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Abstract

For any integer m < n, where m can depend on n, we study the rate of convergence
of \/% Tr U™ to its limiting Gaussian as n — oo for orthogonal, unitary and symplectic
Haar distributed random matrices U of size n. In the unitary case, we prove that
the total variation distance is less than T'(|n/m| +2) " 'm~"/™ | n/m|'/*\/log n times
a constant. This result interpolates between the super-exponential bound obtained
for fixed m and the 1/n bound coming from the Berry-Esseen theorem applicable
when m > n by a result of Rains. We obtain analogous results for the orthogonal and
symplectic groups. In these cases, our total variation upper bound takes the form
L(2|n/m|+1)"Y2m~"/mI+1(log n)'/* times a constant and the result holds provided
n > 2m. For m = 1, we obtain complementary lower bounds and precise asymptotics
for the L2-distances as n — oo, which show how sharp our results are.
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1 Introduction and results

1.1 Background and problem

We consider random matrices from the orthogonal O(n), unitary U(n) and symplectic
Sp(2n) groups, distributed according to normalized Haar measure. This is the unique

translation invariant probability measure on the group, i.e. UM 2 MU L U for any
fixed M in the same group as U. In case of U(n), this is also known as the circular
unitary ensemble or CUE. We refer to Meckes’ monograph [22] for an introduction to
random matrix theory for the classical compact groups.

Our objects of interest are traces of powers of these matrices. It is well-known that
these random variables are asymptotically Gaussian as a consequence of the celebrated
strong Szeg6 limit theorem and the Heine-Szeg6 identity (1.6). The joint moments of
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these traces were first studied in [6] using representation theory, by analogy with random
(uniform) permutations matrices, and they are exactly equal to those of Gaussians, up to
a surprisingly large order. This conveys that traces of fixed powers of random matrices
from the compact classical groups converge extremely fast to their limiting Gaussians.
To back this claim up, it is established that for a fixed m € IN, the number of m-cycles
of a uniform permutation converges superexponentially fast to their limiting Poisson
distribution, [1].

The rate of convergence for traces of powers of Haar distributed random matrices was
first investigated by Stein in [25] who obtained a super-polynomial rate of convergence
for a single trace of any fixed power of an orthogonal matrix. Then, in [18], the second
author proved that for any fixed (normalized) real-valued polynomial P, there exist
C,6 > 0 depending on P so that for a random matrix U € U(n),

drv (Tr P(U),vg) < Cn~°" (1.1)

where drv denotes the total variation distance and ~y, is a standard real-valued Gaussian.
In the same article it was shown that for a random matrix O € O(n) or O € $p(2n),

dryv (Tr P(O),vg) < Ce™om,

The result for unitary matrices was then revisited and generalized to the multivariate
case, i.e. considering jointly the traces of the first m powers simultaneously, in [19].
The highest power m was allowed to depend on the size n of the matrix up to m < /n
while still having a fast rate of convergence. The multivariate super-exponential rate
for orthogonal and symplectic matrices was obtained in [8], where m was allowed
to increase with n up to m < nl/4, Other results in the multivariate setting (with
polynomial rate of convergence) which are based on Stein’s method have been obtained
in [11, 12, 7, 26]. An analogous result has also been recently obtained in [16] for
(uniform) random matrices from the unitary group over finite fields, in which case the
rate of convergence is 0(6_5"2).

Remarkably, the situation for very large powers is entirely different. Rains showed
in [23] that for a random matrix U € U(n), the eigenvalues of U™ are statistically
independent. Then, by the classical Berry-Esseen theorem, this implies that there exists
a constant C' > 0 so that for m > n,

drv (2= ve) < § (1.2)

where v is a standard complex-valued Gaussian. The rate O(n~!) follows by symmetry
and it is sharp. Analogous results hold for the other groups as well. The rationale behind
this observation is that while the eigenvalues of U are rigid and evenly distributed on
the unit circle [21], taking growing powers enforces an expansion which in effect cancels
out the eigenvalue repulsion. This phenomenon, as well as a precise description of the
eigenvalues of U™, is described by the results of Rains, Theorem 4.1 below. In particular,
the variance of the random variable Tr U™ is exactly min(m,n) for m € IN. Finally, let
us also mention that a multivariate central limit theorem valid for linear combinations
of arbitrary powers was obtained in [9] as a generalization of the strong Szeg6 limit
theorem.
The questions that we address in this paper are twofold

e What is the exact dependency in n of the rate of convergence for Tr U?
+ How do the rates of convergence for 222" for m with m < n interpolate between
the super-exponential regime (1.1) and the Berry-Esseen regime (1.2)?

ITraces of powers of a permutation matrix are determined by the cycle structure of the corresponding
permutation.
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1.2 Results for the unitary group

Let us first address theses questions precisely for a (Haar-distributed) random matrix
U € U(n). We want to give bounds which hold even if n is not large with explicit not too
large constants. For Tr U we will also give a lower bound, which is close to the upper
bound, on the L!-distance to a complex Gaussian. Furthermore in L2-distance we give
the precise asymptotics as a function of n as n — oo. Let X, Y be two random variables
taking values in R¢ with p.d.f. px and py. Recall that the total variation distance between

X and Y is defined as
drv(X,Y) = sup (/ pPx — / py>
A A A

where the sup is taken over all Borel sets A C R?. One can verify that

1
drv(X,Y) = 5\\1’){ -yl

Let v denote a standard complex-valued Gaussian, with probability density function
2
(p.d.f) ¢c: 2z € Cr— e 2" /m.

Theorem 1.1. Let p,, be the p.d.f. of the complex-valued random variable Tr U. For any

n > 66,
6-10~4 WA STox
< |lp— |, < 17T (1.3)
I'n+2)vn+1 I'(n+2)

The proof of Theorem 1.1 is given in Section 2. It follows from similar estimates for
lpr. — Yellze for p = 2,00 which are obtained using Fourier analysis and the connection
between the characteristic function of Tr U and certain Fredholm determinants. This
connection is reviewed in Section 1.4. In the course of the proof, we use Wolfram
Mathematica for numerical evaluations of several constants involved. Controlling the
constants is the main reason behind the condition n > 66 and other similar conditions
below. We also comment that for n = 66, the bound from Theorem 1.1 already implies
that

dry(TrU,~v¢) <4-107%

which is far below Machine Epsilon (of order of 1033 for quad(ruple) precision decimal).
Our analysis also provides the asymptotics of the L?-distance between p,, and the
p.d.f. of a complex Gaussian.

Theorem 1.2. Asn — oo,
2 2et /T
[on — ez ~ Tt 22

Using the result of Rains [23], we can also precisely estimate the total variation

distance between the random variable Tz/% and a complex Gaussian for any power

m € INN[2,n].
Theorem 1.3. Letn,m € N and p,, ., be the p.d.f. of the complex-valued random variable

% Assume that m > 2 and that n > max{700,m}, then with N = |n/m],
N +1)V4/Togn
= el < 120 SR,
T(N 1 2)m

The proof of Theorem 1.3 is given in Section 4 and it relies on results used to
prove Theorem 1.1 and Theorem 4.1. We emphasize that these estimates interpolate
between the super-exponential rate of convergence when the degree m is fixed, and the
polynomial rate of convergence (1.2) when the ratio N = [n/m] € N is fixed up to a

v1ogn factor.

EJP 29 (2024), paper 11. https://www.imstat.org/ejp
Page 3/48


https://doi.org/10.1214/23-EJP1068
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

From Berry-Esseen to super-exponential

1.3 Results for the orthogonal and symplectic groups

We obtain similar results for a Haar-distributed random matrix O from the orthogonal
O(d) and symplectic $p(d) groups. Here we need to differentiate between d, the total
number of eigenvalues and n, the number of non-trivial eigenvalues, i.e. the eigenvalues
in the open upper half-plane. Complex eigenvalues come in conjugate pairs, and in the
orthogonal case, depending on the sign of the determinant and the parity of d, there
might be deterministic eigenvalues at +1.

Let¢pr: z € R — e‘”2/2/\/ﬁ be the p.d.f. of a standard real-valued Gaussian random
variable. Let also ¢, be the p.d.f. of the real-valued random variable Tr O — E[Tr O], with
n being the number of non-trivial eigenvalues. The upper and lower bounds on the total
variation distance are given by

Theorem 1.4. For any n > 124,

1/120
r'(2n+1)(2n)Y/

(log 2n)'/4
< lgn — <3
4 — ||q ¢R||L1 F(2n+ 1)

Again, we can give the precise asymptotic L?-distance as n — oo.

Theorem 1.5. Asn — oo,
62/(27r)

I'(d+1)Vd

where d is the total number of eigenvalues (d = 2n, 2n + 1, or 2n + 2 depending on its
parity and on the sign of the determinant, see the beginning of Section 3).

an - ¢]R||22 ~
L

For traces of higher powers we have the following result which has somewhat stronger
(technical) conditions compared to the unitary case. We are not able to go all the way up
tom =n.

Theorem 1.6. Let n,m € IN and g, ,, be the p.d.f. of the real-valued random variable
\/%(Tr O™ — E[Tr O™]) (with n the number of non-trivial eigenvalues). Set N = |n/m].
If N and m satisfy one of the following conditions:

N >10and m > 46, N >6andm >424, N >3andm > 10'°, orm >2and N > 66,

then
(logn)'/4

VTN + ymN-1

This last bound also holds for any N > 2, for m sufficiently large, if the constant 14 is
replaced by another explicit constant, see Proposition 4.3 and the following computations,
up to (4.13). The stronger requirements on N and m are ultimately a consequence of
the fact that the Fredholm determinants arising from the characteristic function of Tr O
are not bounded by one, unlike in the unitary case.

||qn,m - ¢]RHL1 < 14

1.4 Notation and ideas of the proof

In this section, we explain the main ideas underlying the proofs of Theorem 1.1. For
simplicity, we focus on the case of the unitary group, the adaptation to the orthogonal and
symplectic groups are presented in Section 3. The method originates from our previous
works [18, 19, 8], but the fact that we are considering just the trace of a random unitary
matrix means that we can do a considerably more precise asymptotic analysis and keep
a very good control of the constants.

First, using Gaussian concentration bounds for Tr U™ where U € U(n) is Haar-
distributed, one can reduce the proof of Theorem 1.1 and 1.3 to controlling ||py, . — d¢/|
cf. Section 2.1.

L2’
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TTu™

We define the characteristic function of the complex values random variable NG by

um )

Fn,m(C) -E, [eiT"Re(C\/m }

:/eiRe(Cz)pmm(Z)dQZ
C

(1.4)

for ¢ € C, where d?z denotes the Lebesgue measure on C. Hence, F, ,,(¢) is the Fourier
transform of the p.d.f. p,, ,,, evaluated at (Re {, —Im () and by Plancherel’s Theorem,

HFn,m_(gﬁ\}Hig :4W2“pn7m_¢CHiz- (1.5)

where &E denotes the Fourier transform of the (standard) complex Gaussian p.d.f,,
50(6) = [ @M Pge(apz = Cec

Consequently, the problem is to approximate the characteristic function F;, ,,. We
now focus on the case m = 1, letting p, = p,,1 and F,, = F, ;. This is not a loss of

generality since by Theorem 4.1, one can express F,, ,,(¢) = H0§71<m Fy, (ﬁ) where
Ni € {[n/m], [n/m] +1}.

Let us denote by {ei% }7_1 the eigenvalues of U. We will use the Heine-Szeg6 identity:
for any integrable function w on the unit circle,

En[ 11 w(eiej)} = det (T}, (w)) (1.6)
1<j<n
where T),(w) = (wj—k)};—; is a Toeplitz matrix.? This allows to write the Laplace

transform of a general linear statistics Tr f(U) = 2?21 f(e'%) as a Toeplitz determinant;
for ( € C,
E, [eiRe(CTrf(U))] = det(T, (w)), w = et Reldh), (1.7)

In particular if f(z) = z and ¢ = re'?, then w(el?) = €7 °°3(+9) and we have for k € Z,

~ N R i df
O = / eflkew(ele)j _ elk¢/ 671k9+1r005027
T ™ T m

— ik(o+7/2) Ju(r)

where (J;)rez are Bessel functions (of the first kind), cf. DLMF formulae, [10], (10.9.2)
and (10.2.2).

Hence, by (1.7) and Hadamard’s inequality for determinants, we obtain an a priori
bound

n

1EO = | det(Tu@)* < TS @i = T > [75-: (<] (1.8)

j=1i=1 j=1i=1
This bound will be useful to control the tail of the characteristic function F;,; cf. Proposi-
tion 2.4.

To obtain the exact asymptotics of F,,({) if ¢ is not too large, we use another and
perhaps not as well known exact formula, known as the Borodin-Okounkov formula
(sometimes also known as Geronimo-Case formula). This formula first appeared in [13],
and then in [4, 3, 5] with different proofs.

2The Fourier coefficient of w are defined by &), = [ e*ikew(eie)% for k € Z where T = R/[27].
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Theorem 1.7. Assume that f € L>(T) is complex-valued and satisfies Zkez\kﬂko < oo
and fo = 0. Letw = ¢ and o
A=) kfifr (1.9)

k>1

Then, there exists a trace-class operator K (depending on w) on 12(]N) such that for any
n €N,

B, J] wle”)| = A deri-xQ.)

1<j<n
where the right-hand side is a Fredholm determinant and (),, denotes the orthogonal
projection with kernel span(ey, . .., e,) on [>(IN).

