n b
Electr® 8biljty

Electron. J. Probab. 29 (2024), article no. 66, 1-82.
ISSN: 1083-6489 https://doi.org/10.1214/24-EJP1123

Reflections on BSDEs*

Dylan Possamai’ Marco Rodrigues?

Abstract

We prove well-posedness results for backward stochastic differential equations (BS-
DESs) and reflected BSDEs with an optional obstacle process in the case of appropri-
ately weighted IL?-data when the generator is integrated with respect to a possibly
purely discontinuous process. This leads to a unified treatment of discrete-time and
continuous-time (reflected) BSDEs. We compare our well-posedness results with the
current literature and highlight that our results are sharp and cannot be improved
within the framework presented here. Finally, we provide sufficient conditions for a
comparison principle.
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1 Introduction

The primary motivation for this work is to develop a unified approach to discrete-time
and continuous-time (reflected) BSDEs with jumps. The formulation we employ here
permits the integration of the generator with a potentially purely discontinuous process.
Informally, for the time being, the (reflected) BSDE studied here is of the form
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Here, T is a stopping time, the process ¢ is the obstacle, f is the generator with
stochastic Lipschitz coefficient a, X is the driving martingale, p the driving random
measure, and C' is a non-decreasing, predictable process that dominates the predictable
quadratic variation (X) of X and the predictable compensator v of u. Note that the
above system reduces to a BSDE in case £ = —oo on [0,7'). We are then seeking to
find a class of processes within which there exists a unique collection (Y, Z,U, N, K) of
adapted processes that solve the above system. In this work, we prove well-posedness of
these BSDEs and reflected BSDEs under appropriately integrable I.2-data (&, f) in case
a?AC <P € (0,1).

Although not yet strictly referred to as BSDEs, the first appearance of these types
of objects in case the generator f is linear was in the works of Bismut [14; 15], and
even earlier by Davis and Varaiya [39]. In the former, BSDEs were introduced as adjoint
equations that originated from an application of the Pontryagin stochastic maximum
principle, and in the latter, they were used to study stochastic control problems with
drift control. What has been recognised already in [39] is that value process of certain
stochastic control problems can be recasted as the Y-component of a BSDE, which
through comparison principles allows one to deduce characterisations of optimal control
responses to stochastic systems. The first systematic study of BSDEs in the non-linear
setting with Lipschitz generator was carried out by Pardoux and Peng [117], and the
same authors later connected BSDEs to quasi-linear PDEs through Feynman-Kac-type
formulas in [118]. The seminal survey article by El Karoui, Peng, and Quenez [55]
collected properties of BSDEs and showed how they may be applied to solve problems in
mathematical finance. Reflected BSDEs were introduced later by El Karoui, Kapoudjian,
Pardoux, Peng, and Quenez [53] directly in a Lipschitz setting, where the immediate
connection to optimal stopping problems and obstacle problems for parabolic PDEs was
drawn. Concomitantly to these early contributions, reflected BSDEs have also been
applied to hedging problems of American options by El Karoui and Quenez [51], and
El Karoui, Pardoux, and Quenez [54], and to an optimal control problem with consumption
by El Karoui and Jeanblanc-Picqué [49], see also Bally, Caballero, Fernandez, and
El Karoui [9].

With time, BSDEs and reflected BSDEs were applied in many areas. In finance, as
mentioned above, for pricing of financial derivatives, see El Karoui, Peng, and Quenez
[55] and [51; 54], or for utility maximisation problems in Hu, Imkeller, and Miiller [74].
One can also use BSDESs to construct recursive utilities as in Duffie and Epstein [43; 38].
There have been works on applications to zero-sum games by Hamadene and Lepeltier
[69] and to Dynkin games by Cvitani¢ and Karatzas [35]. Recently, based on some
new backward propagation of chaos techniques appearing in Lauriere and Tangpi [94],
BSDEs have also been applied to mean-field games by Possamai and Tangpi [128] to
deduce convergence rates of the N-player game to its mean-field counterpart.

Ever since the seminal works [117] and [53], the theory of BSDEs and reflected
BSDEs has expanded rapidly, and there have been various forms of generalisation of
well-posedness results for these systems. Kobylanski [91] and Tevzadze [139] studied
well-posedness of BSDEs with generators that are quadratic in the z-variable, see also
the works of Jackson and Zitkovié [75], Zheng, Zhang, and Meng [143] and the references
therein, and Kazi-Tani, Possamai, and Zhou [79; 82] as well as El Karoui, Matoussi, and
Ngoupeyou [56], Jeanblanc, Matoussi, and Ngoupeyou [78], or Matoussi and Salhi [109]
for BSDEs with jumps in the quadratic case. Reflected BSDEs with quadratic growth
have also been considered by Kobylanski, Lepeltier, Quenez, and Torres [93], Lepeltier
and Xu [98], and Bayraktar and Yao [12]. Another possible direction of generalisation
is to consider BSDEs and reflected BSDEs on random time horizon. Here the first well-
posedness result for BSDEs was established by Peng [119], and then extended by Darling
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and Pardoux [37]. Other works on BSDEs with random terminal time include Briand and
Hu [21] and Royer [134]. More recently, Lin, Ren, Touzi, and Yang [106] complemented
this theory and proved well-posedness of random horizon BSDEs, 2BSDEs and reflected
BSDEs with ILP-data to which we also refer the interested reader for more references on
the subject of random horizon systems. Other than the aforementioned works, there have
also been works by Rozkosz and Stominski [136], Klimsiak [83] and Klimsiak, Rzymowski,
and Stominski [89] on reflected BSDEs with IL’-data and by Alsheyab and Choulli [4]
on random horizon reflected BSDEs. Furthermore, El Asri and Ourkiya [45], Li and Liu
[102] and Qian [131] study multidimensional reflected BSDEs.

What most of the above references have in common is that they consider one driving
Brownian motion of the system. Works that considered also a driving Poisson random
measure include Barles, Buckdahn, and Pardoux [11], Royer [135], Quenez and Sulem
[132], Becherer, Biittner, and Kentia [13] in the BSDE case, and Hamadene and Ouknine
[70], Crépey and Matoussi [34], Quenez and Sulem [133], Perninge [123; 124] in the
reflected BSDE case, to name but a few. On the other hand, there are very few results
that go beyond the case of Brownian motion to more general martingales. In the BSDE
case there is work by Buckdahn [25], El Karoui and Huang [48], Carbone, Ferrario, and
Santacroce [26], Confortola, Fuhrman, and Jacod [33], Bandini [10], Cohen and Elliott
[31] and the more recent work by Papapantoleon, Possamai, and Saplaouras [113], to
which we also refer the reader interested in further history for BSDEs. The results
obtained in [113] have been applied to well-posedness results for backward stochastic
Volterra integral equations with jumps by Popier [126], to an optimal reinsurance problem
by Brachetta, Callegaro, Ceci, and Sgarra [20], and to a stochastic control problem
involving Lévy processes by di Nunno [42]. Reflected BSDEs with jumps have also
been considered by Nie and Rutkowski [111], see also the references therein. However,
the well-posedness result in [111] relies on assumptions that are too restrictive for the
applications we have in mind since, for example, the integrator C' in [111] is assumed
to be continuous. This immediately excludes piecewise constant integrators, which we
want to cover to some extent at least. In other recent contributions, Aksamit, Li, and
Rutkowski [3] and Li, Liu, and Rutkowski [104] study ‘generalised’ BSDEs and reflected
BSDEs with a view towards applications to pricing of vulnerable options. Additionally,
Gu, Lin, and Xu [63; 64] and Lin and Xu [105] study reflected BSDEs driven by a marked
point process.

In the reflected BSDE case, the regularity of the obstacle has also been lifted over
the years. There are works considering obstacles that are cadlag, see Hamadéne [65],
Lepeltier and Xu [97], Hamadéne and Ouknine [70], or merely measurable, see Peng
and Xu [120; 121], Klimsiak [84; 85] and Klimsiak, Rzymowski, and Stominski [89].
See also the works of Kobylanski and Quenez [92] on a general approach to optimal
stopping problems. Recently, in a series of two inspiring papers, Grigorova, Imkeller,
Offen, Ouknine, and Quenez [60] and Grigorova, Imkeller, Ouknine, and Quenez [62]
considered reflected BSDEs driven by Brownian motion and a Poisson random measure
whose obstacle is merely an optional process. Other than proving well-posedness of the
corresponding reflected BSDE, the aforementioned reference also draws the connection
to the corresponding optimal stopping problem with respect to the induced f-expectation.
Results related to the aforementioned works were obtained by Baadi and Ouknine [7; 8],
Akdim, Haddadi, and Ouknine [2] and Bouhadou, Hilbert, and Ouknine [19]. The case of
predictable obstacles has also been studied by Bouhadou and Ouknine [17; 18].

Although not entirely related to what we study here, we would like to mention that
there have also been works on doubly reflected BSDEs, where the BSDEs are constrained
to stay within an upper and lower obstacle process. Here the first well-posedness
study was carried out by Cvitani¢ and Karatzas [35], where they also connected the
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Y -component of the corresponding doubly reflected BSDE to the value of a Dynkin game.
Other results were then obtained by Hamadeéne, Lepeltier, and Matoussi [71], Lepeltier
and San Martin [96], Hamadéne and Hassani [67; 68], Hamadene [66], Crépey and
Matoussi [34], Pham and Zhang [125], Essaky and Hassani [57], Dumitrescu, Quenez,
and Sulem [44], Grigorova, Imkeller, Ouknine, and Quenez [61], Nie and Rutkowski
[111], Klimsiak [84; 85; 86], Klimsiak, Rzymowski, and Stominski [90], Klimsiak and
Rzymowski [87; 88], Arharas and Ouknine [5], Baadi [6], Li and Ning [103] and Li [101].

Our main contributions are two well-posedness results, one for BSDEs and another
for reflected BSDEs. These well-posedness results, as presented, turn out to be sharp
within the framework we lay out and cannot be improved with our methods, due to
counterexamples to existence and uniqueness in Confortola, Fuhrman, and Jacod [33].
This also refines the BSDE results in [113]. The method of proof we use is based on a
fixed-point argument and a priori estimates that we establish by techniques that are
inspired by [48], although we do not use exponential weights like in [113], but stochastic
exponential weights like in [10; 31]. With the techniques in [48], we can exploit the
L2-structure of our problem, allowing us to circumvent a reliance on Itd’s formula.
Our BSDE results thus extend straightforwardly to BSDEs with a multi-dimensional
generator and terminal condition. In the reflected BSDE case, we will also use a fixed-
point argument and a priori estimates. Classically, these estimates are derived by an
application of It6’s formula. However, in the generality we are aiming for, this would
necessitate imposing additional assumptions on the integrator C'. We thus approach this
problem differently, and apply it in combination with the methods in [48] and [62] to
deduce the desired a priori estimates. To the best of our knowledge, the well-posedness
result we will present in the reflected BSDE case is the first of its kind. Let us mention
here that after completing the first version of this manuscript, we became aware that
Papapantoleon, Saplaouras, and Theodorakopoulos [116] independently obtained similar
results for BSDEs.

The link between discrete-time BSDEs and control theory has already been mentioned
in Cohen and Elliott [29; 30; 31]. In continuous-time, BSDEs and reflected BSDEs
are intimately connected to control problems with drift control only, as the dynamic
programming equation in this context is semi-linear (thus quasi-linear). However, for
stochastic control problems with drift and volatility control, the dynamic programming
equation is fully non-linear and can thus not be analysed by classical BSDEs. This fact
was the starting point for the new notion of second-order BSDEs (2BSDESs) introduced
by Cheridito, Soner, Touzi, and Victoir [28] and Soner, Touzi, and Zhang [137; 138].
Here, the Y-component of these 2BSDE corresponds to the classical value process of a
control problem with drift and volatility control. This fact has been recently applied to
principal-agent problems in [36]. For an excellent and comprehensive introduction to
BSDESs, we can refer the interested reader to the books by Touzi [140] and Zhang [142].
The latter reference also covers 2BSDEs. In the previously mentioned seminal works
[137; 138] on 2BSDEs the terminal random variable {7 had to satisfy strong regularity
conditions for existence and uniqueness to hold. This assumption has been lifted by
Possamali, Tan, and Zhou [129]. In future work, we seek to combine the results of this
work and the techniques in [129] to show well-posedness of 2BSDEs with jumps that go
beyond the case of Poisson random measures in Kazi-Tani, Possamai, and Zhou [80; 81].

The remainder of this paper is structured as follows: in Section 2, we recall prelimi-
naries on (vector) stochastic integration and orthogonal decompositions of martingales.
We also fix the data and formulate the BSDE and reflected BSDE. In Section 3, we
formulate our main results, separately, for the reflected BSDE first, and then for the
BSDE. We also compare our assumptions with the current literature. In Section 4, we
revisit the Snell envelope and optimal stopping theory, with which we solve the reflected
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BSDE in case of a generator not depending on the solution. In Section 5, we establish
the a priori estimates, which we will use in the contraction argument, separately in
the reflected BSDE case first, and then in the BSDE case. We then establish the two
well-posedness results in Section 6. Finally, we prove a comparison result for our BSDE
in Section 7. The appendices contain proofs of technical results and some auxiliary
results we make use of throughout this work.

Notations: throughout this work, we fix a positive integer m. Let IN and R denote
the non-negative integers and real numbers, respectively. For (a,b) € [—o00, 00]?, we write
a Vb = max{a,b}, a A b := min{a,b} and a* = a V 0 = max{a,0}. We write |a| for the
modulus of a € [—00, 0], and for b € R™, we write ||b|| for the Euclidean norm of b € R™.
For a finite-dimensional matrix M, we denote by M " its transpose. For a subset V of a
Hilbert space H, we write V' for its orthogonal in H; for two subspaces W and W’ of H
with W N W’ = {0y}, we write W & W’ for the internal direct sum of W and W’ in H.
For aset 2 and A C Q, we denote by 14 its indicator function defined on 2. We abuse
notation and sometimes also write 1;,¢ 43 for 14(x). For a nonempty set Z, we denote
the Dirac-measure at z € Z by d,. For two measurable spaces (2, F) and (', F'), we
denote by F ® F’ the product-c-algebra on the product space Q2 x Q. For t € (0,¢], a
limit of the form s 11 ¢ means that s — ¢ along s < ¢. Analogously, for ¢ € [0, 00), a limit of
the form s || ¢t means that s — ¢ along s > t. For a stochastic process Y indexed by [0, o)
or [0,00], we let YT := Y.\p. Lety : [0,00) — R be a ladlag function, that is, y admits
limits from the right on [0, c0) and from the left on (0,00). We define y;— = limgpqs ys,
t € (0,00), and analogously y;+ = limg}};ys, ¢t € [0,00). Then Ay : [0,00) — R is defined
by Ay; ==y, —y;_ if t € (0,00) and Ayg = 0. Similarly, we define Aty : [0,00) — R by
ATy, =y, —ys fort € [0,00). If y is additionally right-continuous (thus cadlag) and non-
decreasing, the functions y¢ and y¢ denote the continuous part and purely discontinuous
part of y, respectively. They are defined through the formulas y¢ = Zse(o,t] Ay, and
y¢ := y — y%. Note that y§ = yo. In case y is defined on [0, 00|, we additionally define

Yoo = limsTToo Ys, AyOO =Yoo — Yoo—» ygo = Zse(o,oo] Ayg' and ygo =Yoo — ygo-

2 Preliminaries and formulation of the reflected BSDE

This section will lay the foundations for the analysis that follows. We recall the
construction and some properties of the vector stochastic integral and compensated
stochastic integral with respect to an integer-valued random measure. We then present
the assumptions we impose on the data and the formulation of our reflected BSDE.

2.1 Stochastic basis

We fix once and for all a probability space (2, G, P) and a right-continuous filtration
G = (Gt)te[0,00)- We denote by G, = G the o-algebra on (2 generated by the sets in
Utef0,00)G¢- We denote the P-augmentation of G by G¥ = (G})ic[0,0), that is, each Gf,
t € [0,00), is generated by G; vV N, where N'F is the collection of (P, G)-null sets. The
universal completion of a o-algebra A is the o-algebra AV = m]p/e’p(Q7A)A]P/, where the
intersection is over the set P(,.A) of all probability measures P’ on (2,.4). We will
also assume for simplicity that G¥ C G. Unless stated otherwise, probabilistic notions
requiring a filtration or a probability measure will implicitly refer to G or IP, respectively.

Remark 2.1. The reason we suppose that GJ is included in G is that this ensures the G-
measurability of sup,c(o o) &s for a product-measurable process § : 2x [0, 00] — [—00, o0],
see [52, Proposition 2.21].

For two stopping times S and 7, we denote by 7gr the collection of all stopping
times 7 satisfying P[S < 7 < T|] = 1. Note that 7g r is empty if P[S > T] > 0. We denote
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by Gr the o-algebra of all A € G, for which AN {T <t} € G, for all ¢ € [0,0), and by
Gr_ the o-algebra generated by Gy and and all sets of the form AN {t < T} for A € G;
and ¢ € [0,00). If C is a collection of processes indexed by [0, ), we define Cj,. as the
collection of processes X = (X{);c[o0,o0) for which there is a sequence of stopping times
(Tn)nen that is P-a.s. increasing to infinity, with X.,, € C for each n € IN.

A real-valued martingale indexed by [0, c0) on our filtered probability space always
has a P-modification for which all its paths are real-valued and right-continuous, and
PP-almost all its paths have left-limits on (0, 00) (see von Weizsécker and Winkler [141,
Theorem 3.2.6]). We will always choose such a modification of a martingale. We
denote by M the space of uniformly integrable martingales and by #? the space of
square-integrable martingales indexed by [0,0c0). We denote by H2 the space of all
M € H? for which My = 0, P-almost surely. Note that ’Hg is a closed subspace of #2.
For (M,N) € Hi . x M., we denote by (M, N) the predictable quadratic covariation
between M and N in the sense of [77, Theorem 1.4.2] and let (M) := (M, M). We endow
H? with the scalar product (M, N)s: = E[MyNy] + E[{M, N)] = E[M Ny], which
turns it into a Hilbert space by identifying processes whose paths agree P-almost surely.
We denote the norm associated to (-, )= by || - ||3. A stable subspace of #? is a closed
linear subspace X of #? such that 14M.,r € X for each T € 70,00, €ach A € Gy and
each M € X. A very thorough study of stable subspaces can be found in Cohen and
Elliott [32], Jacod [76], and Protter [130]. Let us note, however, that according to [76,
Proposition 4.26], if M € H? is orthogonal to a stable subspace X for the scalar product
(v, )3, then (M, N) =0forall N € X.

An element M € M, has by [77, Theorem 1.4.18] a, up to P-evanescence, unique
decomposition M = My + M¢ + M?, where M¢ € H%_ has P-a.s. continuous paths and
satisfies My = 0, while M 4 ¢ Mo is purely discontinuous in the sense that Mél =0 and
M4eN € M, for every N € HIQOC with P-a.s. continuous paths. The processes M€ and
M are referred to as the continuous and purely discontinuous local martingale parts
of M, respectively. It is immediate that if M € H_, we also have that M4 € HZ , and
that we can write (M) = (M¢) + (M?). Thus (M¢, M%) € H? x H? if M € H? by [76,
Théoreme 2.34]. Lastly, we denote by [X, Y] the optional quadratic covariation between
semi-martingales X and Y in the sense of [77, Definition 1.4.45]. In particular, if M € H2,
then [M]o = [M, M] is integrable, [M] — (M) is a uniformly integrable martingale,
and [M°] = (M¢) since [M]; = (M®); + 3 (0.0 (AM;)?, t € [0,00), P-a.s. Note that this
implies [M] = [M*] + [M?] = (M*) + [M?] since [M9] = 3, ;(AM,)?.

We now introduce the optional and predictable o-algebras induced by our filtration
G. The optional o-algebra O(G) on 2 x [0, 00| is generated by all G-adapted processes
& : Q x [0,00] — R that are right-continuous on [0, c0) and admit left-hand limits on
(0,¢]. The optional o-algebra on 2 x [0,00) is given by the trace-o-algebra O(G) =
O(G) N (2 x [0,00)). We have that O(G) is generated by G-adapted, real-valued, cadlag
processes defined on 2 x [0, o). The predictable o-algebra P(G) on 2x [0, ] is generated
by all G-adapted processes £ : 2 x [0,00] — R that are continuous on [0,cc]. The
predictable o-algebra on 2 x [0, 00) is the trace-o-algebra P(G) := P(G) N (2 x [0,00)),
which is also generated by all G-adapted, real-valued, continuous processes defined on
Q x [0, 00). If no confusion may arise, we simply write P := P(G), P == P(G), O := O(G)
and O := O(G). We agree to use the following convention: if not stated otherwise, a
process indexed by [0, oo] is optional (resp. predictable), if it is measurable with respect
to O (resp. P), and a process indexed by [0, cc) is optional (resp. predictable), if it is
measurable with respect to O (resp. P). Finally, a stopping time T is predictable, if
[0, T[:= {(w,t) € 2x[0,00) : t < T'(w)} is in P, and we denote the collection of predictable
stopping times by 77 .

The following result appears in [76, Proposition 1.1] and [77, Lemma I1.1.19 and
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Lemma 1.2.17]. It will allow us to use results proved under the usual conditions in our
setting where the filtration is not assumed to be P-complete. Of course, a similar result
holds for the optional or predictable o-algebra on € x [0, oo].

Lemma 2.2. (i) Suppose that T is a G¥ -stopping time (resp. G -predictable stopping
time). There exists a G-stopping time (resp. G-predictable stopping time) T’ such that
T =T', P-almost surely.

(ii) Suppose that X is O(G")-measurable (resp. P(GY)-measurable), then there
exists an O(G)-measurable (resp. P(G)-measurable) process X' such that X = X’ up to
P-indistinguishability.

2.2 A lot of integrals

This part is purely for completeness as we recall the construction and some results
of (stochastic) integration theory. The integrals in this work are always constructed on
[0,0), and the corresponding value at infinity of the (stochastic) integrals are determined
by taking the limit [0, 00) 3 ¢ 11 co. This allows us to consider them as optional processes
indexed by [0, co] which are additionally left-continuous at infinity.

2.2.1 Lebesgue-Stieltjes integral

We have collected some results on Lebesgue-Stieltjes integrals in Proposition C.2.!
Suppose that C = (C’t)te[om) is an optional process for which P-almost every path is
right-continuous, non-decreasing and [0, co)-valued. Let f = (f.)se[0,oc) b€ an optional
process with values in [0, cc], or with values in [—o00, 00| and satisfying f[o 1 | fu]dCy < 00,
P-a.s., t € [0,00). Here, the measure dC, charges {0} with mass Cy;. We denote by
Jo fudCu = ( fg JudCu)ic(0,00) the, up to P-indistinguishability, unique, optional process
with P-a.s. right-continuous paths satisfying fot fudC, = f[o g fudCu, t € [0,00), P-a.s.
Note that [; f,dC, = f[o " fudC,, PP-a.s. We denote by f0°° fudC,, the P-a.s. unique G-
. . . e’} . t
measurable random variable satisfying [~ f,dCy = limiyee [y fudCu = f[O,oo) fudCy,

P-a.s., in case f is non-negative or f[o sy |fuldCu < 00, P-a.s. For two stopping

times S and 7T, we then use the convention fST fudCy = fOT fudCy — OSAT fudCy =

f[(Loo) 1¢s,7)(u) fudC,, P-a.s. We also note that in case Cy = 0, P-a.s., we have f[O,t] fudCy
= f(o’t] fudC,. This then implies f;‘p fudC, = f(o,oo) 1¢s,7)(u) fudCy, P-a.s. In case C and
f are both predictable, the integral process jo fudC, can be chosen to be predictable
as well. Finally, even when C' = (Ci).c0,c] has a well-defined value C., at infinity,
which does not necessarily correspond to its left limit C'.,_, we never include oo in the
domain of the integration. So we always have | ST fudCy = f[O,oo) 1¢s,71(u) fudC, and

fST_ fudCy = f[O,oo) 1is,7)(u) fudCy up to a P-null set.

2.2.2 Vector stochastic integral

In this part, we recall the I.?-theory of the vector stochastic integral and refer the reader
to [77, Section IIL.6] or [76, Section IV.2] for details. Let X = (X);c[0,) be an R™-valued
process with components in HZ with X, = 0, P-a.s., and denote by H??(X) the linear
space of R"-valued, predictable processes Z = (Z;);c[o,o0) for which each component A
satisfies

E[/ |ZIPd(XT, Xs| < o0, i€ {1,...,m}.
(0,00)

1While we do not rely on Proposition C.2 in this work, we have included it in order to correct [113, Lemma
B.1].
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Let £2°(X) denote the linear subspace of H? consisting of the component-wise stochastic
integrals 327", [, ; Z:dX; for Z € H*°(X). We endow H**(X) with the semi-norm

121130 _E[ZZ/ Z'ZIA(X, XY,

=1 j=1

which is finite on H??(X) by the Kunita-Watanabe inequality. The map
H*(X) 3 Z +— Z/ ZidX: e H?, (2.1)

is an isometry between the semi-normed space H?°(X) and the Hilbert space H? since

<Z/ ZidX! Z/ ZﬂdXJ> ZZ/ ZPZIA(X XY,
i=1 7 (0] i=1 j=1
Note that for (Z, Z') € H*%(X) x H?°(X) with ||Z — Z'||p=0 = 0, we have f(o,.] ZdX, =
i) 012 'd X, up to P-indistinguishability. In general, the space H?(X) is not complete,
and therefore £2°(X) is not closed in 2. In what follows, we will construct the
completion of H??(X), which leads to the notion of the vector stochastic integral whose
collection thereof is a stable subspace of #2, and thus, in particular, closed.

