this paper is to generalize Theorem 2 for |N, p,|r summability
with k£ > 1. Now, we shall prove the following theorem.

Theorem 3 Let (p,) be a sequence as in Theorem 1 and let k > 1. If
n
v=1

and the sequences (X,) and (I,) are such that conditions (8), (9) of Theorem 2
are satisfied, then the series Y anly Pa(n +1)~1 is summable |N, p,|i.

lts]* = O(X,) as n — oo, (10)

S

1A2, = A(Aln) and Alp = ln = lng1.
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It should be noted that if we take £ = 1 in this theorem, then we get Theorem
2.
We need the following lemma for the proof of our theorem.

Lemma 4 ([1]) Under the conditions of the theorem we have

nX,Al, =0(1) as n —> oo (11)
o0
Y XnlAly| < oo. (12)
n=1

Proof of the Theorem. By virtue of Theorem 1, we need only deal with
special case in which p, = 1, that is we shall prove that }_ a,l, is summable
|Cy 1|k, k> 1. Let T,, be the n-th (C, 1) mean of the sequence (na,l,), that is

n
T, = nlﬁgvaylv. (13)
Now, applying Abel’s transformation, we have something similar to
—L’fAI(v+1)t +lht,=Th1+ T,
"—"+1v=1 v vt+intn =1n n,2-

To complete the proof of the theorem it is sufficient, by Minkowski’s inequality,

to show that
oo

1
> ~|Tnil* < o0, for i=1,2. (14)
n=1 n ’

First note that
m+1 1 m+1 n-1 k
> ;|T,.,1|k =0(1) ) nk-! {Z v|AI.,||t,,|} )
n=2 n=2 v=1

When k£ > 1 with + + L = 1, we apply IIélder’s inequality to the right hand
side. It turns into

m+1 n—

0(1) ) n~k-1
n=2 v

which, for any £ > 1, is

m+1 n—1
o(1) Y nk-1 {Z v|A1,,||t.,|'°} x O(n*-1)
n=2

v=1

1 n-1 k¥
(v|AL||ts])F x {Z 1} )
1 v

=1
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through (11). Thus

m m+1 m
1
O(1) 3 vldblitel* 30 =0(1) 3 volAk|~ft.|*
v=1 n=v+1 v=1

m-—1 v m
= 0(1) { Y IAGIALDIY Heelt +m(Alm) Y %Itul”}
v=1 r=1 v=1

m-—1
=0(1) Y [A@|ALIX, + O(1)mXm Al
v=1
m-—1 m-1
=0(1) D vX, A%, +0(1) Y 1AL 1| Xy + O())MXm Al = O(1)
v=1 v=1

as m — 0o, by virtue of (8), (10), (11), and (12). Since I, = O(1/X,) = 0O(1),
by (9), we have

1 N1 i 1
E_ k_ k-1 k
D nlTaalt =37 ~lhatal* = 37 [l ln] =t
n=1 n=1 n=1
m 1 m-1 n 1 m 1
= 0(1) 3 linl —ftal* = 0(1) 3 1ALI Y ~[tul* + Ol 3 ~|tal*
n=1 n n=1 v=1 n=1
m-—1
=0(1) Z Al | Xn + Ol Xm = O(1) as m — oo,
n=1

by virtue of (9), (10), and (12). Therefore, we get that

1
Z ;lTn'glk =0(1) as m — o0, for i =1,2.

n=1

This completes the proof of the theorem.

The author offers his sincerest gratitude to the referee for his kind interest
and valuable suggestions for the improvement of this paper.
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