Moreover, the operator K admits an explicit representation in terms of Hankel
operators [3]. For w € HI/Q(T — C), define

Hi(w) = @itj-1)ig>1  and  H_(w) = (@-ij1)ij=1-
The condition ||w||f1/2 = /Y ez |kl|@0r|* < co guarantees that these (infinite) matrices
define Hilbert-Schmidt operators on [?(IN). In particular, if Z,€€Z|k||fk|2 < oo as in
Theorem 1.7, then we can write the operator

K= Hy@)H (), wi(e?) = ¢S (EFwe 5, (1.10)

The condition f € H'/? also guarantees that wy € H'/?, so that H.(w+) are Hilbert-
Schmidt and K is a trace-class operator. That being said, we will only apply Theorem 1.7
in the case w(z) = el®°(¢2), Then,

wi(eie) — ei(:I:Zefi9¥Cei9)/2 _ e:I:Im(Ceie) and A= _|C|2/4

This implies that for ( = re!® € C and k € IN,

(O%) 4k = e:FikOQ:I:Im(CEiB)% — pEike eq:ik:&:l:rsin@%
T 2w T 27

_ e:l:ik(qb:l:ﬂ-/2)lk (’I“),

where (I;)ren are modified Bessel functions (of the first kind), cf. DLMF formulae
(10.32.3) and (10.25.2).

Let K be the operator coming from Theorem 1.7 associated with the symbol w(z) =
eiRe(C2) for ¢ = re'. Let us also introduce the (infinite) matrices J(r) = (Liy;—1(r)), i1
where I}, (r) are Bessel functions evaluated at r > 0 and -

Ay (¢) = diag(eih—1/D@xm/2)y, |
for ¢ € [0,27) so that we can write
He(ws) = As(9)I(r)As(9).
Hence, according to (1.10), we have
ATHO)KAL() = I(rLI(r)L, L =A_(9)A+(0) = Ar(9)A—(9).

In particular, the matrix I. = diag(e””)kzl is indeed independent of the argument ¢ of
the parameter ¢ € C. By Theorem 1.7, this implies that for n € IN, ¢ € C with |¢| =,

Fo(¢) = e 1" /1 det (1 - K Q)

s (1.11)
= e " M det(I—QuK(r)Qy);  K(r) = J(r)LI(r)L,
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where the matrices J(r) = (Ii+j_1(r))i ;>1- Note that (1.11) follows from the cyclicity of
Fredholm determinants and the fact that the projection Q,, commutes with Ay ().

Formulae (1.8) and (1.11) are the starting point of our analysis. They provide explicit
formulae for the characteristic function of the random variable Tr U in terms of (modified)
Bessel functions which have well-known properties and asymptotics; cf. DLMF Section 10.
These functions can be defined as series: forany v > 0 and z € C,

SN

M= L G+

(1.12)

Then, for k € Z, I_i(z) = I;(z) and
Ti(2) = e 2L (i2);
see DLMF formulae (10.27.1) and (10.27.6).
Our general strategy is the following, by (1.11) and going to polar coordinates,
[P — o3 = 2n /OOO (det(I—K(r)Qn) — 1)%d(e™"" /), (1.13)
We show in Section 2.3 that if » < 2cn for a small enough ¢ > 0, the trace-norm

1Qn K (r)Qunlls, <1,

so the Fredholm determinant on the right-hand side of (1.13) is close to 1. Moreover, in
this regime, we can approximate

det(I—-K(r)Qn) ~ exp (— Tr(K(r)Qn)).

By definitions,

Tr(K(r)Qy) = Tr (QnJ(r)LI(r)LQ,) = Z (1)1 (r). (1.14)

i>n,j>1

Then, we show that Tr(K (r)Q,) ~ (—1)"*112(r) for r < 2cn, so that

(det(I—K(r)Q,) — 1)2 ~ I (r)
and by (1.13)
2cn
£ Gellze = 2m [t ),

The asymptotics of this integral are performed in Section 2.4 and this leads to the proof
of Theorem 1.2.
In the complementary regime, we show that if n is large enough

[ Im©Pa < expl-on?) (115
[¢[=2¢cn

for a small § > 0. In order to obtain (1.15), we use the simple inequality (1.8) in the
regime |(| > ¢’™ which we combine with a Gaussian tail bound of the form |F},({)]? <
exp(—dn?) valid for all |¢| > 2cn; cf. Proposition 2.3. The proof of this proposition relies
on the change of variable technique, or loop equation, originally introduced in [17], see
also [21]. We review the method in Section 2.7. When applied to the linear statistic Tr U,
the key new ingredient is that the error terms involve again modified Bessel functions
and can be explicitly controlled.
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2 Unitary group: proof of Theorems 1.1 and 1.2

The main steps of the proof of Theorem 1.1 are to obtain asymptotics for the char-
acteristic function F,({) of the random variable Tr U in different regimes of ( € C. By
formula (1.11), this characteristic function is a Fredholm determinant and we argue
that if the parameter |(| < 2cn for a given constant ¢ > 0 where n is the dimension of
U, this determinant almost equals 1 and the error is controlled by Tr(K@Q,,). Then, we
obtain precise estimates for the decay of this trace, cf. Section 2.3. The regime || > 2cn
is controlled by different methods; cf. Section 2.2. This leads to the following sharp
bounds.

Theorem 2.1. Let p,, be the density function of the random variable Tr U and c be the
2
(unique) solution of the equation ce't® = 1. Then for anyn > 13,

1 28y et n(n-2)
< A4m?||pn — ¢cll3e < +8n%e v . (2.1
Mgyt el S g s e T @
The Gaussian term becomes negligible if n > 62,
80 1
 — 2= - 2.2
and for n > 66,
Ipn — bl <€ s (2.3)
Pn CLM_F(TL-’-Q). .

We first deduce the total variation bound from Theorem 1.1, and then present the
proof of Theorem 2.1 in the next sections. A variation of the argument provides the exact
asymptotics of the L2-norm between the density function p,, of the random variable Tr U
and the Gaussian density. Namely, we prove Theorem 1.2 in Section 2.4.

2.1 Total variation upper-bound; proof of Theorem 1.1
We need the following concentration inequality from [19].
Lemma 2.2. For any L > 0 and anym € IN,

P,[(ReTr U™, Im TrU™) ¢ [~ L, L]?] < g~ F7/(4m),
Recall that p,, ,, denotes the p.d.f. of the complex-valued random variable Ti/% . Then,

by Cauchy-Schwarz inequality and the triangle inequality, for any m € NN,

||pn,m - ¢C||L1 < LHpn,m - ¢C||L2 + ]Pn[%mm [_%a %]2] + IP[’YC ¢ [_év %]2]

A change of variables to polar coordinates gives

Plye ¢ [-5, 5] < 2/ re™" dr = 2e7 /4, (2.4)
L/2
This is to be compared with Lemma 2.2,
m 72
PR ¢ [-4, L)% < 4em /4
so that for any n,m € N and L > 0,
72
pn.m = dcllLr < L||pnm — ¢el| . + 66/ (2.5)

Using the upper-bounds (2.2) and (2.5) with m = 1, replacing L by 2L, this implies that

for any n > 62,
8.95L 2
n 2 3 -t ’
I~ el < 2o+ 37
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which we minimize by choosing L = /logI'(n + 2). Since logI'(n + 2) < nlogn for n > 3,
we conclude that

3 n'/4/Togn
Viegn) T'(n+2)

This completes the proof of the upper-bound (1.3).

1pn — bl <2 (8.95 T

For the lower-bound, observe that by Hoélder’s inequality and (2.3), we have for
n > 66,

43
n - 2 < n - R n - < n - .
lon — dcllz2 < [lpn — dcllLelPn — dcllLr < F(n+2)|\lﬁ bcllL

Hence, using the lower-bound (2.1) from Theorem 2.1, we conclude that for n > 66,

6-104
n — >
lpn = el 2 Fo o ATt

2.2 Proof of the upper-bounds in Theorem 2.1

By Plancherel’s Theorem, it suffices to control || F,, — % |2, where F,, is the Fourier
transform of the p.d.f. p,, (i.e. the characteristic function of the random variable Tr U).
Then, we divide this integral in three parts depending on the argument;

(I <2cn,  2en <[(I<A, [¢]ZA,

where ¢ > 0 is the (unique) solution of the equation celte® = 1 and A > 7n/4. In the first
regime, we show that by estimating the Fredholm determinant on the right-hand side
of (1.11), we obtain the estimate

28yr e 1
(1-—cHr/n+1T(n+2)?’

cf. Sections 2.3 and 2.5. In Section 2.7, we obtain a more general estimate for the tail of
the characteristic function F;, which is useful in the second regime.

(2.6)

I¢|<2cn

Proposition 2.3. Foranyn € N and ¢ € C,

[Fa(¢)] < V2exp (_ 4(2.05 + n2/|<|2)> '

Observe that we immediately deduce from Proposition 2.3 that for any n € IN and

¢ > 2cn,
1

1
Fo(Ql < V2e /%, since — < oo
Fn(O < V2eT /B, since 5 < g Ge oy

(2.7)

For the last regime, with A = e°("), we use the following complementary bound
which is proved in Section 2.8.

Proposition 2.4. For anyn € IN and |[(| > Tn/4,
n n
MMOF§<CO . (2.8)

The proof of Theorem 2.1 follows easily from combining these estimates. First if we
integrate the estimate (2.8), we obtain for any n > 3 and A > 7n/4,

oo dp 27 n"

2 9 " B
/<>A [FuOF d*¢ < 2em /A =l g — 2 An2 (2.9)
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Then, we want to minimize over all A > 7n/4, the function

n

1 n

2 —n?/9
n—2A”—2+A et

A—

There is a unique critical point A, = 2=1/npen/9 and it is larger than 7n/4 for n > 8. The
minimum is given by

2—2/n n’ e—n(n—Q)/Q
n—2 ’
which by (2.7) and (2.9) implies that for n > 8,

mn’
2 —> exp (—n(n —2)/9).

n

/ |, (0)a%¢ <
I¢|>2¢n

Also, for the Gaussian we have the estimate
—¢I1?/2 42 e —u/2 —2¢2n?
/ e~ l¢ dCzﬂ'/ e edu = 2re™ .
[¢|>2cn 4c2n?2

By combining these bounds, we obtain for n > 10
/ |F,(¢) — eI /42a%¢ < 2mn® (15 + 2) exp (—n(n — 2)/9) (2.10)
[¢|>2cn

Finally, combining the estimates (2.6) and (2.10), using (1.5) with m = 1, this com-
pletes the proof of the upper-bound (2.1).
The upper-bound (2.3) follows from an analogous argument using that for n > 2

5.22+5/n or
1—c)2T(n+2)

/ |F(¢) — e 161 /4a2¢ < (2.11)
[¢|<2cn

If we integrate the estimates (2.7)-(2.8), we obtain for n > 5 and any A > 7n/4,

/ |Fn(C)|d2C§2ﬂ_A26*n2/18’
I¢]>2cn

2 nn/2
F, P — —
/|(|ZA ’ (<)| C — n/2 —92 An/272

In this case, we want to minimize over all A > 7n/4, the function

1 nn/2

2 7c0n2
njz—2pnaz T

A—

There is a unique critical point A, = 2~ 7 ne2om and it is larger than 7n/4 for n > 8 with
¢p = 1/18. The minimum is given by

27% efcon(n74).
This argument shows that for n > 12,

n(n—4)

/ |Fa(¢)|d?¢ < 3mn?e " 1
2en<C|

In turn, for n > 12,

/ |F(¢) — e—\(|2/4|d2< < 47n2 exp (_n(n—4)> )
I¢I>2en 18
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This shows that for n > 66,

43 - 27

|1Fn = dell 0 < Twt2)

By Fourier’s inversion formula, this implies that for n > 66,

43
_ o<
Ipn = dellze < T(n+2)

This proves the estimate (2.3).

2.3 Trace-norm and Fredholm determinant estimates

The trace-class norm and the Hilbert-Schmidt norm of a compact operator K are

defined by
5 1/2
1l =Y sy, 1K = (3 5(8)?) (2.12)
jz1 Jj=1

where {s;(K)};>1 are the singular values. If A and B are Hilbert-Schmidt (i.e. || 4| s, <
oo and || Bl s, < o), then AB is trace-class and satisfies

[AB|.5, < [|All7, 1Bl 7, (2.13)

see e.g. Lemma 2.2. in [14]. We will also use that if K is given by an infinite matrix with

elements (K;;); j>1, then
1/2
1K, = ( > |Kij|2) . (2.14)

ij>1
For a short proof, let {e;};>1 be the standard orthonormal basis of [5(IN). Then
D_si()? =) (K Keje5) =Y [[Kej|* =3 [(Kej e’
j>1 j>1 i>1 i1kt

Let us recall that according to (1.11): foranyn € IN and ¢ € C,

Fo(¢) = e 1/ det(1-K(1)Q,),  K(¢) = J(r)LI(r)L

where L = diag(e?*™);>1, J(r) = (Ii+j_1(r))ij>1 and r = [¢|. Hence, this Fredholm
determinant depends only on the properties of modified Bessel functions (1.12). In
particular, we will make use of the following bounds in the sequel,

D(k+1)(k+1) <T(j+k+1) <D(k+1)(k+3), jkeN (2.15)

Then, it holds for all z € C with |z| =,

o0

(r/2)* (r/2)% |z/2| 2
I <I - |27 /4(k+1) keN. (2.16
[Tk (2)| k(T) T(k+ 1) JZ::oF=7+1 1y F(k:—i—l)e , € ( )

On the other hand, by keeping only the first term of the sum (1.12), we have

i = 72

_m, k € IN. (2.17)

Finally, we will also use make repeated use of Stirling’s approximation for the Gamma
function. Equation (5.6.1) in DLMF gives

Vot 2e7 < D(w 4 1) < V2rer? T 2e7, v > 1. (2.18)

EJP 29 (2024), paper 11. https://www.imstat.org/ejp
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Lemma 2.5. Let c be the (unique) solution of the equation ce' = 1 and let C; L=
27(1 — ¢?)2. Numerically, we have Cy < .17 and ¢ ~ 0.33. Ifr < ZC(n + 1), then forn € ]N,

CO

1K () @nllsy < =7

Proof. By (2.13), observe that

1@n K (r)Qunll.sy < 1QnI(r) | [LI(r)LQun] 1,

Then, as I. = IL* is unitary,

QrJ| 7, = |ILILQ, || 7, by (2.14) and

1QnI(IZ, =D D itk (r))?