Let C' = (Ct):e[0,00) be a predictable process which is P-a.s. right-continuous, non-
decreasing and starts from zero. Consider a predictable process ¢ = (civj)(i}j)e{lw,mp
with values in the space of positive semi-definite matrices that satisfies

(X', X7, = / cdCy, P-a.s. (2.2)
(07']

Remark 2.3. We borrow the following construction of the pair (¢, C) from [112]. Con-
sider C := >""" (X', X"), and let

6§ o g g 1 (X7, XY — (X', X7 ) (- 1nvo.
cy”? = ¢ 1zucgny, Where ¢y = hnm_>sotip G Coimw

and 57" is the space of positive semi-definite, real-valued m x m matrices, and where we
used the convention 0 := 0/0.

The linear space of all predictable processes Z = (Z;);c[0,c) With values in R™

satisfying
12l =) [ 3

is denoted by H?(X). Note that H?(X) does not depend on the choice of the pair (c, C')
for which (2.2) holds and that || - [[g2(x) is @ semi-norm which coincides with || - ||gzo
on H*(X). The space H*(X) together with | - [g:(x) is the semi-norm completion of
H%%(X) by [76, Théoréme 4.35].2 The isometry in (2.1) thus extends uniquely to an
isometry

’NL m
Z;c;»ﬂzgdcs] <0

00)7 1 =1

H*(X) > Z+— / Z,dX, € H?, (2.3)
0,

between the semi-normed space H?(X) and the Hilbert space H2. Since by conti-
nuity, for two elements Z and Z’ in H?*(X) satisfying ||Z — Z’||m2x) = 0, we have
f(o ] Z,dX, = f(o ] Z!dX,, we can turn (2.3) into an isometry between Banach spaces

2To be precise, H?(X), together with || - ||g2(x), forms a complete semi-normed space containing H?°(X)
as a dense subset.
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after identifying processes in H?*(X) with ||Z — Z’||:(x) = 0. For each Z in H?*(X),
f(o.,-] ZdX, = (f(O,t] ZsdX)ie0,00), is the vector stochastic integral of Z with respect to
X. It is the, up to P-indistinguishability, unique process in %2 that starts from zero,
P-a.s., and satisfies

m
stXs,N> :/ < Hjcf*i>d08, P-as.,

=1

N,i

where ¢V is a predictable process with (N, X?) = f 0,] s NidC,. Similarly to the

stochastic integral of one-dimensional processes, for Z € H?(X) and T € 70,00, the
predictable process Q x [0,00) 3 (w,t) — Zg(w)1lpr@)(s) € R™ is in H?*(X) and
f(o,‘] Z1pr(s)dX, = f(o 1) ZsdX, P-a.s. Moreover, for W in H2(f(0,,] Z,dX,), the
product W Z is in H?(X) and

/O]WZdX / Wd(/ Zuqu>S.

As the space of vector stochastic integrals £2(X) = {f(o 124X, 2 Z € H%(X)} is

the image of an isometry defined on a Banach space, it is a closed subspace of H?.
Additionally, it is also a stable subspace of H? (see also [76, Definition 4.4 and Theorem
4.35]). Let us stress that for Z € H? (X ), we have the following equalities

121 ) = [ / chi»ﬂ'zzdcs] _ H /
(0.00) =7 ©,]

We close this part by agreeing on adopting a useful convention that will ease the
notation in what follows. First, we agree to write fg Z.dX, = f(o 1 ZdXs, t € ]0,00).

Since the vector stochastic integral is in H?2, it will have a P-a.s. unique G..-measurable,
real-valued, square-integrable limit at infinity which we denote by j;)oc ZsdX,. For two

stopping times S and 7', we use the convention |, ST Z,dX, = fOT Z,dXy — [, SAT Z,dX,.

2.2.3 Stochastic integral with respect to a compensated integer-valued ran-
dom measure

Here, we recall the construction of the stochastic integral with respect to compensated
integer-valued random measures in the sense of [32; 76; 77]. Before doing so, we need
to introduce some terminology and notation. The graph of a stopping time 7T is the set
[T] = {(w,t) € @ x [0,00) : T(w) = t}, and an optional set D C Q x [0, 00) is thin if there
exists a sequence of stopping times (7, ),en such that D = Upen[T,]- If [T] N [T5] =
for m # n, then (T, ),en is referred to as an exhausting sequence of stopping times for
D. Note that every thin set admits an exhausting sequence of stopping times (see [77,
Lemma 1.1.31]). Recall from Section 2.1 that a predictable stopping time is a stopping
time T for which [0, T is a predictable subset of 2 x [0, c0).

We now turn to random measures. Let (E, ) be a Blackwell space in the sense of
Dellacherie and Meyer [40, Definition II1.24] and let Q:=0Qx [0,00) x E.3 We consider
two o-algebrae on Q, the predictable one given by P =P ® € and the optional one given
by O = O®E. Let pn = {u(w;dt,dz) : w € Q} be a random measure on B([0, ) ® &.
For an G ® B(]0,00)) ® £-measurable function U : Q& — R, we define the process
Uxp=(Ux*pt)icfn,00) bY

Us(w; z)p(w; ds, dx), if / |Us (w; x) | p(w; ds, dz) < oo,

Uxp(w) = /(o,t]xE (0,t]xE (2.4)

oo, otherwise.

30ne can think for simplicity of E being a Polish space together with its Borel-o-algebra £ = B(E).
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We suppose that i is an integer-valued random measure in the sense of [77], that is, there
exists a P-measurable function V > 0 satisfying E[V * po] < 00, an O-measurable, E-
valued process o = (g)te[om), and a thin set D with an exhausting sequence of stopping
times (7, )nen such that

(w dt dx Z 5(5 0. (w)) dt dl’ Z l{T <oo} 6(T (w),or, (w)(w))(dt,dJ?).
(w,s)€D nelN

Here §, .)(dt,dz) denotes the Dirac measure at (s,z). Note that U « y is an optional
processes for any O-measurable function U : Q —s R.

Example 2.4. An example of an integer-valued random measure is the jump measure of
an adapted, cadlag process X

w(w; dt, dx) Z L{AX, (w)20) 0 (s,AX, (o)) (dE, dT).
s€(0,00)

The predictable compensator of y is the random measure v = {v(w;dt,dx) : w € Q},
which is (up to P-null sets) uniquely characterised by the following: v(w; {0} x E) = 0 for
each w € Q, the process U * v is P-measurable and satisfies E[U * o] = E[U * vo], for
each non-negative, P-measurable function U (see [77, Proposition I1.1.28]). Moreover,
we choose a version of v that satisfies v(w; {t} x F) < 1 for every (w,t) € Q x [0,00)
and such that {(w,t) €  x [0,00) : v(w;{t} X E) > 0} can be exhausted by a sequence
of predictable stopping times (see [77, Proposition I1.1.17]). Next, there exists (see
[77, Theorem II.1.8] together with [141, Lemma 6.5.10]) a right-continuous, P-a.s.
non-decreasing, predictable process C' = (C})c(0,o) @nd a transition kernel K from
(© x [0,00),P) to (E,E) such that

v(w;ds,dz) = Kg(w; dz)dCs(w), P-a.e. (2.5)

For any ¢ ® B([0,00)) ® -measurable function U : Q — R, we define the process
U= (Ut)tE[O,oo) by

~ / Ui (w; 2)v(w; dt, dz), if / |U(w; ) |v(w; dt, dz) < oo,
Ui(w) =< J{t}xE {t}xE

00, otherwise,

and U = (ﬁt)te[om) by Uy (w) = Up(w, 01(w))1p(w,t) — ﬁt(w). Note that U is an optional
process and that for each w € €, the collection {t € [0,00) : U(w) # 0} is at most
countable, and thus {(w, ) € Q x [0,00) : U;(w) # 0} admits an exhausting sequence of
stopping times (see [40, Theorem IV.88]). The sum »_ |(~]S|2 is thus well-defined
and G-measurable.

We now turn to the construction of the compensated stochastic integral with re-
spect to u. We denote by ]HQ( ) the linear space of P-measurable functions U :
Q — R satisfying E[ s 0,00) |U.?] < oo. For each U € H2(u), there exists a, up
to P-indistinguishability, unique purely discontinuous U x i € M), whose jumps are
given by A(U * 1) = U up to PP-evanescence (see [77, Theorem 1.4.56]). Note that
(U4+U)*p=Uxp+U *f, P-as., for (U, U’) € H2(u) x H?(u). Since

[Ux*p). = Z |A(U * i)s Z \U’s|2, P-a.s.,
s€(0,] s€(0,]
we find that [U * ji]o € L'(Goo) and thus U % i € H? (see [77, Proposition 1.4.50]). By [77,

Theorem II1.1.33], the predictable quadratic variation of the process U * i is given by

(U jiye(w) = (U =0 xmw)+ Y (1= Cw) T (w)

s€(0,t]

s€(0,00)
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2
+ (1= Colw </ Us(w; ) Ko (w; dx)) AC,(w ))dCs(w)
= [ (@) ), te [0.59), Pae we,

where ¢ = ((s)se0,00) s the predictable process defined by (,(w) = v(w; {s} x E) € [0,1].
Note that we can choose a predictable version of AC that is [0, co)-valued, and agrees
with the jump process of C' up to a P-null set. Indeed, we define

ACy = AC;l{ogAckoo}, where AC)(w) = lin;Tsup (Ct = Cl4—1/myv0)-

With this construction of the jump process of C, the map
Q2 x[0,00) 3 (w, 5) — [|Us(w; )|l (w) € [0, 0]

becomes predictable. Conversely, if we start with a P-measurable function U such that
U1 = Elfig.00) 1Us()17dC] < o0, then U € H(u) and thus U x i € H? (see [77,
Theorem I1.1.33]). Note that for (U, V) € H?(u) x H?(u) satisfying [|U — V||pz(,) = 0, we
have U % ji = V % ji. We therefore identify U und V in H?(p) in this case, which turns
H?(p) into a normed space. The space of compensated stochastic integrals K2 (i) =
{Uxji:U € H?(u)} is a stable subspace of #? by [76, Proposition 3.71 and Theorem
4.46] and thus closed in #?. We end up with the following result, whose proof we defer
to Appendix A.

Proposition 2.5. The space H?(1.) endowed with the norm || - ||p:(,, is a Banach space.
Moreover, for each U € H? (1),

101 = E [ /(  (W00)*4C,) = B )] = B0 ]

For (w,t) € Q x [0, 00), let §),, ; denote the collection of £-measurable maps i : £ —
R satisfying [l4()]ll,(w) < oco. Define $) as the collection of P-measurable functions
U : Q —s R such that U (w;-) € §,,; for each (w, ) € Q x [0, 00). Since for U € H2(u), we
have ||Us(w;-)||;(w) < oo for dP x dC-a.e. (w,t) € © x [0,00), we can define U/(w; ) =
Up(w; )1y (w,t), where N = {(w,t) € Q x [0,00) : |[Us(w;-)||,(w) = oo} € P, which yields
a version of U in H?(u) which is also in ). We thus always choose a version of U € H?(u)
that is also in ). The space § will be fundamental in our formulation of reflected BSDEs
in Section 2.5.

Let us close this part by a agreeing on a convention similar to the one we made about
vector stochastic integrals. Note first that since U x 1 € H? for U € H?(X), there’s a
well- deﬁned limit at infinity U * t. In the sequel, we will denote the process U x ji by
fo S5 Us(z)dfi(ds,dx) == U  fir, t € [0, 00], and for two stopping times S and T', we write

SAT
/ / x)di(ds, dx) = / / x)dj(ds, dx) / / x)d(ds, dx)

=Uxjir — U * fisaT-
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2.3 Orthogonal decomposition

Let X be the R™-valued process with components in %2 . from Section 2.2.2 and x

be the integer-valued random measure from Section 2.2.3. We are not working under
the assumption of martingale representation, and thus want to find conditions on X
and p that allow us to decompose a square-integrable martingale uniquely along X,
1 and another square-integrable martingale N appropriately orthogonal to X and u.
We mentioned in Section 2.2.2 and Section 2.2.3 that the spaces £2(X) and K2(u) of
stochastic integrals with respect to X and p — v, respectively, are stable (and thus closed)
subspaces of H?. We give sufficient conditions on X and x under which £2(X) N K2 (u) is
the null space in H?2. This allows us to write

H? = L3(X) @ K% (p) @ HP(X, p) with H2H (X, p) = (L2(X) @ ICQ(H))L.

This part is based on [113] and we borrow notations from [77]. Let M, be the Doléans
measure defined by

M, W] = /W(w,s,x)MH(dw,ds,dx) = E[W * liso],

for each G ® B([0,00)) ® £-measurable function W : Q —» [0,00]. Recall that there
exists a P measurable function V > 0 with E[V * pios] < 00. Thus the restriction
of M, to P is a o-finite measure. By the Radon-Nikodym theorem, there exists for
every G ® B([0,00)) ® E-measurable function W : Q@ — [0,00], a M,-a.e. unique, P-
measurable function MM[W|75} = W' : Q —» [0,00] satisfying M, [W'U] = M,[WU],

for each P-measurable function U : Q — [0,00]. For a general measurable function
W : Q — [—o00, 0], we use the same convention as in [77] to define M, [W|P], namely

M,L[maX{W,OH'ﬁ] - M,L[HlaX{*W 0}|75L on {M/LUWWS] < oo},

M, [W|P] =
l[ ‘ } {oo, otherwise.

The following is the main result about orthogonal decompositions along X and u, whose
proof we defer to Appendix A.

Proposition 2.6. Suppose that M#[AXiUS] =0 foreveryi € {1,...,m}. For each M €
H?, there exists a unique pair (Z,U) € H*(X) x H?(u) such that N = (N;)¢e[o,00) € H?

defined by
t t
N, = Mtf/ ZSdXSf/ /Us(x)ﬂ(ds,d:c),
0 0o JE

satisfies (N, X') = 0 for each i € {1,...,m} and MM[AN@] =0.

Corollary 2.7. Under the assumptions of Proposition 2.6, we have H? = L?(X)®K?(u)®
H2L(X, 1), where H2L(X, ) = (L2(X) @ K2(1)) . In particular, H2*(X,p) = {N €
H?: M,[AN|P] =0, (N,X?) =0foric {1,...,m}}.

2.4 Data and the corresponding weighted spaces

In this section we fix the data of the reflected BSDE and the weighted spaces in
which we will construct its solution. The obstacle and terminal condition are described
by a single optional process ¢ as in [60; 62]. From Remark 2.10, this is without loss
of generality. Throughout this work, we fix once and for all the data (X, u, G, T,¢, f,C),
where

(D1) G is the filtration in the stochastic basis;
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X = (Xt)tejo,00) is an R™-valued process whose components are in H120c with
Xo =0, P-a.s., 1 is an integer-valued random measure on R4 x E, where (E,€) is
some Blackwell space, and M,[AX?|P] = 0 for eachi € {1,...,m};

C = (Ct)tejo,0) is a real-valued, predictable process with P-a.s. right-continuous
and non-decreasing paths starting from zero that satisfies

d(X", XY, (w) = ¢9dC,(w), and v(w;ds,dz) = K (w,dz)dCs(w),

for P-a.e. w € Q, for each (i,j) € {1,...,d}?, where each ¢/ = (c}”);c(p.) is @
predictable process with values in the set of positive, semi-definite, symmetric
matrices, and K is a transition kernel from (2 x [0, 00), P) into (E, &);

T is a G-stopping time;

§ = (&t)tefo,o0) 1S @ [—00, 00)-valued, optional process satisfying*

E[&?HE[ sup |s:|2} < o0
s€[0,T)

f i Uw.neaxon) (R x R x R™ x §,¢) — R is such that for each (y,y,z u) €
R x R x R™ x £, the map®
Q X [0700) > (wat) — ft(way7Yazvut(w; )) € IR"

is optional and f is (r, 6, §#)-Lipschitz continuous on [0, 7] := {(w,t) € Q x [0, 00) :
t < T(w)} in the sense that
AN 2
|ft(w7y7Y7 zvut(w; )) - ft(wu Yy,y,%z 7ut(w; ))|
<@y =o' +r@)ly =y + 65 @)l @)z )|

+0) (Il ) — w5 ML @)

for P@dC-a.e. (w,t) € [0,T], where r = (Tt)tE[O,oo)' r= (rt)te[o,oo): 0% = (etx)te[o,oo)
and 0* = (0{');c(0,00) are [0, co)-valued, predictable processes, and ¢'/2 is the unique
square-root matrix-valued process of ¢;®

the optional process f.(0, 0,0, 0) satisfies’

E[(/OT|fs<o,o,o,0)|dcs)2} < oo

the non-negative, predictable process o = (a¢)c(o,o0) defined through

oF = max{y/7r, Vi, 0, 01}

satisfies oy (w) > 0 for P @ dC-a.e. (w,t) € [0,7], and the predictable process
A = (At)ie[0,00) defined by A; = JAT a2dCy is real-valued and satisfies AA < 9,
up to P-evanescence, for some ¢ € [0, c0).

4Recall from Remark 2.1 that the expectation is well-defined as SUP,e(o,T) 53’ = SUDP4¢(0,00] er lis<ery.
5The symbol || denotes the disjoint union, and therefore each f¢(w,-,-,-,-) is a map from R x R X R™ X $), ¢

into R.

6See Horn and Johnson [73, page 439].
"Here 0 denotes the zero element of the space T2 (u).
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Remark 2.8. (i) If we start with a process ¢ that is only defined on {(w,t) € Q x
[0,00] : t <T(w)}, then we ask here that the process & = (&;)¢c[0,o] defined by &;(w) =
&i(w)1 0,7(w)) (1) + gT(w)(w)l(T(w),oo] (t) is optional. The process ¢ is still the lower barrier
and ¢7 is the terminal condition of the reflected BSDE.

(ii) Note that (D2) allows us to decompose each M € H? uniquely into

M, = M0+/ Z.d X, —|—// p(ds,dz) + Ny, t € [0,00), P-a.s.,

for (Z,U,N) € H3(X) x H2(uu) x H>+(X, 1) by Proposition 2.6.
The process £(SA) denotes the stochastic exponential of SA, that is, £(BA) =
(8 (ﬂA)t) t€[0,00) is the unique right-continuous, adapted process satisfying

t
E(BA) =1 +/ E(BA)s_pdA;, t € [0,00), P-a.s.
0
As A is P-a.s. non-decreasing, it follows from [77, Theorem 1.4.61] that

E(BA) =M [ 1 +7Aa4)e 724 te[0,0), P-as.
s€(0,t]

Therefore £(3A) is P-a.s. non-decreasing as well and satisfies 1 < £(8A4) < ¢4 up to
P-indistinguishability. We now introduce the (weighted) classical spaces in which we will
construct the solution to the reflected BSDE. Although these spaces depend on (o, C,T),
we will suppress the dependence on («, C) to ease the notation. For § € [0, c0)

* LY (F), for p € [1,00) and a sub-o-algebra F C g, denotes the space of real-valued,
F-measurable random variables ( satisfying

IC13: = E[|EBAY¢|*] < oo;

* H7 4 denotes the Banach space of real-valued martingales M = (M;);e(0,00) in H*
satisfying M = M., and

1M1y, = BIME] + | /( e(ea.a0rm,| - Eng 4| [ ' E(3A). (M. | < oo

,00)

. 872“,6 denotes the Banach space® of real-valued, optional processes Y = (Yt)te[o.,oo]
satisfying Y = Y. A1 and

IVIE :=1E[ sup \swA);/QY;F] <
s€l0,T

. ]HQT 5 denotes the Banach space of real-valued, optional processes ¢ = (¢>t)t€[0,oo]
satisfying ¢ = ¢.Ar and

T
lolfs, =E| /( (3 Io.Pac | -] [ eariorac. <
0,00 0
. ]H?T 5(X) denotes the Banach space of R™-valued, predictable processes Z in H?(X)

satisfying Z = Z1o 1) and
T2 (X) {/ E(BA)

8That S% 8 is a Banach space follows with the arguments described in [41, IV.21, pp. 82-83].

121 x) = |EBAY 22150 1y

Z’ I Z1dC, ]

zl]l
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. ]H2T () denotes the Banach space of real-valued, ﬁ-predictable processes U in H?(p)
satisfying U = Ulpo 7 and

9 T

H2(n) ]E[ 0 E(BA)sd(U * f1)s | < 005

10N ) = |€(BA)2UL o 7y

,ﬁ(H

. ng;ﬁ(x, 1) denotes the closed subspace of real-valued martingales N = (N¢)c(0,00)
in H7, 5 with N € HZ NH> (X, p);
. I%,B denotes the space of [0, c0)-valued, optional processes K = (K;)ic[o,oc] Whose

paths are P-a.s. right-continuous and non-decreasing, satisfying K = K..r, E[K2] <
oo and

2 T 2
1%, = | / )f:(ﬂA);/QdKZ) |=8|( [ ewariar.) | <.

with convention K,_ = 0.

Finally, for § = 0, we simply write L? == I{(G), I?(F) == L{(F), H7 = H3 o, S7 = SF 0,
M = B, HHX) = H (0, B0 o= B (), B, 1) = Hih(X.p) and
Iy =17

2.5 Formulation of the reflected BSDE

In this work, we consider reflected BSDEs driven by cadlag martingales and integer-
valued random measures on a possibly unbounded time horizon. It turns out that for the
analysis that follows, it is convenient to construct the solution directly on [0, co], although
the driving martingales and integer-valued random measures are only defined on [0, o).
As we have seen before, we can and will assign a value to the (stochastic) integrals at
infinity by taking the limit ¢ 11 oo, whenever this makes sense. Inspired by the work
of Grigorova, Imkeller, Ouknine, and Quenez [62], we will not suppose any regularity
on the paths of the obstacle process £. We thus have to consider its left-limit process

= (Et)tE[O,oo} defined by

& = &olp=oy + 11111;:110 Es1ite (0,000}
which is (GY )te[0,00]-Predictable by Proposition C.6. Note that this process is P-indistin-
guishable from a (G;)c(o,~]-predictable process by Lemma 2.2 or [76, Proposition 1.1].

The solution to the reflected BSDE with generator f and obstacle process £ is a collection
of processes (Y, Z,U, N, K", KZ) satisfying the following conditions

(R1) (Z,U,N) € H2(X) x H2.(p) x Hg:;(X, 1), and Y = (Y;)ie[0,00] is Optional with P-a.s.
ladlag paths;

(R2) (K", K*%) € T2 x T2 with K} =0, P-a.s.;

R3) (Y,Z,U, N,K", K*) satisfies®

T
]E|:/ ‘fs(}/vS7Y'577ZS7US('))‘dCS <OO7
0

and P-a.s., for each ¢ € [0, o],

9We use a predictable version Y_ of the left-limit process of Y here (see for example Equation 2.3.3 and
Lemma 6.1.3 in [141]).
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T T
th = ST +/ fs(yvsyyvsfvzsa Us())dCs - / stXs
t t

T T
_ / / U, (2)i(ds, dz) — / dN, + K} — K7 + Kb — KL
t E t

R4) Yr =&, and Y =Y 7;
R5) Y AT > & aTs

(R6) K" is predictable, K* satisfies K% = K4 _, P-a.s., and is purely discontinuous,
that is, K{ = K§+ Y ,c(0.q AKS, t € [0,00], P-a.s., and the following Skorokhod
condition holds, with K§_ =0,

(Yr_ — E5) AKG + /

(Y, —E)dKT + / (Y - €)dK! =0, P-as.
(0,7)

[0,7)

(R7) Y5 = esssupgsE{fr +/ fs(lé,iéﬂZs,Us(-))dCs
TETsr S

g5:| ,PP-as., S e 7—0,T-

Let us comment on the form of the generator.

Remark 2.9. To the best of our knowledge, and except in [113], the literature only
considers the case where the generator depends on Y;_ and not on Y,. When the
integrator C' does not jump and is thus continuous, the dependence on Y; or Y;_ does
not matter as {s : Y; # Y;_} will be at most countable and thus of dC;-measure zero.
When the process C can jump, the dependence matters, and we include both cases for
the following reasons:

(i) a dependence on Y;_ in the generator has been considered in numerical schemes,
see among others Briand, Delyon, and Mémin [22], Briand, Delyon, and Mémin
[23], Briand, Geiss, Geiss, and Labart [24], Cheridito and Stadje [27], Madan,
Pistorius, and Stadje [107], Possamai and Tan [127], and Papapantoleon, Possamai,
and Saplaouras [114; 115];

(#4) alinear BSDE only seems to allow for an explicit representation of its Y-component
as a conditional expectation if the linearity of the generator depends not on Y;_
but on Y;. To see this, one can adapt the techniques of [26, Lemma 2.2] to our
setup. Similarly, in the reflected BSDE case, a Y,-dependence in the generator
already appears in the following seemingly simple example. Consider the optimal
stopping problem sup.c7. E[¢;/D;], where the discounting process is given by
D= S(fo' rsdCs) for some predictable process r = (74)¢[0,o0) that is C-integrable.
The value process V; = esssup, 7. E[§; D/ D] of this optimal stopping problem,
after applying some standard transformations and then Mertens’s decomposition,
is the Y-component of a reflected BSDE with obstacle £ and generator of the form

rsY

[(Ys) = 15 rACy

As our main motivation is to develop (reflected) BSDEs to analyse certain discrete-
and continuous-time problems in a unified manner, we stress that the dependence
on Y; in the generator is thus crucial.

