ABSOLUTE EQUIVALENCE OF EXTERIOR DIFFERENTIAL SYSTEMS

BY
H. H. Jounson!

This paper concerns an equivalence relation first defined by E. Cartan for
certain systems of ordinary differential equations [2]. He called two systems
absolutely equivalent if they had isomorphic prolongations. A similar concept
was used in Cartan’s theory of infinite groups [1]. We extend Cartan’s
definition to general exterior differential systems. For ordinary equations
one has only normal prolongations, but in general it is necessary to define and
study partial prolongations. This is done and absolute equivalence is defined
in §1. In §2 an integer is found which is an absolute invariant and which
may be calculated from any given involutive system. In §3 other invariants
are found which are calculated from the sequence of normal prolongations of a
system. Examples are given. All manifolds, functions and forms are
complex analytic. We use the notations and definitions of [4]. We also deal
only with systems which are imvolutive at each of their points.

1. Absolute equivalence

Let D, and M be neighborhoods of 0 in R* = {(a, -+, z,)} and
R™ = {(1h, -+, Ym)}, respectively. Let D = D, X M ThenJ*(D,, M)
denotes the manifold of k-jets of maps on D, into M. The usual source and
target projections are « and 3, and

p=aXpB:JD,, M) — D.

If f: D, — M,let f : D, — D be defined by f(z) = (z, f(x)). Let @ be the
module of 1-forms generated by day, --- , dzy, on D, . We shall consistently
use the same notation @ for a*Q on D or J*(D,, M). Let (Z, @) be an
exterior differential system on D having independent variables 2. Denote by
(P*Z, Q) the kt prolongation of (Z, @) onJ*(D,, M).

If D’ = D, X M’ is a submanifold of D by animbedding F such that aF = a,
and if F(D’) contains the manifold of integral points of (Z, @), the restriction
of (2, Q) to D' is called an admissible restriction of (2, Q).

IfF:D— D andf:D,— D, arebi-analytic functions such that aF = fa,
then the transformed system (F*Z, *Q) is said to be a transform of (Z, Q).

DEriNiTiON 1. A system (2, Q) on D; = D, X M, is a partial prolonga-
tion of (2, @) on D if there exist maps

a:Dy—D and b:J(D,, M) — D,
which satisfy:
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(1) ab = p on integral points;

(2) a0 = a,ab = a;

(3) a*(2) € 21,b%(2) C PZ;

(4) if j2(f1) is an integral 1-jet of (21, @), then by (3), 72(Ba(f1)) is an
integral 1-jet of (2, @), and hence is an integral point of (PZ, Q). It is
required that bjz(8afi) = fi(z) = (=, fu(x)).

Prorosirion 1. If (21, Q) s a partial prolongation of (=, Q), then (PZ, Q)
18 a partial prolongation of (21, Q).

Proof. Given ji(fy) inJ*(D, , M,) define
@ (72(f1) = J=(Beft).
We shall prove that (1), (2), (3), (4) of Definition 1 hold for &’ and b.
Condition (1) holds for a’ and b because of (4). Condition (2) follows
from the definitions of @/, @, 8. Since &’ maps integral points of (PZ;, Q)
into integral points of (PZ, @),
o* (P2 < P2,

One may check that the generating 1-forms in P2™ are carried by o’* into
1-forms in P={" by local coordinates.

Condition (4) is satisfied: if j;(¢) is an integral 1-jet on J* (D, , M), j-(8b@)
is an integral 1-jet of (Z;, @) by (3) in Definition 1. Thus, j2(8b3) in
J'(D,, M) is integral; hence

’j2(8bp) = j:(8a(Bb3) ] = falBa(b)] = jz(Bed) = jz(83) = je(¢), QE.D.

ProrositioN 2. If (21, Q) s a partial prolongation of (Z, @), then there is
a natural one-to-one correspondence between their solutions.

Proof. If f is a solution of (2, @), 8b(5'(f)™) is a solution of (Z;, Q) by
(3) in Definition 1. If f; is a solution of (Z;, @), then Baf; is a solution of
(2, Q). Further, ?

BalBb (5 ()T = Bablj' ()] = Be(s'(N)] = f,
while by (4) in Definition 1, gb[5'(8af1)~] = f, Q.E.D.

DEeriNtTION 2. One exterior differential system is absolutely equivalent
to a second if there exists a finite sequence of systems beginning with the
first and ending with the second such that for each adjacent pair in the se-
quence, one is an admissible restriction, a transform or a partial prolongation
of its neighbor.

Remark. The involutiveness assumption is not as restrictive as it may
seem, for many non-involutive systems can be prolonged to be involutive by
Kuranishi’s Prolongation Theorem. If one system is a partial prolongation
of a second they can be simultaneously prolonged to equivalent systems of
which one is a prolongation of the second.
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2. An absolute invariant of characters

We now assume that ¢y, - , &, 1, -+ , Ymand z;, - - - ,xp,y{, ,y;
form regular coordinate systems for (2, @) and (Z;, Q) at 0, respectively
[4, Def. II1. 4], and let a(0) = 0. Suppose (Z;, Q) is a partial prolongation
of (Z, @) with respect to the maps a and b as in Definition 1. Let H’; denote
the set of all sequences of m formal power series in z;, ---, z,. We may
define a germ of infinite analytic mappings = : Hp — H2' ™™ by

7"(217 ) Em) = (217 ] Em) aél/ax17 Tty aEm/ax)

[4, Def. 1. 10, 11]. If £, ---, £" define a solution of (2, ), «(&, -+, £")
will define a solution of (PZ, 2). The map

b:J(Dy, M) — Dy

defines a germ of infinite analytic mappings B : Hp'™™ — H7. Let ® be
the composition B o w. Define®; : H — H'» by means of the map a. Then
we have

ProrositioN 3. If £ e H) s a solution of (Z, Q), then ®(£) is a solution of
(21, Q). If & 1s a solution of (21, Q) then ®1(&1) 1s a solution of (Z, Q). Fur-
ther, ®®, and ®,® are identity mappings on all solutions.