>0 k>0
Hence, using the upper-bound (2.16), we obtain

(r/2)2k+2j+2n+2

2 .
[QnI(r)|I7, < Zzer /20 +k+n+2) T/ .
S F(j+k+n+2)
Inserting the lower-bound (2.15) gives
)2n+2 2k+2]
2 2 /(2n44) 7“/2 (r/2)
||QnJ](T)|‘J <e / n+2222 (n + 2)2k+2j
>0k>0
_ e7«"‘/(2n-~-4) (r/2 2n+2
T (1-72/4(n+1)2)2T(n+2)?
1 reltr?/(2n+2)? \ 2nt2
2r(n+1)(1 —r2/4(n + 1)2)2 ( 2n 4+ 2 )

where we used (2.18) to obtain the last bound. Hence, if r < 2¢(n + 1), since the
right-hand side is increasing as a function of r, this implies that for any n € IN,

Co

1
||Qn ( )Qn”-h = or (’I’L+1)(1 —C2)2 = TL—|—]_ O

Lemma 2.6. For anyn > 1 and || < v2(n + 1),
12
P (o) [¢/2P+?

(S RO 7

Tt 22 = | TP @nK(C)Qn] < 2 q

12 I¢/2*2
(1 C2n+ 1)2)

Proof. Set r =|(|. By formula (1.14),

Tr(K(r)Qn) = Z( 1)]+k+n+1[j2+k+n+1( )

J,k=0

=D (=) ()

LeIN

= (-1 Z ((25 + 1)122€+n+1(7") —(20+ 2)122£+n+2(7’)) (2.19)
£>0

The modified Bessel function has the following integral representation (see (10.32.2) in
DLMF):
(z/2)" /1 2\v—1/2 axt 1
I(r) = —————F—— 1—t7)” “tdt, Rev > —= 2.20
@) =T ) AT e vy (2.20)
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whence, for r > 0 and k£ € INg,
r
Iy, —1 . 2.21
kt2(r) < %13 Kt 1(r) (2.21)
Therefore, if 7 < v/2(n + 1), all terms of the sum on the right-hand side of (2.19) are

positive and we obtain the lower-bound,

r2

|Tr QuE(r)Qnl > (1~ W) ;@z + )B4 (1) (2.22)

By keeping only the first term (I = 0) and using (2.17), we conclude that

r? ) (r/2)2n+2

T @uK(r)Qnl > (1= 3575 T 2

For the upper bound, we simply use that

| Tr QK (r)@n| < 2(25 + )15 (7).
10

Next we insert the estimate (2.16) followed by (2.15):

2 r/2)24+n+1 | 2
| Tr QuE (r)Qul < exp (5r=5) D21 + 1)(F((2/z2in+2))

1>0
T2 )(r/2)2n+2
2(n+ 1)’ T(n+2)

< exp 2(254_1)(2(”11))41

2
1>0

r

2
exp (55m)  (r/2)2n+2

(1~ (o)) T +2°

which is the desired upper bound. O

By adapting the previous argument, we can also obtain the asymptotics of this trace.

Lemma 2.7. For any n € IN, it holds uniformly for all r < en, ase — 0,
Tr (K (r)Qn) = In 1 (r) (1) + O(€%))

Proof. Using the estimate (2.21) iteratively, for any ¢ € IN,

20
)
Poron(r) < ( ) 2,,(r)

2n + 3

so that according to (2.19), summing the geometric sum, we obtain if »r < en and
O<e<l,

Tr QuK (r)Qn = I 11 (r) ((=1)""" + O(%)). 0

We now show that higher-order traces are negligible.
Lemma 2.8. Let ¢ be as in Lemma 2.5. For anyn > 1, if |¢| < 2¢(n + 1), then

(1+c2)(n+1)

1 ,
7T nK " ’ < T TLK n2-
;2].| HQuE (DR < (o — oy ey TR (1CDQ
EJP 29 (2024), paper 11. https://www.imstat.org/ejp
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Proof. First, recall the following properties of modified Bessel functions; For any r > 0,
v — I,(r) is positive and non-decreasing on R and

I,(r
ZIVJrk 7‘(2/)4V

k>0

These statements follow directly from the representation (1.12). Since K (r) =J(r)LJ(r)L,

Tr(QnKQn)j = Z (JE)k1+n,k2+l(JE)k2+1,k3+n e (J]L)k2j71+n7k‘2j+1(‘]I]L)k2j+1yk1+n

By taking absolute value, using the definition of I. and the Hankel matrix J, cf. (1.11),
we can bound |Tr(Q, K (r)Q,)’| by

Z Ty tkatn41 (M) Dy kgm0 (7) <+ Thgy g tekeay 01 (7) Doy ey 1 (7)

<D Ikttt (D Ikgrnia (7)o Ty ka1 (M) Ty (7)
ot yoonrfiay >0

1
< 12 n (T)I2 i+n (T)
(1—=7r2/4(n+1))I ks k4§2_720 S ptt

1 J
L sp ())
) Z k+n+1
(1 r2/4(n+1) =
1+7r2/4( n+1
< 12

where we used (2.21) to obtain the last bound. Hence, using the lower-bound (2.22) to
control the sum, we conclude that for any j € IN and r < \/i(n +1),

} (1+7r2/4(n+1)2)| Tr QuKiyQn| \’
Tr(Q,. K a7 <
ITH(@-K(r)Qn)] < ((1 ~ A+ D) — /200 + 1)?)
Observe that 2]22 ””J—J < z2forax < 1/2, so that using the estimate from Lemma 2.5,
it holds for r < 2¢(n +1)

(1+72/4(n + 1)?)| Tr Qu K (r) Q]

(1 +C2)Co
(=2 /an+ 1)1 —r2/2(n+ 1)) <16

(n+1-—c?)(1—2¢%) —

IN

by a numerical evaluation. Hence,

Ly (1+7%/4(n +1)*)| Tr QnKiyQn| '\
> -1 (Qn ngn)|s(( i )(1_r2/2(n+1)2))

Jj=2

+1)
1
( re )2<7(l+ ; ‘TrQnKngnF

“(n+1l-c?)

?)

as claimed. O

Corollary 2.9. Let ¢ be as in Lemma 2.5. For anyn > 1, if r < 2¢(n + 1), then

1 det(1— K(Qu) | _ 1
Tr(Qn K (r)Qn) T (11—t

EJP 29 (2024), paper 11. https://www.imstat.org/ejp
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Proof. By Plemelj’s formula (Equation (5.12) in [24]), provided that ||Q,. KQ.|;, < 1,

Z Tr(QnKQn)j )

det(l — KQ,) =expTrlog(l — Q,KQ,) = exp ( — ;

i>1
We now use the bound valid for z € C,
‘Z|2elz\

le™* =142 <

w By Lemma 2.5 and 2.8, we verify numerically that

and apply it to z = 2]21
for any n € IN and || < 2¢(n + 1),

\z—Tr(QnKQms§|Tr(QnKQn>|2 and | Tr(QnKQn)| < [QuKQulls, < 105

so that
2] < 115 TH(Qu K Q).

Hence, using the previous bound, we obtain

|Z|2e\z\

2| Tr(QnKQn)|

e —1+ Tr(QnKQn)
Tr(QnKQn)

< DI THQUE QL) +

< 3| Tr(QnKQn)l-

Consequently, by Lemma 2.6 we obtain if |(| < 2¢(n + 1),

1—det(l — KQ,) exp (z(lncii)) (I¢|/2)2n+2

- 1‘ <6
- 19 2 2
Tr(QnKQn) (1 — (2(n+1) )4) I‘(n + 2)
(61+c26)2n+2
< ——m
T (n4+1)(1—c*)?
By the definition of ¢ > 0, this proves the claim. O

2.4 Exact asymptotics: proof of Theorem 1.2

As a consequence of Lemma 2.7 and Corollary 2.9, it holds uniformly in the regime
r<en,

1 —det(l — K(r)Qn) = Tr (Qu K (r)Qn) (1 + o(1)) = I2,,(r)((—1)"" + O(e?))  (2.23)

n—oo

where € < c is small. This implies that

/|<|< 1= det(1 = K(ICh@u)| e /2% = (14 0(e?)) / Ly (Ilye 147 2a%.

I¢I<en

Moreover, using the estimates from Proposition 2.3 and Proposition 2.4, we immedi-
ately verify that there exists § > 0 depending only on € so that as n — oo,

2 _5n2
[ IR@Pec=o),
[¢|>en
By (1.11), this implies that for any small ¢ > 0, there exists 6 > 0 so that

I el = L+ 0) |

I¢l<e

I (1C)e 9 2a2¢ + o(e™). (2.24)
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Now, using the bound (2.16) and a change of variable, for n > 2,

2 C 24(n+1) iz
/IC|> Trihe™ /2d2C§/<> F<n|+2)46 U=

—2n—1 —2(n+1)
= 2 T (1- 2 / w2 ey,
I'(n+ 2)* n+1 uSAn
where A, = (3 — 7=7)(en)?. By Markov’s inequality, this implies that

: 2 2n—lped [0 , 272 1ned(2n + 4)
I —ICP/2q2¢ < 7/ 243 ,—u g, —
/|<|>m nt1([¢])e ¢< T(n 1218, J, u e “du T T )'A,

Hence, using the inequalities (2.18), there exists a constant C' > 0 so that

T 2n+3)/An
I <Pr2q2e < oL .
/C>€n a1 ([C]e (< T 10(n + 2)2

In particular, we have as n — oo

1)
I* (¢ e~ IeP/2q2¢ = 0c( .
[ o
If we combine this estimate with (2.24), we have shown that for any small ¢ > 0,
—~ 2 A2 05(1)
F, — , = (14 O(e /14 IK°/242¢ + . 2.25
|| n ¢CHL ( (€ )) o 7L+1(|C|)e ¢ \/mr(n_,'_z)z ( )

To complete the proof of Proposition 1.2, it remains to obtain the asymptotics of the

integral on the right-hand side of (2.25) which are provided by the next Proposition with
v=mn-++l1l.

Proposition 2.10.

lim 7/vI (v + 1)2/ IA(r)e " 2dr? = 2e* /7.
V—00 0

Proof. By formula (1.12) and a change of variable,

/ I,‘f(r)e_ﬁﬂdr2 =4V/ IA(2v/vu)e 2 du
0

0

_ /°° 3 WP@ DNy ag,
F'v+1)* /g jzoj!F(j+u+1)

Observe that % < 1forall j € Ny so that

> 2 41/2V+1 e
/ IX(r)e™" 12qr? < 7/ etu—2ve(u) gy,
0 v+t

where ¢(u) = u — log(u). This function has a unique (non-degenerate) minimum at u = 1
so that by Laplace’s method, as v — o,

/ e4u—2u¢(u)du ~ e4—2um.

0
It follows that

T 1 4 e8]
limsup%/ Iir)e " Par® < 4y (2.26)
vevTiet—av o g

V—00
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On the other-hand, for any x € IN
00 4 2v+1 0o jl" 1 J\4
/ Iﬁ(r)e_r2/2dr2 > o 7 / (Z 7? (,V+ v ) u?e 2y
o (v +1)* Jo j<ﬁj.l“(j—|—u—|—1)
Observe that by monotonicity, for j < &,

T(v+ 1) < v+ 1)v"
IF'G+v+1) " T'(k+v+1)

so that

[e’e) v K 4 o0 ] 4
/ (e 2dr? > 420+l ( v+ 1)v > / (Z Uj) o~ 2v6(u) 4y,
o TP+ D)I\T(e+v+1)) Jo =t

SK

Hence for any fixed x € NN,

) § (2 ) RS 1\* _,
ISK

Combining (2.26) and (2.27), letting x — oo, this proves that

r )4 [
lim \MH/ IAr)e " 2dr? = 4/7
0

vy 00 V2y+1€4—2y
To complete, it remains to use that as v — oo

I(v+1)2

——— ~ 27 O
V2V+1e—2y

2.5 Proof of the estimates (2.6) and (2.11)
It follows immediately from Corollary 2.9 that for n > 1 and |{| < 2¢(n + 1)
[det[1 — K (|¢)Qn] — 1] < 13| Tr(Qn K (IC)Q0)|-

Then, using formula (1.11), we obtain

/C 2 |Fn(C)fe’|C‘2/4|2d2C:/ e~ 1P /2 (1 — det[1 — K (1¢])Qn])*d%¢
<2cn

[¢]<2cn
< 1.75/ | Tr(Qn K (r)Qn)|2e ™ /2d%C.
r<2cn

Hence, Lemma 2.6 gives

7 2—471/—4
(1—cHiT(n+2)8

/ |Fn(<) _ e_|<|2/4’2d2( < / e—\C\z(%—Til)|<|4n+4d2C.
|¢|<2cn C

A change of variables to polar coordinates gives for n > 2,

2 T 274n73 oo 1 1
Fo(¢) —elel/4 2d2< < / e~z arr) 202 gy,
/C|<2Cn [Fn | (I—=cH)T(n+2)* /o

n 272n 2 \—2n-3
(1—c4)41“(n+2)4(1_m) I'(2n + 3).