We now comment on the formulation of the reflected BSDE.
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Remark 2.10. (i) That £ plays the role of the lower barrier and terminal condition
is without loss of generality since for any lower barrier L = (L;):c[o,-) and terminal
condition ¢, we can define the obstacle { as & = Li1jo,7)(t) + (1j7,0(t), t > 0. With
our formulation, it is clear that on [0,7), £ is the lower barrier L and &7 is the terminal
condition (.

(#4) With the conventions we agreed upon in Section 2.2, the integral processes
appearing in (R3) and (R7) never include the points 0 or co in the domain of integration.

(73i) Note that the forward dynamics of Y are, P -a.s.,

tAT tAT
—_— —/ (Yo Yo, Z0,U()dC, +/ Z,dX,
0 0

AT
—|—/ / Us(z)fi(ds,dx) + Near — K{np — Kft/\T)_7 t € [0, 00].
0 E

In particular, Y is a P -a.s. ladlag optional semimartingale.
(iv) Conditions (R4), (R5) and (R7) are equivalent to

TAT
YS :eSSSHpgSE[frAT+/ fs(yts77YS7ZsaUs('))dCs
TET 5,00 S

QS}7 P-as., S € 7p,00-

(v) We will see in Lemma 6.2 that if (aY,aY_,Z,U,N) € ]H2T,;§ X IEI?FB X ]HZTﬁA
]H2T B(u), then (R1) up to (R6) imply (R7).

7(112') If £ is IP-a.s. left-upper semicontinuous along stopping times, then K" is continu-
ous. This is similar to [62, Remark 2.4].

(vii) If € is P -a.s. right-continuous, then so is Y. Indeed, let Y ) be the right-
continuous, optional process that IP-a.s. agrees with the process of right-hand side
limits of Y (see [41, Appendix I, Remark 5(b)]). For 7 € 7y r, we have Y, — Y, =
—(K! p—K! 1) <0, P-as., since K* is P-a.s. non-decreasing, and therefore Y, <Y,
up to a P-null set. This then also implies Y, > Y, > &4+ = & up to a P-null set.
Following [60, Remark 3.3], we then find with (R5) and (R6) that

1=P[Y, >&] =P, > & +P[Y, =¢&]
[AK] =0,Y; > &)+ PY, = Yoy, Y, = &
Yo =YY, > &)+ PY,, =Y, Y, =& ] =P[Y, =Y, ]

(X) x

=P
=P

Hence Y, =Y, = YTH), P -a.s., which implies that Y = Y. ,p is P-indistinguishable
from YE\JFT) by the optional cross-section theorem in [40, Theorem IV.84, p. 137] (or
see Proposition C.3). Incidentally, since K ¢ is purely discontinuous and the source of
right-hand side jumps of Y, this implies K¢ = 0 up to a P-null set.

(viii) Instead of considering two predictable processes (K", K) in the above formu-
lation of the reflected BSDE, we could simply consider a single IP-a.s. non-decreasing,
predictable process K satisfying Ky = 0 and K = K.,7, P-a.s., defined by K = K" + K*
up to P-indistinguishability. The processes (K, K", K ¢ ) are then related to each other as
follows

K} = K, — K{_, where K{ = Y (K. — K,), t € [0,00], P-a.s., with K§_ = 0.
s€0,t]

3 Main results

This section contains the main results of our work. We present them first in the
reflected BSDE and then in the (non-reflected) BSDE setting. Although the formulation
we chose for reflected BSDEs includes BSDEs as special cases, it turns out that the a
priori estimates in Section 5 can be improved. We therefore report the results separately.
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3.1 Existence and uniqueness for reflected BSDEs

Before stating our main well-posedness result for reflected BSDEs, we introduce
some notation to ease the presentation. For (¥, 3) € [0,00) X (0, c0), let

“(5) = _in (1+B\I/) 41+ 5Y)

) g2
‘ll(ﬁ) -— inf {(14'7\1})} 4 + \Pm
O e A S T B T e — VT e (VI B 1)

Here the equalities follow from Lemma B.1. We define

MY (B) = fq“(ﬂ>+4+max{1 (”5‘1’)}( 214 5)12 1 g (/3))

3 5 \5t3
ME(B) = 4(8) + (Z 20+ ﬂg‘m)),

v o b (1+p59) 4 1/2 o
MY(B)= 5+ {175 }(Nﬁ“”ﬂ“) + 8 <5>),ﬁe<o, ).

The constants M (3), My () and My (3) will appear when we construct the contrac-
tion mappings on the weighted solution spaces of the reflected BSDE. Being able to
keep them strictly less than one will allow us to use a fixed-point argument to deduce
well-posedness. We now turn to the integrability conditions we need to impose on the
obstacle £ and the generator f to make our method of proof work, in particular, to ensure
that the contraction mappings will be well-defined. Let *¢ = (*ft)te[o,oo] be the process
defined by

*€o =0, and *¢&; = lim { sup \5 1{5<T}|} € (0, 00], (3.1)
Tt seft’,00
which is G¥ ® B(]0, oo])-measurable by [52, Prop051t10n 2.21]. Although this process
depends on the stopping time 7', we suppress this to ease the notation. The following
definition contains the main integrability condition that we impose.

Definition 3.1. The collection (X, u, G, T,¢&, f,C) is standard data for B € [0,00), if the
pair (&, f) satisfies

. 0,0,0,0
Jerlle + o el + | £

2
]H'l'.é

Remark 3.2. Our integrability assumption on £ is slightly different than the one imposed
in [60; 62], which reads
E {ess sup9r §T|2] < 00,
TETor

in a bounded horizon, Brownian-Poisson framework. Our assumption is not stronger
than the one above, if we set ourselves into their framework. On the contrary, we actually
only need to consider the positive part of £ on [0,7"), which is more general than the
integrability condition in [60; 62]. We will have a more thorough comparison with the
literature in Section 3.3.

Let us mention here a sufficient condition to have ||a*¢ [z , finite. We defer the proof
to Appendix A.

Lemma 3.3. Let (3, 3*) € [0,00)2 with 3 < 3*. Then
(14 B*®)(1 + 39)
(8* — B)

In particular, if ||[£* 1. c1y|sz . is finite, then so is oz, -

lo"€lls , < I LperyllZs -
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We now turn to our main well-posedness result for reflected BSDEs. It covers the
case where the generator depends, additionally to Z and U(+), on both Y; and Y;_, just
on Y; or just on Y,_. The proof is deferred to Section 6 as it is based on the optimal
stopping and Snell envelope theory we revisit in Section 4 and the a priori estimates we
establish in Section 5.

Theorem 3.4. Suppose that (X, G, T,¢, f,C) is standard data for some 3 € (0, 00).

(i) If M®(B) < 1, there exists a solution (Y, Z,U,N, K", K") to the reflected BSDE

satisfying (R1) up to (R6) such that (Y,aY,aY_,Z,U,N) is in S% x ]H;B X ]H;B X
2 2 2,1 ’ ’

]H:T7§(X) X HT,B(“) X HO,T,B(X7 lu)

(ii) If M2 (B) < 1 and f does not depend on the component Y,_, then there exists a
solution (Y, Z,U, N, K", K*) to the reflected BSDE satisfying (R1) up to (R6) such

o i 2 2 2 2,1 ..

t112at (aY,Z,U,N) is in ]HT,B X ]HT”@(X) X HT,B(M) X H07T,B(X’ i). Moreover, Y is in
S7.

(ii7) If M:?(B) < 1 and f does not depend on the component Y, then there exists a
solution (Y, Z,U, N, K", K*) to the reflected BSDE satisfying (R1) up to (R6) such
. 2,1
that (Y,aY_,Z,U,N) is in S x IH2T[3 X ]H2T,B(X) X ]HzT’é(u) X Hog 5K ).
In all three cases, the triple (Y, K", K*) is unique up to P-indistinguishability and

(Z,U, N) is unique in ]H2T§(X) X IHQTB(M) X H(Q)’JT‘B(X, w). Furthermore, (R7) holds. If,

additionally, £ 1o 1) € 83, for some 8 € (0, 3), then (K", K*) € I3 ; x T2 .

Remark 3.5. The fixed-point argument used in the proof of Theorem 3.4 relies on
the usage of the S2-norm in cases (i) and (iii). However, one can use the following
alternative norm!°

HYHQTIZ = sup E[[Y;|?] (3.2)

TE o

in the contraction argument. The statements of Theorem 3.4 and Corollary 3.6 remain
unchanged, except that we would be able to replace the constants M;¥(j3) and My (5) by

YN W lmx (1+ 5®) 5 4 AaNl/2 | AB A

and

| 14+30)) (5 4 X oA

M2(B) = = + max {1, (6)} < + =(1+39)Y/2 4 ng’(ﬂ)>,
B B BB

respectively. For the BSDE case, see Remark 3.8. We refer to Remark 5.5 and 6.4 for

more details.

Theorem 3.4 and the analysis of the contraction constants in Lemma B.2 yield the
following immediate result.

Corollary 3.6. Suppose that ® < 1. For each i € {1,2,3}, there exists 8} € (0,00) such
that M*(B3) < 1 for every 3 € (B¢, 00). Moreover

(i) if (X,G,T,&, f,C) is standard data for 3 € (8%, 0), then Theorem 3.4. (i) holds;
(i) if (X,G,T,¢&, f,C) is standard data for 3 € (85,00), then Theorem 3.4. (ii) holds;

(#i7) if (X,G,T,¢, f,C) is standard data for 3 € (6%,00), then Theorem 3.4. (iii) holds.

10For more details on this norm, see [41, IV.21, pp. 82-83].
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3.2 Existence and uniqueness for BSDEs

We now discuss the existence and uniqueness of the non-reflected BSDE with gen-
erator f and terminal condition £&r. More precisely, we look for a unique quadruple
(Y, Z,U, N) within a class of processes satisfying

(B1) (Z,U,N) € H3(X) x HZ (1) x Hy'r (X, p);

(B2) Y = (V})ie[0,00 is Optional with P-a.s. ladlag paths,'!

[/ [ fo(Yer Yom, Zo, Us(- )\dC}

and

T T
Ytzsﬁ/ Fo(Yo Yoo, 20, Us())dC,s — /stXs
t

/ / i(ds,dx) / dNs, t € [0, 0], P-a.s.

To deduce existence and uniqueness within a class of processes of the BSDE above, one
could just redefine the obstacle ¢ to be —co on [0, T), note that then K" = 0 and K* =0,
the representation (R7) turns into

T
YS:E|:C+/S fs(Ysa}/s—vz&Us('))dCs

gs], P-a.s., S € 79,00,

and then refer to Theorem 3.4 for the conditions that provide existence and uniqueness
in case there exists § € (0, 00) with

< 0. (3.3)
HZ s

lerl: + Hf”“)

However, it is worthwhile to redo the a priori estimates in Section 5 in this case
as the contraction constants improve significantly. Let us also emphasise here that
the techniques we employ to establish well-posedness for BSDEs do not depend on
It6’s formula, and extending them to BSDEs with a multi-dimensional generator and
terminal condition is straightforward. The constants we want to control in the contraction
argument to prove well-posedness of (B1)-(B2) become

W@ =@+ 5w {1, PO (L)),

B
My (B) =Y (8) + (; + W(ﬂ))
M (B) = % +max{1,(1+ﬁﬁ\m}(6 + Bg (5))

The following is our main well-posedness result for BSDEs. We defer its proof to the
end of Section 6.
Theorem 3.7. Suppose that (X,G,T,¢, f,C) is standard data for some B e (0,00) and
§=—-ocoon0,7).

11 Note that Y is then a fortiori IP-a.s. cadlag.
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(i) If M®(B) < 1, then there exists a solution (Y, Z,U, N) to the BSDE (B1)-(B2) such
that (Y,aY,aY_, Z,U,N) is in S x H? ; x H? ; xH2 ,(X)x H? (1 )XHE;B(X 1).

(1) If Mg"(ﬁ) < 1 and the generator f does not depend on Y;_, then there exists a

solution (Y, Z, U, N) to the BSDE (B1)-(B2) such that («Y,Z,U,N) is in ]H2TB X
2,1 ’
]H2T,B(X) X ]HQT (1) x HOTB(X ).

(491) If 1\7;?(3) < 1 and the generator f does not depend on Y, then there exists
a solution (Y, Z,U,N) to the BSDE (B1)-(B2) such that (Y,aY_,Z,U,N) is in
Spx HZ o x H (X)) x H2 (u) x H§;B(X 1)

In all three cases, Y is in 52 T.3 and unique up to P-indistinguishability, and (Z,U, N)

isumquem]HQTB(X)X]H; (1) x HI L (X, p).

0,T.3
Remark 3.8. Similar to the discussion in Remark 3.5, we can also replace here in the
contraction argument the norm || - || sz by the norm || - |7z introduced in (3.2). Inciden-

tally, we would be able to replace the constants M ‘I)(B) and M. ‘I)(B) in the statement
of Theorem 3.7 and Corollary 3.9 by

MP(B) =§*(8) + = 5 +max{1 (1—%3@)}(; +BE®(B)>

Mf(3)=;+maX{l,(1%ﬂ®}<ﬁ el (B)),

respectively. We refer to Remark 5.5 and 6.4 for more details.

and

Combining Theorem 3.7 with the analysis of the contraction constants in Lemma B.3,
we find the following.

Corollary 3.9. Suppose that ® < 1 and that { = —oo on [0,T). For eachi € {1,2,3},
there exists 3F € (0,00) such that M*(3) < 1 for every 3 € (8¢, 00). Moreover

(i) if (X, G, T,¢, f,C) is standard data for 3 € (37,00), then Theorem 3.7. (i) holds;
(i) if (X, G, T,¢, f,C) is standard data for 3 € (83,00), then Theorem 3.7. (ii) holds;
(#i7) if (X, G, T,¢, f,C) is standard data for 3 € (8%,00), then Theorem 3.7. (iii) holds.

Remark 3.10. (i) Here, the condition we need to impose on ¢ to get well-posedness for
sufficiently integrable data is weaker than the claimed condition ® < 1/(18e) in [113,
Corollary 3.6] in case the generator depends on (YS, Zs, Us(-)). There is actually a slight
issue that occurs when deriving the a priori estimates in [113]. By correcting the issue
appearing in the derivation of the a priori estimates, it turns out that the constant ®
needs to be even lower than 1/(18e) for the contraction argument to go through. We will
come back to this in Remark 5.6.

(7i) The second well-posedness result in [113, Theorem 3.23] relies on the generator
depending on (Ys_, Zs, Us( -)). The proof is also based on a fixed-point argument, but the
a priori estimates are derived by an application of It6’s formula and not by the more
direct approach as in the first part of [113]. Although the integrability condition (H4)
imposed on f in [113] under which well-posedness is established is not comparable to
our integrability condition (3.3), their result relies on the more restrictive conditions
(H5) and (H6) imposed on the integrator C and the driving martingale X in [113].

(¢47) It turns out that within the framework we are working in, the condition ® < 1 to
establish well-posedness of BSDEs with jumps is not only sufficient, but also necessary
in the following sense: if we ask ourselves whether a condition of the form ¢ < a for
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some a € (1,00) would still allow us to have a general well-posedness result, then the
is answer is no as can be seen by the counterexamples to existence and uniqueness
established in Confortola, Fuhrman, and Jacod [33, Section 4.3]. See also the discussion
in Papapantoleon, Possamai, and Saplaouras [113, Section 3.3.1].

(iv) An extension to d-dimensional BSDEs, for d € N, is straightforward as we will
never use It0’s formula to derive the a priori estimates in the BSDE case. In this case,
the generator f = (f',..., f%) is R%valued and the system of BSDEs will then take the
form

T
=5%+/ Fi(Ya, Yoo, Z,,Uy(9))dC, — /ZidX

//Ul )(p — pP)(ds, dz) / N ie{l,...,d},

where Y = (Y1, ... .Y, Z=(Z, ..., 29T, U= (U',..., U%) T and N = (N*!,...,N%)T
To adapt our method of proof, we need to replace in (D6), in the definition of the
weighted norms of Section 2.4, and in the proof of Theorem 3.7 the absolute value | - | by
the Euclidean norm || - ||g«. All computations that we will carry out in Section 5 in the
BSDE case and in the proof of Theorem 3.7 will still go through.

3.3 Comparison with the literature and some consequences

In this part we compare our well-posedness results with other results in the literature.
We are mostly interested in a comparison of the integrability conditions imposed on
the data, and, in case the integrator C jumps, whether some a condition similar to our
condition aAC < @ € [0,1) is needed to ensure well-posedness. However, we restrict
ourselves to works which are closest to ours, although there are far more well-posedness
results out there. In particular, all well-posedness results we mention in this part, except
one, consider IL2-data and Lipschitz-continuous generators.

3.3.1 When the obstacle is predictable

The case of a predictable obstacle process £ together with a notion of ‘predictable re-
flected BSDE’ was studied by Bouhadou and Ouknine [17]. While we do allow, of course,
for an obstacle £ that is merely predictable, the solution to the reflected BSDE in [17] con-
sists of predictable processes. Specifically, the processes Y in [17] is predictable. Their
study closely relies on the theory of predictable strong supermartingales by Meyer [110,
page 388] and the corresponding predictable Snell envelopes by El Karoui [46]. Although
we do not cover the well-posedness result of [17] by simply taking predictable projections
of our solution processes, it would be intriguing to explore whether this can be achieved
by our techniques in this work in combination with the results in [46] and [110].

3.3.2 When Wiener meets Poisson

We start with comparing our results in the reflected BSDE case to Grigorova, Imkeller,
Offen, Ouknine, and Quenez [60] and Grigorova, Imkeller, Ouknine, and Quenez [62],
in which they show well-posedness of bounded horizon reflected BSDEs in a Brownian-
Poisson framework whose obstacle, as in our case, is merely an optional process. Let
us translate their setup into ours to see that we cover their well-posedness result. Let
dC, = ds, let T be a deterministic and finite time horizon, let X be a Brownian motion
and let p be a Poisson random measure, that is, the predictable compensator v of
disintegrates as v(ds,dz) = F(dz)ds for some o-finite measure F : (E,£) — [0, c0], see
also [76; 77]. Since C' is continuous, the dependence on Y; or Y,_ in the generator does
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not matter, so we drop one of the arguments in the generator that involves Y. Suppose
that f has a universal and deterministic Lipschitz coefficient o € (0, c0). The integrability
condition on the obstacle £ and the generator f in [60; 62] that ensures well-posedness is

T
E{esssupgﬂ{}ﬂ +E{/ |f5(0,0,0)|2ds] < 0.
0

T€Tor
We now show that our integrability condition in Definition 3.1 is satisfied for any
B € (0,00), although it looks rather different at first sight. Note that we can choose
® = 0 since the integrator C, and thus A, never jumps. Moreover, £ (BA) = ¢f4, and
since 1 < P4 < ¢#*’T | we immediately find

T 2 BT T
E[/ eﬁAs|fs(0’0’0)|dCs} < ea2 E{/ |fs(0,0,0)|2ds} < o0,
0 0

2
Qg

T s s T
IE[ / eBA"|*§s|2dAs]§a2850‘ T]E[ [ s fu|2ds}
0

0 u€ls,T|

< aQTe@O‘ZTIE[ sup |£u|2} < 42T TR [esssupgﬂ&ﬂ < 00,
w€e[0,T] T€Tor

for any B € (0,00). The last inequality follows from an application of Proposition C.7. Fur-

L
thermore, Hj. = H? , H7(X) = H? ;(X), Hj(n) = H?, (1) and H3.(X, u) = H;T, 5(X)

since e’4 is bounded. For /3 large enough, we have M2 (3) < 1 fori € {1,2,3}, and thus
our Theorem 3.4 provides well-posedness of the reflected BSDE considered in [60; 62].
However, we want to mention that the class of processes in which uniqueness holds in
[62] is not completely clear, at least to us. We will discuss this further in Remark 6.3.

3.3.3 When the random measure is a marked point process

We would like to draw attention to the recent work of Foresta [58] on reflected BSDEs
driven by Brownian motion X and a marked point process p, that is, 4 is an integer-valued
measure such that

p(w; dt, dz) = Z l{T,,<oo}(W)‘S(Tn(w),gm(w)(w))(dta dz),
nelN

for a sequence of stopping times (7, ),en that satisfies T,, < Ty, 41, P-a.s., and T, < T41,
P-a.s. on {7, < oo}. The well-posedness result of the reflected BSDE considered in
[58, Theorem 4.1] can be covered by our Theorem 3.4 in case of sufficiently integrable
data. We start by translating their setup into our notation. Let C; = ¢ + C;, where C’
is some continuous process for which we can write the predictable compensator v of i
as v(ds,dz) = K. (w;dz)dC’. Since A is continuous, we can choose ® = 0, which then
implies that M®(8) — 0 for 3 — oc. Moreover, the stochastic exponential weight
S(BA) reduces to ¢4, Suppose that the generator is of the form

d
fs(wayaYazaus(w; )) = fsl(wvyaz) + ff(w,y,us(w;')) (1 - d; >7

with deterministic and time-independent Lipschitz coefficients, so a € (0,00). The

integrability condition in [58] reads

E[ew%gﬁ} +E[ sup clP+ICg, 2
s€[0,T)
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T T
—i—E[/ eﬂCé|f;(o,o)|2ds] +E[/ P £2(0,0))2dC%| < 00.  (3.4)
0 0

It is then straightforward to check that for B = /a2, which then also satisfies BA =
Ba*C = BC, we have [|&r|g: + HW’ g < oo. That [la*¢||m:  is finite follows
from Lemma 3.3. We thus conclude that if (3.'4) holds for 3, our Theorem 3.4 provides
well-posedness of the reflected BSDE considered in [58].

3.3.4 When the horizon is finite but random

Inspired by applications to random horizon principal-agent problems, Lin, Ren, Touzi,
and Yang [106] proved well-posedness of random horizon BSDEs, 2BSDEs and reflected
BSDEs. Although we cannot cover their results in general as they work with IL.P-data
for p > 1 and the novel norms they use do not fit with our setup, we can compare to
some extent their well-posedness result in the reflected BSDE case for p = 2. In our
notation, the setup studied in [106] is the following: there is no integer-valued random
measure y, the process X is a Brownian motion, the obstacle process ¢ is optional and
cadlag, the stopping time 7 is finite, the integrator C' satisfies dCs = ds, the Lipschitz-
continuous generator f has deterministic and time-independent Lipschitz coefficients,
thus a € (0,00), and moreover, f is monotone in the y-variable, see [106, Assumption
3.1. (i1)]. As before, we drop one of the arguments in the generator that depends on Y.
Note that we can choose ® = 0, so that Mg (3) — 0 as 3 — oo. This ensures that we
can provide well-posedness for data that is sufficiently integrable. We now turn to the
integrability condition in [106] that provides well-posedness in an IL2-setting. Let Q, (IP)
be the collection of probability measures Q* on (2, G) that satisfies

— =£ Ad X, ), t€]0,00),
d]PlgL 0 t [ )

for some predictable process A = (\;)se[o,00) With [As| < a. Suppose now that there
exists ¢ € (0,00) and 3 € (0, 00) sufficiently large such that

sup EQ[|eﬁa‘T/2€T‘2+s}+ sup EQ|: sup |eaa‘T/2 :/\T|2+s}

QeQ.(P) QeQ.(P) s€[0,00)
24¢e)/2
+ sup EQK/TeBO‘QSfS(O’O)st>( - ] < 0.
QeQ.(P) 0 a?

An argument similar to the one in the previous paragraph shows that |l *¢[[m: | < oo as

P € Q,(P). Suppose now that B is large enough, so that the conditions in [106, Theorem
3.9] and in our Theorem 3.7. (ii) are satisfied. Fix § < § such that the difference
3 — 3 is small. By Theorem 3.7. (ii), there exists a unique solution (Y, Z, N, K", K*)
to (R1)-(R7) such that (Y, Z, N) € H7, 5 x H7, 5(X) x H;é(X) Recall here that due to
the obstacle ¢ having cadlag paths, the process K* vanishes, see Remark 2.10. (vii), we
thus write K := K". Let us now compare our solution to the one constructed in [106].
The solution (Y’, Z’, N’, K') constructed using Theorem 3.4 in [106] satisfies (R1)-(R6).
Moreover, weAalso have (Y',Z',N') € 8% x H7, 5(X) x ’H?,l)g(X), and also Y’ € 87, for
each 8t € (3, 3). The latter property implies that aY”’ € ]HQT 5 since
T . T .
||aY’||2TB = E[/ eﬁA-’|XQ,’|2dAS] = E[ sup |e? A-”/QYS’|2/ eB=8 )A"dAs]
’ 0 s€[0,T] 0
i e 1
<E| sup |eﬁ A,,/2Ys/|2/ e(ﬁﬁ*)sds] _ 7\\}//”22 )
[se[o,T] 0 (B—pT1) S
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With our uniqueness statement in Theorem 3.4. (i7), we conclude that (Y, K) = (Y, K'),
up to P-indistinguishability, and that (Z, N) = (Z’, N') in H7, 5(X) x H%’E(X ). Since each
Q € 9, (P) is locally absolutely continuous with respect to P, it is straightforward to
check that our solution (Y, Z, N, K) also coincides with (Y’, Z’, N’, K’) with respect to
the norm used in [106]. We thus conclude that our solution is in their solution space.

3.3.5 When the generator has stochastic Lipschitz coefficients

Perninge [122] also studies reflected BSDEs in a Brownian setting on an infinite horizon,
and with stochastic Lipschitz coefficients, where the Y-component will converge to
zero at infinity. The stochasticity in the Lipschitz coefficient actually only appears in
Z-component of the generator. Here the integrability conditions imposed on the data are
not comparable to ours. However, the range of applications seem to be more restrictive
than in our setup for the following reason: in our notation, the process X is a Brownian
motion, and the stochastic Lipschitz coefficient X in [122] is supposed to be an adapted
and continuous process and should satisfy E[£( [, (,dX,),] = 1 for each t € [0,00) and
optional process ( satisfying |¢|> < #X. In particular, the process V6% itself should satisfy
this condition a fortiori. Thus the well-posedness result in [122] is not for arbitrary
Lipschitz generators with stochastic Lipschitz coefficients.