’

’ /
Let now so, $1, *++ , 8p1,8 =M — 8§ — --+ — Spgand 8,8, * * -, Sp

be the characters of (2, @) and (2, Q), respectively [3, Def. I. 7]. Let
H(S) = Hy + Hi' + -+ + Hy,

and similarly for H(S’) using sy, -+, sp. Then there exist convergent
formal infinite analytic maps F of H(S) into H, and F; of H’ into H(S)
such that (F, F,) form a solution mapping of (2, 2) at X°, the O-function
(4, Theorem III. 2]. Then if ® and &; denote the convergent formal infinite
analytic mappings arising from the germs defined in Proposition 3, we have
that (®F, F,1®,) constitute a solution mapping for (Z;, ). But then H(S)
and H(S’) are homeomorphic [4, Remark following Theorem III. 2]. Hence
they have equal dimensions (p, ¢) where o is the last non-zero integer in the

’ ’ . . . .
sequence sy, -+, S, OF 89, - -, Sp. This same relation holds for admissible
restrictions; hence we have

TueoreEm 1. Let (Z, Q) and (21 R Q) be absolutely equivalent systems having

characters sy, $1, +++ , 8p and So, S, cc ,sp respectwely Let o be the last
non-zero integer in the sequence Sy, 81, -+ , Sp, and let ¢’ be the simelar member
. ’ ’

M S, - ,8 . Theno = o'

3. Other invariants
Let M* be the manifold of integral points inJ*(D, , M), so that

dim M* < dim J*(D,, M) = p + m (g + ’f) <p+mk+ 1)

The restriction (Zx, @) of (P*Z, ) to M* is equivalent to (P*Z, Q).
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If =" denotes the module of r-forms in =; and w is any 1-form of Q let
Li(w) = {02 |0 A w = 0}.

If li(w) is the minimal dimension of Li(w) at any point of M”, then

L(w) < <’;) where v = p + m(k + 2)*". Hence limp...(1/k®)l(w) = 0.

The sequence {l;(w) |k = 1,2, - -} is said to be of characteristic (w"(w),
v"(w)) if u"(w) is the smallest non-negative integer for which

limye I (w) /6
exists, and »"(w) is the limit.
DerintTION 3. The integers
U™ = sup {u'(w) |weQ},
w = inf {u"(w) | weQ},
V" = sup {"(w) |weQ},
v" = inf {s"(w) | weQ}, r=12 .
are the characteristics of (2, Q).

LemMa. If (21, Q) is a partial prolongation of (2, Q) and if Z1 and Z, denote
their respective restrictions to the manifolds of integral points, then

dim {8e=" |6 A w =0} <dim{0e= |6 A w=0].

Proof. By involutiveness, each integral point of (Z, @) is contained in a
solution f. Then bj'(f) is a solution of (Z;, @) and abs'(f) = f. Hence a
maps the integral points of (Z; , 2) onto those of (Z,2). Now p* is one-to-one
and p = ab on the integral points. Hence a* is one-to-one on X, and
a* (=M c =i, and the conclusion follows.

TaEOREM 2. Two absolutely equivalent systems have equal characteristics.

Proof. For admissible restrictions or transforms, the theorem is not diffi-
cult to prove. If (Z;, Q) on D is a partial prolongation of (2, Q) on D then
(P**'z, ) is a partial prolongation of (P*Z;, @), which is a partial prolonga-
tion of (P*Z, Q). Denoting the numbers I (w), w"(w), v"(w) for the system
(21, Q) by Lr(w), ur(w), vi(w), it follows from the previous lemma that

k(w) < lhx(w) < la(w)

for every k, r and w. Hence

limyae (W) /K" = limg.e lx(w) /k", Q.E.D.
Example 1. Let 2 be generated by
01 = dy1 + Yo dxl ) d01 = dyz A dxl

02 = dy3 + dxz + Ya d151 s d02 dy4 A dx1
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Here so = 8, = 2,800 = 2. Zj is generated by 6, , 0, together with

01 = dy, + yi day do; = dy, A dm
6y = dys + ys day R do, = dyé A dxy
6] = dyi + yi day, 8! = dy! A da
6 = dys + v dax, 6y = dy; A da,

0 = B P, e = 4yl s

(K (k—1 (k (& (&
02)=dy2 )+y2)dx1, 2)=dy2)l\d1}1.
Here,

L}Ezl(dxz) = E/EH A dCL‘Q .
SO

B(dxs) = 2(k + 1).
Hence u’(dxs) =2, v’(des) =2, so «'<2, /<2
Example 2. Let = be generated by
01 = dyr + Yo das, doy = dys A da;

02 = dys + yadxs, dby = dy, A dx, .
Again 8y = 8§ = ¢ = 2. Z; is generated by
0, = dys + y{ dxy , do; = dy{ A dxy
0y = dys + ye_f dxs , dos = dy; A dx,

6" = dyi*™ 4 4 dan,  d61Y = dyi¥ A da
059 = dys" ™ + yi¥ da, dos® = dys® A day .
Now, LP (ay day + as dzs) = Li? (w) contains =i A w and the forms
a1 A0 4+ ay 0 A das, as A + a6 A dzy, R=0,1,--- vk —1,

Hence li(w) > 2(k + 1) + 2k, and consequently for this system »* > 4.
Hence the systems in these examples are not absolutely equivalent. Yet they
have the same ¢ = 2.
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