First we have using convexity, for n > 3,

—2n—3 _ __2_ 7
( 2 ) n=3 _ e (2n43)log(1-3y) < A+T
n+1
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Second, using the duplication formula for the I" function and Gautschi’s inequality ((5.5.5)
and (5.6.4) in DLMF), we have forn € IN
2n+2

NG

22n+2

= /an+ 1)

I'2n+3) = T'(n+3/2)T(n+2)

I(n+2)? (2.28)

Thus, we obtain for n > 3,

4+47/n
/ |Fn(<)_67‘<‘2/4|2d2<‘§ 28ﬁ e 1
[¢|<2¢cn

(I =cH)* Vn+1T(n+2)*

This completes the proof of the estimate (2.6).
A similar argument shows that for n > 2,

/|c , |Fa(¢) — e 1M/ 4a%¢ < 1.3/ | TH(Qn K (1)) Q)1 /4a2¢
<2cn

[¢]<2cn
137T . 23 —_n—2 1 o
< 27 2 (1 — 2 - —u n+1d
< Goapl =m0 e ) e
<52 e2td/n or
~ (1-cH)2TI'(n+2)

This proves (2.11).

2.6 Proof of the lower-bounds in Theorem 2.1
It follows immediately from Corollary 2.9 that for n > 11 and r < 2¢(n + 1)
|det(1 + K(r)Qn) — 1] > 9| Tr(Qn K (r)Q.)|-

Then, using Equation (1.11), we obtain

lpn — ¢cl2e > / |F(¢) — eI/ 2a%¢ = / e 1P/ (1 = det[T =K (1¢)Qn])*d%¢

[¢]<2c(n+1) [¢l<2c(n+1)
> 81 / | Tr(Qn (1) Qy) 2" /2d%C.
r<2c(n+1)

Using the lower-bound from Lemma 2.6, this yields

2)2
81(1 — 2¢?) / e*‘<‘2/2(|C|/2)4n+4d2C.
I¢l<2¢(n+1)

2
— >
||pn ¢C||L2 - F(n 2)4

A change of variables u = |¢|?/4(n + 1) gives for n > 11,

3.77(1 — 2¢2)? (n+1)
b2, > ST T 2D L qy2nes / o= (2n+2)(u—log ) 3,
”p gZS(D”L2 = F(Tl+2)4 ( ) 0

The phase u € Ry +— u — logu has a unique critical point at u = 1. For n > 13, we verify
that ¢c?(n +1) > 1.5 and u — logu — 1 < (u — 1)? for u € [.5,1.5] by convexity so that

c?(n4+1) 1.5 ,
/ e—(2n+2)(u—logu)du > e—(2n+2)/ e—(2n+2)(u—1) du
0 5

V2e—(2n+2) /\/ (n+1)/2

e " du
vn+1 0
1.25e=(27+2)
>
vVn+1
EJP 29 (2024), paper 11. https://www.imstat.org/ejp
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This numerical estimate shows that

(,n + 1)2n+3e—(2n+2)

pn — d¢ll32 > 2.837

T(n+2)*/n+1
Using the upper-bound (2.18), we conclude that for n > 13,
2.83 1 1

1P — ¢c2e >

> .
2em I'(n+2)2 = T(n+2)2y/n+1

This completes the proof of the lower-bound (2.1).

2.7 Proof of Proposition 2.3

The proof is based on the following bound which first appeared in [18]. The version
we use is a special case of Lemma 2.9 in [19]. Let us denote by {¢i% }?:1 the eigenvalues
of the random matrix U € U(n).

Lemma 2.11. Letv > 0 and set g : T — R, g(f) = Re(¢el?). Let h: T — R be its Hilbert
transform, i.e. h(0) = —Im((e!?). For any ¢ € C,

n

|Fn(<)|§En{eXp (2”;2 > H(0;,600) Zlmg (0; +17 h(0; )))}

J.k=1

where

h6) - h(x))?

2sin(%5%)

H(0,z) = (

The proof of Lemma 2.11 relies on the fact that F,(¢) = E, [¢'2/=19%)], the explicit
formula for the joint density of the eigenvalues of U (known as Weyl’s integration formula
[22]) and a change of variables 6; < 0; +iZh(0;). In particular, the quadratic term H
comes from the Jacobian of this change of variables and it turns out that the optimal
choice for h is the Hilbert transform of g.

Lemma 2.12. Suppose that f € L>°(T) is real-valued with || f||3,,,, = 2A(f) < co where
A is as in (1.9). Then, for any n € N,

E,[e™ /] < exp(nfo + A(f)).

Proof. This follows directly from the Borodin—-Okounkov formula (Theorem 1.7). Wlthout

loss of generality, we can assume that fo = 0. Then, if f is real-valued, we have f k= fk
and, according to (1.10), wy = w_ so that H, (w;) = H_(w_)*. Hence, the operator K is
positive semi-definite and the Fredholm determinant det(I-K@,,) < 1. O

Before going into the proof of Proposition 2.3, we also need the following two lemmas.
Lemma 2.13. Let ¥(0) = sin(f) sinh(dsind) for € T and a fixed § > 0. We have

U(0) = 1,(5) + 221% cos(2k0) (2.29)
where I,, are Bessel functions - see formula (1.12). In particular, the Fourier series (2.29)
converges uniformly.
Proof. It follows from DLMF formula (10.32.3) that for k € Z
de 1+ (—1)k
/ cosh(dsin 0) cos(kf) — = LL{;(&).
T 2'/7-
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Since for any § € R, § € T — cosh(dsin 0) is even, it follows that

cosh(dsinf) = Iy(0) + 2 Z I55:(6) cos(2k0).
kEN

Note that for 6 > 0, the series converges uniformly since § € T — cosh(d sin 6) is smooth,
and the same holds for all its derivatives with respect to §. Hence, if we differentiate
term by term, we obtain

W(0) = 95 ( cosh(dsin b)) )+ 2 Z I5,.(8) cos(2k0).
kEN
The claim now follows from that I(’) = [, by DLMF formula (10.29.3). O

Lemma 2.14. Let ¥ be as in Lemma 2.13 for a fixed § > 0 and A as in Theorem 1.7. We
have for any r > 0 and x € R,

2 252
Al cos() — 1) < %59@

— 50%/6 Io(8)+Jo ()
where o(6) = ¢° /6201203000

Proof. First of all, according to Lemma 2.13, since \Tll = 0, we check that

2

=" +r2AD).

A(z cos(-) — V) 1

So we only need to estimate the semi-norm

“+o0 . +oo
=D kWP =83 kI3 (8)
k=1 k=1

Using the formula (1.12) followed by (2.15), we see that for any integer £ > 1 and § > 0,

IQk

+oo +oo 1
22 5/2) () <_2 (’5/2)2(’“”‘ < 2(8/2)%* 5210
6 = (j+2K) = 6(2k)! & 12k +1)7 = 6(2k)!

Therefore, we obtain for any § > 0,

Aw) < 2oty RO 0 ey 5 0/

=52 2 =5¢ 2
200 2 Tere <2 " (2h)!

where we used that (2k+2)2 < Lfor any k > 0. Since M Zk 0 ?2/;3).2 , by (1.12),
this completes the proof. O

We are now ready to give the proof of Proposition 2.3.
Proof. By Lemma 2.11, we have for any ¢ € C,
V2 n n
F, <E, — (0:,0;) 2.30
LG 3 o) - 3000, )] 2.30)

where

¢(9):Img(0+i%h(9)) and H(G,x)_<h()i))>. (2.31)
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Using that eiegei el0+)/2 gin(252), we obtain
2 sin(
( Re <61(9+x)/2))

= 2 (Re (@ 0) 4 [¢P?).

Hence, this implies that

zn: H(0;,60;) = ZW Re (¢ TrU)? (2.32)
1Y) .

i,j=1

If we write ¢ = |(|e!?, let us observe that for any 6 € R,

. . , i d
exp (52 Re(eup TI“U)Q) — |exp (62(6190 Tr U)Q) | < / 6_12+26a:Re(e TrU)i.
R e

’

This shows that with § = Z|¢

2 n
4 E v2(c|? — 22452 Re(el? dx
exXp (2’]’L2 H(9179J)> S € <l /4/IR€ +0z Re( ’I\rU)ﬁ
ij=1

By (2.30), this implies that

|Fn<C)| < €V2‘4|2/4/ ewaEn |:eXp (Z;L:lfs.’[ COS(@j + (p) — 1/1(@))} (2.33)
R

dz
e

Now, observe that since g(z) = £ (Ce!* + (e™#) for all z € C and h(6) = —[¢|sin(d + ¢)
for all € T, we deduce from (2.31) that

w(e) _ 1 Im (C619+6 sin(0+¢) + Ze—iG—é sin(0+g0))
2
16 + ).

where § = £|¢| and ¥(#) = 1 Im (e!?+05n0 4 ¢=10=0sn0) a5 jn Lemma 2.13. Then, we
deduce from (2.33), (2.34) and the invariance by rotation of the CUE law that for any
6>0,

(2.34)

dx

\/? (2.35)

R0 £ 0 [ B, fexp (S ecosto) ~ (w00

Moreover, by combining Lemma 2.12 and Lemma 2.14, we have
E, [exp (Z 120z cos(6;) — |C|w(0 ))} <exp ( —n|¢|To + A(8z cos(-) — \C|\Il))
< exp = nlCI1(0) +0%2/4 + [¢P0%0(6)/2).
where we used that Uy = I;(§). Then, we deduce from (2.35) that if § < 2
—n[¢| L V2 |¢|? 252 a2(1—52/4) dz
F(C)] < e=nIeIn @+ 1C/aticIs g<6>/2/Re #(1-5 /4)ﬁ
e—nICI1(8)+6%(n+2(¢|% 0(8)) /4

= , (2.36)

V1-—02/4
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where we replace the parameter v in the last step using the condition v|{| = nd. We
would like to minimize the right-hand side of (2.36) over all § > 0. Let us observe that
from formula (1.12), the function 27;()/d > 1 for all § > 0. Moreover, the function

0 +— 2p(0) is smooth, increasing, and bounded from above by 2.05 for 0 < ¢ < ﬁ (by a

numerical evaluation). Therefore, by (2.36), we obtain for any 0 < ¢ < ﬁ
e62(n2+2.05|c|2)/4—n|q5/2

|Fa(Q)] < 5 : (2.37)

So it suffices to minimize over all § € [0, ﬁ] the polynomial

62(n® +2.05|¢*)/2 — n|¢|é.

ﬁggmz (observe that 6, < ﬁ for all ¢ € C and
2
n € IN) and it is given by z(nz’_fzi.loq- Therefore, we conclude from (2.37) that for any

2
51¢1%)
[(] >0and n € N,

The minimum is attained for §, =

?12
[Fa(Q)] < V2exp (_4(2.o5+n2/|<|2)>' D

2.8 Proof of Proposition 2.4
The proof relies on the Toeplitz determinant representation (1.7) of the characteristic

function F,, and Hadamard’s inequality. Recall that g(f) = rsin(f + ¢) if we write
¢ = rel¢=7/2) Then, for any k € Z,
— irsi e
ig), — irsin(0+p)—ik6 27
(e)x /Te 2w
. ™ dé
= e‘k‘p/ cos(rsin(6) — k0)—.
0 i
According to DLMF formula (10.9.2), this implies that (¢19)), = ¢i*¢ 7, (r) for any k € Z. It
is well-known that for any fixed k € Z, we have the asymptotic expansion as r — 400,
14 (=1)*sin(2r) + o(1

r

see e.g. DLMF formula (10.7.8). In [20], Theorem 2, Krasikov obtained the following
(sharp) bound. Let u = (k+1/2)(k +3/2). If r > \/u + (1/2)?/3 and k > —1/2, then

5 402 —(k+1/2)(k+5/2))
O < T

Note that the function u +— (2(r? — u)3/2 — p) is decreasing for r > /p + (1/2)%/3 and
p > (k+1)2. It follows that for all » > n + (n/2)?/3 and all integer k € (—n,n),

) 4(r? — (k +1)?)
|Je(r)]” < 7(2(r2 — (k+1)2)3/2 — (k+1)2)

This shows that

-1
The function € — (\/1 —€— m) is increasing on [0, 1) before it explodes to +oc.
Hence, this bound is monotone in € > 0 and r > 0. This implies that for any n > 2, for all
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r > 7n/4 and all integer k € (—n,n),
. -1
P2 (VIme- 50 = (2.38)
s

(2.38) yields the numerical estimate; |.J,(r)|? < 1/r for all » > 7n/4 and all integer
k € (—n,n). By (1.7) and Hadamard’s inequality, we have

1F(Q)) = [det(Tu(@)) | < TT S (e9);—* = TT S [75-s1ch .

j=11i=1 j=11i=1

Using the uniform bound (2.38), this implies that for any n > 2 and for all » > 7n/4,

n
n

¢

In the previous argument, we assumed that n > 2. However, in case n = 1, there is an
explicit formula p; (¢) = Jo(|¢]) so that for all ¢ € C,

IF.() <

e 2
PO = T

This completes the proof.

3 Orthogonal and symplectic groups: proof of Theorems 1.4 and
1.5

In this section we consider Haar distributed orthogonal and symplectic matrices
which we denote by O. Observe that unlike unitary matrices, these are different from
the circular ensembles. Another important difference is that in some cases there are
deterministic eigenvalues at +1 and that all random eigenvalues occur in conjugate
pairs. Therefore we can make the change of variable z; = cos f; in the joint eigenvalue
density, given by Weyl’s integration formula (see [22]), to obtain

@) = I1 Q-at0ta) T] @-m)? zel11" @G

" 1<i<n 1<j<k<n

where (a,b) = (1/2,1/2) for Sp(2n) and O(2n + 2)~, (a,b) = (—1/2,-1/2) for O(2n)*,
(a,b) = (=1/2,1/2) for O(2n +1)~, and (a,b) = (1/2,—1/2) for O(2n + 1)* (for sake of
brevity we will often replace the indices a and b with their respective sign). Note that
n gives the number of non-trivial eigenvalues and 2n the number of random eigenval-
ues. We will denote by d the total number of eigenvalues, i.e. the dimension of the
matrix, which is either 2n, 2n + 1 or 2n + 2. We also write F2°(¢) = E2[el¢ T O] for the
characteristic function of Tr O, the sum of all random eigenvalues.