3.3.6 When the non-reflected BSDE is driven by arbitrary martingales

Let us close this section by a comparison of our BSDE results to the works of Bandini
[10], Cohen and Elliott [31] and Papapantoleon, Possamai, and Saplaouras [113], as we
feel that these works are closest to the BSDE formulation we chose here. In [10], the
integrability condition imposed on the data is not comparable to ours. We can thus not
cover the well-posedness result in [10] in general. What is surprising nonetheless is that
by translating [10] into our notation, we see that the condition \/EAC’S <del0,1/ \/5)
which only involves the Lipschitz coefficient of f with respect to the Y-component, is
sufficient for the contraction argument to go through in case of sufficiently integrable
data, see [10, Theorem 4.1]. However, the setup in [10] is simpler than the one we study
here, as the only driving force in the BSDE is a random measure p with finite activity,
that is, {t € [0,t] : p(w; {t} x E) = 1} is finite for each (w,t') € 2 x [0, c0).

The BSDE considered in [31] is rather different from ours. We initially fix a driving
martingale X and an integrator C' so that d(X), is absolutely continuous with respect
to dCs. Contrary to our case, in [31] the integrator C' is fixed in the beginning, and
the driving martingales of the BSDE are a sequence of orthogonal martingales that are
constructed from a general martingale representation theorem relying on the assumption
that the underlying probability space is separable. In [31], the integrator C may have
no relation at all to the the predictable quadratic variations of the driving martingales.
We are thus not able to link our well-posedness result to theirs. However, they suppose
that C is deterministic and strictly increasing, which immediately excludes piecewise
constant integrators. The condition ensuring well-posedness in case of sufficiently
integrable data is similar to [10], namely, in our notation, \/EAC’S < ® €[0,1) is enough
for the arguments to go through, see [31, Lemma 5.5 and Theorem 6.1]. This again only
involves the Lipschitz coefficient with respect to the Y-component of the generator.

Lastly, the formulation of BSDEs we chose in this work already appeared in [113],
with the slight difference that we allow our driving martingale X to have components
in H2_ and not in H2, thus enabling us to apply our results in case X is a Brownian
motion, and the random measure p in this work is a general integer-valued random
measure in the sense of [76; 77], which is not necessarily induced by the jump measure
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of a process in H? as in [113]. Moreover, we allow the generator to depend on both Y,
and its left-limit Y,_. Our integrability condition on the data is also weaker, as we use
stochastic exponential weights £(5A4), while the well-posedness result in [113] relies
on exponential weights e?4. Interestingly, this change of the weights allows us to build
a contraction map under the condition a?AC; < ® € [0,1), while in [113] the more
restrictive condition a2AC; < ® < 1/(18e) is needed. We thus cover [113, Theorem 3.5].
As already mentioned in Remark 3.10. (¢), there is a small issue in the proof of the a
priori estimates in [113] to which we will come back in Remark 5.6.

4 Optimal stopping and Mertens’ decomposition

In this section, we solve the reflected BSDE in case the generator does not depend
on (y,y,z,u), which we assume throughout. We imposed the following integrability

condition on f and &2
T 2
([ 1ac.)
0

From (R7), it is clear that the first component of the solution is related to the optimal
stopping problem

E[|§T|2]+E|: sup IEIIQ] +E < 0. (4.1)
)

wel0,T

AT
V(S) := ess sup?* B {&AT + / FfudCy
TET 5,00 0

gs], P-a.s., S € Ty oo (4.2)

Note that the conditional expectations are well-defined in [—oo,c0). The fact that we
can actually find a solution to (R1)-(R7) is a priori not clear, since we cannot directly
employ the classical results of optimal stopping and the Snell envelope theory, as the
gains process is not necessarily non-negative (see [47; 108]) or in S (see [60; 62]). We
thus need to go through a series of technical lemmata to modify our optimal stopping
problem first. Since we do not need their proofs for the analysis that follows, we defer
them to Appendix B.
For the following lemma, we fix a martingale M = (M});c[0,] Satisfying

T
MS_E|:£T+/ fsdCs
0

gs], P-as., S € 7p,c0-

Note that V(S) > Mg, P-a.s., S € To,eo. Let J = (Ji)ie[0,00) @nd L = (Ly)ie[o,00] be the
optional processes defined by

AT
Ji = &ar +/ fsdCs, and Ly = J; V (My — 1po1y), t € [0, 00].
0

We now rewrite the optimal stopping problem (4.2) using the auxiliary process L.
This idea stems from the proof of [142, Proposition 6.3.2].

Lemma 4.1. The process L is in S2, satisfies L. = L. 7, up to P-indistinguishability, and

V(S) = esssupgf”]E[LT\gS], P-as., S € 7p,c0-
TETs,00

The previous lemma now allows us to deduce the following.

Lemma 4.2. The family (V(S))ser, .. satisfies the following properties

(i) V(S) € L3(Gs) and V(S) > E[V(U)|Gs], P -a.s., for all (S,U) € Tp.oo X To.c0 With
P[S<U]=1.

12Recall that £+ = max{¢, 0}.
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(t1) V(S)=V(U), P-as. on{U = S}, forall (S,U) € Tp,00 X T0,00-

The next result shows that we can aggregate the family (V' (5))ses into a process.

Lemma 4.3. There exists a, up to P-indistinguishability, unique optional process V =
(Vi)tepo,00] € St satistying Vs = V(S), P-a.s., for each S € Ty . Moreover, V. = V.xp, up
to IP-indistinguishability.

By Lemma 4.2, the process V = (V;);c[0,o] COnstructed in Lemma 4.3 is a strong
optional supermartingale in the sense of [41, Appendix I], and thus IP-almost all its paths
are ladlag (see [41, Appendix I, Theorem 4]). The next lemma allows us to deduce the
Skorokhod condition using our modified optimal stopping problem.

Lemma 4.4. (i) For each S € Ty o, we have 1y, —1.} = 1{v,—j.}, P -as.
(i1) For each S € 7/ ,,, we have 1y, _r 4 =1y _j,, P-as.’?

We have now established the necessary technical results that allow us to apply
the arguments laid out in [62] to construct the solution to the reflected BSDE for

the generator [ that does not depend on (y,z,u). First, define Y = (Y})ic[0,0c] by

Yy =V, — [{" £,dCs t > 0. Then Y. = Y.nr, up to P-indistinguishability, and

SAT AT
Yg=Vs— / fsdcs = ess SUPQSE l:gT/\T + / fsdcs
0 TET 5,00 S

Qs], P-ass., S € To,c0-

We know by now that V is a strong optional supermartingale in the sense of [41,
Appendix I]. We can therefore apply Mertens’ decomposition to construct the solution to
the reflected BSDE.

Proposition 4.5. There exists a unique triple (Z,U,N) € H2(X) x H2(u) x H%:%(X, i)
and a, up to P-indistinguishability, unique pair (K", K*) € 72 x T2 such that K" is
predictable and starts P-a.s. from zero, K* has P-a.s. purely discontinuous paths and
satisfies K% = K4, P-a.s., and

T T T
Yt:gTJr/ deC’s—/ stXS—/ /Us(x)ﬁ(ds,dx)
t t t E
T
—/ AN, + K} — Kl + Ky — Kf_, t€[0,0c], P -a.s.,
t

holds with convention K§_ = 0. Moreover,

(Yr— —&7)AKT + /

(Yoo —&,)dK] +/ (Y, — &)dK! =0, P-as.
(0,7)

[0,T)

Proof. We use V. = V.or, up to P-indistinguishability, and [62, Lemma 3.2]'# (which
is based on Mertens’ unique decomposition of a strong supermartingale) to find a
martingale M = (M;)ic(0,00) With M = M.,p, My € I?(Gr) and M, = 0, P-a.s., and two
processes (K", K*) € T2 x T2 such that K" is predictable and satisfies K = 0, P-a.s., K*
has P-a.s. purely discontinuous paths and satisfies K% = K%_, P-a.s., with convention
K =0,

AT
YtJr/ fsdCy =V, = Vo + My — K] — K{_, t € [0,00], P-a.s.,
0

13Recall that 77

Lt == lim SUP 4100 Ls for t € (0, 00]. The process J is defined analogously.
14 Their results still applies to our infinite, but right-closed, horizon [0, oo].

is the collection of predictable stopping times and L is defined by Lo := Lo and

oo
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and AK! = 1y _; yAKY, P-a.s., for each 7 € T o, and AK? = 1y, _7,AK], P-as.,
for each 7 € 7 . Moreover, [62, Lemma 3.3] implies

/ 1y o7ydE° =0, P-as., where K™ = K" — > AK].
(0,7) s€(0,/]

Therefore, by Lemma 4.4,

(Yr_ — E7)AKE —|—/ (Yio — &,)dK] +/ (Y, — &)dK! =0, P-as.
(0,7) [0,7)

Since M, is Go.-measurable, and because G, = Goo_ = a(ute[o,oo)gt), the martingale M
is IP-a.s. left-continuous at infinity. We can therefore decompose (M;);c[0,o0) as

t t
Mt:/ stxs+/ /Us(x)ﬂ(ds,dx)—l—Nt, t € [0,00), P-a.s., 4.3)
0 0 E

for unique (Z,U, N) € H3(X) x H3(u) x Hop (X, u) with Ny = 0, P-a.s., such that the
value M is the P-a.s. limit at infinity of the processes on the right-hand-side of (4.3),
that is,

[oe] oo
M :/ Z,dX, +/ / U, (2)fi(ds, dz) + Nao, P-a.s.
0 0 E

It remains to write the dynamics of Y in backward form.

We now present the argument that implies uniqueness separately as it might seem
odd that we do not impose K§ = 0, P-almost surely. Suppose that (M’, K™, K*') is a
triplet satisfying the same properties as (M, K", K*), and such that

tAT
Yt+/ FudCy = Vi = Vo + M, — K — K t € 0,00, P-as.
0

It follows that M, — K] — K. = M} — K[’ — K, t € [0,00], P-a.s., hence M — M’ is
a martingale that is P-indistinguishable from a predictable process with P-a.s. locally
finite variation paths. Thus M; = M/, t € [0, 0], P-a.s., by [77, Corollary 1.3.16], and
therefore

K/ +K! =K+ K/, te[0,00] P-as.

Since K¢ and K%' are P-a.s. purely discontinuous, we can write

Kf - K" =K{ — K =K{—K;'+ Y (AK!—AK!'), t€(0,00], P-as.
s€(0,t)

As K" — K™ is IP-a.s. right-continuous, it follows by taking limits from the right that

K — K" =K§—KJ'+ > (AKL— AKY), t €[0,00], P-as.
s€(0,t]

Hence, 0 = Kj — K" = K} — K}’ and AK! = AKY, s € (0,00, P-a.s., which
implies K¢ = K'', up to P-indistinguishability, and thus also K" = K", up to P-
indistinguishability. This completes the proof. O

5 A priori estimates

We now devote ourselves to a priori estimates, which will allow us to construct a con-
traction mapping on the weighted normed spaces introduced in Section 2.4. Classically,
these sort of estimates are derived by an application of It6’s formula to the square of the
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(weighted) difference of two solutions to the (reflected) BSDE (see [16; 60; 62]). In our
generality, we were not able to deduce appropriate estimates solely using this tool, and
thus we will approach the estimates differently. We first derive bounds on conditional
expectations of the martingale processes using both It6’s formula and a pathwise version
of Doob’s martingale inequality (Lemma C.4). Then we employ the ideas of [50, page
271 to get the desired weighted norm estimates. For i € {1,2}, let f* = (fZ)ue[o,oo) be an

optional processes satisfying
T 2
EK/ |f;|dCu) } < oo,
0

and suppose that we are given an optional process y* = (y,'ﬁ)te[o’oo] satisfying

T T
yi :5T+/ fic, —/ dni + kN — kPP 4+ kR — kPt e [0,00], P-aus.,(5.1a)
t t

y' =yl > Ear, Pass., (5.1b)
) AT )
ys = esssupgsE{éwT +/ JodCy Q’s], P-a.s., S € 70,00, (5.1¢c)
TET 5,00 S

(vr_ — Er) AR +/ (yio — &)k +/ (v; = &)dk" =0, P-as., (5.1d)
(0,T) [0,T)

for some 7’ € H2 and (k™', k") € I7 x I% with k™' predictable and starting P-a.s. from
zero, and ké’l = k%z_ up to a P-null set. Here we use the convention kf;f = 0. Let

Sy :=y' —y? on=n' —n? ok =k"' — k"2, 6k" = k"' — k%2 and of = f' — f7.

To ease the notation, we denote by L the infimum of the function ¢ defined on
{(e,k) € (0,00)2:0<1—4r < 1} by

max{l + e+ 4x + 12/¢,12/c + 2/K}

le, k) = T

Recall from (D5) that the obstacle ¢ satisfies E[|{r[*] + E[sup,c(o 7y [£5]?] < oo. The
following is the main result of this section.

Proposition 5.1. Let 3 € (0,0c0). Then'®

2

of

by, < (1+2)g®(5) |~

b

416
18yl%, < Hf
Bl B2,

2
2

T8

1)
laduliy, <17

2
H7.,

T
E[(630)7] + lady |12+ 1603, + E[ / ewA)sd[ams}

B
(1+52)

+1E[/0T5(6A)sd[5kf}s] < (5 4(1+ﬁ¢’)”2 +ﬂg‘1’(6)>

of
R H

2
)
HZ 5

and

T.8

of
I5v13; + sl + ladu- I, + onl%,, < 217 (5)|

2

JHg,_ﬁ,
5f|?

o, + Woul, < 23| 2]

2
H7 5

15Recall the definition of §®, g®, Mf’, M2‘I> and MB‘? at the beginning of Section 3.1.
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15913 + lodu- s, + I8, < M135)|
Moreover, for eachi € {1,2},
_ i
ly'l5: <12 { lérlE: + || sup 5* 1 :
w€e[0,T) 6 « HZ

(1+5®)

5 lerliy + lla“elli , +

7012 D fl
oyt < 3( o)L

2
)
M2,

; (1+ @) \ 7
oy |5 | §3< 3 ér]IE; + Nl §||1%{2T15+(1+ﬁ¢’)9¢(5) - ;
H
and
3 /6 i |12 L (12
Ellyil?] + ———lay® |4 + |92,
61%] + g v W, + Il

+E[ / Té‘(ﬁA)sd[W]s] +1E[ / Tf:(ﬁAxd[kf*i]s}
1] £
‘f
)

L 2 2 + 1 2 2 - —
< <||5T||1L + 1€ 10,1 sz + Bl eIy

The proof of the preceding proposition will be based on the two following lemmata
whose proofs we defer to Section 5.1. Here we use the convention (y_ := 0 for a process
¢ = (Ct)tefo,00), @and we recall from Section 2.2.1 that we never include the point cc in the
domain of integration.

+ﬂ<||fT|ig Tl + 6% Hf

Lemma 5.2. The following inequalities hold:

T T
ousl < B[ [ 167u1aCu{Gs]. ] < B[erl+ (€L en]+ [ 114, G| 6.2
S u€[S,00]
P-a.s., for S € 7y and i € {1,2}, and
bys_| < E[ | wsac, gs_} lys_| < E[gT +es+ [ Ifac, gs_}, (5.3)
S— S—
P-as., for S € 7y, and i € {1,2}.'° Moreover,
T 2
lovl; < 45| ([ osdac.) | <.
0
T 2
Iy (|3 < 121E{|§T|2+ st)|g 1+ (/ |f;dcu) } < 00, i€ {1,2}. (5.4)
u€e(0,T 0
Lemma 5.3. The following inequalities hold:
T T T
bysP + E[ [ an. gs} n E[ [ i, gs} n E[ [ s, gs]
S s -
16Recall from Section 2.1 that 7'5:00 denotes the collection of predictable stopping times.
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g4-+E[waanwu

gs} + E[/i A[k"].

Gs-| 8] [ rracr,

T
< 2]E[/ 590 fudCy gs], P-as., S € Ty, (5.5)
S

Mw”ﬂ%li&%h %}4mﬁ/Tqu

S—

o

T
<mU6mma
S_

QS], P-as., S e 767’)00. (5.6)

Moreover, for eachi € {1,2},

gs] + JEUSTd[k’"vi]u

T 2
SLEFﬂ%mm|@uKmF+(/|ﬁMQ)

u€[S,00] S
i8] [ atnfos| +B] [ awalas] el [ awe,

T ] 2
suﬁmﬁ+v@2+(é|ﬁma)

T .
gS:| + E |: d[kjﬂ]u
S—

|%2+E[/T«mn

S

o

gs], P-as., S € Ty, (5.7)

o

QS], P-as., S €Ty (5.8)

We turn to the proof of the a priori estimates.

Proof of Proposition 5.1. To ease the presentation, let us abuse notation sligthly in this
proof and denote by E[W.|G.] and E[W.|G._] the optional and predictable projections,
respectively, of a non-negative, product-measurable process W = (W})c(o,o0]- We refer
to [41, Section VI.2 and Appendix I] for their existence and properties.

We suppose, without loss of generality, that ||%IH1H2T’5, %QH]H;S and ||%H1H%5 are all
finite; otherwise the stated inequalities trivially hold. We start with some introductory
calculations. First, let (v,8) € (0,00)% with v < 3, and recall that the stochastic
exponential £(vA) of the non-decreasing, predictable process A satisfies

t t
E(vA), = 1 +/ E(vA),_d(yA), = 1 +/ E(vA)s_7dA,, t € [0,00), P-ass.  (5.9)
0 0
In particular, £(yA) is predictable and (see [77, page 134])

E(yA) = [ @ +~yAA)e™24 € [0,00), P-as. (5.10)
s€(0,t]
Since A is P-a.s. non-decreasing, so is £(yA) by (5.9) and (5.10). Note also that
E(YA)r = E(VA)i— + AE(yA):
=E(YA)— + E(YA)—vAA = E(YA)— (1 + vAAs), t € (0,00), P-a.s.  (5.11)

By [31, Lemma 4.4] or Lemma C.1. (i), we have £(yA)~! = £(—vA), P-a.s., where y4 is
the predictable process satisfying

— (vAA,)?
YA=qyA- Y —— P-as,
e 1+~yAA,

“A\C __ c __ c A _ (A/AA)2 o ’YAA
(vA) = (yA) = 7A", AyA=yAA 1+7AA_1+7AA’P_

a.s. (5.12)
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In particular, yA is P-a.s. non-decreasing. Let F = (F(t))
by

te[0,00] be the process defined

T
F(t) = / 0£.1dC,

T tAT
::k/m\édeCs—l/ qudOS:L/ 6fu10a(s)dCs, P-as.  (5.13)
0 0 ,00)
For t € (0, 0], we have F(t—) = f(o,oo) 10fs|1,m(s)dCs, P-a.s., and
|F@—ﬂ2<:/ L, (s e 5Ly e, Pras.  (5.14)
= J(0,00) E(VA)s (5] * J(0,00) *Taz 0T . ’

by the Cauchy-Schwarz inequality. The first integral on the right-hand side above can be
bounded as follows

1 1
SA. dAs = i 14, dA,
~/(O,oo) 5(’}/A)S [t,T] (5) t,%?;o (0,00) g(’YA)S [t,t /\T](S)

1 1
- 1. 1 ’ dAs
AP Sy EOA) - (78 A7) )

P 1
— i E(-7A)y
100 mm)( 74) (1 +7AA,)

P 1
li E(-7A)y ——
1100 mw)( 74) (1 +7AA,)

— AA,
+ Z 8(_7A)571{s§t’/\T}m
s€[t,00) v s

1i0n1) (s)dAs

1[t,t’/\T](s)dAc

S

1
= 1. - g - A 571 ’ d Ag
t’%r;oV/(o,oo) (=7A)s=Lip a1y (s)d(vA)

1 I [
+ — Z 5(—7A)3—1{s§t’/\T}AryAs

SE[t,00)

= lim /( 5(_77A)8—1[t,t’/\T](8)d77As

1 .. _ _
— -2 tim (E(-7Anr - E(-FA)nr-
1 1
< -
Y S(VA)MT7
Here, the fourth line follows from (5.12) and

1
(1+yAA)

(5.15)

dA® = dA° (5.16)

since A€ is continuous, and thus dA° does not charge any points on (0, c0). Thus
|0s/?
02

S

P(t-)? <+ /( 0. E 1 n(94C, 1€ (0,0), P,

and therefore
T
| @y pe-)Paa,
0

- /( Lon@EEA-IF(-)Pas,
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Sl/ Lot )S(BA”—#/ E(vA)s |(wzlﬂ( )dC,dA,
7 J(0,00) EA) - J 0,00 a2
i/(o,oo /(O Lio<t<s<rE(BA):- 5(7114)15— E(VA)SMOJZ gdesdAt
fly/(o o) /(0 1{0<t§s§T}5(ﬁA)t,£(7}4)t_ 5(7A>s|6£§2dAtdCS
_ % /(0700)5(7A)s|6f§|2 /(O,Oo) 1{0<t§3g}g(g14)t_ﬁd AdC,
= i/OTS(M)s'afS'2 Asf(ﬁA)tmz)t_dAtdCs, P-a.s. (5.17)

Here, the fifth line follows from Tonelli’s theorem. Lemma C.1. (i7) yields

S 1 S Y
A ———dA, = AP, _dA P-a.s.
| e gr—aa = [ @ aa. s e ), Peas.

where A% = (Ef”)te[om) is the predictable process satisfying
AA,

ABY — (B — ~)AC _ 7IP NI
(8—7) +€z(0:](6 71+7AA -a.s. (5.18)

Since § — v > 0, the process AP is P-a.s. non-decreasing. Similar to the derivation
of (5.15), we find

[[edn an= [ e@) anis @), sa

0 (0,s]

te(0,s]
1 A ~
- ABY AA A8
(6_'7)/ ]5( )t_(1+7 t)d( )t
Z E(APY), (1+7yAA)AAYY
(ﬂ tG(O s]
- : AP A8y
- (677)/ ]5(A ), (1+7AA)dA,
(1+~+®) Aﬁ .
Y E(APY) dA
S (6 - '7) (078] ( )tf t
(1+79) . 25
=-———2(&(AP) -
(ﬁ - ’Y) (8( )s 1)
(1+7P) . 4
(AP
B (ﬁ - ’Y) ( )5
= WS(BA)S@, s € (0,00), P-as. (5.19)

Here, we used (1+~yAA)dA°¢ = dA° and (5.18) in the second line, and the definition of
AP in the last equality. By substituting (5.19) into (5.17), we obtain

T 14 7®) 2
/ 6<5A>t7|F(t—>\2dAts( k] / 34,25 qc, poas)
0 as
Consequently, this implies

T T
/O E(BA)|F(t—)dA, = / E(BA) (1 + BAA|F(t—)2dA,

T
< (1+ @) /0 E(BAY-|F(1-)[2A;
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2
OL

Y(B =)

S

Next, we note that we also have

F)? < / —1 s)dA, Elv
‘ ( )| (0700) E(VA)é (t,T]( ) (O,OO) ( )

1 |(5fs|2

S

and similarly to (5.15), we find

1 1

1
1y p(s)dA < S ——— te0,00), P-as.
/@,oo) £ ), ten (944 < Zerre s t € [0,00)

1¢,71(s)dCs, t € [0,00), P-a.s.,

(5.20)

(5.21)

This also follows by taking right-hand limits along ¢ in (5.15). We insert (5.21) into (5.20)

and find

5 1 1 |5f5\2
FOP < e [ €04 D10 ()40, t € [0,00), P-as.
(0,00)

This yields

v EMA)iaT

S

/55,4 |F(t)|2dA,

(ﬁA) [E(t)*1(0,1(t)dA;

% © Oo) 1A)t Lom(?) /( o) E(vA)s ‘65 ‘%'2 1(;7(s)dCsd A,
-2/ / Lparcren G zo-e o) 2ol acuan,
% / / Lioci<s<mE(BA) 5 £ A)té’(fyA) |5(J:Z|2dAtdC
% / ). v i /(Om 1(o<icscryE(BA); (71 o AdC,
;/ |§fs|2/ BN g A) ——dA,dC,
=3 o [ R e
igi% OTe s|5f5|2 05_ mdAtdCs
igifi OTS sm / E(APY),_dAdC,

_ m /0 " epa). |5£§2 f:(vA)%(i1 )+ jAAs) i
e ARSI R e

= M/OT 5(BA)S|6§§2dCS, P-a.s.
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Here, we used Tonelli’s theorem in the fourth line, (5.11) in the seventh line, the fact
that (1+8AA)/(1+~AA) < (14 5P)/(14+~®) since z — (14 Sz)/(1+~x) is increasing
on [0, ?] in the eighth line, Equation (5.19) in the tenth line, and Equation (5.11) again in
the third-to-last and last line. Consequently, this implies

T T
/0 E(BA)_|F(D)]2dA, < / E(BA),_|F(t—)2dA,

2
g(H@ / £(BA)s |5£S| dC,, P-ass.,

S

since F(t) < F(t—) for t € (0, oc]. To summarise, we found

T T 2
2 (A+52) 10|
/0 E(BA)|F(t)[2dA, < 7(Bﬂ)/o E(BA), > ac,,

4 oy (1599) 55,
| e iropas < L2 / £(34). "Lk ac.,

2

T
/0 E(BA)|F(1-)[*dA, < (5 :

T 2
/ E(BA-F(1-)PdA, < (H”q’ / £(BA), |‘5§S| 0, P-ass. (5.23)
0

) (5.24)

We turn to the stated bounds. The S%-bounds

2 1

"B

fZ

sup €u

loylls; <
u€l[0,T)

2
and [|y'[|5; < 12 <||€T||i2 +
7,

)
i

follow from Lemma 5.2 together with

T 2 r T 1 T |5fs‘2
()] i) | <E-</0 o) ([, conSg)
1 2
< B 2L m, (5.25)
T 2 T i |2
i | fl
() vue) | <e[([] smamn) ([ conLiac)]
< 1 ﬁ i (5.26)
=3l a H;B. .

