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The asymptotic shape theorem for the contact process in random envi-
ronment gives the existence of a norm p on R9 such that the hitting time
t(x) is asymptotically equivalent to u(x) when the contact process survives.
We provide here exponential upper bounds for the probability of the event
ity
vironment. As a special case, this gives the large deviation inequality for the

contact process in a deterministic environment, which, as far as we know, has
not been established yet.

¢ [1 — &, 1+ ¢]}; these bounds are optimal for independent random en-

1. Introduction. Durrett and Griffeath [8] proved that when the contact pro-
cess on Z¢ starting from the origin survives, the set of sites occupied before time ¢
satisfies an asymptotic shape theorem, as in first-passage percolation. In [11], we
extended this result to the case of the contact process in a random environment.

The random environment is given by a collection (A.),cge of positive random
variables indexed by the set of edges of the grid Z?. Given a realization A of this
environment, the contact process (gzo) ¢>0 in the environment X is a homogeneous
Markov process taking its values in the set P(Z?) of subsets of Z¢. If 5;0 =1,
we say that z is occupied at time ¢, while if é,o (z) =0, we say that z is empty at
time . The initial value of the process is {0}, and the process evolves as follows:

e an occupied site becomes empty at rate 1;
e an empty site z becomes occupied at rate Y, = S,O(Z/))L{Z’Z,},

all these evolutions being independent. We study then the hitting time ¢ (x) of a
site x

t(x) =inf{r > 0:x € £°).

In [11], we proved that under good assumptions on the random environment,
there exists an asymmetric norm u on R? such that for almost every environment,
the family (¢ (x)),czq satisfies, when |x ||| goes to 400,

t(x) .

1im
lxlli—+oo p(x)

1 in the event “the process survives.”
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We focus here on the large deviations of the hitting time # (x) for the contact pro-
cess in random environment. As far as we know, such inequalities for the classical
contact process have not been studied yet. They will be contained in our results.

The assumptions we will require on the random environment are the ones we
already needed in [11]. We denote by A, (Z9) the critical intensity of the classical
contact process on 74, we fix Amip and Amax such that

)\c(Zd) < Amin < Amax

and we set A = [Amin, Amax]Ed

ASSUMPTION (E). The support of the law v of the random environment is
included in A = [Amin, Amax]]Ed; the law v is stationary, and if Erg(v) denotes the
set of x € Z% \ {0} such that the translation along vector x is ergodic for v, then the
cone generated by Erg(v) is dense in RY.

This last condition is obviously fulfilled if Erg(v) = 74\ {0}. We will sometimes
require the stronger following assumptions:

ASSUMPTION (E’). The law v of the random environment is a product mea-

d . .1
sure: v = vgzﬂE , where vg is some probability measure on [Amin, Amax]-

By taking for v the Dirac mass (§ k)®Ed, with A > A.(Z4), which clearly fulfills
these assumptions, we recover the case of the classical contact process in a deter-
ministic environment.

For A € A, we denote by P, the (quenched) law of the contact process in envi-
ronment A, and by P the (quenched) law of the contact process in environment A
conditioned to survive. We define then the annealed probability measures P and PP,

P() = /A F,()dv() and P()= /A Py () dv(h).

We will study separately the probabilities of the “upper large deviations” and the
“lower large deviations,” that is, respectively, of the events {z(x) > (1 + &)u(x)}

and {r(x) < (I —&)n(x)}.
The most general result concerns the quenched “upper large deviations” for the
hitting time 7 (x) and the coupling time

¢(x) =inf{T > 0:¥t > T, &%(x) =% (x)},

d . . .
where (étZ )s>0 1s the contact process starting from 74, and for the set of hit points
H; and the coupled region K/,

H={xezZ:t(x)<t},  H=H+I0,1],
K ={xez':t(x)<t}), K/ =K, +1[0,11%

We only require here Assumption (E).
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THEOREM 1. Let v be an environment law satisfying Assumption (E).
For every ¢ > 0, there exist B > 0 and a random variable A(\) such that for v
almost every environment X, for every x € 74,

(1 P (t(x) > n(x)(1 +6)) < AG e BIFI
@ By (' (x) = () (1 + ) < A@e Bl
(3) P (Ve >T,(1—e)tA, CK,NH)>1—A()e BT,

where A, ={x € RY: pu(x) < 1).

