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ON THE HURWITZ ZETA-FUNCTION

BY

ZHANG WENPENG

1. Introduction

For 0 < a _< 1, let st(s, a) be the Hurwitz zeta-function defined by

( s, a) _, ( n + a)
-s

for Re(s) > 1

and its analytic extension,

(n + a)

J.F. Koksma and C.G. Lekkerkerker [1] first studied the mean square value

f(S) f01[l(S, ee)[2 dee,

and obtained the following results"

THEOREM A. /f 1/2 < tr _< 1 and [tl >_ 3, ,then

(I) (1f - + it < 641nltl,

(II) f(cr + it) 2or 1 < Itl 321nltl + 2r 1

Secondly, V.V. Rane [2] gave a general conclusion, namely:

Received January 26, 1990.

1980 Mathematics Subject Classification (1985 Revision). Primary 10H10; Secondary 11M35.
1Project Supported by the National Natural Science Foundation of China.

(C) 1991 by the Board of Trustees of the University of Illinois
Manufactured in the United States of America

569



570 ZHANG WENPENG

THEOREM B. For x >_ 1, t _> 2, let 2zrxy t,

Then

K(s) -- F(1-s), s =tr + it;

1l(s,).l d =lk(s)l E n20-)
n<y

+ O(t-Ix2(1-’)) -[- O(x

and from this, it is easy to deduce that

1" - + it, a
2

da In t + 0(1) (1)

In this paper, as an improvement of (1), we shall give a sharper asymptotic
formula for f(1/2 + it). In fact we shall establish the following two theorems:

THEOREM 1. For t >_ 2, we have the asymptotic formula

1 t
-b T -t- O(t -7/36 In25/18 t)

where y is Euler s constant.

THEOREM 2. For 0 < tr < 1, tr 1/2, t >_ 2, we have

(t)f(cr + it)
1-2tr 1

(2 2(r) + 2tr 1 + O(R(tr, t)),

where (s) is the Riemann zeta-function, and

Let

and

R(tr, t)
t-r(3 +(r)/2(5 -(r)(ln t) 3/2

t(5 + 5r2-16’r)/2(5-r)(ln t) 3/2

1
if <tr< 1,

1
if0 < r < -.

1
A(t) =f

/3 sup(b" IA(t)l << t-b,2 < t < +o).
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From Theorem 1 we know that/3 >_ 7/36. We conjecture that

1

This is an open problem in analytic number theory.

2. Proof of the theorems

In this section, we shall complete the proof of the theorems. For the sake
of simplicity we do not repeat the commonly used conclusions, which can be
found in the references. First by the approximate equation of Hurwitz
zeta-function we may get

l(tr+it, a)
1 (_)

l<n<x (n + ol) tr+it

tr-1/2 +it

X eiOr/4+t) E e-2rima
-tr-itmlm<y

+ O(x-lnt), (2)

where 1 < x < y, and 27rxy t.
Let

(_)tr-1/2+itA(o" + it) eiOr/4+t), S O" + it,

11(s, a)
1 e -2zrima

l<n<x (n + a)
I2(s, a) A(s) E ml_sl<m<y

Then from (2)we get

f0 f01f(o’+ it) li(s,)l=d + Iz(s,)l d

+ ((,(,+(,(,) + o(-1

+0 x-lnt II(s,) + I(s,)ld (3)

Now we estimate the integrals in (3) respectively. Noticing that

)l-2trA(IA(s)

le2rina da [ 1, n 0,
0, n0
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We may immediately get

E
<m, n <y

A(s)A(s) fole2zri(n-rn)a dog
m -(r-itnl -r+it

t )l-2tr 1E n2-2a"ny
(4)

Applying Euler’s summation formula we have

1 (1)-=lny+y+O -n<y

1 y2r-1E n2-Er 2tr- 1
ny

+ r(2- 2o-) + O(y-2(1-r)),

(5)

(6)

Now we may estimate another main term. We have

foil II(tr + it, a)12 da E fo da

lnx (n + og)z,

If r 1/2, then

E fol(<m, n <x
mn

dog

rn + og),+it(n + a)’-it"
(7)

E fO da
n+og

<n <x <n <x
(ln(n+ 1)-Inn) =lnx+O (8)

If 0 < r < 1 and r 1/2, then

E f01 dot

anx (n + a)2r

Let

(Ix]) 1-2" 1+1 2r 2r- 1

X1-2tr 1
1 2tr / 2tr- 1

/ O(x-2)" (9)

and

<m <n <x (
dog

n + og),+it(m + og),-it

F(og) =tin n +og (m+a)(n+a)
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Then

t(n -m) G(a)F’(a) (m + a)(n + a) F’(a)
(m+te)l-o.(n+te)l-0.

t(n -m)

It is clear that G(a)/F’(a) is increasing function, and

F’( te)lG( te) t(n -m)t(n m) >
(n + te)l-0.( 1-0. 1-0."m + te) 2(mn)

From this and [3, lemma 4.3] we get

ran) 1-0.