Here we first use the Cauchy-Schwarz inequality and then (5.21). The H2-bound for oy
follows from

T T
lasults, =E| [ eGarlsulatac| = x| [ e@arisiaa]
0 0

T T
< E[/ E[E(BA)| F(t)[? |Qt]dAt] = [/ E(BA)t|F(t)|2dAt}
0 0
L aese o
B =)
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where the first inequality follows from optional projection together with Lemma 5.2,

the step from the first to the second line follows from [41, Theorem VI.57], and the last
inequality follows from (5.23). Hence,

2 . (1+6<I>)} SEIIP 4+ 89)||af* _ 5 Haf
Hady”m"i = vel(%f,ﬁ){“Y(ﬁ =) 2 a p? @z, = ]HQT, - 527
We similarly find
T
lody- I, = E| [ e(@anbn-Pas
0
T
<+ ﬁcb)lE[ / s<ﬁA>t_|5yt_|2dAt}
0
T
— 0+ 6mE| [ e ire-)Pan
0
A+ [ 0f]F _ o |l 0F )
<+om) e OO R CEC e

where we now use the predictable projection together with Lemma 5.2 and [41, Theorem
VI.57]. Assuming for the moment that f? = 0, we find analogously

T T
lov' s, =E| [ e@anbiPatac — | [ sanliras)

T
<3E[ / E[g(ﬁA)tléT“S(BA) sup €51 uery 4 EBALIF()P

u€[t,00]

T
—3<E{ | eaniaran) ve| / E(BA) sup |£+1{u<T}|dAt}
0 0 uE[t,00]
T
+E| ewAMF(t)?dAtD
0
o]

T
&2 / E(BA),_(1 wAAt)d(/aA)t}

gt} dAt]

T
( { E(BA), sup €3 1 ey |? dAt} +]E[/ 5(6A)tF(t)|2dAtD
wE[t,00] 0
(1+5

<3 ﬁ‘bm[w / €<ﬂA>t_d<ﬁA>t}
T
[ / £(8A), sup |£+1{u<T}|dAt}+E[ / 5<5A>tF<t>|2dAt]>
uetoo 0
T
Sg(l +5*B(I>)]E[5(5A)T|§T|2}+]E{/ E(BA): sup Ifil{u<T}|2dAt}
0 uE[t,00]
T
+E[ 6(BA>t|F<t)2dAtD
0
(1+BD), . s ‘o2 : 1+ 82)\| £
§3<ﬁ||§TH]L§+|a €||H2T'3+7€1%%)€ {(5_’7)} o Hi,ﬁ)
o L)1?
- 3(“*,f)||§T||ig el +°0)| 5 )
]I_IQ
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where the second line follows from the optional projection together with Lemma 5.2 and
(@ + b? + ) < 3(a? + b% + ¢?), the third line follows from [41, Theorem VI.57], and the
last line follows from (5.23). An analogous argument leads to the H2-bound on y2. By
using predictable projection, we find

T T
oy 2 =E[ / 5<6A>t|y§_2afdct} =E[ / 5<6A>t|yé_|2dAt}

T
<38| [ el + i s (€1 uenl +1FE-)P)
0

u€(t,00)

Qt_} dAt:|
T T
0 0 VIt yeltr, 00
2
H%s)

+E {/OT E(ﬂA)tIF(tVdAt} )

w 2 * o012 . {W}
g3< el + o€l + 1+ 69) it L0

(1+39) ’
=3 —= .
An analogous argument leads to the H2-bound on 32 .
We turn to the bounds on the martingale ¢7 and first note that for a IP-a.s. cadlag
process V' = (V});¢[0,00) With P-a.s. non-decreasing paths starting from zero, we have

/OTE(BA)SdVS = /OT <1+/085(ﬂA)t_d(5A)t)dVS

T rs
— A)_BdA.dV,
vT+/0/05(6)tﬁ AV,

fl

[e%

fl

lerlE; + lla el + (14 52)a™(B)||

T.8

=Vr+ ﬂ/ / Lio<i<s<ryE(BA)-dAdVs
(0,00) J (0,00)
=Vr+ 5/ / 1o<i<s<)E(BA)-dVd A,
(0,00) J (0,00)
— Vit 8 / Losizn (34 /( peenaVida,
(0,00 0,00
T T
Ve [ £ [ v
0 t—
T T
— Vit ﬁ/ E(BA) / dVidA,, P-a.s. (5.29)
0 t—

Here the fourth line follows from Tonelli’s theorem. Thus, by letting V' = (dn) + [6k"] +
[6k'], we get

lonlis, + | | Tswmsd[ams} | [ TewA)dekf]s}
- E[ / T5<5A>sd<an>s} +E[ / ' 6</5A>sd[6kr]s] +E[ / Tswmsd[ékﬂs]

T T
— B[(on)r + [0k ] + 0K]r] + mE[ | e [ aten + o+ W])sdAt] .
(5.30)
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We now apply [41, Theorem VI.57], the predictable projection together with Lemma 5.3,
and find

]E{ /O etpa,. /t " (o) + (58] + [6kz})sdAt}

T T
szE[ / E(BA), / |6ysafs|dcsdAt}
0 t—

+E[/OT E(BA),_ /tT(éfs)Qd[C]sdAt} ]E[/OTg(ﬂA)t_Myt_FdAt}

We insert this inequality into (5.30) and find, after a rearrangement of the terms, that
T T
66| [ ea-low-Paa +1ols, + | [ ea.ase.]
0 ! 0
T
+ EU E(BA)Sd[éke]s}
0
T T
E[(6n)r + 5"} + [6k)2] + wE[ / E(BA),_ / 1650 fs|dcsdAt}
0 t—

+5IEUOT5(5A)t_ /tT(st)Qd[C]SdAt]. (5.31)

We now bound the second expectation on the second line. By the Cauchy-Schwartz-
inequality and since A = [; a2dC;, we find

T T
[ 1eudtiac. = [ ey 1/2|6ysas)( ¢ A)1/2|6f5>d0

T 1/2 T |5f ‘2 1/2
< ([ eomrnran) ([ enallla) "
t— t— S

Therefore, for v € (0, 3), we find

T T
E E(BA):— 0ys0 fs|dCsd A
[ | e@an [ iswon }
1/2
<E[/ E(BA)}E(vA 1/2</ E(vA) T 6ys)? dA)
12
AN 1/2</ £y '5fs'2 ) dAt]
T 1/2
<E[ | eGar-gna. / s<wA>sl|5ys2dAsdAt}

2 1/2
|: / E(BA) -2 _/ E(vA)s |6(J:S‘ dCs dAt]

S

YA):
< E[/O E(BA / THoys|?dA, dAt} v

EWfii/o St T/Q

1/2 1/2
_ 14+~ é
—| [ ear e [ S(fyA)slléys?dAsdAt} (=) 14 -
HZ
(5.32)
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Here, the second inequality follows from the Cauchy-Schwarz inequality, and the third in-
equality follows from the equalities starting on the third line of (5.17) together with (5.19).
Next, note that

/ E(BA)-E(v4) t—/ E(vA);  6ys|*dA,d A,
B / 0,00) / oy oS EBAN-EVA)-E VA0, A A A,
- /o o) /0 o) Li<o<ryE(BA) - E(YA)-E(VA); H6ys?dArd A,
/ EA); 1|5ys|2/ E(BA)_E(VA)r_dAdA,

/ E(vA); 0y ? / (<ﬂ+v>A+m[A1)t,dAtdAs

/ E(vA); 1|(5ys|2</ E(A),_dAS + Z E(A AAt>d

0<t<s

5A1652/£ _ dA;
- [ 6 |y|( e
AAt>dA

_ 1 —c
E( A 1(552(/5A dA,
/ (rA)s1ous| ~B+7+ PrAk)

_ 1 _
+ > EA) AAt>dAs
05z (B+7+ BrAA)
—1 2 1 1
/ E(vA)T 0y / E(A T ’HﬁVAAt)dAtdAS

< / E(vA); 6y ? / £(A),_d7A,dA,

(6+ )
g—/ (YA)7 |6ys[2E(A).od

_|_

L / (YA)T 6y 2E(BA) £ (1A) d A,

/ (BA)s|0ys|?dAs,. (5.33)

Here the seventh line follows from A° = (8 + 7)A° and A4 = (8 +)AA + By(AA)? =
(B4 v+ ByYAA)AA, the eigth line follows from the fact that dA° puts no mass on the
points s € (0,00) where AA; # 0, and the tenth line follows from 8+ v < 5+ v + SyAA.
This then yields

T T 1/2
B [ ea-eaan [ ehar ol
0 t—

1 1/2 T ) 1/2 1 1/2
< | — E E(BA)s|0ys|*dA, [ 5 .
B <5+’Y> {/o (BA)s|oys| ] (54—7) [ldy|mz ,
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1 1/2 o s - 1 1/2 A1 + BO) 1/2
<(337) ) _— (75) (57

Here the inequality on the third line follows from (5.27). We now combine Equation (5.32)
and Equation (5.34) and find that

U £(BA), / 16ys0 £,|dC dAt]
<(51) () (5)

Since « € (0, 8) was arbitrary, we find

1/
1+7¢) 4(1 + B®)
U £(B4 t_/t 105010 dAt S(vewm 627)} p? )

1401+ p2)\"?||of|
( )

BQ 2

2
]HT,E

2

of

«

2
]HT,B

2
SFII?

«

2
HT,S

2
]HT B

3f |?

(67

(1 + B®)1/? (5.35)

62

2
]HT,ﬂ

We now bound the last summand in (5.31). Since

T
| GRPACL = 3 1ecGRIACY = 3 1ucy(5F1AC

t<s<T t<s<T

2 T 2
< (X tpemliniac.) < ([ Bruc.) = rer

t<s<T

it follows from (5.23) that

| | " e(p), / _was)?d[c]sdAt} <[ [ TswA)nF(t—)FdAt}

e

by arbitrariness of v € (0, 5). We now turn to the first expectation on the second line
in (5.31). We find

E[(6m)7 + [0k} + [6k°)7]
< —E[(dyo)?] +2E / : 6ysafsdcs} +E[ / T(éfs)Qd[C]s]

- T T 2
CEB[(590)%] +2E| sup |5ys] / |5fs|dcs]+m[( / |6fsdcs)]

(5.36)

2
HZ,

L s€[0,T]
_ 1/2 T 291/2 T 2
~e (o)) + 26 su (0] E|( [ toriac.) | v|( [ e, |
L s€[0,T) 0 0
2 5f 1 |6f AR
2 ==
~E[(dy0)*] + 257 o T ]H%Jrﬁ o
~E[(6y0)°] 5” (5.37)
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Here, the second-to-last line follows from (5.24). We substitute (5.37), (5.36) and (5.35)
into (5.31) and find

B
(1+52)

+]E{/OTE(BA)Sd[5k’”]S} +E[/OT5(5A)Sd[5kf]s}

T
E[(6y0)?] +/3E[ / 5<6A>s_|5y5_2dAs} T 1ol

E[(0y0)] + lady— I3, , + lomll3.,

; E{ / Tf(ﬁmsd[ék’“]s} + E[ / TS(BA)sdwkf]s}

2

5 g e, (LETD)0F

= <5 (QB)W( +52) +67€(0fﬁ) (B =) & gz,
(5 + 2014 89)2 + pg® (B ))H 2
BB o

In particular, this implies

win {1, - b(laow- I, + o, )

2

s 2 2 5 4 1/2 P of
< g oo s, + IonlB, < (5 + 50+ 52172+ 5a®9)) |22 o
and therefore
1891155 + lledy—lF , + 199]3 ,
4 (1+ B®) 4 12 sf|?
g(ﬂ—i—max{Lﬂ }<5+5(1+6¢) + B9 (ﬁ))) o g
_ e[
=@

T8

The inequalities involving M (3) or M (j3) follow immediately.
Finally, we turn to the inequality involving 7’. Similar to before, we choose V =
(6n%) + [E™*] + [k™*] in (5.29) and find

T T
17113, +EUO 5(BA)sd[k’“”]s} +EUO E(BA)Sd[kaZ]S}
- . X T T . ' -
=E[(n')r + k"] + [ke,z]T] +ﬁIE{/ 5(5A)t_/ d({n') + [k™7] + [kz’z])sdAt} (5.38)
0 t—
To bound the first expectation on the last line, we apply (5.7) and find
E[(n')r + (k"7 + [k“]7]

T 2
—E[%F}MED&F w6l L + ( / f;|dcu)}
uel0 oo
Il

~E[ly5I*] + LliérliE: + L||§+1[[O,TDH?92

il

2
]HTi
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where the last inequality follows from (5.26). To bound the second expectation on the
last line of (5.38), we apply (5.8) and then (5.23) and find

B [ e [ atw)+ 0+ eaal

T .
< —E[ /0 5<BA>t_|yz_2dAt}

T T 2
+LE[ / 6<ﬂA>t(aT|2+|*5t|2+ ( | IfédCs> )dAt]

T
< —E[ / e(ﬂAwyz‘?dAt}
fi 2

* : 14+~
+L||£T||]2L2+LH0‘ f”%{g,hﬂ-f—l/ inf {( v )} -

~ve(0,00) | 7(B =)

We now substitute this back into (5.38) and find after a rearrangement of the terms that

2
]HT,/i

B8]+ gy ot I, + e,
T T
i X
+]E[/O E(BA) [k }S}Jr]E[/O E(BA)ydlk ]S]
<B{ui] + 6B [ oAb P + 1,

+| [ TewA)sd[krﬂs} +| [ T(‘:(/aA)sd[kf”‘]s]

< o erlz. + e tomiz + £
> T L2 [o,7)llsz B o -
. . L+ £
+6<§T22+a§22+ inf { —
lerlly + o€l +_ 3nt G |
L2
:L 22 +1 22 —_ I
<||§T||1L + 11§ [[O,TDHST+B o |l
7
+6<IIETllig + [la "¢l +9¢(6)‘ = >>
y o [l
This completes the proof. O

Although the a priori estimates in Proposition 5.1 also hold for non-reflected BSDEs,
we obtain sharper bounds by redoing them in this special case. Furthermore, as previ-
ously indicated in Remark 3.10. (iv), the techniques we employ below do not rely on
It6’s formula, and an extension to BSDEs with multi-dimensional generator and terminal
condition is straightforward. As before, we use the convention (y_ := 0 for a process

¢= (Ct)te[o,oo]-
Proposition 5.4. Suppose that { = —oco on [0,T'). Then

Gs| =E[(/S:|5fu|dcu)z
o+ [ )
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Moreover, for 3 € (0,00),

2

B
(1+52)

1 1)
ldy—I, + 190l < (6 i ﬁg%) Hf

)

H2

T8

and thus'’

_ Sf 2
I5v13; + ladull, + ladu- I, + onl%,, < 317 (3)|

T,8 ?

2
H7 ,

2

of

ladyll, , + llonl3e,, < Mz'(8)||—

2
]HTi

af |
161135 + llady- Il , + I6nll3s , < M3(B)

2
HT,.@

Proof. As in the proof of Proposition 5.1, we slightly abuse notation and denote by
E[W.|G.] and E[W.|G._] the optional and predictable projection, respectively, of a non-
negative, measurable process W = (Wt)te[o o]

Note first that [;" d(0n)s = ~dy, + [, 0/:dCs = —E[ [ 0£.dC:[G.] + [ 6£:C., which

o[ sl </tjd<«sn>s>}4 -
o] ) ] (o ]

r T 2
=K (/ (stdCS) gt:| — (6yt)2, te [07 OO]7 P-a.s. (539)
L t

A similar argument, but now using the predictable projection, implies

(5yt)2+E[/:d<5n)s gt} :EK/:|5fS|dCS>2

As in the proof of Proposition 5.1, we have

E[ / ' S(BA)sd<577>s] — E[(dn)r] + /ﬂa{ / " e(pa). / ' d<5n>sdAt}

= eltonye) + 58] [ eoa.-( [ oriac)

T
- mE[ / 5<6A>s|6yt|2dAt]
0

Qt}, t €10,00], P-a.s.  (5.40)

2
dAt]

We now rearrange the terms and find for v € (0, 8) arbitrary that

BE[/OTé(ﬁA)S_éyS_FdAS} +]E{/OT5(BA)Sd<6n>S}

2

T T 2
(L+7®)\|[of
— Bl + 58| [ e ( [ priac.) aa] < (54652 .
0 t— 5 (B =) @ lmz,,
17Recall the definition of Mf’ Mg and Mr? from Section 3.2.
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Here the inequality follows from (5.22), (5.23), (5.39) and (5.40). Hence

2

T T
2 l > ﬁ
Since
_B 2 __ B ’ 2 }
(1+5¢)Ha6y7|\mﬂ = (1+5‘1>)E{/0 E(BA)|0y_ [2dA,
B LI , }
B (1+ﬂ¢,)E{/O E(BA)s—(1+ BAA,)|0y,—|"d A,

T
< BE[ / e(ﬂA)H&thdAt]
0
we thus have
min {1, 2 V(jasy |2 + 100135 ) < ~—2—llaby_|Z + 6n]Z
11 59) i, 1000, ) = 0 pa) i, 1070,

5 2
< (; +69¢(ﬂ)> ;f

)

2
HT.G

which implies

-, + Ioul, < max {1, S22 (24 sqre)

2

of
o

2
H7 ,

Together with ||5y\\%; < %H%‘

?H2 from Proposition 5.1, we find
T.8

4 (1+80)) (1 o sfI?
Syl|%: + ||ady_ % + 10n]|3,: S(—i—max{l, —+B8g” (B8 —
16ylls: + |l 5z, + 116ml3., 3 3 3 B ) "
N Sf?
=MZ(B)||—=| -
ez,
Finally, since by Proposition 5.1 [ladyllf. < §*(5)|| o I?{z , we find the remaining two
bounds '
2 2 2 2 TP of ?
169ll5; + lladyllis , + ledy-llg , +lonl5, , < My(8)| 2 ;
I3 5
2 2 17® of ?
ladyllgs, , + 1onll3e, < M2’ (B)] ||~ -
3 ,
This completes the proof. O
Remark 5.5. We note here that with (5.2), (5.25) and (5.26), we find
1 5f 2 o ) 2 1 fl 2 )
|6y||% < H and ||y (|5 <3 [ |érlli- + | sup &5\ + == , 1 €{1,2}.
| Ts Bll a M2, T v u€l0,T) L [« 2, .2}

Hence, we could substitute the S7-norm || - ||sz with the 77-norm'® || - ||z in both Propo-

sition 5.1 and 5.4. This would involve adjusting the constants M (8), M (8), M} (8)
and M3 (B) in a similar manner as discussed in Remark 3.5 and 3.8.

18We refer to Remark 3.5 for the definition of || - [l72-
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Remark 5.6. Since our existence and uniqueness result is in spirit similar to the one
presented in [113], we want to comment here on the constant appearing in their con-
traction argument. Note that the weights used in [113] are exponential functions and
not stochastic exponentials as in our setting. Inequality (3.24) in [113] reads

T T
16012 sm@[ [ d<6n>sdAt} + E[(on)r].

This differs from our Inequality (5.30) since {t} is not included in the domain of inte-
gration of the innermost integral. However, the above inequality is derived by applying
Tonelli’s theorem to

T T s
/ BAd(Sn), < B / / B dAM(Bn)s + (m),
0 0 0

and as we saw in the proofs of this section, changing the order of integration necessitates
including {t¢} in the domain of integration of the innermost integral. Consequently, a
weighted bound on F(t—) rather than on F(t) (see (5.13)) is required. Hence, an
additional term of the form e(?V#?® should appear in the contraction constant M ‘I’(B) in
[113]. It now seems that no closed-form expression for this contraction constant can be
derived. Therefore, one naturally has to resort to employing numerical schemes.

For the sake completeness, we close this section with the following weighted bound
on the increasing processes (k" k‘). We have refrained from including this estimate
in Proposition 5.4 as we will not need it in the contraction argument. To state the bound,
we define the function j : [0, 00)® — [0, c0) by the formula

v (V1T4+9 —1)/1+ 57
-~ VI+PBY —/T+7¥

I (VI+9Y —1)yT+BY(V1+BY +/1+77)
B B— (B—7V¥ '

i(7,8,¥) = maX{

Here we use the convention 0 := 0/0.
Proposition 5.7. Let (v, 3) € (0,00)? with v < 3. For each i € {1,2},

”kr,i

y
2+ k%]

2 < 3<||ni||%zm + 108 max{1,i(y, 8, ) (x| + 1€ 1 .cry ;)

2
. (5.41)
H7

Remark 5.8. To formulate a bound on [|k"||z; and |k“||z; solely by terms involv-
ing f* and &', one can combine the previous result with the bound on |||+ from
Proposition 5.1.

(1++9)

(L2 || f
8=

+ (108 max{1,j(y, 8, ®)}* + 1) o

Proof. We fix i € {1,2} and thus drop the superscript ¢ for ease of notation. Moreover,
we suppose without loss of generality that the right side of (5.41) is finite. In a first step,
we fix t € [0,00) and apply It6’s formula for optional semi-martingales to the function
f(z,2) = zz for (z,2) € R?, see [60, Theorem A.3] or [95, page 538], and find

E(vA) Py

:5(714)(1)/22/0-1-/( }ys_dS(yA)i/z— ( ]5(7A)§£2fsdcs
0,t 0,t
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+ / E(yA)s_dns — / E(vA)2dkT — / E(yA)Y/2ak!
(0,1] (0,1] [0,t)

+ 3 (S0 2y — EGA Py -y AE(A)), - E(vA) 2 Ay,)

s€(0,t]
+ Y0 (EOAL s — Ay =y (EQARLE = EGAYY) = £ A (et — )
s€[0,t)
— A w0+ [ wdge) - [ eea)rac,
(0,t] (0,t]

(0,¢] (0,¢] [0,t)

Y (1(EQAY? €047~y (EQAY? - £(A)))

s€(0,t]
— £ A g0 + / Yo dE(vA)/? — / E(vA) f,dC,
(0,¢] (0,t]
[ eaan - [ eqa)la - [ e
(0,t] (0,t] [0,¢)
+ 30 (s = me ) EQAY2 — £(4)%)
s€(0,t]
= E( A o + / Yo dE(AY2 — [ e(A)21dc,
(0,t] (0,t]
+ [ EqA)dns— | EQAPART — | E(rA)V2ak!
(0,¢] (0,¢] [0,t)

+ 3 (- HAEGAPAC, + AEGAYAn, — AE(A)2AK)

s€(0,t]

— E(vA)Y 20 + /( e - [ e sac
0,t 0,t

+ / E(A)2dn, — / E(yA)V2AkT — / E(yA)V2AEL, t € [0,00), P-a.s.
(0,t] (0,t] [0,t)
(5.42)

Here we used the fact that £(yA)'/? is predictable and non-decreasing, thus locally
bounded. We now analyze the terms in (5.42) one by one. First, Lemma C.1. (4ii)
implies that £(vA)Y/? = £(D7), and £(BA)'/? = £(DP), where D7 = (D");c[0,00) and
DP = (DP);¢(0,00) are the predictable processes satisfying

D} = %A§+ S (VI+984, 1), te[0,00), P-as.,
s€(0,t]
and
AC+ Z V1+BAA, 1), t €[0,00), P-as.
s€(0,t]

Recall that A° denotes the continuous part of the process A. We bound the second term
on the right of (5.42) as follows

1
yo_dE(vA)/2 — / E(BA) 2y, ——_dE(A)L2
/m,t] (0.1] £(BA)L>

< sup {f(ﬁA);/2|yS|}/

s€(0,t)

BA oA
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s€(0,t)

1
S sup {E(BA)i/QHJS'}/(O g st(D’y)s

1
= sup {E(BA)Y?|y, / ————&(D"),_dD?, P-as. (5.43)
sG(O,t){ | l} (0,¢] E(Dﬁ)F

By Lemma C.1. (i), we can write £(D?)~1&(D7) = £(D7#), where D% = (D}"),c(0.00)
is the predictable process satisfying

~ ADY — AD‘?
Dy =Dy =D+ Y

N
s€(0,t] 1+ AD;
(8- VI+BAA, — VT +9AA
=———"A7 — tel0 P-a.s.
9 gez(ojt] /71+5AAS ) [ 700)7 a.s

Note that AD"# > —1 although D*# is non-increasing. Then

E(D"P),_dD? = E(DP),_dDI+ Y E(D"F),_AD]
(0,] (0,¢] s€(0,t]
=1 edf)das+ Y D), (VI A - 1)
2 Joa se(0]
gl ~ (ﬁ )
= 5 DVF) 2 dAS
B—n ( )o-
(VI+ WAA ~1)JITBAA, =
E(D7P) A(—D7Py,
+ée§(0:t] -~ Tiiaa _yitoarn AP
vy A B N,c
=1 | &D),_d(-Dr),
T / (D),_d(~D7)
N Z £ DW (VT+~vAA; — 1)1+ BAA, A(—f)W)S
L T VIt BAA, — VITAAA,
S [(775) S(D%ﬂ)sfd(_ﬁ'y)s
(0.1
(DY),
= 1— < P-a.s. 44
008) (1= ) < 10:6). Pas. (5.40

where the last inequality follows from 1 < £(D7) < £(D”), and where

[(7 B) ‘=max<{ ——, sup (\/1+’YAAS — 1)\/1+ﬁAAS
; B—=7 sepo0) VI+PBAA, —VI+AAA, |

Let [0,00) 2 & — €(v, 8, x) € [0,00) be defined by

(VIF7e - )WIFFz _ (VIF7e - )WWIFFa(VIF Bz + VT 72)