We can note that the random variable A()) is almost surely finite, but that it
could often be large. This question will be studied in a forthcoming paper about
annealed upper large deviations [9]. The key point of the proof of Theorem 1,
interesting on its own, is to control the times s when a site x is occupied and has
infinite progeny. We will denote this event by {(0, 0) — (x, s) — oo} by analogy
with percolation.

THEOREM 2. There exist C,0, A, B > 0 such that VA € A Vx € Z¢
vt > C|lx|l P, (Leb{s € [0,]:(0,0) — (x, s) — oo} < 6t) < Aexp(—Bt).

For the “lower large deviations,” the subadditivity gives a nice setting and allows
us to state a large deviations principle in the spirit of Hammersley [15].

THEOREM 3. Let v be an environment law satisfying Assumption (E).
Let x € Z2. There exist a convex function Wy and a concave function K, taking
their values in [0, +00) such that for v almost every A,

1 _
Yu >0 lim ——1logP;(r(nx) <nu) = Wy(u);
n

n—-+00

1 _
Vo >0 lim ——logE;[e %" ™)] = K, (6).
n

n——+00

The functions WV, and K, moreover satisfy the reciprocity relations
Yu >0,V >0

W, (u) =sup{K(0) —Ou} and K.(0)= ing{llfx(u) + 6u}.
6>0 u>

To obtain effective large deviation inequalities, we moreover have to prove that
W, (u) > 0 if u < p(x). More precisely, we have the following:

THEOREM 4. Let v be an environment law satisfying Assumption (E'). For
every € > 0, there exist A, B > 0 such that for every x € 74, for every t > 0,

“4) P(r(x) < (1 —e)u(x)) < Aexp(—Bllx|),
®) P(Vs >t,H; C (14+¢)sA,) > 1 — Aexp(—B1).
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Note that in the previous theorems, the particular choice for the norm || - || does
not matter because of the equivalence of norms.
The annealed large deviations inequalities imply the quenched ones: setting

AQ) =Y exp(Bllx[/2)Px(t(x) < (1 —&)u(x)),

xeZd

we see that A()) is integrable with respect to v, and thus is v-almost surely fi-
nite. So

VxeZd P10 < (1—e)nx) < AQ) exp(—B/2llx]).

Unfortunately, we do not have a complete large deviation principle as Theorem 3
for the upper large deviations. However, we will see in Section 5 that when the
environment is i.i.d., the exponential order given by these inequalities is opti-
mal.

Asymptotic shape results for growth models are generally proved thanks to
the subadditive processes theory initiated by Hammersley and Welsh [16], and
especially with Kingman’s subadditive ergodic theorem [19] and its extensions.
Since Hammersley [15], we know that subadditive properties offer a proper set-
ting to study the large deviation inequalities. See also the survey by Grimmett [13]
and the Saint-Flour course by Kingman [20]. However, as noted by Seppildinen
and Yukich [25], the general theory of large deviations for subadditive processes
is patchy. The best known case is first-passage percolation, studied by Grim-
mett and Kesten in 1984 [14]. This paper introduced some lines of proof for the
large deviations of growth processes, that have been reused later, for instance, in
the study of the large deviations for the chemical distance in Bernoulli percola-
tion [10]. For more recent results concerning first-passage percolation, see Chow
and Zhang [4], Cranston, Gauthier and Mountford [6] and Théret et al. [1-3, 22—
24, 26, 27].

The renormalization techniques used by Grimmett and Kesten are well known
now: static renormalization for “upper large deviations” (control of a too slow
growth), dynamic renormalization for “lower large deviations” (control of a too
fast growth). However, the possibility for the contact process to die gives rise to
extra difficulties that do not appear in the case of first-passage percolation or even
of Bernoulli percolation. To our knowledge, the only growth process with possible
extinction for which large deviations inequalities have been established is oriented
percolation in dimension 2; see Durrett [7]. Note also that Proposition 20.1 in
the PhD thesis of Couronné [5] rules out the possibility of a too fast growth for
oriented percolation in dimension d.