The cosine of the random eigenangles form a determinantal point process. Therefore,
by using Andréief’s identity, it is possible to write F* as the determinant of a matrix,
more precisely a Toeplitz + Hankel matrix. We can then use an analogue of the Borodin-
Okounkov formula for these types of determinants, namely the results of [2], to express
F% as the characteristic function of a normal random variable multiplied by a certain
Fredholm determinant, similar to (1.11). The details of these computations can be found
in [8], here we merely state the results.
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Lemma 3.1. For any complex function ¢ on [—1,1],

E,* ﬁ ¢($g)- = det(éjfk + éj+k+1)0§j7k§nfl
_j=1 -

E;~ ﬁ lﬁ(xa)- = det($j—k — Gjrrt1)o<sh<n1
Li=1 i

E;* ﬁ 1/)(%)_ = det(dj—k — Bj+h+2)0<jh<n—1
Li=1 _

E,” ﬁ 7/)(3?])_ = det(dj_k + Bj+k)o<jk<n—1
Li=1 A

where ¢n is the n:th Fourier coefficient of 1) o cos.

The next proposition, obtained in [2], is from now on going to be referred to as the
Basor-Ehrhardt formula. We consider functions in the Besov class Bj, i.e. functions w
on the unit circle which satisfy

1 4 Lo N .
[wl| 51 ::/ ?/ |w (e 4+ w(e* ) — 2w(e™)|dzdy < oco. (3.2)

If w € Bf we let w, denote its projection on Bj,, the subspace of Bi for which wj, = 0
for k < 0, and we write @(el?) = w(e™1?).

Proposition 3.2. [2] Denote by Q),, the projection operator acting on l(IN) that sets the
first n coefficients to zero, and let H(c) be the Hankel operator with symbol ¢ € L>(T),
i.e. the bounded linear operator on l>(IN) with matrix representation H(c) = (¢j1+1)5%—0-
where ¢, is the kth Fourier coefficient of c. Assume that b, € B, and set a; = exp(by),
a=aya; = exp(by + by). Then,

det(@;—k + dj4rt1)o<jh<n—1 =

exp (n[log alo + Z[logabmrl + % 2—31 n[log al’, ) det(1+ QnH(a} ' (e)a (¢'))Qn)

n=0 =

3

det(aj—k — Gjtk+1)0<jk<n—1 =

oo

exp (n[log alp — Z[loga an+1 + % g n[log a] ) det(1 — Q,H(al'(e a7 (19))Qn)

n=0

det(Gj—k — Gjrrt+2)o<jh<n—1 =

exp (nllogalo — Y log alzn + % > nllogal?) det(1 — QuH (e aT! ()% (¢))Qn)

det(Gj—k + Gjt+r)o<jk<n—1 =

exp (n[loga]o—i—Z[loga}g Z [log a) )det(l—i—Qn (eai’(e?)ay (e)Qn)

1
2
Here [log a], stands for the kth Fourier coefficient oflog a. The Fredholm determinants
are well-defined because each Hankel operator is trace-class.

Combining the above two results gives a new expression for certain averages over
the orthogonal and symplectic group, more amenable for asymptotic analysis thanks
to the Fredholm determinant. In particular, we obtain the following expression for the
characteristic function F;fb (compare with (1.11)):
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Proposition 3.3. Let F2°(¢) = E%[el¢ ™" O], where the expectation is with respect to
(3.1). Then,
. 2
F2(€) = 0™ 2 det(1 + QuEGgQn), €€C

where, for any z € C,

Kot = (Jjsr41(—22))j k0, KI™ = (=Jjpr41(=22)) k20,
K = (=Jjnr2(—22)) k>0, Ko™ = (Ji+r(=22))j020

and (Jy)kew are Bessel functions of the first kind.

The Fredholm determinant in the above theorem converges to one as n tends to infin-
ity (see the discussion following Corollary 1.6. in [8]), so by the continuity theorem, Tr O
(disregarding deterministic eigenvalues) converges to a real normal random variable
with mean —1, 1 or 0 and variance 1 (adding the deterministic eigenvalues gives a mean
equal to zero in all cases).

Just as for the unitary group, we obtain our bound on the L?-norm from Parseval’s
identity and careful estimates of the characteristic function F?° of Tr O. The bound on
the total variation then follows from the Cauchy-Schwarz inequality combined with a
concentration inequality for Tr O. We still use three different techniques to study F,‘jb(g ),
one for each regime of £. In the small regime, we use Proposition 3.3 and estimate how
far the Fredholm determinants are from one (the lower bound will give the lower bound
on the total variation). In the intermediate regime, we make a change of variable similar
to the one for the unitary case, but then the Borodin—-Okounkov formula is replaced with
the Basor-Ehrhardt formula. In particular, this implies that we do not have any lemma
equivalent to Lemma 2.12, i.e. F% is not bounded by its limit, which gives a larger
bound compared to the unitary case. Finally, Hadamard’s inequality gives the bound on
F? in the large regime.

3.1 Proof of the upper bound in Theorem 1.4

The upper bound on the total variation follows from that on the L? norm which is
given in the next theorem.

Theorem 3.4. Let p2° be the probability density of Tr O — E[Tr O], with a, b specifying

the sign of the determinant and the parity of the size of the matrix (see (3.1)). Then,
- , 5/8

|F% — dgllze < Pa(n) n —B5(n)(n*=n) L €

@n) /AT 1) SV 2

672’”2/55/2

for alln > 2, where f2(n) and ng(n) are bounded, and given explicitly in (3.7) and (3.12).
Consequently, forn > 122,

Ba(n) + 2
(2n)V/4/T(2n + 1)

The next four subsections are dedicated to the proof. We also need a concentration
inequality for the trace.

Lemma 3.5. If0 < L < 4e%/2(1 + n=25¢="/2)n, then

IFR" — ¢rllre <

L L2
IPUTI‘O — E[Tl" OH > 5] < 2exp ( - 8(1 + n72‘567n/2))'

The proof is given in the next subsection. Now, let v denote a real standard Gaussian,

and let p? be the density of Tr O — E[Tr O], where a, b specify the parity of the size of
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the matrix and the sign of the determinant. By the Cauchy-Schwarz inequality, for any
L>0,

P2 — drllLiry < VLPE — ¢rllrz + P[|Tr O — E[Tr O]| > £] + P[lyg| > £]

where
2
2 dx *_@+rr/2? dx 2 [ .o do de= %
P >£:2/ e 7z :2/ e 2 —<26_T/ e 2 = —
bl >2l=2f " 7 =2, NG ; Var VoL
(3.3)
and, if L < 4e=3/2(1 + n=25%¢="/?)n,
L L?
P[|TrO — E[Tr O]| > £] < 2exp ( T n72.5€7n/2))

by Lemma 3.5. Thus,

. V2 L2
Ip3? — dm s < VI — mlis +2(1+ S ) e (- o o7y

1+ n72.oefn/2
We now insert our previous bound on the L2-norm: if n > 122,

VL  Ba(n)+2 V2 L’
ab
e = Orllurm < 7= @) T 1) 2(1 - ﬁL) P ( T8+ n*2~56*”/2)>.

It remains to optimize over L; we choose

L = 2v2,/(1 + n=25e=n/2)(log(T(2n + 1)) /2 + (log n) /4))

which satisfies the assumption for large enough n > 37. Use that logT'(2n + 1) < 2nlogn
for n > 2, this yields

1/4

P53 Rl L1 ) < {% (HW)M (Hﬁ) - (52(”)+%) e log3n)1/4} (?f2z)+ 1)

A numerical evaluation of the expression in brackets finishes the proof of Theorem 1.4.

3.2 Trace-norm and Fredholm determinant estimates

Recall that the trace-class norm of a compact operator K is given by || K||;, ==Y i>155
where {s;};>1 are its singular values. If K is given by the infinite matrix with entries

Kjk, then
1/2
KD, <3 (Do) (3.4)

i>1 k>1

, where U is a partial
isometry and |K| = (K*K)'/2, so if {e;};>1 is the standard orthonormal basis of l5(IN),
then

1K =D (1Klej,e5) =Y (Kej, Uey).

Jj=1 Jj=1

Cauchy-Schwarz inequality and the fact that |U||,, = 1 give

/
1K1 < Y 1K 10| < S I1Key = o (Key Kep)V = 37 (Sl (Keyen)?)

i>1 i>1 ji>1 i>1 k>1
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Lemma 3.6. For any pair (a,b) = (+1/2,41/2), if |2| < 2¢~%/*n, then

HQnK?anHh <1l

Proof. Consider the case (a,b) = (—1/2,—1/2), i.e. QoK. Qpn = (Jj4k(—22)),k>n ac-
cording to Proposition 3.3. By (3.4) and (2.16),

1/2
QK> Qulls, <> (Z |Jj+k+2n(—2z)|2>
720 k>0
< Z (262\2\2/(a‘+k+2n+1) o )1/2.
30 “k0 PG +k+2n+1)2

Inserting the inequality I'(j + &k + 2n + 1) > T'(2n + 1)(2n + 1)7*%, 5k > 0, gives

B Iy . - mn » j P 2k 1/2
1Qn K== Qully < €1/ +1)F(Ln| 1) ; (2n| +| 1) (g% (2n|+|1)2’“)
< Gty 12" (1 __lA )71 (1 - Lyuz-
T2n+1)\" 2n+1 (2n+1)2
So if |z| < 2e75%/4n, < 2¢71n,
en/g ‘Z|2n

||Q7EK;7Q7L||J1 <

—e?(l—e)T2n+1)

Thus, by Stirling’s approximation (2.18),

|Qn K= Qullay < - (S (3.5)
R - e2(1—el)y/mn\ 2n .
for all n > 1 and |z| < 2¢~%/*n. The other cases are similar. O

Lemma 3.7. Define
elz?/(z+1) Bl

— IN.
1= 22/w+ 2T +1) *©

Bi(x)

For any |z| < 2¢%/*n and n € N,
1 .
> =T (@KL Qn)’| < —log(1 — Bi(d))
iz’
where d is the total number of eigenvalues.
Proof. The proof is essentially the same for all four cases so we consider only a = b =

—1/2. We have that

|Tr(Q7le__Qn)j| = Z Jk1+k2(_2z) s ka—l‘f'kj (_ZZ)ka'Hﬁ (_2Z)

ki, k;j>n
< Z ‘Jlier(—QZ)...ka71+kj(—2Z)ka+k1(—22)|
ki,....kj>n

L (Cm D gn s 5 ll[ 2]\
< T(2n+1) ) 2n + 1

Ky, k;>01=1

o2/ (2n41) FEN
~( 4| )) (3.6)

1—122/2n+1)2T(2n+ 1
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where we used (2.16). Thus,

1 __ . 1
DS IT(@QuKZTQn) [ <) =B(2n0) = —log(1 — 1(2n))
iz’ =17
By (3.1), a = b = —1/2 corresponds to the case O(2n)" which has 2n eigenvalues in
total. O

We obtain the following bound on the truncated L? norm of the difference between
the characteristic function of Tr O — E[Tr O] and that of a real Gaussian.

Proposition 3.8. Define
V1— e 52143

Bo(z) = TRy NS z € R. (3.7)

Then, for any n € NN,

([, it -eerpag) < 202
el< 22 —dY4/T(d+1)
with d the total number of eigenvalues.

Proof. Plemelj’s formula,

—1)i+1 )
det(1+ QnK{'Qn) = exp (Z (1])]+ Tr(QnK;ngn)J)

j>1

holds for [¢| < 2¢~/*n by Lemma 3.6. Set § = >, (_1}j+1 Tr(Qu K% Qy)’. Then
|det(1 + Qu K Qn) — 1] = [® — 1] < |d]el?],

where

01 < X ST Q)| < ~log(1 — 61 d)

Jj=1

by Lemma 3.7. Moreover, for 0 < x < 1, —log(1 — z) < z//1 — z. Thus,
|det(1 + QuK{Qn) — 1] < (1 — B1(d))3/?B1(d).

Stirling’s inequality (2.18) and the assumption that |£| < 2¢=%/4n < e~%/4d give

£2/(d+1) d d/4 1 d 1
e e (&
Ar(d) = 2 2 : < —5/2 (é) - '
1-82/(d+1)2T(d+1) 1-e®2\2rd\d (1—e=5/2)y/2nd
We obtain
1 £/ (d+1) gd

ab
|det(1 + QnKig Qn) — 1] < (1-1/((1 - 6_5/2)\/m))3/2 1—e5/2 I(d+1)

V1—e o2 ey &
(1—e5/2 —1/(v/2nrd))3/? I'(d+1)

Combined with Proposition (3.3) this gives

e 1/2
(/s 2n/es/s ) - et /2‘2015)
<2n/e”

V1—e5/2 1 (a2 20\ 2
= 0P 1) (Va2 T+ 1) (/]R@ elag) .

(3.8)
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We make the change of variable r = £2(1 — 27,
/ e~ 0T |giag = (1- 2 )_d_%r(d+ 1/2) (3.9)
R d+1 ’
where I(d+ 1)
+
rd+1/2) < ———
(d+1/2) 7
by Gautschi’s inequality ((5.6.4) in DLMF). Finally, observe that
(1 _ L)‘d‘% — o (@+1/2)10g(1-2/(d+1)) < (d+1/2)(2/(d+1)+4/(d+1)?) < 2+4/d
d+1 - -
ifd> 2. O

From the previous lemmas, we can also deduce the concentration result of Tr O —
E[Tr O] that we gave in the previous subsection.