) = A s T (B —)a
Then
EE( B.x) = Byx?(v/1+ Bz + 1+ x)
Rt 222(8 — v)V/1 + Bxy/1T+ vz
x(B+v—-BVI+yz —yV/1+Bz) +2(V1+ Bz —1)(VI+yz—1)
222(8 — v)V1+ Baxv/1+yx ’
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and by using 1+ <1+ z/2, for x > —1, we deduce %E(y, B,x) > 0. This implies that
x — €(v, B, x) is non-decreasing, and therefore

7 (WI+12-1)V1+p52 .
< = -a.s. .
[(%ﬁ)_maX{ﬂ_v, N e Vi j(7,8,9), P-as (5.45)
We deduce from (5.45), (5.44) and (5.43) that
| wedeaa? it s sup {£(34) .}, P-as. (5.46)
(0,¢] se( ,t

We turn to the third term on the right of (5.42). Cauchy-Schwarz’s inequality
and Lemma C.1. (i7) yields

2
(/ E(VA)i/QlfsldCs) (5.47)
(0.1

< ( 15(7A)SdAS)< £(BA), |fs|2d0)
~ \Jo, E(BA)s (0.4] :

- 2
= ( 5(A%ﬁ)sdAs>< E(BA), |f@| s (oA ) P-a.s., (5.48)
(0,t] (0,t] s
where A7 is the predictable process satisfying
N . AA,
AP = —(B—7)Af - Z (B—W)Wa t€[0,00), P-as.
s€(0,t] s
We now explicitly bound the integral
E(AP) A, = E(ATP) dAS+ D E(AF),AA,
(0,t] (0,t] 5€(0,¢]
1 —~
= — 5A77531+BAA3 — B)dAS
TR (A77)s( )(v = B)
1 AA
V.8 s
e B)Sgﬂw )s(L+ BAA) (Y = B) 3R
1 oy c
= E(AP) (1 + BAA,)A (AT
6= ol A,
e 5) D E(AYP) (14 BAA)AAYS
s€(0,t]
1 / ~ N
= E(AYP) (1 + BAA,)dAYP
) (A77)s( JdA;
. 5(,47 B)o_ (14 AATP)(1 + BAA,)dAT
(y—=5)
1 - N
=— E(AYP) (1 +~yAA)dAYP
0= B) Joy S :
(1+~9) -~ N
<—1 E(AYP),_dAYrP
=08 Jog
(1+7®) o5
= AP, —1
(’Y _ ﬁ) ( ( )t )
(1+’y<1>)( 1 ) (1+~2)
=" 2(1-&(HA < , P-a.s. (5.49)
B—) DegEan) = G-
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Here the third-to-last line follows from £(A7#) = £(yA)/E (BA) > 0 and from the fact
that A7 /(v — B) is non-decreasing since v — 8 < 0 and since A" is non-increasing, and
the last inequality follows from 0 < £(yA) < £(BA). Combining (5.49) and (5.47) yields

\fq|2

S

2
A2 7, s) (1++9)
( [ eoaiiac,) < G

Combining (5.46) and (5.42), then rearranging the terms and applying (a + b + ¢)?
3(a? + b + %) yields

< E(BA)s dCs >, P-a.s. (5.50)
(0,4]

2
([ eamyzags [ eoaea)
(0,1]

(0,t)

< 3<9max{1,j(%6,¢)}2 sup {E€(vA)|y|*}

s€[0,t]

t 2 t 2
+( / 5<7A>;/2|fsdcs) +( / 5(7A)§/2dns) ) Poas.  (5.51)
0 0

We now plug Equation (5.50) into Equation (5.51), let ¢ 11 oo in the resulting inequality
and then take the expectation and find!®

T T 2
1712, -+ 2 SEK | e+ [ ewx);/zdkg)]
il T, 0 0

. 1+~
g3(9max{1,1(%57q))}2|y”%%,w +lInllzs, + <(ﬂ 7ﬂy))

).

It remains to bound ||y||‘29? by terms involving f and £. Lemma 5.2 implies

(A Y lys|

T
SE{|6<7A)1T/2§T|+ sup |E(vA)Y 265 Lpuery| + / E(VA)?| fuldC,
0

u€[0,00]

o

T
EGAY2er? + sup |6<wA>i/2g1{u<T}2+( / s(vmiﬂfumcu)
0

u€[0,00]

< V3E

2
gS‘|7

P-a.s., for S € Ty, and Doob’s I%-inequality for martingales leads to

Xz, )

(A+79) | f
I, < 12 lerl, + €1 am iy + 5

This yields

K117+ IK°17 < 3(”’7”3—12“ + 108 max{1,j(7, 8, ‘I’)}Q(HﬁTHIQLg + ||§-+1{<<T}H‘29§7)

)
1H2m>

which completes the proof. O

(1++9)

+ (1+ 108 max{1,j(y, 8, ®)}*) ——— B—~

19We refer to Section 2.5 for the conventions we agreed upon when writing an integral of the form fOT.
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5.1 Proof of Lemma 5.2 and Lemma 5.3

Proof of Lemma 5.2. Let us first discuss how to deduce (5.3) from (5.2) and (5.4). Sup-
pose that V' = (V})icjo,00] @nd V' = (V/)sc[0,00] are two product-measurable processes
whose P-almost all paths admit limits from the left on (0, oo}, such that E[sup,,c(o, o0 |Vul]+
E[sup,co,o0) [Vull < oo and E[V4|G,] < E[V/|G], P-as., t € [0,00]. An application
of Lemma C.5 yields E[V,_|G;_] < E[V/_|G,_], P-a.s., t € [0,00]. Here we use the
conventions Vy_ = 0, Vj_ = 0 and Go_ = Go. Let us denote by W = (W});c[0,o0] @and
W' = (W{)ie[0,0c) the processes W; := V;_ and W} := V;__, respectively. We write ”II and
PW' for the predictable projections of W and W’. Since the predictable projection of a
process with P-a.s. left-continuous paths also has P-a.s. left-continuous paths (see [41,
Theorem VI.47 and Remark VI.50.(f)]), we find from

th = E[V;S7|gt7} < E[‘/vtL'gtf] = th/7 IP—a.s., te [0,00],

that PW, < PW/, t € [0,00], P-almost surely. Sampling "W and "W’ at a predictable
stopping time S € 7y o thus yields

E[Vs_|Gs | = E[Ws|Gs_] ="Ws <"W, = E[W}|Gs_] = E[VS_|Gs_], P-a.s.

We now turn to the proof of (5.2) and (5.4). Note first that

TAT TA\T
yL = esssup%E {gTAT T / F2dC, + / 5 fudC, gs}
S S

TE€T s

TAT
gs} + esssup¥* {/ [0 fou|dC
s

TET 500

AT
< esssup® E |:§T/\T + / f2dcC, Qs]
S

TET 5,00

AT
< y% + ess supgSlE {/ 0 fou|dC
s

TET 500

gs], P-as., S € 7o,00,
which, since y € L? by Lemma 4.2 and Lemma 4.3, leads by symmetry to

AT
16ys] = Iy — 43l < esssupQSE[ [ sac, gs]
S

TET 500

T
< E[/ e
S

gs], P-ass., S € To,c0-

We now have |dys| < Mg, P-a.s., S € 7,00, where M = (M;);c(0,c] is the martingale
satisfying

T
Mg — IE{/ 16 £u]dCl
0

QS}, P-as., S €7y

By Proposition C.3, we find
T 2
B| s o] <B| sw .| < aelanl) = 6| ([ nic) |
s€[0,00] s€[0,00] 0

We turn to the inequalities containing only y* for i € {1,2}, and drop the superscripts
from now on due to the symmetry of the problem. As in the proof of Lemma 4.2, we find

T
~E[l¢r]|gs] — EUS | fuldC, gs}

T
S Ys S E|: sup ‘fJ/\T‘ +/ |fu|dcu gS:|7 IP_a~S-7 S S 76,()0’

u€el[S, 00 S
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and thus

T
sup |£+1{U<T}|+,/S ‘fu|dCu

u€[S,00

s| gm[mm

QS}, P-a.s., S € 7p,00-
By abusing notation, let M = (M;);c[0,~c] NOW be the martingale satisfying

T
Ms=E [|5T+ sup [¢51+ [ 1£ulac,

ue[ ? )

gs}, P-a.s., S € 79 00-
We derive similarly to before that

E{ sup ys|2} g]E{ sup |MS|2] §4E[|Moo|2]

s€[0,00] s€[0,00]
T 2
—4E[(|£T|+ o [ef1+ [ |fudcuﬂ
0

wel0,T)

T 2
< 12F [|§T|2 + sup |7+ (/ |fu|dCu) }
wel0,T) 0

where in the last inequality we used (a + b + ¢)? < 3(a® + b? + ¢?). This completes the
proof. O

Proof of Lemma 5.3. As in the proof of Lemma 5.2, it suffices to prove (5.5) and (5.7).
We start with (5.5). Although we fix (¢,t') € [0,00) with ¢ <t to ease the notation, the
equalities and inequalities that follow should be read as holding, up to a IP-null set, for
each pair (¢,t') € [0,00) with ¢ < ¢’ unless stated otherwise. Note that the processes
under consideration are all constant after time 7" apart from C' and f. From (5.1a), we
see that Jy satisfies

t
oyr = dyo — / dfslio,1)(s)dCs + 6ny — Oky — ok! , t €[0,00], P-a.s.
0

To ease the notation and without loss of generality, we suppose that ¢ f; = § fs1o,7(s) and
&s = &sar. By an application of the Gal’chouk-It6-Lenglart formula (see [60, Theorem A.3
and Corollary A.2] or [59, Theorem 8.2]) on (¢,¢'], we find the (optional) semimartingale
decomposition of |§y|? to be

| 2

|0y:|” = |dyw 24 2/ Oys_0fsdCy + 2/ 0ys—d(0k™)s
(t,t'] (¢,t']

2 sdn. - [ denl- Y (G o
(t,t'] (t,t']

sE(t,t']
LY R SR SRCMEEA (5.52)
[t:t) sEt,t)

We decided here to write the integral bounds more clearly, as it is crucial whether
one takes left-open or right-open intervals. Let us analyse the terms in the above
decomposition one by one. First, note that the last term >, ;. (0ys4 — dys)? is non-
negative, and by adding zero to the last term, we find

- Z (6ys — 5ys—)2

sE(t,t']
== > Oy —0y)? =2 Y (0ys — 0y ) (0F:0C) = D (3f:AC5)°
se(t,t'] se(t,t'] se(t,t']
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+2 ) (0ys — 6ys ) (6fAC) + Y (3f.AC,)?

se(t,t'] se(t,t']
== > (0ys —bye— + S ACs)% 42 D (0ys = 0y )OLAC) + Y (6fAC,)?
sSE(t,t'] sE(t,t'] sE(t,t']
== 7 (Adn - AT +2 N (0ys — 0y )OLAC) + Y (3f:AC,)?
se(t,t'] se(t,t'] sE(t,t']
=— > (Adn, - Adk;)Q + 2/ (6ys — 6ys—)0fodCs + > (0f.AC,). (5.53)
sE(t,t] (tt'] sE(t,t]

By substituting this back into (5.52), rearranging the terms, and using dys4+ — dys =
—(0k! — k%) and

/ ﬂmyﬂf MMM%+/ MM%:/ don — 6K,
(t,t'] (t,t'] (t,t'] (t,t]

_ / donls+ S (Aon, — AdKD)?,
(1]

se(t,t']

we find

|@#+/ MML+/ ﬂ%%+/ dm%fzf Ao, 5k,
(t,t'] (t,t'] [t,t) (t,t']

= \5yt,\2+2/ 6ys6fsd05—2/ 6ys—d(6m)s
(t,t'] (t,t']
+ ) (5fSACS)2+2/ 6y5_d(6k:r)s+2/ Sysd(6k),.  (5.54)
se(t,t] (®.] [t:)

The Skorokhod condition (5.1d) implies

/ Sys_dokT <0, and / dysdokt <0, (5.55)
(t,t]

[t:t)

which then yields

|5yt\2+/ d[én]s+/ d[ékr}snt/ d[6k4]572/ d[on, 0k™],
(t,t'] (t,t] [t,t) (t,t']

< |5yt’|2 + 2/ 0ys6 fsdCy — 2/ 5ys—d(577)s + Z (6fsACs)2- (5.56)
(t,]

(t.t] se(t,t]

Note that f(o ] dys_d(dn)s and f(o d[én, k"] are uniformly integrable martingales

since 0y € S7 by Lemma 5.2, n € H3 by assumption, | < k7' + k? € 12, and
[6n, 6k f(o 1 A(OK")sd(0n)s by [77, Proposition 1.4.49]. Indeed, since (k™1 k™2) €
73 x 1% and 0y € H%, and thus

\/ < / A(5kT) d(sné \/ / ) A(SkT))2d(om)s
0,00
< V/2(%*1)24(k%Q)Q)/:Om)d<5n>s

< Js(ts e e [ aw.).
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with an integrable right-hand side, the Burkholder-Davis-Gundy inequality implies
that f(o,.] A(dk")sd(n)s is bounded by an integrable random variable, and thus it is a
uniformly integrable martingale. A similar argument, together with Lemma 5.2, implies
that f 0,] dys—d(0m)s is a uniformly integrable martingale. Since by Lemma 5.2

T t'AT
0 0

and since the right-hand side converges IP-a.s. to zero as t’ tends to infinity, we deduce
from (5.56) that

6] + / d[sn]. + / A5k, + / A5k, — 2 / Ao, k"),
(t,00) (t,00) [t,00) (t,00)

< 2/ 0ys0 fodCy — 2/ 0ys—d(on)s + Z (£, AC,)?, t € [0,00], P-a.s. (5.57)
(t,00) (t,00)

s€(t,00)

T
o] < E[ / 0£.]dC,
;

Since

> 6RACr = [ BRPCL. te .o, Pas.

s€(t,00) (t,00)

we find for any stopping time S € 7j o, and by taking conditional expectation in (5.57)

that
gs} *EUST Aok, gs} 4 E[/T ok,

< 2IE{/T 5y fsdC, gs] +1EUST(5fs)2d[C]S

S

T
|6ys|2+E[ /S o),

o

QS} , PP-a.s.

Analogously, in case S € 7'(foo, we find by taking left-hand limits in (5.57) that

gs_] +]EUT d[0k"], gs_} +]E[/T d[okY],

< QE{ /S " sy3f.dC, gs_} + E[ / Nt

jsus- 2+ [ [ il

o]

gs_}, P-a.s.

This yields (5.5) and (5.6) since

o [ o] -] .
]E{/T d(0n)u Qs_] = E[/T d[on].

Before turning to the remaining inequalities, it is worth noting the following.
With Lemma 5.2 and Lemma C.4, we find that

5]

2
< 121E[|5T|2 b (L ( /( | |fs|dcs)
,00 t’,00

seft’

QS], P-a.s.,

and

gs_] , PP-a.s.

o
uE[t,00]

gt}, P-a.s., t' € (0,00).
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By taking the conditional expectation with respect to G, for ¢ € [0,t’), and then letting ¢’
tend to ¢, we find
i

2
<12E[5T|2+ 165 e+ ( /( )|fs|dcs)
t,00

s€(t,00]

E{ Sup  |yu 2

w€E(t,00]

Qt}, P-as., t € [0,00].

As before, the processes within the conditional expectations are P-a.s. right-continuous,
and therefore, by the IP-a.s. right-continuity of their respective optional projections, we
even have

2
swE[lfT? w671 e +( / )|fudcu)

u€e (S, (S,

E{ sup |yu2 Gs
w€e(S,00]

QS}, P-as., S €Ty
(5.58)

We now turn to (5.7). It is enough to show the bound for ¢ = 1, and we thus also drop
the superscript in what follows. An analogous argument to the one which lead to (5.54)
yields by letting ¢’ tend to infinity that

el + / dnls + / Ak, + / Ak, — 2 / din, k).
(t,00) (t,00) [t,00) (t,00)

= |yoo—|2 + 2/( ysfsdcs - 2/( )ys—dns
t,00) t,00

+ Y (fsAcs)2+2/( )ys_dk§+2/[ )ysdkﬁ
t,00 t,00

s€(t,00)

S |§T|2 + 2/ ysfsdcs - 2/ ysfdns
(t,00)

(t,00)

+ Z (fsAC,)? —|—2/ ys—dkL + 2/ ysdkt, t € [0,00], P-a.s. (5.59)
(t,00) [t,00)

SE(t,00)

Here the inequality follows from (5.3). Now the Skorokhod condition implies that

ys_dkf“:/ Ys—Lgy gy Lscrydhy
/(t’oo) S (t,oo) {yh 5.,}

= &l e 1{s<T}dk§:/ §1s<rydhf
/(t,oo) s {y,-=€.}18s (£.00)

and
/ ysdkg :/ ysl{y5=55}1{5<T}dk£
[t,00) [t,00)
:/ fsl{yg:£s}1{S<T}dk§:/ fsl{s<T}dk£'
[t,00) [t,00)
Thus
2/ ysfdk‘: = 2/ gsl{gST}dk;
(t,00) (t,00)
1 A\
<2 sup {§ 1{5<T}} dkl < = sup |&F 1{S<T}| + K dk; ) , (5.60)
s€(t,00 (t,00) K se(t,00) (t,00)
EJP 29 (2024), paper 66. https://www.imstat.org/ejp

Page 54/82


https://doi.org/10.1214/24-EJP1123
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Reflections on BSDEs

2/ yodk! :2/ &l (serydkt
[t,00) [t,00)

2
<2 s[up {f 1{5<T}}/ dk <7 s[up |§ ]—{s<T}| +/€</[ )dkﬁ) , (5.61)
t,00

for every « € (0, 00). Similarly, we find

2
1
2 / yefudCy < L sup |y52+a< / |fs|dcs), (5.62)
(t,00) € se(t,o0) (,00)

for every € € (0, 00). Since

/ dkg +/ dk =yt — Yoo —/ fsdCs +/ dns, t € [0,00), P-a.s.,
(t,00) [t,00) (t,00) (t,00)

we also have

2
( / dk? + / dkﬁ)
(t,00) [t,00)
2 2
< 4(|yt|2 + Yoo |* + (/ fst’s> + (/ dns) ), t €[0,00), P-a.s. (5.63)
(t,00) (t,00)

Combining (5.59) with Equations (5.60) to (5.63) yields

il + /( il + /( A /[ A, 2 /( A,
t,00 t,00 t,00 t,00

2
<lerf o swp e / )|fsdcs) 2 pans X gacy

€ se(t,00) s€(t,00)

2 2
1 1
FRER— |s:1{s<T}|2+n( / dkz) FRE |s:1{s<T}2+m( / dkﬁ)
K se(t,00) (,00) K selt,o0) [t,00)

1 2
< |§T|2+, sup |ys|? + (g+4n)(/( )fs|dcs> 2/( )ys_dner Z (£sAC,)?
t,00 t,00

sE(t 00) se(t,00)

2 2
+ = sup [&F 1{3<T}2+4H<yt| + Yoo |? +(/ dns) )
KsG[too (t,00)

1 2
<lerf+ 2 sw ol + <s+4n>(/(t )fs|dcs) —2/@ edis 3 (LA

€ se(t s€(t,00)

2 2
+2 s et 1{5<T}2+4n(yt|2+|&|2 ( / dm))
se[t ) (t,00)

2
<@l s P +<e+4m>( / IfsldCs>
(t,00)

seoo

2
2 /( et 3D RACE ] s [ e
t,00

K
se(t,00) s€[t,00)

2
+4/<;(|yt|2 + (/ dns> ) t € [0,00], P-a.s. (5.64)
(t:00)

Let k € (0,00) be such that 0 < 1 —4x < 1, and let S € Ty . By taking conditional
expectation, rearranging the terms and using ]E[(f(s 00) dn,)?|Gs] = E[f(s ooy A[1)ulGs]
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and Y, ¢ (5,00 (fsAC)? < (fg |£s]dC,)2, we find

(1 4n)<|ys|2+m[/(sm)d[n]u gsD +E{/(S’m)d[kr]qt gs] +E[/{S’w) [k,

2
< (1 amEller iG] + 1E| s uflgs] + 0+ ame| (i)

uw€e(S,00)
gs]

o

o]

2
+ ]E[ sup )Iéjl{ud}\z QS}

K u€[S,00

2
< (1+4k+12/2)E[|6r?|Gs] + (1 + e+ 4k + 12/5)E[</(S ) fu|dC’u>

12 2
+ < + )E[ sup & L uery|?
€ K u€[S,00)

)l

Here the second inequality follows from (5.58). Since 0 < (1 — 4k) < 1, we can thus
divide both sides by (1 — 4x) and find

sl + E| [, o G| + | [, . G| + 5| /M afw,

2
o mos{l e x4 12/ 19/c + 3/} (E[|§T|2|QS] +E{( / |fu|dcu)
(S,00)

o]

o]

o))

Finally, as explained at the beginning of the proof of Lemma 5.2, the inequality (5.8)
follows from (5.7), which completes the proof. O

+ IE|: sup ‘fil{u<T}|2
u€[S,00)

6 Proofs of the main results

We are now in a position to prove Theorem 3.4 and Theorem 3.7. The proofs are based
on the optimal stopping theory we revisited in Section 4 and on the a priori estimates we
established in Section 5. The existence and uniqueness of the BSDE and the reflected
BSDE are based on defining a contraction map on the weighted spaces of Section 2.4.
Therefore, we first need to show that such a contraction map is well-defined, meaning
that it maps its domain into itself.

Proposition 6.1. Suppose that f does not depend on (y,y, z,u). There exists a unique

triple (Z,U,N) € HA(X) x H3(u) x HSZJT‘(X, ) and a, up to P-indistinguishability, unique

triple (Y, K", K*) such that the collection (Y, Z,U, N, K", K*) satisfies (R1) up to (R7).

Moreover, Y € 8%. If, in addition, (X, G,T,¢, f,C) is standard data for some 3 € (0, 00),
2,1

then (aY,aY_, Z,U,N) € H2 , x H2 , x HZ ,(X) x H2 ,(u) x H3 (X, p).

Proof. Let (Y,Z,U,N,K* K") be the collection of processes constructed in Proposi-
tion 4.5, which clearly is the unique collection of processes satisfying (R1) up to (R7).
That Y € S follows from Lemma 5.2.

That (aY,aY_,Z,U,N) € H2 , x HZ ; x H2 (X) x H2 ,(u) x ’H;’;(X, p) in case
(X,G,T,¢, f,C) is standard data under some B e (0,00) follows from Proposition 5.1.
This completes the proof. O

Before proving the next result, recall from Remark 2.10 that the first component of
the reflected BSDE is an optional semimartingale indexed by [0, oc] since Y = Yo+ M + A,
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P-a.s., where

t
M; = / ZdX, +/ / i(ds,dx) + / dNy, t € [0, 0]
0 0 0

t
A= —/ Fo(Ya, Ya, Zs, Ug(9))dCs — K — KL, t € [0, 00].
0

and

The integrals above do not include oo in their domain of integration, yet their values at
infinity are determined by letting ¢ 11 oo.
Lemma 6.2. Let 3 € (0,00). Suppose that (Y, Z,U, N, K", K*) satisfy (R1) up to (R6)
and one of the following conditions holds:

(1) (aYaY_,ZUN)GIHQ A><1H2 A><1H2 ( ) x H2 ( );

(i) the generator f does not depend on Y and (aY Z,U/N) € H2 ., x H2 .(X) x

7.3 T.3
HZ 5(n);
(m) the generator f does not depend on Y, and (aY_,Z, U, N) € ]HQTﬁ x IHQTB(X) X
2
HTﬁ(#)-

Then Y € 8% and (R7) holds.

Proof. We prove this result under the assumption that (i7) holds. The other cases follow
analogously. Note first that

EK/OTlfS(Y;’ZS’US('))|dCS)2}
<1E[</OT(E )(/ L Yg’ifng()) dcsﬂ

1 T |fs(Ys,ZS7Us(-))\

Here we first used the Cauchy-Schwarz inequality, then (5.15), and finally that (Y, Z,U) €
]H2 x H2 5(X) % ]HQTB(,u) together with the Lipschitz property of f and (D7). We now
show that Y € 82, Let

IN

AT
Jo= Yo — Yy +/ £s (Y Zo, Us())ACy + Kfpp + Kfypy

AT
:/ Z,d X —l—/ / i(ds,dx) + Near, t € [0,00), P-a.s.
0

Then J € S% since
| s 5] < s (5] <[ s |4p]
te[0,T) t€[0,00] te[0,00)
<A [ 2] = 4(1 21 o)+ U ) + [N, ) < .
and

1Y = J|sz2
1/2

T 2
< [Yollee +E[( / s (nz(g,Us(-mdcs) } K+ Kb
0

1/2

T 2
< lléx — Izl +2E[( / |fs(n,zs,Us<~>)|dcs) } K+ K
0
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T 211/2
SH&4m+Hhﬂm+ﬂE[(/IkO%ZmM&DHQ)} K+ K < .
0

Here we used Ypr = &7 in the second-to-last line. This yields
Ysz < 1Y = Jllsz + [ ]lsz < oo

We turn to the proof of (R7). Let (}7,?, U,N,K", f(z) be the solution to the reflected
BSDE satisfying (R1) up to (R7) with Y € §% and generator f (Y, Z,U) given by Proposi-
tion 6.1. Applying the Gal’chouk-It6-Lenglart formula to |Y — Y|? yields

Vi VP = Yo~ TP - [ oo dr) -z [ (Ve - Ve )d(r - 2D,
('] (]
Lo / (Yo — Vo JA(K™ — K7), 42 / (Y, — To)d(K: — &Y,
(t,t] [t,t")
- o 2 - & N2
=) (e —Ye- (Yoo = Y)) = Y (Ve —Yer — (Vi - Y4))

se(t,t'] s€E[t,t’)

< |V - Vif? 42 /( (Vo —E (e —E)AKT K,
t,t

_2/(15,15'](}/8 _Y/sf)d(M—M% +2/ (YS — & — (f/'s _§S>)d(K€ _IN(Z)S

[tvt,)

< |V —Yy|? - 2/ (Yoo =Y, )d(M — M),, 0<t <t <oo, P-as., (6.1)
(t.t]

/ZdX —I—// a(ds,dz) + Ny, t € [0, o0],
/ZdX +// fi(ds, dz) + Ny, t € [0, 00].