In Section 2, we construct the model, give the notation and state previous results,
mainly from [11]. Section 3 is devoted to the proof of the upper large deviation
inequalities, Theorem 1, while lower large deviations—Theorems 3 and 4—are
proved in Section 4. Finally, the optimality of the exponential decrease given by
these results is briefly discussed in Section 5.
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2. Preliminaries.

2.1. Definition of the model. Let Ayin and Ayax be fixed such that Ac(Zd) <
Amin < Amax, Where A(Z%) is the critical parameter for the survival of the clas-
sical contact process on Z¢. In the following, we restrict ourselves to the study
of the contact process in random environment with birth rates A = (X;),cge in
A = [Amin, Amax]Ed. An environment is thus a collection A = (A¢),cgd € A.

Let A € A be fixed. The contact process (5;‘;“),20 starting from A C 74 in the en-
vironment A is a homogeneous Markov process taking its values in the set P(Z%)
of subsets of Z4, that we sometimes identify with {0, I}Zd: for z € Z¢ we also
use the random variable & (z) = L;¢g,). If §,(z) = 1, we say that z is occupied or
infected, while if & (z) = 0, we say that z is empty or healthy. The initial configu-
ration is given by 5(‘)4 = 14. The evolution of the process is as follows:

e an occupied site becomes empty at rate 1;
e an empty site z becomes occupied at rate 3, =1 & (2) Az 21}

These evolutions are mutually independent. In the following, we denote by D the
set of cadlag functions from R to P(Z4): it is the set of trajectories for Markov
processes with state space P(ZY).

To define the contact process in the environment A € A, we use Harris’s con-
struction [17]. It allows us to make a coupling between contact processes starting
from distinct initial configurations by building them from a single collection of
Poisson measures on [0, +00).

Graphical construction. We endow [0, 4o0c) with the Borel o-algebra
B([0, +00)), and we denote by M the set of locally finite counting measures
m= Zj’zog 8;;. We endow this set with the o-algebra M generated by the maps
m +— m(B), where B describes the set of Borel sets in [0, +00).

We then define the measurable space (€2, F) by setting

Q=M x % and ]-'=M®Ed ®M®Zd.

On this space, we consider the family (P ),ca of probability measures defined as
follows: for every A = (A¢),cge € A,

PA = <® ,P)»e) ®P?Zd,

ecEd

where, for every A € [0, 400), P, is the law of a Poisson point process on [0, +00)
with intensity 1. If 4 € [0, +-00), we write P, (rather than Py ;) for the law in
deterministic environment with constant infection rate A.

For every ¢t > 0, we denote by F; the o-algebra generated by the maps w
w.(B) and w — w;(B), where e ranges over all edges in E4, 7 ranges over all
points in Z¢, and B ranges over all Borel sets in [0, 7].
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We build the contact process in environment A € A from this family of Poisson
process, as detailed in Harris [17] for the classical contact process and in [11] for
the random environment case. Note especially that the process is attractive

(ACB)= (Vi 20,6/ C&P)

and Fellerian; then it enjoys the strong Markov property.

Time translations. For t > 0, we define the translation operator 6; on a locally
finite counting measure m = Z;;Of 4z, on [0, +00) by setting

+00

Om = Liy=0)8,—1-
i=1
The translation 6; induces an operator on €2, still denoted by 6;: for every w € €2,
we set

O = ((Qtwe)eeIEd’ (Qta)z)zezd)-

Spatial translations. The group Z¢ can act on the process and on the environ-
ment. The action on the process changes the observer’s point of view: for x € Z4,
we define the translation operator T, by

Yo € Q Tyw= ((a)x—l—e)geEd» (wx—|—z)zezd),

where x + e the edge e translated by vector x. Besides, we can consider the trans-
lated environment x.A defined by (x.1), = Ay4.. These actions are dual in the
sense that for every A € A, for every x € Z¢,

©6) YAeF P (Tiwe A) =Py (w € A).

Consequently, the law of £* under PP;, coincides with the law of £° under P, ;.

Essential hitting times and associated translations. For a set A C Z¢, we de-
fine the lifetime 4 of the process starting from A by

t =inf{r > 0:£" = o).
For A ¢ Z% and x € Z4, we also define the first infection time #4 (x) of the site x
from the set A by
tA(x) =inflt > 0:x € £},

If y e Z we write 1¥(x) instead of t!(x). Similarly, we simply write (x)
for 19(x).