Proof of Lemma 3.5. Consider the case O € O(2n)7,i.e. a =b= —1/2. Then E[Tr O] =0
and for any A > 0,

AL
2

P[TrO| > L] < e ¥ (B, " [¢* O] + B, ~[e*™9))

n

by Markov’s inequality. By Proposition 3.3, for any A € R,
B, [} T 0] = F®(=i)) = /2 det(1 + QK ~Qn).

We bound the Fredholm determinant using Plemelj’s formula: by Lemma 3.6, if |A\| <
2n/e>/*, then

_1)J+1 .
det(14+ QnK, ~Qn) = exp (Z (1])j Tr(QnK;_Qn)])

j>1

SO

det(1 4+ QuEy ™ Qul < exp (X ZITr(QuEG Q)
j>1
N/ (2n+1) A\2n -1
= (1 1-X2/(4n?) T (2n+ 1))

by Lemma 3.7. We use the bound (1 — z)~! < exp(z/v/1— ), valid for 0 < = < 1.

Stirling’s inequality (2.18) and assuming that |\| < 2¢=%/?n < n gives
N/ (2n1) A2 en/? 1 el 2n 1
1-X2/(4n®)T(2n+1) < 1—e32/mn (%) 2(1 — e=3)/Tne”
but also
6)\2/(2n+1) )\271 _ 671/2 AZ 1 ( e\ )2n72
1=A/(4n?)T(2n+1) " 1—e32n(2n—1)2,/n(n —1) \2n — 2
e’
< G
4(1 — e=3)n(2n — 1)\/w(n — 1)en
< eA?
4(1 — e-3)/mn2ben/2
EJP 29 (2024), paper 11. https://www.imstat.org/ejp

Page 29/48


https://dlmf.nist.gov/5.6
https://doi.org/10.1214/23-EJP1068
https://imstat.org/journals-and-publications/electronic-journal-of-probability/
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for any n > 2. To simplify the constants, we have for any n > 1,

(1 L )_1/2 ¢ <2
2(1 — e=3)y/mnen V(1 —e3) '

Thus, )

ifn > 2 and

2 2 n2-5en/2

for any || < 2¢~3/?n. The upper bound attains its minimum when A\ = L/(242n~2%¢~"/?),
and becomes the desired bound, provided L satisfies the given condition. The other
groups are treated similarly. O

IP{|TrO| > s} SQexp(—A—L—F/\fQ(l—F;))

-3/2

3.3 Intermediate regime

To get an estimate of F% in the intermediate range of ¢ we will make a change of
variable in the integral expression of F?, similar to the one in Proposition 2.3 for the
unitary case. The aim is to prove

Proposition 3.9. Let A > 2n/e%/*. Forn > 2,

/2 Je5/1<]E|<A |F2b(€)|2de < 20e~208" () (3.11)
where
_ 1 8v2 2
ﬁ__( ) B ( 2n /3(n 1)n) ++(n) B (1 + ﬁ _ 8gn)2 (3 12)
3 285/2+1+ 8(f1) » M3 2(1+ )65/2+1+ gf’ .
(1— 8v2 )2
B (n) = 857 (n) = Ty
2(1 4 51)ed/2 + 1 + _ 82
V3(n—1/2)

Proof. The integral expression of F,‘jb is given by

Fﬁb)=Z;b/[“ I a=tpea+e)" JI & -t)® [ e¥%at;.

" 1<j<n 1<j<k<n 1<j<n

The integrand has an analytic continuation in C \ (—oo, —1] U[1, 00), so we can deform
the contour by mapping the interval (—1, 1) to its image under v: ¢ — ¢ + ivh(t)/n, where
h(t) =1 —t2, and v is a positive parameter that we will fix later. We then make a change
of variables to recover the original contour:

a b
FR(€) = / [ <1t‘i(1t2)> (1+t-+i(1t2.))
Zab 11" 1<i<n ! n J 7 n J

2
<« 11 <t]- — e+ i%(t? - ti)) [[ exstta-tim (1 - QiZt]—)dt

1<j<k<n 1<j<n

a b
1 v v
:ﬁ/ | I <1—Zn(1+t])> <1+Zn(1_t‘7)>
n LT gn

2
< 11 <1—¢Z(tj+tk)) 1T e2i5<ta+iv(1t?>/n><1—2i2tj)pgb(t)dt

1<j<k<n 1<5<n
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The absolute value of the first product in the last integral is less than one ifa = b= —1/2.
For the three other cases we use the inequality |1 + iz| < e */2, valid for real z, and the
fact that |1 £+ ¢;| < 2. This gives

’(1 —1%(1 +t]—)>a(1 +¢%(1 —tj)>b

< exp (%Z(m >0} +1{b > 0})).

Similarly,
v v? v v?
ll—zn(tj—l—tk) < exp (2?) ’1—2zntj < exp (2¥>
We now have
1 v 2
|F3*(€)] < exp (v2(2 +~(1{a> 0} +1{b> 0})>)1E?f’[ 11 625“%’} (3.13)
1<j<n

By Lemma 3.1, the last factor can be expressed as the determinant of a Toeplitz + Hankel
matrix to which we can apply the Basor-Ehrhardt formula, Proposition 3.2. The symbol
in the matrix is a(f) = exp(—2v¢sin®(0)/n) so a}'a () = exp(—iv€sin(20)/n). For the
case a = b =1/2 we obtain

vé | v
EH[H e }:exp(—ljf——l— )det(l—Qn (t a7 ay)Qn). (3.14)

4n?
1<j<n
To estimate this Fredholm determinant we use the inequality
|det(1 + K)| < ellElln

valid for any trace-class operator K (Theorem VII.3.3 in [14]), combined with (3.4). We
therefore need bounds on every element of the Hankel matrix in (3.14), i.e on the Fourier
coefficients of a;lalr. We use

(e9),] < kQ(Hg 7oy + 19" 12y m))

which holds for any real valued function g € C?(T) and follows from two partial integra-

—

tions on (e19),, and obtain

SO

det(1 — QnH(t_lajrlal)Qn) < exp (Z Z |(Cgla\~+)j+k+2‘2>

j>n \l k>n

<o (e 2250) ([ 5550 W)
= exp (\/3711(23:5 + 21;2262)).

Combining all estimates obtained so far gives

1 8v/2 £ 2V/2¢?
EIt(©)] <ex (fu( + o - ) (2+ + =+ ))
| () < exp ¢ 2n  7/3nn 4n?  /3nn?
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It remains to choose the parameter v to minimize the upper bound. The exponential
above is of the form exp(—av+Jv?), which attains its minimum exp(—«a?/46) for v = /26,
which is positive for large enough n (recall that v > 0). Explicitly,

_l(l—i_ﬁ_ 37m) 52)

F ()] < exo ( n>2 (3.15)
" 2+ 2+ £ + 228
7 3nn
so if [¢| > 2n/e®/* (i.e. outside of the first regime),
FFH(©) < exp(—5 (), 22 (3.16)
where
(1 + % _ sﬁ )2
Tt n) = 2 S (3.17)
’ 2(1 + 4 )e5/2+1+ 82
52

This proves the proposition for (a,b) = (1/2,1/2). The proof for the three other cases is
essentially identical. O

3.4 Large regime
We use the same method as in the unitary case.
Proposition 3.10. For any pair (a,b) = (£3,+3) we have

ab 2 2 (Qn)”
/|£2A [Pl e < n—1An-1 (3.18)

ifn>5and A > (n+1)/v?2, orifn>2and A > In.

Proof. Consider for example the case a = b = —1/2. By Lemma 3.1 and Hadamard'’s
inequality,

2 < H Z 21§cos j—i (EfC\OS)j-&-iF — H Z |Ij—i(2i€) + Ij+i(27;§)‘2,
Jj=1i=1

j=1i=1

so by (2.38),if n > 5 and |2¢| > v2(n + 1), orif n > 2 and [2¢| > In,

o ) n n 4 oA
|F7=(€) Sgng(m) . (3.19)

Thus, for any A > (n 4 1)/v/2,

__ 2 n ar _
/|§|>A|Fn ()| d¢ < 2(2n) /A T AT O

3.5 Proof of Theorem 3.4

We prove Theorem 3.4 by combining Proposition 3.8, 3.9 and 3.10. First we want to
choose the parameter A appearing in Proposition 3.9 and 3.10 so that it minimizes the
sum of the upper bounds obtained in these propositions, i.e. we want to minimize

2 (2n)”
n—1An"1"

G(A) = 2Ae=283"(mn* 4
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The unique critical point is Ag = 2ne2%" (MW" which satisfies the assumption of Proposi-
tion 3.10 if n > 2, and gives

2
O(A) < 4" e ) (3.20)
for n > 1. Next,
2 5/4
/ e € e = rerte( ) < Se (3.21)
j61>2n/c5/4 e5/4/ " dn

by (7.8.2) in DLMF. Equations (3.20) and (3.21) combined with Proposition 3.8 give
7 a 2 5/8
1F° — rll2 < Pa(n) 9 B m)(n?m) 4 €

@) TEn 1) Wn 1 NG

Parseval’s identity finishes the proof of the first bound.
To simplify the bound we use Stirling’s approximation (2.18) which gives

VI (@2n + D)e A" M0 =) < (27e) /4 exp(— B (n)(n® — n) + (n + 1/4) log(2n) — n)

Since

72n2/55/2

e—2n2/e5/2 < e—ng(n)(nz—n)7

we obtain ,
Ba(n) + 2
(2n)t/4,/T(2n + 1)

for all n > 121. We proceed similarly for the other cases.

1E, ™ — omrll2 <

3.6 Proof of the lower bound in Theorem 1.4
Lemma 3.11. Let d be the total number of eigenvalues. Then

B @) €l

abry |>
T QuER Q2 (15 ) gD

Moreover, ifa = b then Tr Q, K ;‘;Qn is real, otherwise it is purely imaginary.
Proof. By Proposition 3.3,
TrQuKie Qn =Y (1) 1;(28) = (—=1)" Y (I1j42n(28) — Inj2n+2(28))
jzn j=>0
The modified Bessel function has the following integral representation DLMF (10.32.2)
(z/2)" /1 2\v—1/2 1
I(x) = —12 1—t?)V~12e"dt, Rev > —= 3.22
@)= T ) ) e ey (3.22)

whence,
2

§
Igjioni2(26) < 2 Lyjyon(26)
for all j > 0 and

L 52 52
T Quie™Qul = (1= 155 ) D Layran(26) > (1= 25 ) an(26)
j=0
The bound (2.17) on Bessel functions gives
L 52 §2n

TrQ,.K. n >(1——)77

ITr Qn g™ Qn| = 4n2)T(2n + 1)
which finishes the proof for the first case. The other cases are treated similarly. O
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Lemma 3.12. For any |£| < e~2d, whith d the total number of eigenvalues,

1 €|
Zj\Tr(QnK A T T

Jj=2

Proof. From the proof of Lemma 3.7,
Te(QnKse ™ Qn)’| < Br(2n)

SO

Z 7|Tr Qanan | < Z ; )j+1 = —log(1 — B1(2n))B1(2n).

j>2 j>1

We use the bound —log(1—z) < x/+/1 — z. Stirling’s inequality (2.18) and the assumption
that |¢| < 2e72n < n give

e52/(2n+1) £2n n/2 1 €§ 1
Bi(2n) = ——— — (5 ) < _ (3.23)
—&2/(4n?) T (2n + 1) 1—e42/mn\2n 2(1 — e=4)V/wnedn
but also
£2/(2n+1) | 2 2n n 1 2n 1
( ¢ ) ¢ < (ﬁ) < _ . (3.24)
1-¢2/(4n?)) T(2n+1) (1 —e*)22y/mn\2n 2(1 — e=*)2/mnen
Thus
1 , 1 —1/2 1 &
ST (Qn K™ Q) <(1f )
jz>:2 J TH(@n e @'l < 2(1 — e=*)Vmned” 2(1 — e 4)2/mner T(2n + 1)
which, after some simplification, gives the inequality in the case a = b= —1/2. O

Proposition 3.13. If |¢| < e~ 24,

€1

|det (1 + Qn K¢ "Qn) — 1] > V(d/Q) T(d+1)

where
yz)=1—e ) (1—et—e"2712) z e RT.

Proof. We use Plemelj’s formula, i.e.
—1)i+t
det(1 + K%’Qn) = exp (Z (j)

Jj=1

TH(QnEQn))

if || K& Qnlls, < 1. By Lemma 3.6, this holds for |¢| < 2¢~5/*n. We also use |z|(1 — |z|) <

le® —1[. Thus, if 6 =}, (_1]).j+ Tr(Qn Kt Q,)’, then

det(14+ K2Qn) 1] > [|det(1+ KEQu) 1] = 7P — 1] > [Re|(1~[Red]) > |Re 6] — 5[

Now, if a = b = —1/2, then Lemma 3.7 gives

o < (X S M(@uK#Q.)T)

j>1

< log®(1 — £1(2n))

2n
< (2v7(1 — e (1 — et — 1/(2V7nesn ) _£"
< (2vF(L - ™)1 = et = 1/(2Vmne) ﬁn TRy
- 1 §2n
~ VnerT'(2n+1)
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where we used (3.23), (3.24), and the fact that —log(1 — z) < z/v/1—x for 0 < x < 1.
Next,

—1)i+1 ,
|Red| = ’TY QnKie Qn+Red i Tr(QnKie ™ Qn)’
>
__ 1 __ ;
> |Tr QuKpe ™ Qnl — Z;\Tr(QnKiE Qn)’|
i>2

so combining Lemma 3.11 with Lemma 3.12 gives

g? 1 en . &
[Red| > ( T un? \/ﬁen)F(Qn_A'_l) = (176 B \/ﬁe”)F(Qn—&—l)

if |¢| < 2e~2n. This gives the desired lower bound, since 1 — e~* — 2e~"n~'/2 > ~(n), for
all n € IN.