Note that we have My = limyppoo My and My = limsy4oo My up to a P-null set. Since
Y — Y € 82, the local martingale

where

and

. AT
[ = Teyaar -, = [ v - Ty - ),
0 0

is a uniformly integrable martingale by the Burkholder-Davis-Gundy inequality. Taking
the conditional expectation in (6.1) yields |Ys — Ys|? < E[|Ys — Y5 |?|Gs], P-a.s., for two
finite stopping times S and S’ with S < §’. In particular, since (Y,Y) € S2, and by
choosing S’ = S V n and then letting n tend to infinity, this yields

Vs — Ys|? <E[|Yoo — Yoo [*[Gs], P-as.
Suppose for the moment that P[A] = 0, where A = {T = oo} N {|Yoo— — Yoo—| > 0}. Then
E[|Yoo— — Yoo |?|Gs] = 0, P-almost surely. Proposition C.3 together with Y7 = £&7 = Yy,

P-a.s., implies that Y = Y up to P-indistinguishability. Hence

TAT
YS = YS’ = esssupgsE |:/ fS(YS7 Zs> Us()>dcs + 57’/\T
TE€Ts00 S

gs}, P-a.s., S € 7p,00-

It remains to prove P[A] = 0, and we suppose, for the sake of reaching a contradiction,
that P[A] > 0. On B = AN{AY, = Y, — Y- = 0}, we have —AY,, = AK] =
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K, - K. _ :Oandgoo < Yw- = Yo = &, P-a.s. on B. This implies Voo — Yoo | =
€0 = Yoo | = [Yoor — Yoo | > 0, P-a.s. on B, therefore ~AY,, = AKZ, >0, P-a.s. on B,
and thus Y,,_ = £__, P-a.s. on B. However, this also y1e1ds Voo =il = [Yoo —Yao | >0,
P-a.s. on B, which now 1mp11es Yoo = =6, <Y =Y =6 = Y., P-a.s. on B.
Therefore, we must have 0 > —AK go AY,, > 0, P-a.s. on B, which now yields P[B] = O.
Let B’ := AN{AY,, # 0}. Then Yo, — Yoo = AV = —AK[, < 0and thus Y. =&,

a.s. on B'. Since [£, — Yoo | = [Yoow — Yoo | > 0, P-a.s. onB’ thlslmphesAKr —Oand
therefore AY,, = 0, P-a.s. on B’. Hence Yoo > Yoo = &oo = Yoo = Yoo >E& =Yoo,
P-a.s. on B’, and therefore P[B’| = 0. This now yields P[A] = P[B] + P[B’] = 0 and
completes the proof. O

We now turn to the proof of our main result.

Proof of Theorem 3.4. We prove the theorem under assumption (ii). Let £ 2) be the

collection of processes (Y, Z,U, N) for which Y = Y ,r is optional, (Z,U,N) € ]I-I2 2(X) x
H3. (1) x Ho'p (X, ), and

10, 2,0, M), =l iy, + 1121 o) + U1 + 1Nz, < oo

Then £(2 together with the semi-norm || - || e, is a Banach space after identifying
processes (Y Z,U,N)and (Y',Z',U’,N’) for which (Y, Z,UN)—-(Y",Z"\U",N')|| o) =0
holds. Let (y,z,u,n) € £( , and note that

[/ £(3A). \fs ys,zs,us())|2dcs}

S2EUO L AESLIO i AUTL) Fog /EﬁA ) L0001,

o? o?
) < 00.
HE

We denote by (Y, Z,U, N, K", K*) the collection satisfying (R1) up to (R7) with gen-
erator f;(ys,zs,us(-)) constructed in Proposition 4.5 (or in Proposition 6.1). Then
(Y,Z,U/N) € £(2 by the bounds of Proposition 5.1. The map T, : KEFZ)A s
given by Y1 (y, z, u, n) = (Y, Z,U, N) is thus well-defined. ’

We prove that Yy is a contraction. For i € {1,2}, let (3%, 2, u’,n?) € £ ; and let
(Yi,Z0 U NY) = Ta(yt, 2%, ul,n?). Let 6y == y' —y?, 0z = 2' — 22, du = u! —u? and on =
n' —n?, and define §Y’, 6Z, 6U and 0N similarly. Denote by ¢ = (¢¢):c[0,00) the process
Ve = fo(yt, 2t,ui(-)) — fe(y?, 22,43 (-)). With Proposition 5.1, we find

£(0,0,0) |I*

< 2<||ay]%{;g el 0 + ol 0 + |

TB

HTQ(ylv 217 U,17 nl) - TQ(yQa ZQ,UZ, HQ)Hi“l
= ”O“SYHI%{Z + ||5Z||§{3,,3(X) + ”(SUH%i,a(M) + HCSNH%L;3
< M3(B
Tﬁ
< M3 (B >(Ha6y||ﬁzg + 102l ) + 0wl 1)
SMQ(B) (y Z uln)—(y,z,u,n ||£(2>¢.
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Here, we used the Lipschitz-continuity of the generator f in the fourth line. Since
Mg (ﬁ) < 1, the map Y5 is indeed a contraction on /.1 ) . By Banach’s fixed-point theo-
rem, there exists a unique fixed-point of Y5, which we denote by (Y, Z,U, N). Denoting
by (K", K*) the two corresponding non decreasing processes coming from the decompo-
sition of the Snell envelope Y. + fo fs(Ys, Z,, Uy(+))dCs, we see that (Y, Z, U, N, K", K*)
satisfies (R1) up to (R7).

Suppose that (Y', 2/, U’, N, K", K"*) is a solution satisfying (R1) up to (R6) such
that (aY’,Z’,U’,N’) is in IH?FB X ]H?FB(X) X ]H; () x Hi;ﬁ(X w). Then (R7) holds
by Lemma 6.2 and thus (Y, Z” U’ N;) is the ﬁxéd -point of Y. Hence (Y', Z',U’',N’) =
(Y,Z,U,N) in £(2 and Y = Y’ up to P-indistinguishability by Proposition 5.1. That

(K" K" = (K ; K*) up to indistinguishability follows from Proposition 6.1. This
implies the stated uniqueness. That Y is in S7 follows from Lemma 5.2 since

E[(ATuxxwanc»ch%}s;E[ATsmApUAK“Z““‘”ng

2
Qg

by the Cauchy-Schwarz inequality and (5.15). This completes the proof of (7).
For (i) and (i#i) we define L( ) and E(?’)ﬁ as the spaces of processes (Y, Z, U, N) for

which (Y, Z,U,N) € 8% x ]HZT(X) X ]HZT( ) X Hg,%(X, w), P-a.e. path of Y is ladlag, and

1, 2,0, M),

=Y [I5 + HOZYHJ%{;@ + ||an||1?{2m + HZH%PM(X) + ||UH1%{;B(M) + HN”%% < 00,
10,20, M),
— VI3 + Hann%{z 120 0 + U+ VI, < o0,

respectively. We turn both L‘ and L. into Banach spaces by identifying (Y, Z,U, N)
and (Y, Z',U’, N') for Wthh

Y, Z,UN)—- (Y Z, U’,N’)HLQ =0, and |[(Y,Z,U,N)— (Y, Z', Ulle)HLF?{ =0,

(3)
T8

respectively. The approach to deduce the existence of a unique fixed-point 1s then
analogous to our previous argument. For (i) and (i7i) we define the maps T : ﬁ ) —

E(lﬁ and Y3 : E(?’)ﬁ — E( 7.8 analogously to Y5, and then note that by Proposmon 5.1
thé maps are well- defined. By the Lipschitz property of f, the a priori estimates

of Proposition 5.1, we find
||T1(y17 Zla ula nl)le(ya ZQ) 7_L2, 77,2)”2(1)
T.8
= 6113 + lladY I + 102130 ) + 16U NZ: (o + I8N,

< MP(B)||=

< MPB)(ladylle | + 102113 cx) + Noulie )
< MP(B) (I0yl13; + lladyllEs | + 10213 x) + I9ullE: )

< MP(B)

(' utont) = (7 2 ) o
and |
HT3(y17z1,u1,n) Ta(y?, 22, u?, n? Hz:“’
= 16V + a6V IRy, + 16215, cx) + 1501 + 1N,
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SMQD(B)’ -

< MP B (lady-IIE: | + 10213 oo + 1wl )

< M3 (B) (IoylE: + lady— I + 16213 (x) + loulie ()
a 2

< M@)o 2 utont) = @22 ) [

Thus T; (resp. Y3) is a contraction if (i) (resp. (¢i7)) holds. For both (i) and (7i7) the
representation (R7) is immediate by Lemma 6.2. The stated uniqueness can be deduced
similarly to before, we thus omit the details.

Finally, if, in addition, £*1( 7 € S2 4 for some f € (0, 3), then (K", K*) € T2 4 x T2,
in (¢), (4) and (i47) by Proposition 5.7. This completes the proof. O

Remark 6.3. As we saw in the previous proof, the Y-component of the unique fixed-point
of T3 necessarily has to satisfy (R7). So the class in which uniqueness can be deduced
from the fixed-point property of T, is necessarily defined by (R7) as well. It turns out
that the proof of existence and uniqueness in [62] of their reflected BSDE overlooks this
intricate point, as an argument like our Lemma 6.2 is missing.

Proof of Theorem 3.7. The proof of this result is analogous to the proof of Theorem 3.4.
The main difference is that we do not use the a priori estimates of Proposition 5.1,
but instead use Proposition 5.4 to deduce the existence of a unique fixed-point in the
three cases (), (i¢) and (i:i). Let us show that in all three cases (i), (i7) and (i), the
component Y is in S;B. Note first that from Yg = E[{r +f§ fs(Ye,Yor, Zs, Us(4)) ]
it follows that
Qs]

Gs

2
E(BA)Y|Ys| < V2E \/5<BA>S§T|2+8<BA>S(/ | fe(Ya, Yer, Zo, Us(- )|dc)

}/57}/5 7ZS)U())|
2

<V2E || E(BA)s|ér|? + / E(BA), A dc,

(0%

[ Z, U, ()|

s (Ys, Y, s
<V2E \ EBA)TIET? + / E(BA)s 175 o2 dC;|Gs

Here the second line follows from the same arguments we used to deduce (5.22). Thus,
by Lemma C.4, it follows that

A 2 8 .f KY—7Z7U()
VI, = E| s (eGP < slerl, + 5| ( )|
T, SE[O,T] B ﬂ Q ]Hia
Since ||§T||]LE < oo and
f, Y, Z,U())
. H2
< f<Y7Y77Z7U<> _f(0707070) + f(0,0,0,0)
- (6% o H2 .
£(0,0,0,0)
~ ¥, + Y-, + 12l + 10T+ | L2 .
]H;/Q
we deduce that ||Y]| sz, < oo. This completes the proof. O
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Remark 6.4. (i) In the proof of Theorem 3.4 and 3.7, we could substitute the S2-
norm || - ||sz by the 77-norm || - |7z introduced in Remark 3.5. We merely need to
keep in mind the changes to the a priori estimates in both Proposition 5.1 and 5.4
described in Remark 5.5. Therefore, modifying the contraction constants as described
in Remark 3.5 and 3.8 would still ensure the desired well-posedness of our reflected
BSDE and BSDE, as stated in Theorem 3.4 and 3.7, respectively.

(74) In [113, Theorem 3.5] and its corresponding proof, the claim is that a weighted
S2-type norm for the Y-component is also sufficient to construct a contraction map in
the BSDE case. This corresponds to the norm || - ||, ; in their notation. It does not seem as
though this is actually possible since by the Lipschitz property of the generator, we are
forced to use an H2-type norm on Y in a fixed-point argument. Although in the classical
cases this is possible since weighted S?-norms and H2-norms on Y are comparable, in
their and our generality, the norms are not comparable.

7 A comparison principle for BSDEs

Comparison principles for BSDEs play a crucial role in the study of stochastic
control problems as they give rise to necessary conditions optimisers ought to sat-
isfy. In this section, we prove a comparison principle for our BSDEs. Given the
several counterexamples for BSDEs with jumps in Barles, Buckdahn, and Pardoux
[11], Royer [135] and Quenez and Sulem [132], we are forced to impose stronger
assumptions on the generator. The conditions we lay out in this section will allow
us to conclude that the operator which maps ¢ to the first component Y (¢{r) of the
solution to the BSDE with generator f and terminal condition & is monotone, that
is, if &p < &, P-a.s., then Y (1) < Y (&), P-a.s. The method of proof we use is
the classical linearisation and change of measure argument. Here, we suppose that
we are given another generator [’ : U(w,t)eﬂx[o,oo) (R x R x R™ x f)w,t) — R such
that Q x [0,00) 3 (w,t) — f{(Yi(w), Y (w), Zi(w),Ui(w;-)) € R, is optional for each
(Y,Z,U) € 8% x HA(X) x HZ(u). The Lipschitz property of f then allows us to write

fs(w,y,y, 2, us(ws ) = fi(w, vy, 2/ ul(w; )
> MY @)y —y) + N
+ fo(w, v,y 2 us(w;
+ fo(w,vsy' 2 ul(w;

V(W) y —y) + 02 T(
D) = fs(w, vy, 2
) - !

)

where

NV (w) = —/rs(w)sgn(y — ¢'), AV (w) = —/rs(w)sgn(y —y'),
2% (w) = —1/0X (w) 1/2(Z )_zzz oy Lio (z— 20y (w).2°

le:

The comparison result we present will be based on the following assumption.

Assumption 7.1. The following conditions hold:

(1) ® < 1, and the non-negative random variables fOT VTsdCs, fOT /TsdCs and fOT 6XdC,
are IP-a.s. bounded;

(ii) For each P-a.s. ladlag process Y € S2, and (Z,Z',U,U’) € H2(X) x HZ(X) x
H2 (1) x H2 (), there exists p = p¥"ZUU" € H2(u) such that?! n?? AXynr + Ap *

20Recall from Section 2 4 that ¢!/2 is the unique (predictable) square-root matrix-valued process of c.

21Here, nZ:%" = (nt )te[o,oo) denotes the predictable process defined by ntz,z’ (w) = ntZ‘(w)’Z*<w) (w).
EJP 29 (2024), paper 66. https://www.imstat.org/ejp

Page 62/82


https://doi.org/10.1214/24-EJP1123
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Reflections on BSDEs

e > —1, P-a.s., t € [0,00), the random variable {p x i) is bounded, P-a.s., and

dlp x fi, (U = U") % i)
dC,

fs(Y@a}/S—azsts(')) - fG(Y€7YS—aZS7U;(')) Z bl IP X dcs_a'e'

(7.1)

Remark 7.2. (i) In the standard case, where there is only a Brownian motion X, the
stopping time T is deterministic and finite, C' satisfies dCs = ds, and the Lipschitz-
coefficients of the generator f are bounded, Assumption 7.1 is clearly satisfied. However,
if additionally there is an integer-valued random measure p such that its compensator
can be written in the form v(ds,dz) = F(dz)dt, then (7.1) turns into

fs(Ymst; Zs, Us()) - fs (Y—saysfv stU;())

> d<p*/]" (U — U/) */1>s
- dC;

- / ps(@)U,(2)F(dz), P x ds-a.e.
E

This is now reminiscent of the classical (Aw)—condition in [135, Section 2.2, p. 1362] or
the assumption in [132, Theorem 4.1].

(#4) The conditions in Assumption 7.1 are simple enough to check in practice, but are
not necessary, as some of them can be weakened by carefully redoing the proof of the
comparison principle in Proposition 7.3. We will discuss this in Remark 7.5.

(ii7) If the condition n%Z AX . np 4+ A(p * ji).o7 > —1 in Assumption 7.1. (i) fails to
hold, then the comparison principle for our BSDE is false in general. See [132, Example
3.1] for a counterexample in a Brownian-Poisson setting.

The following comparison principle is the main result of this section.
Proposition 7.3. Suppose that Assumption 7.1 holds. Let (¢1,&y) € (L2(Gr))?, and
suppose that (Y, Z,U,N) and (Y',Z',U’,N') are solutions in 82 x H%(X) x H%(u) x
’H%L(X, 1) to the BSDEs with generator f and terminal condition & and generator f'
and terminal condition &/, respectively. If (/. < &p, P -a.s., and

f;(Y'slayrs/—vszUs/()) S fs(Ys/aY;/—vzng;())a ]P®dcs_a-e'7

then Y’ <Y up to P-indistinguishability.
The proof of this result is based on the following lemma.

Lemma 7.4. Suppose that M € M, with My = 0 is such that (M) is bounded, where
(M) denotes the compensator of the optional quadratic variation [M]. Then £(M) € H?.

Proof. Although this result follows from [76, Proposition 8.27], we would like to present
another argument by following the proof of [99, Théoreme I11.3]. By [100, Proposition
1I.1], we can write

E(M)? = E(M)E(M) = E(2M + [M]) = E@2M + [M] — (M) + (M) = E(N)E((M)),

for some N € M. Since (M) is non-decreasing, we have that £((M)) < ™). In
particular, the local martingale satisfies £ (]V ) > 0 and is thus a supermartingale. Since
(M) is bounded, say by a € (0,00), we can write |£(M)[? < E(N)e. Let (7,)nen be a
localising sequence such that each stopped process £(M).,, is a uniformly integrable
martingale, and fix ¢ € (0,00). We find

B| sup [E(M)arr, |?| < AB[E(M)inr, [*] < 4 BIE(N)inr,] < 4 BE(N)o] = 4e™.
s€0,t]

Here the first inequality follows from Doob’s L2-inequality, and the third inequality
follows from the optional stopping theorem (see [141, Theorem 3.2.7]) together with
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the fact that £ (]V ) is a supermartingale. By applying Fatou’s lemma twice, we deduce
that E[sup (o) [£(M);s|?] < 4e®. In particular, the stochastic exponential £(M) is a
uniformly integrable martingale and is in 2. This completes the proof. O

Proof of Proposition 7.3. First, let us write

Y =Y -Y,6Z:=2-2,6U=U-U', 6N =N -N, 6 =& — &,
5f = f(V,Y_,Z,U() — f' (Y, Y., 2, U'()),

and
Y, (w),Y/(w N Y (w),Y! (w) . Z,(w),Z(w
Ao(w) = A ), Ry(w) =X (@), ns(w) =27 (),
ps(wyz) = pr 20V (W),

for simplicity. Now consider v := fO'AT vsdCs, where v = Here the process v

by
1-XAC” N
is predictable and the integral is well-defined by Assumption 7.1. (i) since \;AC; <
[As]AC, < \/1;ACs < @ < 1 and thus

Y

7] < T—3<1_&

Moreover, Av = YAC = XAC’/ (1- XAC) > —1. Thus, the stochastic exponential
&(v) is positive and because v is predictable and of finite variation, the stochastic
exponential £(v) is predictable and satisfies 0 < £(v) < e”. In particular, £(v) is bounded
by Assumption 7.1. (¢). With the integration by parts formula, we derive

d(S(v)éY) = E(0)s_d(6Y ), + 8Y,_dE(v)s + d[E(v), 6Y],

v

V)s—

—E()s_6fdCs + EW)s—dA(6Z + X)s + E()s—d(6U x i) s + E(v)s_dIN,
+5(v)3 §Yy_75dCy + E(v)s_5d[C, §Y]

—E()s_0fdCs + E()s-d(3Z - X)s + E(0)s—d (U x ji)s + E(v)s_dSN,
+ E(0)s—0Ys—75dCs — E(v)s—s6 fsACACs + E(v)s—75d[C, 62 - X],
+ E(W)s—sd[C, 0U * fi]s + E(v)s—7sd[C, ON]5

—E()s— (6fs(1+ 7ACs) — 750Y, - )dC,

+&(v)
+&(v)

s d(6Z « X)s + E(0)s—d(0U * 1) + E(v)s_dIN;
Vs

d[C,67Z - X]s + E(0)s—sd[C, 6U % fi]s + E(v)s_7sd[C, IN]s.
(7.2)

Note that the processes on the last line are local martingales by [77, Proposition
1.4.49.(c)] since C' is predictable. We now define the probability measure Q on ({2, G)
through the density

dQ AT
— =)o = 8(/ nsdXs + p*ﬂ.AT> . (7.3)
dP 0 -

Assumption 7.1 implies that n € H*(X7T), that £(L) is non-negative since AL = nAX +
A(p*fi) > —1 and that (L) is bounded since

T T
(L)r = / Ng csnsdCs + (p* i) = / 0XdC, + (p fi)r-
0 0

Therefore, £(L) € H? by Lemma 7.4, and £(L)o, = E(L)r € L2(G7;P). We now rewrite
the P-local martingales appearing in (7.2) as Q-semimartingales. By an application
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of Girsanov’s theorem [76, Proposition 7.25 and 7.26], we find the Q-semimartingale
decompositions

E(0)s—d(0Z - X)s = E(0)s_d(6Z - X — (67 - X, L))s + E(v)s_d(6Z - X, L),
— EW)y_d(6Z - X — (67 - X, L))y + E(0)s_d(6Z - X, 7+ X)
=E&()s—d(6Z - X —(6Z - X,L))s + E(v)s_n, ¢s0Z:dCs,

E(0)s—d(0U * fi)s = E(v)s—d(6U x fi — (6U * fi, L)) . + E(v)s—d(0U * i, L)
=5(v)s d(6U —<5U*M7L)s+5(v)s-d<5U*u7p*u>57

E(0)5_ddN, = E()s_d(6N — (6N, L),) + E(v)s_d(ON, L),
= E(v)s—dd Ny,

where the last equality follows from the P-orthogonality of N with respect to X and p
from (D2),
E(v)s-7:d[C,02 - X],
=E(0)s—7:d([C,0Z - X] = ([C,6Z - X], L)), + E(v)s—7:d([C,0Z - X], L)
=E(0)s—7:d([C,0Z - X] = ([C,6Z - X], L)), 4+ E(v)s-7sACA(6Z - X, L),
= E(0)s-7.d([C,0Z - X] = ([C,0Z - X], L)), + E(v)s—7sACsn ¢s6ZdC,

here the second-to-last equality follows from d[C,0Z - X|, = ACA(6Z - X),, see [77,
Proposition [.4.49], and similarly,

E()s—7sd[C,6U % i]s = E(v)s—7.d([C, U * fi] — ([C,0U * fi], L)) ,
(v)

+ E(0)s—7sd([C,6U % i, L) _
= E(0)s—7sd([C, 08U x i) — ([C,6U % fi], L)) ,
+ E(v)s—Ys ACd{0U * fi, p* fi)s,

E(v) [C,N]s = £(v)s-7sd([C,6N] = ([C,6N], L)) , + E(v)s—d([C,6N], L)
= E(0)s—7sd([C,6N] = ([C,6N], L)), + E(v)s—ACLd(5N, L)
= E(v)s—7sd([C,6N] — <C’5N],L>)S
= E(v)s_7,d[C, 6N]s.

Inserting the previous identities into (7.2) yields

A(E@)OY), = —E(0)s (5fo(1 + 1AC,) — 7,0Ys_)dCs + E(v),_d(6Z - X),
EW)s—d(0U x i) s + E(v)s—ddNs + E(v)s—7d[C, 6 Z + X|s
E(0)s—7sd[C, 6U * i) s + E(v)s—75d[C, IN]s
= —E0)s— (6fs(1 + 7 ACs) — 750Y,—)dCs + E(v)s—d(0Z - X5 — (6Z - X, L)),
+ E()s_n. ¢s0Z,dC, + E(U)S_d((SU*;] —{(0U * 1, L>)S
EW)s—d(6U x fi, p* ji)s + E(v)s_dIN,
E()s-7:d([C,6Z - X] = ([C,6Z - X], L)), + E(v)s—n, cs0Zs7sACdC,
(v)
(v)
(v)
(v)
(v)

e
s—7sd([C, 6U » i) — ([C, 86U * fi], L)) ,
s
(6

E(v
+ E()s—VsACsd{(6U * fi, px f1) s + E(v)s—75sd[C, IN]
—EW)ar (0fo(1 + 7AC,) — 140Ys_)dC, + E(v)o_d(6Z - X, — (62 - X, L)),
=1y €s0Zs(1 4 1 AC)ACs + E(v)s—d (08U  fi — (U * i, L)) ,
E(v)s_ (1 + Vs AC) AU * fi, p* ji)s + E(v)s—dIN,

E(v
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+E(0)s—7d([C,6Z - X] = ([C,6Z - X], L)),
+ E(0)s—7d([C, 6U i) — ([C,6U  fi], L)) , + E(v)s—7sd[C, 6N]s. (7.4)

Note now that £(v)_ (1 +~yAC) = &E(v) > 0, and thus
E()s=0fs(1+7sACK)

~ d{s [ [
> E(v)s- (Ascm +AeOYs 4] a7, + W) (1+7,AC,)

d(oU « fi [
=E(v)s- (Asc?Ys + 1, cs0Z + W) (14 75sAC05) 4+ E(v)s—7s6Y5-.