In our previous paper [11], we introduced a new quantity o (x): it is a time
when the site x is infected from the origin 0 and also has an infinite lifetime.
This essential hitting time is defined from a family of stopping times as follows:
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we set ug(x) = vo(x) = 0, and we define recursively two increasing sequences of
stopping times (4, (x)),>0 and (v, (x)),>0 with

up(x) =vo(x) <wuyp(x) <vi(x) <uz(x)---
as follows:

e Assume that vg(x) is defined. We set ugy1(x) =inf{t > vp(x):x € 5,0}.
If v (x) < +o00, then ug1(x) is the first time after v (x) where site x is once
again infected; otherwise, ug1(x) = 4o00.
e Assume that uy (x) is defined, with k > 1. We set vi(x) = ui(x) + 1% 06, (x)-
If ur(x) < 400, the time t* o 6,,(y) is the lifetime of the contact process
starting from x at time uy(x); otherwise, v (x) = +o00.

We then set
7 K (x) =min{n > 0:v,(x) = 400 0Or u41(x) = +00}.

This quantity represents the number of steps before the success of this process:
either we stop because we have just found an infinite v, (x), which corresponds to
a time u, (x) when x is occupied and has infinite progeny, or we stop because we
have just found an infinite u, 4 (x), which says that after v, (x), site x is nevermore
infected.

We proved that K (x) is almost surely finite, which allows to define the essential
hitting time o (x) by setting o (x) = ug ). It is of course larger than the hitting
time ¢ (x) and can been seen as a regeneration time.

Note, however, that o (x) is not necessary the first time when x is occupied
and has infinite progeny: for instance, such an event can occur between u(x) and
v1(x), being ignored by the recursive construction.

At the same time, we define the operator 6, on Q by

x =

g {Tx Oga(x), if o(x) < +o0,
T, otherwise,
or, more explicitly,

5 _ T (s () (@) @) if o (x)(w) < 400,
Or) (@) = { T (w), otherwise.

We will mainly deal with the essential hitting time o (x) that enjoys, unlike 7 (x),
some good invariance properties in the survival-conditioned environment. More-
over, the difference between o (x) and #(x) was controlled in [11]; this will allow
us to transpose to 7 (x) the results obtained for o (x).

Contact process in the survival-conditioned environment. For A € A, we de-
fine the probability measure P, on (€2, F) by

VEeF  Pu(E)=Pi(E|r° =400).
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It is thus the law of the family of Poisson point processes, conditioned on the sur-
vival of the contact process starting from 0. Let then v be a probability measure on
the set of environments A. On the same space (€2, F), we define the corresponding
annealed probabilities P and P by setting

VE e F @(E):/I\E(E)dv(k) and IP(E):/A]P)A(E)dv(k).

2.2. Previous results. We recall here the results established in [11] for the
contact process in a random environment.

PROPOSITION 5 (Lemma 8 and Corollary 9in [11]). Letx € Z¢\ {0}, A € A,
A in the o-algebra generated by o (x) and B € F. Then
VieA  Pu(AN @) '(B) =Pr(AP.i(B).
As consequences we have:

e The probability measure P is invariant under the translation 0.

e Letyce Z4. Under Py, o(y)o 0, and o (x) are independent. Moreover, the law
of 6 () o 6, under P;_is the same as the law of o (y) under Py .

o The random variables (o (x) o (9 )) j=0 are independent under P,.

PROPOSITION 6 (Corollaries 20 and 21 in [11]). There exist A, B, C > 0 and,
for every p > 1, a constant Cp, > 0 such that for every x € 7% and every A € A,

®) Ei[o(0)P] < Cp(1 +11x1)",
© vi>0 (Ixll<t) = (Pi(o(x)>Ct) < Aexp(—Bt'/?)).

PROPOSITION 7 (Theorem 2 in [11]). For every x € Erg(v), the measure-
preserving dynamical system (2, F, P, 0y) is ergodic.