The proof for the case a = b = 1/2 is identical, except that n is replaced by n + 1. For
the last two cases, observe that

1/2

2
|det(1 + K, Qn -1 ( Red cos(Im §) — 1) + eQRe‘SsinQ(Imé))

v

1/2
( Red _ 1)2 4 9¢Re9(1 — cos(Im 6)))
1/2
<2€R (1 — cos(Im 5)))
> efe9/2, /1 — |Im 6[2|Im 6|
To obtain a lower bound on Re § we simply write
—1)i+1 ) 1 .
Red = Re (3 VT 0@, k42Q,07) 2 - 3 THQuEE Q)| > log(1  Bi(2n+ 1)
jz1 J j>1 J
if a = —b, by Lemma 3.7. Thus,

1
m(n+1/2)e3”

1/2
eReS/2 > T Bi(2n+ 1) > (1 _ ) > (1 — e~ 1/2)1/2
2(e —e™3)

by Stirling’s approximation (2.18) and the assumption that |¢| < 2e~?n. We can use the
same lower bound for /1 — [Im §|?: by Lemma 3.7,

|Im5|<z I Te(QuEK Q)| < — log(l—ﬁl(Qn—i—l))<\/,81(2n+1).
j>1

Finally,

Im 6| = |Tr K2 Qn+Im Z QKX Qn)

j>2

>|TI‘K Qn|_zj|Tr QnK Qn)|

Jj=2

so by Lemma 3.11 and Lemma 3.12,

|£‘2 1 £2n+1 1 £2n+1
|Im5|2(1——2— ) 2(1—e—4— )

4n? " ot 12em+1/2) T2+ 2) n+1/2en+1/2/ T (2n 4 2)
which proves the statement. O
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Proposition 3.14. Letn > 31. Then

- ¢(d/2)?2 1
Fab _ 22 >
” n ¢]R||L = \/377'&'6 \/gr(d+ 1)

where d is the total number of eigenvalues.

Proof. By Proposition 3.3,
1By = Gale = [ e €ldet(1+ Quice Qu) — 1P
R
> / e~ |det(1 + QnEye~ Qn) — 1]2d€,
j€|<2n /e

so Proposition 3.13 gives

v(n)?

F= — pl?s > =1l
|| n ¢]RHL2 = F(2n—|—1)2

/ e=8 ¢inge, (3.25)
|€|<2n/e?

We estimate the integral using Laplace’s method. First we make the change of variable

x=¢/Vn: Jn/e?
2y/n/e
/ e=8 gindg = op2nt1/2 / (@ dy (3.26)
lel<2n/e2 0

where f(x) = —22 + 4log = has a unique critical point at v/2. Thus, for |z — /2| < §, § > 0,

o) — su |f" (x)]0° _ 2 52
)= 172 Sze[\/ﬁ—f\/ﬁm 2 (H (f—6)2>

which is less than 362 if § < v/2 — 1. We obtain, for 2¢72,/n > /2 + 6,

2y/n/e? V246 9 2n
/ e @dg > / e @ g > 26" (VD=3) — 95 (> o
0 V35 e

which is maximized at § = (6n)~'/2. We insert this value in the above expression which

in turn is inserted in (3.26) and (3.25), giving

—~ 2v/2 2 20\ 21
1By = e > D22y
V3el(2n+1)2\ e

if n > 31. Stirling’s approximation (2.18) gives
V2 q(n)?

(3.27)

F= — érl2. > .
” n ¢1RHL2 = Sre \/HF(QTL—Fl)

The proof for the other cases is identical except that we replace 2n with 2n + 1 or
2n 4+ 2. O

Now, observe that

IF,~ — ¢rll72 = 2lp,~ — ¢rll7-

<27llp, " = ¢rllLemw)llPn T — ORI L (R)-

Fourier’s inversion theorem gives
_ 1 o
[Pn ™ = dRrllzem®) < -1, ™ — drllr(w)
27
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so to obtain the lower bound on ||p,, ~ —¢r|| 11 (r) it remains to estimate the L' (R) distance
between the characteristic functions. By (3.8) we have, for any n € NN,

L—eo/? 1 & 2
‘Fn__<£) — 6_52/2|d€ S \/52671 — / 6_ 5 (l—m)|é—|2nd§
(1—e™®2 = 57=)32T(2n +1) Jg

|€|<2ne—5/4

where , )
& 2 1 1 —n—jz
— 5 (1—521) | ¢12n 7(77 ) 2
2 Int d¢ = T 1/2
Ik e = (5-5)  Tl+172)
and
1/4

by combining the duplication formula for the Gamma function with Gautschi’s inequality
DLMF ((5.5.5) and (5.6.4)). Thus,

\/iel—&-l/n ﬂ2(n)
GRS

By integrating the estimates (3.16) and (3.19), we obtain for n > 5 and any A > (n +

1/V2,

(3.28)

/ [F7=(6) — e /e <
|€]<2ne—5/4

/ ’Fn__(f)|d§ < 2Ae—3§’(n)nz7
2e=5/4n<|¢|<A

L 2 (2n)/?
Joon P Ol = S s

Choosing A = 4n?(n — 2) L exp(—B; “n?(1 — 2/n)), the unique critical point, gives

n —

2
/ ’Fn__(f)|d§ < 4n e—ﬁgf(n)n2(1—2/n)
2e-5/4n<]g| 2

and since

5/4 2
/ 6—52/2d€ < e/ e—2e’5/2n2 < n e—ﬁ;7(71,)n2(1—2/n)
2e—5/1n<¢| V2n n—2

we obtain

V2TV Ba(n) 5% gy (1-2/n)

F—— — I <
H n ¢1R||L1(1R) = (n/ﬂ.)l/4 F(Zn + 1) n—2

foranyn > 5. If n > 123,

23/4771/461+1/nﬁ2(n) + %

(2n)1/4/T(2n + 1)

£, " — orllLim) <
which combined with Proposition 3.14 gives

__ 2 n)2 1
ot Y L I— ) ; -
V3me 23/4t/4el+1/n By (n) + L (2n)1/4, /T (2n + 1)

A numerical evaluation of the front factor gives the lower bound in Theorem 1.4 in
the case a = b = —1/2, i.e. matrices with an even number of rows and with positive
determinant. The other cases are treated similarly.
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3.7 Exact asymptotics: proof of Theorem 1.5

We consider the case a = b = —1/2. In the proof of Proposition 3.8 we showed that

£2/(2n4+1) 2n, 1
‘ )
)

— B 8] _
|det(1 + QnK ™ Qn) — 1] < [d]e” < (1 1—&2/(4n?) T(2n + 1

where § =35, (_1])»H1 Tr(QnK{Qn)’, so if €] < 2n/e?,

det(1+ QugQu) = 1] < (1= ) (| Tr QuEe™@ul + 3 21 TQuigQu]):
Jj=2
On the other hand, by the proof of Proposition 3.13,
Idﬁﬂr%QnKE‘Qn)*1I2IReﬂ4¢ﬂ2>\TYQnKE‘QnM*E:%WTNQnKQ‘QnVI*\ﬂ?
Jj=2
By Lemma 3.7 and Lemma 3.12, as n — oo,

£2n
I'2n+1)

€2n

0 = o(1) T(2n+1)

- Y @@ = ol1)

j>2
uniformly in |¢| < 2n/e?. But by combining (3.6) with Lemma 3.11,

5271

oD = O(1) Tr(QnK ;e Qn)

as n — o0o. Thus

|det(1 + QnEie ™ Qn) — 1] = (14 0o(1))| Tr Qn K™ Qn|

as n — oo, uniformly in |¢| < 2n/e?. Furthermore,

|Tr QnKlgiQn - (_1)71-[271(25)‘ = Z(_l)j+n+1[2j+2n+2(2£)

Jj=0

< Dojronsa(26)
Jj=0

< i I2n(2€)

T 4n21—£2/(4n?)

by using (2.21) repeatedly. Thus TrQ,K;; Qn = ((-1)" + O(€?))I2,(2¢) if € = en,
€ < 2e~2. Finally, by Propositions 3.9 and 3.10,

[ IR ©Pa <o)
[€]>en
for some § > 0, which leads us to

H&&@O+OQDLK<m@Weﬁ%+me“ﬁ

We can estimate the integral without having to restrict it to || < en: by (2.16),

1 2 Y
1271(25)6_52(15 S 7/ §4n€—.§ (1_2”-;_1)(157
/5>€" 2 L@n+1)2 Jigizen
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so by Markov’s inequality, followed by the change of variables r = £2(1 — 2"2+1 ),

R

12 (26)e €de < ——
/£>en (26 dE < enl(2n+ 1

1 2 —2n—1
< 1-
= enF(2n+1)< 2n + 1>
This implies that
s ey On™)
o _ 2 _ 1 2 I 2 2,-¢ 67.
17~ = Galld = (14 0(&) | Beye e+ o

Combining this last equality with the following lemma proves Theorem 1.5.
Lemma 3.15.

lim oT(v + 1)/ 12(28)e ¢ de = €.
R

V—00
Proof.
/ 12(2¢)e € d¢ = ﬁ/ @2vr) S—dr
R 0 VT
_ prH1/2 /OO (Z (VT)?F(U +1) )ZTu—l/2e—m"dT
F'(v+1)% ), j>0j!F(j +v+1)
v+1/2 o]
< v / eery—l/Ze—yrdr
L(v+1)2 J,
since % < 1forall j > 0. A direct application of Laplace’s method shows that as
vV — 00,
o 2m
2r, v—1/2 —vr 2—v
e“"r e 'dr ~ —e
J 7
SO

vy 1 2
lim sup %/ If(2§)e*§2d§ < V2me?.
4 R

V—r00

For the lower bound, we write

v+1/2 00 ir 1) 2
2 —&2 > v / (VT) (’U + v—1/2 —vr
~/]RIV(2£)6 &= ro1e ), (§jlr(j+u+1)> e erdr

where x € IN and proceed as in section 2.4. We obtain

vT 1)2 :
lim &L 17 / 12(26)e € d¢ = Vare?
V—00 14 R
which is equivalent to the statement of the lemma. O

4 TrU™ and Tr O™: proof of Theorems 1.3 and 1.6

The last section is devoted to traces of higher powers of the matrices. We use the
results of Rains who showed in [23] that the eigenvalues of U™ and O™ have the same
distribution as those of m independent matrices of smaller size. This implies that the
characteristic function of Tr U™ and Tr O™ factorizes into a product of m characteristic
functions of Tr U and Tr O, where the size of U and O is equal or close to N = |n/m].
We can therefore use our estimates on F), and F%" from the first two sections to obtain
estimates on the characteristic function of Tr U™ and Tr O™, and proceed with the proof
as before.
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Theorem 4.1 (Rains, [23]). Fix integers n > 1, m > 1 and denote by ~ equality of
eigenvalue distributions. We have that

Um)™ ~ P U([";ZD 4.1)

0<i<m

If m is odd,

Oi@n)mfvoi(ﬂ%b @ O+qnn;q N [n;ZD @O_([nn:q + [n;q)

1<i<(m—1)/2

(4.2)
Oi(2n+1)m~ @ O+([nn—lz‘1+[n+nll+ib@of([nn—li1+{n+nll+iw)

0<i<(m—1)/2

(4.3)
oot (2 [—” - (mm_ 1)/2] + 1)

and if m is even,

Oi(%)mwoi@[%b s O+([%_‘+[n;i—‘>@o_([nﬂ;i—‘+Wl;j])

1<i<m/2
(4.4)
® OF (2[”‘Tm/2] 1)
oy~ @ o[+ [ eon (T [F)
(4.5)

4.1 Unitary group: proof of Theorem 1.3

Combining the results from Section 2 with Theorem 4.1 allows us to obtain a rate of

convergence for Tr U™, for all m € NN [2,n] where U € U(n) is Haar-distributed. Recall

that p,, ,, denotes the p.d.f. of the complex-valued random variable Ti/%m .

Proposition 4.2. Let n,m € IN and N = |[n/m| + 1. Then,

||pn,m 75)5“12 < +2€Xp(,0.8N2m171/N)

1 0.04/v/'N
27 \D(N + 1)2m2(V-1)

+ (24 L)mN? exp(—0.02(n — 2)N)>.

Before going into the proof, we would like to simplify this bound by assuming that the
dimension n of the random matrix U is sufficiently large. First observe that by (2.18),

1/\/N < n—2N
I'(N 4+ 1)2m2N = 2reN3/2

and for all N > 2 and n > 700,

N7/2exp(—0.02(n — 2)N) < 10.5exp(—0.019nN) < 8.9n 2V, (4.6)
In this regime, for m > 2,

m2n 2N < 18me/VN
N3/2 = T(N + 1)2m20-1)°

(24 L)mN? exp(—0.02(n — 2)N) <9
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Similarly for N > 2
exp (= 0.8N?m!~/N) < exp (- 0.8N*/2\/n),
and for n > 700
N3/2 exp ( — 0.8N3/2\/ﬁ) < 2exp ( — 1.2N\/ﬁ) < 2e B 2N,
Hence, in this regime, for m > 2,

s n—zN - 6—177.‘./\/N

_ 2 _1-1/N
QeXp( 0.8N“m ) < 2e Noz = I‘(N—l—l)?m?(N*l)'

(4.7)

If we combine the estimate from Proposition 4.2 with the numerical bounds (4.6)-
(4.7), we obtain for m > 2 and n > 700,

77/7\/|n/m] +1 (4.8)

—~ 2
||pn,m - ¢CHL2 < F(Ln/mj + 2)2m2[n/mJ :

To complete the proof of Theorem 1.3, note that by (2.5) and using the upper-
bound (4.8), we obtain for any n > 700,

5L L2
n,m — 1 <2 3e” ’
o = telir =2( sy %)

with N = [n/m]. To minimize the right-hand side, we choose L = \/10g (D(N +2)mN).
Hence, since L? < (N + 1)log(n), we conclude that for n > 700,
3 N +1)4/logn
pn — dellr <2 (5+ ° @+ 1) Vi
(N +1)/4/logn (N +2)m

(N +1)4/logn
(N +2)mN

<12

This completes the proof.