Therefore
d(EW)FY) | < —E(v)s—As0Ys(1 + 1 AC)AC, + dAME = —E(v) A0Y,dCs + dM .

Here we use £(v) = £(v)_(1 + vyAQ) in the last line, and we denote by M® the sum
of the Q-local martingales appearing in (7.4). Consider now w = fO'AT AsdCs. Since
INACS| = [X]AC, < frsACs < @ < 1, we have £(w) > 0. Moreover, since |\ <
\/Ts, Assumption 7.1. (i) ensures that w is bounded. As before, this also implies that
&(w) is bounded since £(w) < €. Another application of the integration by parts formula
yields

A(E(W)EW)IY )y = E(w)s_d(E(v)FY)s + (E(0)Y),_dE(w)s + d[E(w), E(v)FY]
= E(w)s-d(E(v)6Y)s + (£(v)0Y)dE(w)s
= E(w)s—d(E(v)8Y)s + E(w)s—E(v)sAs0Y,dC
< —E(w)s_E(W)sA0Y,dCy + E(w) s dM2 4 E(w)s_E(v) s As0Y5dCy
= E(w),_dM2R.

This implies that, P-a.s., for each (¢,t') € [0,00) with ¢t < #/, we have

t' AT
EWhnrE@inadYinr = Ewonr€lenatYinr ~ [ Ew).dME (75)

tAT
Let (7,)nen be a Q-localising sequence such that for each n € IN, the stopped pro-
cess f(;/w" E(w)s—dMSE, is a uniformly integrable martingale under Q. By taking the

conditional expectation in (7.5), we find

5(w)t/\rn/\Tg('U)t/\Tn/\Téy;f/\Tn/\T > EQ |:g(w)t’/\rn/\Tg(’U)t’/\Tn/\T(S}/t’/\Tn/\T

Qt} (7.6)

Since £(v) and &(w) are bounded, §Y € S7 and dQ/dP € IL.?(G,P), we can apply domi-
nated convergence with n — oo and find

5(U/)t/\T5(11)t/\T5K/\T,LAT > EQ [E(W)t'/\Tg(U)t'AT(;Yt/AT gt:|~ (7.7)
Applying dominated convergence again, now letting ¢’ 1 oo, yields
E(W)inTE (V) iardYinr > EQ [g(w)fo_g(u)fo_éyg_ gt} (7.8)

Since Goo = Goo = vtE[O,oo) G, we deduce from

t T
/ 8 f1jo,rdCs + Y, = E{agT +/ §£,dCy |Gy
0 0

:| = Mt, te [0, OO),
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that
T T
/ §fedCy +6Y L = Mo_ = 6ép +/ §f,dC,, P-a.s.,
0 0

and thus 0YL_ = 6ép = &r — & > 0, P-a.s. Then (7.8) implies
(‘:(w)t/\T(‘:(’U)t/\T(”/t/\T Z O, Q—a.s. (79)

Because £(w) and £(v) are positive under IP and thus under Q, this implies that 6Y;,r > 0,
Q-a.s. Since Q and PP are equivalent probability measures on each (2,G;), t € [0, 00), we
also have 6Y;,r > 0, IP-a.s., and therefore Y > Y’, IP-a.s. by (IP-a.s.) right-continuity of
Y and Y’. This completes the proof. O

Remark 7.5. As we mentioned in Remark 7.2, one could weaken Assumption 7.1. For
the arguments laid out in the proof of Proposition 7.3 to go through, we have to ensure
the following:

(7) the probability measure Q defined in (7.3) has to be locally equivalent to PP, that
is, the restriction Q; of Q to G; is equivalent to the restriction IP; of P to G, for each
t € [0, 00);

(73) we need to be able to let n — co and ¢’ 11 oo inside the conditional expectations
of (7.6) and (7.7);

(7ii) the stochastic exponentials £(w) and £(v) have to be positive, so that we can
divide both sides of (7.9) by £(w)E(v).

A Proofs of Section 2 and 3

Proof of Proposition 2.5. That || - |2(,) is @ norm and that the stated equalities hold is
clear from our preceding discussion. It remains to show completeness. Let (U*).cw be a
Cauchy sequence in H? (). Then, in particular,

li k__ 174 22 — I E k__ 174 o] = i E ko~ 7780~ | =0.
o U = Ul = B [(U* = U") % 1) o] ol [(U**fi—=Uxf1)o] =0

Hence the sequence (U* x fi)xen is Cauchy in K2(u) C H2. Since K?(p) is closed in H?2,
there exists U % i € K?(u) with

lim E[(U* x i — U * i) ] = 0.

k—o0
Therefore limy o0 [|U* — Ul[p2 1) = limg—oo E[((U* = U) % 1) oo | = limyso0 E[(U* %o — U x
[i)oo] = 0. O

Proof of Proposition 2.6. Let us start by showing that £2(X)NXK?(x) is the null subspace
of H2. For M € £2(X)NK?(u), we can write

M = ZdX, = Us(x)fi(ds, dz).
(07‘] (07']><E

Therefore

(M, M) = <M, /((WE Us(z)ﬁ(ds,dz)> =0,

by [32, Theorem 13.3.16] or [76, Lemme 7.39] since M, [AMW] =M, [ZTAX‘ﬂ =
S Z'M,[AX|P] = 0, which implies that M = M, = 0. We now define #>* (X, ;) =
(L2(X)® IC2(,u))L, which by the previous considerations lead to a decomposition H? =
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L2(X) ® K?(u) ® H>H (X, 1n). We now fix M € H2. By the previous considerations, we
can decompose M uniquely as

M= [ zd4X,+ / U, (2)fi(ds,dz) + N,
(0,-] (0,-]xE

where uniqueness is meant in the spaces £2(X), K?(u) and H**(X, ), respectively. In
particular, since X* € £2(X), we have that (X’ N) = 0. Moreover, by [77, Theorem
111.4.20], we have M, [AN|P] = 0.

We now turn to the claimed uniqueness. Suppose that there exists (Z',U’,N') €
H2(X) x H?(u) x H>+(X, p) satisfying

M = / ZldX +/ Ul(z)ii(ds,dz) + N', (N',X*) =0, foreachi e {1,...,n},
©,] (0,]xE

and M, [AN’|P] = 0. We now show that N" € #>. Since for any H € H?(X),

N, HSdXS>:/ ( chgv”i)dcs,
< ©.] ©.] ;

for a predictable process ¢V satisfying 0 = (N', X?). = f(o ] cN'dC,, we see that
cNt =0, dC,-a.e., P-a.s., which then implies

<N’, HSdXS> =0.
(0,-]

Hence N’ € (EQ(X))l. Next, since M,[AN’'|P] = 0, we have again by [32, Theorem
13.3.16] or [76, Lemme 7.39] that (N’,V % i) = 0 for each V x i, and therefore N’ €
(K2%(n))t, so N € H%L. This implies that

M= [ zax,+ / U (2)ji(ds, dz) + N,
(0,] 0,]xE
is a decomposition of M in £%(X) & K?(u) ® H**. We therefore have (Z,U,N) =
(Z',U',N")in H?(X) x H?(u) x H>* since
/ Z,d X :/ Z!dXs, and / Us(x)i(ds, dx) :/ Ul(z)i(ds,dx),
(07‘] (07'} (01‘]><E

0,/ ]xE

implies that |Z — Z’|g:(x) = 0 and [|[U — U'||g2(,) = 0, which then also implies N = N'.
This completes the proof. O

Proof of Lemma 3.3. Note first that
"€l

- T ,
=F / E(BA)s lim { sup ’§j1{5<T}’ }dAS]
LJo ]

s Ligls,00

_ W : * AN—1/2 * ANL/2 ¢+ 2
“E / £(BA), hm{ sup |E(B*A);V2E(B )2 oy }dAS}
LJ/0

s'11s Liels,00]

r T
<B| [ e lim e@a{ sw |0 A e faa

te[s’,00)
- T R )
—E| [ &(BA),£(8A)7! lim { sup |E(B* )26 1y ory | }dAs]
L Jo s'TTs te[s’,00]
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—E[ / £(5).- (14 AAAEE A i { swp e <6*A>i/25:1{s<T}|2}dAs]

te[s’,00]

<0+ ADE| sup (£ e / E(3A).-£(5*A); 0.

s€[0,00]

T .
:(1+B¢>E[ sup [E(B*A)V2 ¢ 1 oery|” / S(Aﬁﬂ*>s_dAs],
0

s€[0,00]

where A%8" = —(B* — B)A° — 2 se(0,] %, by Lemma C.1. (i4) and A° denotes the
continuous part of A. Next,

AT .
| e aa,
0

(AT X
:/ EAPF ) dass N E(APF),
0

SE(0,tAT]

AT X X
- _(6* _ B) /0 S(AB’B*)S*d(Aﬁﬁ*)g

5 o 1+ B*AA;) 3,8°
_ g(apy, WETBA) o),
sE(OgAT] (6* - B)
_ /“T geapey, LEBBA) G ghmye
i ) S
A e 1+ B*AA;) 5,6
+ E(APP )s_(iAA(’AM )o:
SE%AT] (6* - ﬁ)

Since —A%#" is non-decreasing, the stochastic exponential £(A%8") = £(BA)/E(B*A) is
non-negative, and g* — 8 > 0, we deduce that

tAT R * tAT . o
/A £(APF),_da, < LED) q’)/A E(APH),_d(— AP,
0

(8* - B)
QBN (s (14 5®)
G —9) <1 # ”AT) = E -5

where in the last inequality we used that 0 < S(Aaﬁ*) < 1since 1 < E(BA) < E(B*A).
We thus conclude that

(1+ B*®)(1 + 3d)
(8= B)

_ (14 p9)(1+ )
)

This completes the proof. O

* 2
[l fumgﬁ <

5] s (506 1 e ]
s€[0,00]

€51 <y 52, -

B Proofs of technical lemmata
Lemma B.1. Let ¥ € [0,00), and let (¥, g") : (0,00) — R x R be defined by

)=t {5 anagvs) = e {1220

ve0.8) L (B =) (B=")
Then, for € (0,0),
4(1+4 pY) 4 U2 /1+ BV
v 4
= ——— and = —=1lrg—o1 + 1 .
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Proof. Fix § € (0,00), and let f : (0,8) — R be given by f(y) = gl(;f\fg so that

f¥(B) = inf f. Note that f is strictly convex since
Pf_2(8° =398 +39*)(1 + BY)
972 V(B -7)? ’

because
3 9 9
B? =3B +3y" = % = 2598+ 177 — 77 + 3

2 2
3 9 , 12 , 3 3,
— _2 _Z A2 = - = - 0 B.1
(6 2w> T (ﬁ 27) +77°>0, (B.1)
and as f tends to infinity at the boundaries of the interval (0, 3), there is a unique critical
point v* in (0, 3) at which f attains its minimum. The point v* satisfies

of (2 - B+ BY)
Oy (v)2(B—7*)?
and therefore y* = 3/2. This implies {¥(8) = inf f = f(v*) = %.
We turn to g¥. Let g : (0, 3) — R be given by g(v) := Eyl(gf/g Then g¥(3) = inf g. We
also note here that ¢ tends to infinity at the boundary of (0, 5). Similar to before, g is
strictly convex since

(V) =

207

g _ 28 =378+ 39" +4°0)

o V(B —)?
where the strict inequality follows from (B.1). As before, we now only need to find the
unique critical point v* of g in (0, 8). Suppose first that ¥ € (0, c0). From

>0,

@(V*) _ 2= B4 0

9y YB-v?
we find that 7], = ZiEVIHY V\I}*ﬁ‘l’ and thus the critical point we are looking for is v* =
(-=1+4 1+ 57)/P. This implies

> TT AT
g¥(B) =infg=g(y") = LA ES:R :
(1+p8Y - VI+5Y)(VI+5Y 1)

In case ¥ = 0, we have ¢°(3) = §°(3) = 4/3°. This completes the proof. O

Lemma B.2. Let ¥ € [0,00). Then

AT (P) = 0and Jim Po¥(5) =

Furthermore, for each i € {1,2,3}, the constant M,* (3) is decreasing in 3 and

lim MY (3) = 1,9}, lim My (8) =V and lim MY (B) = 1,0} 0.
A 1 (B) = max{1, ¥} Hm 2 (B) Hm 3 (B) = max{1, U}

Proof. Tt is clear that (14 8¥)/83, {¥(8) and g¥(B) are decreasing in 3. Moreover, (1 +
BY)/B converges to ¥, ¥ (3) converges to zero and 3g¥ (3) converges to ¥ by Lemma B.1
as /3 tends to infinity. The stated limits of MY, My’ and My thus follow immediately. O
The following result can be deduced similarly, we thus omit its proof.
Lemma B.3. For each i € {1,2,3}, the constant M‘I’(B) is decreasing in 3, and
lim MII'(B) = max{1, ¥}, 5lim M;j(ﬁ) =WV, and ma M;j(ﬁ) = max{1, U} ¥.
— 00 — 00

B—o0
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We now prove the technical lemmata of Section 4.

Proof of Lemma 4.1. We clearly have L = L. .p, P-a.s., and since —|M| -1 < L <

ot fOT | fu|dCy + | M| + 1, up to P-indistinguishability, we find using (4.1) and Doob’s
L2-inequality that

IE[ sup |L52} :E[ sup Ls|2} < 00.
s€[0,T 5€[0,00]

Next, it is clear that L > J and thus V(S) < ess supTeTsrng]E[LT\gs], P-as., S € To00-
We turn to the converse inequality. Fix S € Ty oo, let 7 € T5 o and let 7 == 715 > 1 +
OO]‘{JT<LT} € 7?5’00. Then

E[L,|Gs]

E[L gy >0y + (Mr = 1<ry) (s <1.y1Gs]

[
[Lrly>p.y + M1y <1.1|Gs]
[
[

INIA

Jrlis >y + ElJw|G-]11s <1, y1Gs]
gs} = E[J+|gs} < V(S), P-a.s.,

5 8 8

Jrlig>py + Joolis <r,y

and therefore ess supg;TSm]E[L7|g5] < V(S), P-ass.,S € To.co, which completes the

-

proof. O

Proof of Lemma 4.2. We only show that V(S) € L?(gs), for each S € T «, as the rest
follows from Proposition 1.3 and Proposition 1.5 in [92]%? together with the argument in
[62, Footnote 4]. Fix S € 7y -, and note that

T T
“Ellerllos) ~E| [ Iiacu)os| < v(s) <Ellerl+ s i+ [ Ijac,)os). P-as.
0 uel0,T) 0
implies
T
V()| < E[IETI + sup & +/ | fuldCy gs} P-as.,
w€l0,T) 0

from which we deduce that V(S) € I2(Gs) by (4.1). This completes the proof. O

Proof of Lemma 4.3. The existence of the process V = (Vt)te[o’oo] is a mere applica-
tion Lemma 4.2 and [41, Appendix I, Remark 23(b)]. Next, let S € Ty . Since
Vr=V(T)=V(SVT)=Vgyr, P-a.s., we find

Vonr = Vslys<ry + Vrlissmy = Vslis<ry + Vsvrlissry = Vs, P-as.

In particular, V. = Vo7 up to P-indistinguishability by Proposition C.3.
The fact that V is in S2 can be argued as follows. Let N = (Nt)tejo,00) be the
martingale satisfying

T
Ns=E|jér|+ sup |§:\+/ |fuldC,
0

u€[0,T)

QS}, P-as., S €Ty
Note that N is square-integrable by (4.1). As in the proof of Lemma 4.2, we find that

T
Vsl <B|jer| + sup |@|+/ fuldC,
0

we[0,T)

gs] = Ng, P-a.s., S e 76700,

22The fact that the filtration is complete and the horizon is finite in [92] is not relevant for the proof of their
Proposition 1.3 and Proposition 1.5.
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Thus |V| < N up to P-indistinguishability by Proposition C.3, and with Doob’s IL2-
inequality for martingales, we find

IE[ sup |V5AT|2] < IE[ sup |N52] §4E[\NOO|2] < o0

s€[0,00] s€[0,00]
which completes the proof. O

Proof of Lemma 4.4. We start with (7). Let S € 7. Note that on {S < T}, we have
liv.=1.y = l{v,=s.}, P-as., since Vs > Mg > Mg — 1, P-almost surely. On {S > T'}, we
have that Vg = Vi = Jr, P-a.s., and therefore 1;v,—r 1 = 1{v,—;,}, P-almost surely.
We turn to (ii). Let S € 77,. On {S < T}, we have 1y, _; 4 = 1y, _j,, since
Vs_ > Mgs_ > Mg_ — 1, P-almost surely. On {S > T}, we have Vg_ = Vp = Jp = Jg_,
P-a.s., and therefore 1y, _; y =1y, _j 3, P-a.s., which completes the proof. O

C Miscellaneous

Lemma C.1. Let A and B be two optional, real-valued processes with P-a.s. right-
continuous and non-decreasing paths such that Ay = By = 0, P-almost surely. Then the
following holds:

(i) E(A)"' = &(~A), where A=A~ Y, 1 38

(i) E(A)'E(B) = £(C), where € = B® — A°+ Y. o 2B,

(iii) E(A)'/? = E(D), where D = §A° + 3 o (VI+AA; - 1).

Proof. Assertion (i) follows from [31, Lemma 4.4]. We prove (ii). The product formula
for stochastic exponentials yields £(A)"1&(B) = £(C), where C = —A + B + —[A, B]. By
differentiating the continuous part C° of C' from the purely discontinuous part C?, we
can explicitly write

C=-4A+B-[A, B]

2 2
= —A°+ B+ Z (—AA5+(AAS)+ABS—(AAS—(AAS)>ABS)

11 A4, 11 A4,
s€(0,°]
A, AB.+AAAB, AAAB,
AC - - J—
+€zm:]< 1+ A4, T 11AA, 1+AAS>

AB, — AA,
Byt .
+ Zm:] 1+ AA,

Assertion (ii:) follows by squaring £(D), using the product formula for stochastic expo-
nentials, and then checking that this coincides with £(A). This completes the proof. O

Proposition C.2. Let A be a non-decreasing, [0, oc]-valued function with the conventions
AO* = 0, Aoof = llmtTToo At and Aoo = o00. Let R = (Rt)te[o,oo] and L = (Lt)tG[O,oo] be
defined by

R inf{s € [0,00) : As > t}, t € [0,0),
v 00, t = 00,
with the conventions inf @ = co and Ry— =0, and L, := R;_, t € [0,00]. For any t € [0, 0]
(1) t<Ap, =Ag,_ < Ap,;

(4) Ap,— = Agr,_— < Agr,_ <t
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(791) forany s € [0,00|, t < A, if and only if L; < s;

(iv) forany s € [0,00], ift < Ag, then R; < s (the other direction is false in general, and
equality is possible);

(v) for any function f on [0,00) which is non-negative and Borel-measurable, if A is
finite on [0, o), then

/ f(s)dA, = / F(La)L (s <oy (5)ds = / F(RO (5 <ocy (5)ds;
[0,00) [0,00)

[0,00)

(vi) for any non-decreasing, Borel-measurable, {-sub-multiplicative®® g : [0,00) —
[0,00), and if A is finite on [0, c0), then

/ g(As)dAs<€g< max AAL_S>/ g(s)ds.
0,4 {s:L,<o0} (Ao, A,]

Proof. For (i) through (v) see [41, page 119-120] or [72, page 21-22], for (vi) see the
proof of Lemma 2.14 in [113]. O

Since we have not been able to locate a reference for the following result, we prove
it for the convenience of the reader.

Proposition C.3. Suppose that X = (Yi):c[0,00] @nd Y = (Y});c[0,00c] @re two optional
processes for which Xg < Yg, P -a.s., holds for each S € Ty . Then X <Y holds up to
P-evanescence.

Proof. Lete > 0, and let A := {(w,t) € Q x [0,00) : X5(w) > Ys(w)}, which is an optional
subset of  x [0,00). By [40, Theorem IV.84], there is a G-stopping time S such that
for all w € Q with S(w) < oo, we have (w,S(w)) € 4 and P[S < o] > P[rq(4)] — «.
Here, mq(A) is the projection of A onto (2, which is G{ -measurable. Since P[S < o] <
P[S < 00, Xs > Ys] = 0 and € > 0 was arbitrary, it follows that P[rq(A)] = 0. This, with
P[X~ > Yo| =0, implies the claim. O

Lemma C.4. Suppose that M = (M;);c[0,-] is @ non-negative, P —a.s. right-continuous,

(I, P)-martingale with M, € 1?(G,). Then

IE{ sup M?
s€(t,00]

gt} < AE[M2|G], P-a.s., t € [0, ]

Proof. First, the condition that M, € L?(G ) implies already that M, € I.>(G;) for each
t € [0,00). Moreover, the result is trivial for ¢ = co. So we fix t € [0, 00), and consider a
subdivision t =ty < t; < --- <ty = co. By Proposition 2.1 in [1], we have that

e max ME < —4 Z o My, (My,,, — My,) — 2M}? + 4M?,.

For each ¢ € {0,1,...,N — 1},

kel{%fl}i }Mtk (Mtz/+1 Mt[)

1 2
3. I{nax }MZ (]\4tHl *Mtf) y

23This means that £ € (0, 00) and

g(z +y) < Lg(x)g(y), (z,y) € [0,00)%
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and the right-hand side in the previous inequality is integrable. Therefore, by the
martingale property of M, we deduce that

5.

[ 42%?3% My, (My, ., — My,)

S 415 [MEN |gt0] :

E{ max M}
ke{o,...,N} k

G, |

gto] — E[2M7 |Gy, ] + AE[M?,

The claim then follows by approximating the supremum of M on [¢, co] and then using
Fatou’s lemma for conditional expectations, which completes the proof. O

Lemma C.5. Let L = (Lt)ie0,00) @nd J = (Ji)icjo,oc] b€ two product-measurable pro-
cesses whose P-almost all paths admit limits from the left on (0,00]. Suppose that
E[supte[o’oc] |Lt|] + E[Supte[o’m] ‘Jt” < oo and that E[Lt|gt] < ]E[Jt|gt], ]P—a.s., t e [0,00]
Then E[Lt_|gt_] < E[Jt_‘gt_], IP—B.S., te [0, OO], where Lo_ = Jo_ =0 and go_ = go.

Proof. The assertion trivially holds for t = 0. So suppose that ¢ € (0, 00]. Let (¢, )nen <
[0,t) be a sequence that converges increasingly to t. We have

lim E['E[Lt _Lt |gt ]|] S 'n,h—{goE“Lt" — Lt_” =

n— oo

Here the last equality follows by dominated convergence. Therefore, upon choosing a
suitable subsequence of (¢, ),en if necessary, we have

lim ]E[Lt \Qt ] [Lt_|gt_], P-a.s.

n—roo

The same argument applied to E[J; |G: ], n € N, and upon choosing a further subse-
quence if necessary, then yields

]E[Lt,‘gt,] = lim E[Lt”‘gtn] < lim E[Jtnlgt”] = E[Jt7|gt7], IP—a.S.,
n—oo n—,oo
which completes the proof. O

Proposition C.6. Let £ = (&;)ie[0,0c] b€ (Gt)iefo,oc)-Predictable. Then the process £ =
(§4)tejo,00) defined by

£y =&, and &, = limsup &, for ¢ € (0, o0],
sT™t

is (G )te[0,00) -Predictable.
Proof. For each n € N, define " = (£7')¢[0,00] by &§ = &o and for ¢ € (0, oo] by

n2"—1
f? ::< sSup 55)1(n,oo](t)+ Z < [bup gs) k2*",(k+1)2*"](t)'

s€[n,t) k=0 k2—n

Each ¢" is (GY )te[o0.oc]-adapted by [52, Proposition 2.21] and left-continuous on (0, oc].
The claim now follows from the fact that ¢ is the limit of the sequence (£"),,c, which
completes the proof. O

Proposition C.7. Let ¢ = (5t)te[o,oo] be a real-valued, optional process, T be a stopping
time. Suppose that {. = {.ar. Then sup,cp 1) |¢s| is G¥ -measurable and for each p €
(1,00)

p
el i) <2 o 6] < (27) Blmpniier]
T€Tor s€[0,T] p— 1 T€Tor
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Proof. Fix p € (1,00). Since & ar is optional, and thus B([0, ]) ® G--measurable, we
have that sup e 7 [§s| = sup,cpo,0] [§snT] I8 GY -measurable by an application of [52,
Proposition 2.21]. The first claimed inequality follows from

esssup9=|&. [P < sup |&|P, P-a.s.
T7€Tor s€[0,T]

Next, we suppose without loss of generality, that the right hand side in (C.1) is finite,
otherwise the second inequality trivially holds. Let M = (M;):c[0,oc] be the non-negative
martingale satisfying

Ms=TFE [ess sup?=|&, |

T€Tor

QS}, P-a.s., S € 79 00-

Note that [{s| < Mg, P-a.s., for each S € 7o and thus in particular sup,ci 1) €| =
SUDPs¢[0,00] [€sAT| < SUPc[0,00] [Ms| Dy Proposition C.3. By using Doob’s inequality for
martingales, we thus find

E{ sup w} gE{ sup Mz’] < (pl)pE[Mso}: (pl)pE[esssupgww],

s€[0,T) s$€[0,00] - p—= T€Tor
which concludes the proof. O
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