We then proved that P almost surely, for every x € Z¢, @ converges to a de-
terministic real number w(x). The function x — @ (x) can be extended to a norm
on R?, that characterizes the asymptotic shape. Let A . be the unit ball for u. We
define

H={xez:1(x) <1},
G ={xe 780 (x) < t},
Kl ={xezd:¥s >1,600x) = 2" (x))
and we denote by ﬁt, (~},, K ; their “fattened” versions,
H, = H, + [0, 11¢, G,=G;+[0,11% and K=K, +][0,11%

We can now state the asymptotic shape result.
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PROPOSITION 8 (Theorem 3in[11]). Forevery e > 0, P-a.s., for every t large
enough,
KNG, G,

H,
(10) (1—8)A, C c—cC 7’ C(l+8)A,.

In order to prove the asymptotic shape theorem, we established exponential
estimates, that are uniform in A € A. We set

Bf ={yeZ|ly —xlloo <}

and we write B, instead of BY.

PROPOSITION 9 (Proposition 5 in [11]). There exist A, B,M,c, p > 0 such
that for every % € A, for every y € 74, for every t > 0

(11) Py(r° = +00) = p,

(12) Py.(H ¢ Bui) < Aexp(—Bt),
(13) P (t < 1% < +00) < Aexp(—B1),
(14) B (1000 = 120 = 4o0) < Aenp(- )
(15) (0 ¢ K|, 19 = +o0) < Aexp(—Br).

LEMMA 10. There exist A, B, C > 0 such that for every x € Z% and every
AEA,

(16)  vi=0 (Ixl<t) = (Pu(f'(x) > Cr) < Aexp(—Bt'/?)).

PROOF. For every A € A, for every x € Z¢,
@)\(t/(x) >o(x)+ S) = @)\(X ¢ K(;(x)—l-s N Ga(x)-i-s)
= @A(x ¢ Kc,r(x)-i-s)

<Pi(x¢x+(K)ob,)=P,,(0¢K))
< Aexp(—Bys)

(17)

with (11) and (15). With (9), this estimate gives the announced result. []

2.3. Anabstract restart procedure. 'We formalize here the restart procedure for
Markov chains. Let E be the state space where our Markov chains (X;;),>0 evolve,
x € E being the starting point of the chain. We suppose that we have at our disposal
a set Q, an update function f: E x & — E, and a probability measure v on £2 such
that on the probability space (2, F,P) = (QN*, BN, v endowed with the
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natural filtering (F,),>0 given by F, = o(w > wi :k < n), the chains (X;)),>0
starting from the different states enjoy the following representation:

Xp(w) =x,
X1 (@) = f(X; (@), wpt1).

As usual, we define 6 : Q@ — € which maps o = (w,)p>1 t0 0w = (Wp4+1)n>1. We
assume that for each x € E, we have defined a (F,),>0-adapted stopping time 7%,
a JFrr-measurable function G* and a J-measurable function F*. Now, we are
interested in the following quantities:

+00, if T} = +o0,
X __ X
Ty =0 and Tpy, = { T+ T*(Ory),  with x; = X}  otherwise;
k
K* =inf{k > 0: T, | = +oo};
K*—1
X _ X XX
M= 3 G™MOr) + ™ (0.
k=0
We wish to control the exponential moments of the M*’s with the help of expo-
nential bounds for G* and F*. In numerous applications to directed percolation
or to the contact process, T* is the extinction time of the process (or of some em-
bedded process) starting from the smallest point (in lexicographic order) in the
configuration x.

LEMMA 11 (Lemma 4.1 in [12]). We suppose that there exist real numbers
A>0,c<1, p>0,B >0 suchthat the real-valued functions (G*)xcg, (F*)xcE
defined above satisfy

Gx) = E[eXp(ﬂGx)ﬂ{T~‘<+oo}] =c
Vx € E F(x) = E[1{7r=100) exp(BF¥)] < A;
T(x) =P(T* = +00) > p.

Then, for each x € E, K* is P-almost surely finite and

Elexp(BM™)] < 1Afc < +o00.

2.4. Oriented percolation. We work, for d > 1, on the following graph:

e The set of sites is V¢! = {(z,n) € Z¢ x N}.

e We put an oriented edge from (z1,n1) to (z2,n2) if and only if np =ny + 1 and

—
Ed+l

llz2 — z1ll1 < 1; the set of these edges is denoted by E ;.