IJI << E t(n m)<m <n <x

<< t-1X3-20. In t.

Similarly, we can also get the estimate

<< xl-0.t In x m1-0.

mx

(10)

I1 << t-ix 3-20. In t.

Combining the estimations (7), (8), (9), (10) and (11)we obtain

(11)

I - + it, te dte In x + O(x-1) + O(t-lx2 In t). (12)

If 0 < o. < 1 and o. 1/2, then

X 1-20" 1 20.1111(o" + it, te)12 dte 1 2o. + 2o.- 1 + O(x- )

+ O( X3-20.t In t). (13)

Now we estimate the integrals fdll(s, te)I2(s, te) dte.
Let x < y/2, 2zrxy t; then we have

f01Ii(s, te)I2($, te) ate a(o. + it) E E
<m <x <n <z

1 fo e2*rina

n1-0.+it (m + a)
dte

+A(o. + it) E E
lmx z<n<y

where z is a parameter with x < z < y/2.

1 rl e2zrina

da
n1-0.+it Jo (m + te)s

(14)
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Let f(a) 2rrna ln(m + a), g(a) (m + a)1-r. Then

f’( a) 2rn t/(m + a).

Let

m + 0)2-"h(a) g(a)/f’(a) 2rrn(m + a) t;

since t 27rxy > 4rxz > 4rmn, we know that

h’(a) (2 r)(m + a)-
2"trn(m + a)

2"n-n(m + a)
(27rn(m + a) t) z <0, O<a<l.

Thus, h(a) is a monotonically decreasing function and

If’()/g()l t-2rrn(m +a) >
t

(m +a)2- 2m2-"

From this, integration by parts, and [3, lemma 4.3] we get

<m <x <n <z

1 rl e2rina
da

n1-tr+it JO (m + a)

<m <x, <n <z n -tr+it 1 S
e2zrina

0

27tin e2rina ]1 s fo (m + or) s-1
da

1 1
1 s

<z nl-tr+it l<m<x
((m + 1)l-s- ml-s)

2ri nr-it E f01 e2rina
1 s

l<n<z l<m<x (m + 0) s-1 dol

<< XI-zt-1 + ZI+x3-t-2. (15)

Using the approximate equation (2) repeatedly, and the method of estimation
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of J, we may get

A(tr + it) E E
<m <x z <n <y

1 r e2"n’ina

da
n1-g+it Jo (m + a)

lm<x x<n<t/2rrz (m + a) n + a)

( )+0 x-lnt IIl(S,a)lda

<< t-rX2-Zr-1 lnt + x-lnt IIl(S,a)lda (16)

Taking the parameter z, t3/4x-1/2, and provided ZX 2 >_ t, by (14), (15) and
(16) we get

f01Ii( a)I2(a) da << t-(3+tr)/4X(5-3tr)/2 In ts, s,

(17)

By (4), (5), (6), (12), (13) and the Cauchy inequality we have

l[I,(s,a)[da < [I,(s a) da << (X1/2-r + 1)ln1/2 t. (18)

llI2(s,a)[da << 112(s a) da << (t 1/2-g + 1)ln1/2 t. (19)

Combining (3), (4), (5), (6), (12), (13), (17), (18) and (19) we obtain

f - + it In + 3’ + O( t-7/sx7/4 In t)

+ O(t- 1X2 In t) + O(x- 1/2 ln3/12 t). (20)

If 1/2 < r < 1, then

1 ( )
1-2r

f(tr + it) 2tr- 1 + sr(2- 2tr) + O(x-ln3/2 t)

+ O(x3-2at -1 In t) + O(t-(3+)/4x(5-3)/2 In t). (21)
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If 0 < r < 1/2, then

t )l-2trit)
1

(2 2tr ) 1- 2tr -F O(t-lX3-2r In t)

+ O(t-(3+)/4X(5-3)/2 In t) + O(x-t1/2- In3/2 t). (22)

Taking the parameter x =/7/18 ln2/9 t, t(3+r)/2(5-r), t(5-3r)/2(5-r) in (20),
(21) and (22) respectively, we may obtain the asymptotic formula

f - +it =In +y+O(t t).

If 0 < tr < 1/2, then

t )l-2tr 1
f(tr + it) (2- 2tr) + 2tr- 1 + O(t(5+52-16)/2(5-r) In3/2 t).

If 1/2 < tr < 1, then

1 (t)f(tr + it) 2tr- 1 + - 1-2tr

st(2 2tr) + O(t-O+)/2{s-) In3/2 t).

This completes the proof of the theorems.
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