Proof of Proposition 4.2. Let N; = (%] and observe that N — 1 < N; < N fori €
{0,...,m — 1}, with N = [n/m] + 1. By Theorem 4.1, for ¢ € C,

Fn,m(o: H FNL(T%)

0<i<m

Then, by (1.11), Dy (z) = Fy(z)el#I’/4 is a Fredholm determinant and we obtain for ¢ € C,

e ¢
Fom(¢) = l¢l /40<11mpm(m). (4.9)

By Plemelj’s formula (cf. the proof of Corollary 2.9), if |z| < 2cN,

‘ H DNi(z)—l‘gexp< Z Zw)—l

0<i<m 0<i<m jelN J
<o (Y ITEEQN)I(1+ 3 T(K(2)Qn,))) ) — 1
0<i<m

Moreover, as in the proof of Lemma 2.5, we can bound

|TI‘(K(Z)QN1) < ||QN1K(Z)QN1 J1 < HQN’LH:t(wj:)H?]z < ”QN*lH:t(wi)H?fg
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since N; > N — 1. Then, using the bound (2.19), we obtain for |z| < 2cN,

T(N +1)2

I DNi<z>—1‘Sexp (s (2122 ) — 1.

where C; = (1(;:2 > (1 + 3G 2). In particular, by convexity of exp, we obtain the following
bounds; for n,m € IN,

C ¢ /212N . 1y~
| IT Dv() 1 = (€ = D s Il 2e0m ™0 @.10)
0<i<m
(here we used that I'(N + 1)~ > ¢ !N by (2.18) for N > 2 and c2e 2¢°+2 _ 1 50 that

C, = (1—2T)2(1 + 3€0)) and similarly,

| IT ow()

0<i<m

<exp (LT 1/912)if || < 2N/ (4.11)

Then we split o
| Frm — d¢l| 2 < T2+ T2+ I3+ 1y

where

9 1-1/N
|d§, ANm=cNm 2

\C\

I

/ [P (€) —
[C|<2ANm
1¢|2

Fum©Fa¢+ [ e a2,

[CI>2AN,m

B- [
AN m<[¢/2|<cNvm

h=[ PP and n- | [Fam ()P,
AZ| o= >2e [CIZAN/m

with A > 2c.
First, using the bound (4.10), we have

I1=/ ‘ H DNi(%)_l‘QeingC

ICISANm - 0<i<m
2 o0

(€ —1) 4m W2V e~ 2 dy
T(N + 1)f m2-1)

(2N +1)272N
= 27'('(602 — 1)2#

['(N + 1)*m?2N

2/ (e —1)°
~ VND(N + 1)2m2(N-1)

where we used the inequality (2.28) at the last step and we verify numerically that

(Z1)? = <0.04,
Second, using the bound (4.11), we obtain

_l¢?
= (‘ T Fu()l 1{|</z|<cNW}+1> T
‘C|Z2AN.7H 0<i<m
ce (N-1)
<2 e (IR D) e
[CI>2AN,m

_ 8 _ C (Ce)Q(N—l)
Csu,,, _ (. N2,,1-1/N ) _ 9 1
§87r/u>A2 e 3tdu = s exp( Cs3N*m ), C3(N) =2 —onNE
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1430

Note that C3(N) < C3(2) = Tz < 1.2.
Third, By (2.37), the constant in the bound of Proposition 2.3 can directly be improved;
forn € Nwithn > (N —1) and z € C,

(N —1)2
|F,(2)| < 1.016 exp (—4(2.05 T (N 1)2/|z|2)> )

This implies that for any N > 2, n > N — 1 and |z| > 2cN,
|F,(2)] < 1.016¢0-014N*

Hence,
2
[T |[Fn. ()] < (1.016)2me0-028mN",
0<i<m

The point is that for n,m € IN and |¢| > 2¢cN,
| Fom(Q)]? < exp(—CymN?)

where C; = 0.028 — w > .02. This bound implies that for any A > 2c,
I; = / |Fn,m(g)|2d2§ < mmN?A% exp(—CymN?).
A>| o l>2c

Finally, since N; € {N —1,N} and ), . N; = n, by Proposition 2.4, it holds for any
I¢| > TN/4,

n

H ’FNL'(C)|2 < ‘N

0<i<m ¢

Hence, for any A > 7/4,

2 du 2rmN?2
I, :/ |Enm Q)] d?¢ < 27rmN2/ — = ~
ICI>AN /i uzA U nA

In order to optimize the contribution from /5 and 14, we must minimize the function

A~ IA?exp(—CynN) + LA

over all A > 2. The (unique) minimizer is given by A = max{2,¢“+"} depending on N > 2.
Accordingly, we obtain

Is+ 1y < m(1+ 55)mN? exp(—Cy(n —2)N), N >35

Iy + Iy < 4m(1 4 2 )mN? exp(—CynN), N < 34.

Putting the contributions from I; for j € {1, 2, 3,4} yields the claimed bound. O

4.2 Orthogonal and symplectic groups: proof of Theorem 1.6

We let p2® denote the density function of \/%(Tr O™ — E[TrO™]) and F?, be the
characteristic function.

Proposition 4.3. Set N = [n/m|. If N > 2, then

61 (m, N)
mN=1(2N)1/4,/T(2N + 1)

+4m/4/N + 1(%)1/2 exp ( - B(m,N)ml_% (1 - ﬁ)Nﬂ

| Frim = Oml 22 <
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where
V2 2
L Y e (1- 5y — —aey)
em VN1 —e5/ 2N 1 B(N_1/2)N
61(m, N) = B(m,N) = s

(1—e5/2—1/(2V/7N))3/%’ 2692 4 (14 22 )

3(N—-1)
As a consequence, if N and m satisfy one of the following conditions:
N >10and m >46, N >6andm > 424, N >3 andm > 10'°, m > 2 and N > 66,

then

o~ 5 N 1
|F5o — dR|l 12 < (m N) + sy . (4.12)
mN-1(2N)1/4,/T(2N + 1)

Remark 4.4. We need stronger conditions on /N and m here compared to the unitary case
because of the larger bound we obtained for the intermediate regime (compare (2.7)
with (3.16)). This in turn follows from the fact that the Fredholm determinants in
Section 3 are not bounded by one, unlike those in Section 2.

To prove Theorem 1.6 we also need a concentration inequality for Tr O™, but this
follows easily from the proof of that of Tr O and Rains’ theorem. Indeed, in the case of
a=b=-1/2and N = n/m € IN, we have, by (4.2),

e = e (S2) (e () e (7))

where A > 0, so Proposition 3.3 gives

__ A TrOo™ 2 ——
E- " [evm ] =e /Qdet(I+QNKA/mQN)

m—1

x (det(I + QN K mQn) det(T + Qu Ky mQN)) T

and (3.10) gives
2

. A TrOo™ A 1
BT < e (G (14 fzer)
if N >2and |\ < 2¢~%/2,/mN. Thus, by Markov’s inequality,

o AL A2 1
P[5 TrO™| > 5] < 2exp(— 5 3(1+ W))

L2
< 2exp ( T8+ N_2.56—N/2))

by choosing A\ = L/(2(1 + N~2%¢~N/2)). This last bound can be shown to hold for any a
and b. We can therefore insert it in

P — drllzir) < VDL, — érllze + PR [|Tr O™ — E[Tr O™]| > £] + Plyg| > §]

which, as usual, follows from Cauchy-Schwarz inequality. We also use (3.3) and our
previous bound on the L?-distance (4.12) to obtain

< VL &1(m,N)+1/(mN)
~ V2r mN-1(2N)V/4,/T(2N +1)

P2, — drllLi(w)

2
(2t ﬁ) exp (- 8(1+ Ni-f’e—N/?))'
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ettin = + N7“7e™ 0 + + — ogm ives
Setting L = 2v/2(1 + N=25¢=N/2)1/2(log(T(2N +1))/2 + (N — 1) logm)'/? gi

(logn)'/4
mN-1/T(2N +1)

P22, — ¢rllL1 () < 62(m, N) (4.13)

where

. 1 log(2 1/4 1
ba(m, N) = (2/m) /4 (1 + N"20eN/2)14 (2.4 — 4 M) (8100 M) + )

5
+ 2(log N)1/4
for integer N. Since the bound is decreasing in N, we can simply replace N with | N |

in the case of non-integer N. A numerical approximation of d2(2, 3) gives the bound of
Theorem 1.6.

Proof of Proposition 4.3. Let F% be the characteristic function of

f(Tr 0™ —E[Tr 0™),
Fob (€) = Eo[eva MO +e=D] if 1y is odd and F20 (€) = Eob[eva O +e40)] jf 1y i

even. Consider (a,b) = (1/2,1/2), m odd; the remaining orthogonal/symplectic cases are
treated in a similar way. If n/m is an integer then (4.2) gives

ELH(E) = Fﬁ*(%) (P~ (%)FF(%)) - (4.14)

so by Proposition 3.3,

FHHE) = e ¢ /2 det (1 + (—i) T IJ+k+2(j§>))N<J k
2

X (det(l (=)7L +k+1(\/£—)>N<]kdet (1 + (=) +k+1(j£>>1v<g k)
(4.15)

m—1

where I,, is the modified Bessel function of the first kind. We estimate ||F’ — ggj\gHLz
in the usual way by dividing the real line into three parts: |¢| < 2Ne=?/4m(1-N""/2,
2Ne=5/4m1-N"1/2 , where A > 2Ne=5/4m1/2=1/(2N) can be chosen
arbitrarily. First, observe that if {z;}*, is a sequence of complex numbers satisfying
maxi<;<m |Z;| <0, 6 > 1, then

i

i=1

2 <O L= ). (4.16)

We apply this inequality to the determinants in (4.15). By (3.8), for any NV € N,
V1—e5/2 &/ (m(2N+1)) €12V
(1—e5/2—-1/(2VmN))3/2 m~N L(2N +1)

if |¢] < 2y/mN/e®/%. Next, to bound the determinants themselves, we use that for any
trace-class kernel K, det(1 — K) < ellKll (Theorem VII.3.3 in [14]). By (3.5),

1~ det(1 + QuEE mQn)| <

e? <e5/4|§\ )2N 1 omz1-%)N

K. — <
19 Kig) mQnlln < 55 7w s w1 P

The above upper bounds are decreasing in N. Therefore, if n/m is not an integer we can
simply replace it by N = |n/m] in the above expressions. Thus, by (4.15) and (4.16),

_ — _— 2 /(m(2N+1 2N
O < s VI /e e
(1 —e—5/2 — 1/(2\/7TN))3/2 miV F(2N + 1)

[ Ed (€) —
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provided

ol
=
|

[~
—

o2mz(-x~
€] < Y S
We obtain

Ft ,§ 24 1/2
( oNml/2—1/(2N) = "M (f) —e€ | é‘)
lg|< 2m2on SN

< IV m (/OO e*(lfﬁ)52|§|4Nd§)l/2
T (1—e5/2-1/(2v/7N))3/2 2N)I\J_

01(m, N)
~ mN-1(2N)V/4/T(2N + 1)

(4.17)

by (3.9) and the following two estimates. Next, we use our previous results for the
intermediate range of £. By (3.15),

21/2¢2

1 1 2

¢ _F(1+W B2y
|F1J\?+<\/m |§6XP< - AN ), N >2.

2+ + 4mN2 + V3NmN?2

sa-~Nn"h

Soif [¢| > 2Am—
++ (€ _(1*‘%_”5@1\,)21\72
Fyml—= ]| Zexp ( ), N > 2.
vm 2€5/2(1 + & )mw+1+%
The bound is decreasing in N, so combined with (4.14), it gives
++ 2 1—2 A9
/QNmUz_l/(QN) |an( )| dg < QAGXp ( — Qﬂ(m,N)m NN ) (4.18)
T<|§|<A

for N > 5, A > 2Ne 5/4m1/2-1/(2N)
For the last regime, we use (4.14) together with

()] = CF’

valid for integer N > 2 and |¢| > %\/TTLN , which follows from Proposition (3.10). The right-
hand side is non-increasing in N for |¢| > 2¢/mN. Thus, if A > max{Z/m(N+1),2\/mN},

4 ()2 2(2/mN)N™
[ I @ < VIR wi1o)

The sum of the upper bounds in (4.18) and (4.19) is minimized at
A = 2y/mN exp(2B(m, N)N/m*)

but (4.19) only holds for A > max{Z\/m(N + 1),2y/mN}, so we set

A = 2¢/m(N + 1) exp(28(m, N)N/m*~).

This gives
/ 5 (©PAE < V(N + 1) exp (— 28(m. Nym'=#87(1- —)).
A<|g] " o Nm—1 Nm
(4.20)
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Finally, note that

T(1-%) 5/4 IN?2 1-+
€3¢ = /et (QN"“ )< ——< (- 2mTr)
/ SRTSEEIA vrerte\ == ) < i P o
(4.21)
Equations (4.17), (4.20) and (4.21) give the final bound. O
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