— —
Define E ¢ in the following way: in ¢, there is an oriented edge between two
points z; and z» in 74 if and only if ||z1 — z2|l1 < 1.
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The oriented edge in TE);{I:“ from (z1,n1) to (z2, ny) can be identified with the

couple ((z1, z22),n2) € I_E>d x N*, Thus, we identify TE)glfl and Ed x N*.

We consider 2 = {0, I}G_szlllt+1 endowed with its Borel o -algebra: the edges e such
that w, = 1 are said to be open, the other ones are closed. For v, w in 74 x N, we
denote by v — w the existence of an oriented path from v to w composed of open
edges. We denote by 7?“(07 + 1) the critical parameter for the Bernoulli oriented
percolation on this graph (i.e., all edges are independently open with probabil-
ity p). We set, for n € N and (x, 0) € V4!,

g =|ye 74 (x,0) > (y,n)},
¥ = max{n e N:§' # o).
We recall results from [12] for a class C4(M, ¢g) of dependent oriented percola-

tion models on this graph. The parameter M controls the range of the dependence
while the parameter ¢ controls the probability for an edge to be open.

DEFINITION 12 [Class C;(M, q)]. Letd > 1 be fixed. Let M be a positive
integer and g € (0, 1).

Let (2, F,P) be a probability space endowed with a filtration (Gy),>0. We
assume that, on this probability space, a random field (W;'),cga ,>; taking its
values in {0, 1} is defined. This field gives the states—open or closed—of the edges
in I_E>§k+1 . We say that the law of the field (W;') cza ,>1 i8in Ca (M, q) if it satisfies
the two following conditions:

—
e Vn>1,Yee B4, W" e Gy;

o Vn=0,Vee B4 PIWI = 11G, v o (Wi d(e, /)= M)l = q,

where O’(W?—H, d(e, f) = M) is the o-field generated by the random variables
Wit with d(e, f) = M.

Note thatif 0 < g < ¢’ <1, we have Cy(M,q’) C Cy(M, q).
We can control the probability of survival and also the lifetime for these depen-
dent oriented percolations.

PROPOSITION 13 (Corollary 3.1 in [12]). Let ¢ > 0 and M > 1. There exist
B > 0and g < 1 such that for each x € Cq(M, q),
VxeZ?  Ey[lzretoo)exp(BT9)]<e and x (T =400)>1—¢.
A point (v, k) € 74 x N such that (x,0) — (y, k) — oo is called an immortal

descendant of x. We will need estimates on the density of immortal descendants
of x above some given point y in oriented dependent percolation. So we define

G(x,y)={keN:(x,0) - (y,k) > oo},
y(©,x,y) =inf{n e N:Vk > n, {0, ..., k} N G(x, y)| > 0k}.
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PROPOSITION 14 (Corollary 3.3 in [12]). Let M > 1. There exist qo < 1 and
positive constants A, B, 0, o such that for each y € C4(M, qo), we have

Vx,y eZd,Vn >0 X(—I—oo >y(0,x,y)>alx —y| —I—n) < Ae B,

3. Quenched upper large deviations. The aim is now to prove the quenched
upper large deviations of Theorem 1. In order to exploit the subadditivity, we show
that o (x) admits exponential moments uniformly in A € A:

THEOREM 15. There exist positive constants yy, B1 such that
(18) VxeZiVieA  Eu(enW) <ePrlrln

As an immediate consequence, we get the following:

COROLLARY 16. There exist positive constants A, B, ¢, such that for each
r €A, each x € Z% and every t > 0

[lx ]l

P, (t/(x) z + t) < Aexp(—Bt).

PROOF.
5. ( [lxl = x|l T
Pt (x)>—+1)<Pilox)>—+1/2) +Pi('(x) —o(x) >1/2).
C C
The second term is controlled by inequality (17), and Theorem 15 gives the desired
result with ¢ = % O

The rest of this section is organized as follows. We first prove how the subad-
ditive properties and the existence of exponential moments for o given by Theo-
rem 15 imply the large deviations inequalities of Theorem 1. Next we show how
Theorem 2 gives Theorem 15. Finally, the last (and most important) part will be
devoted to the proof of Theorem 2.

3.1. Proof of Theorem 1 from Theorem 15. Let ¢ > 0. Let B and y; be the
constants given by (18), and let

(19) C>2B1/.

Theorem 8 gives the almost sure convergence of o (x)/u(x) to 1 when ||x|| tends
to +00, and Proposition 6 ensures that the family (o (x)/u(x)) <z« is bounded in
L?(P), therefore uniformly integrable: then the convergence also holds in L' (P).

Let then M be such that

(20) ((x) = Mo)

(E(o (x))
m(x)

We assumed that {ay:a € Ry, y € Erg(v)} is dense in R?.
Its range by x — ﬁ is therefore dense in {x € R?: u(x) = 1}; thus the set

>§1+8/8.

{M(Ly) .y € Erg(v), u(y) = Mo} is also dense in {x € R?: pu(x) = 1}.
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By a compactness argument, one can find a finite subset F in {M(Ly) 'y €
Erg(v), u(y) = Mo} such that
—X

V% € RY such that (%) =13y € F, <¢/C.

w(y) I
We let M = max{u(y):y € F}.

For y € F, wedefine 6 (y) = o (y) — (1+ 7)1(y). Since, with (18), 5 (y) admits
exponential moments, the asymptotics E[e'M] =1+ E[6 (»)]+o(¢) holds in a
neighborhood of 0. Since E[6(y)] < 0, we have E[e’°™] < 1 when ¢ is small
enough. Since F is finite, we can find some constants « > 0 and ¢, < 1 such that

2D VyeF E[exp(a[a(y) — (1 + Z)u(y)})} <cg-

Let x € Z¢. We associate to x a point y € F and an integer n such that

22) H <L )
nx) pumMihh~C n(y)

The idea is to approximate x by ny. More precisely, define ¢, = sup A [lyll1 and
note that

@3 x—nyll < x—%yl %—nhwnlssmxhcm,
—1
(24) w(x) —1‘515(”“()6)—1) .
np(y) n M

By the definition of #(x), for each A € A, we have
Pi(r(x) = (14 &)u(x))

n—1

SE(ZGU) 0fy +0(x —ny)ofy > (1 +e>u<x>)
i=0

(25)

n—1
< m(zow o= (14 %)u(x))

i=0
—i—ﬁk(a(x —ny) oé;’ > %,u(x)).

Let first consider the second term in (25). With Proposition 5 and estimate (18), it
follows that

Bt —m)odl = 5 )

:@ny.k(a(x —ny) > gu(ﬂ)
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< eXP<— yleg(x) )Eny.x(exp(ym(x —ny)))
< exp(~LLE Y exp(r v —ny)

< exr><—%(x)> eXp(ﬂl (euc(x) + CMM>),

where the last inequality follows from (23). Our choice (19) for C and the equiv-
alence of norms give then the existence of two positive constants A; and B; such
that for each A € A and each x € Z4,

_ £
(26) B (ot —m) = Suto)) < Arexp(-Bilx1).
Let us move to the first term of (25). With inequality (24), we can find T suffi-
ciently large to have, for u(x) > T, that
px) _ T+e/4
nu(y) ~ 1+¢g/2°

Suppose now that p(x) > T. Proposition 5 ensures that the variables o () o é; are

independent under P, and moreover that the law of o(y)o 5; under P, coincides
with the law of o (y) under Ey_,\: thus

. n—1 . e
Px( a(y)ob, > 1+~ u(x)>
Yooed=(1+3)

n—1
Py (Z o(y)ob) > (1 + Z)”W()’))

i=0

P, (E eXp<a[0(y) 00 — (1 + Z)/L(y)D > 1)

< fonefeor- (o]}

i=0
Applying the Ergodic theorem to the system (A, B(A), v, y.) and to the function

A logEA(exp[a(o (y) — (I +¢/49u(y))]), we get that for v-almost every A and
foreach y € F,

T L logPy( — nil()él‘>1+8
m —10 o (e} —
n—>+oon gl nﬂ(y) = Y y = 4

< [ togEs (expla(0 ) = (145 )uw) ] ) vy
xp[a

<tog [ B (expla(o (14 5)u0) ] ) dvi <togen <0,

IA

IA
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where ¢, is defined in (21).
Fix B such that 0 < B < —logc,. For v-almost every X, there exists A()L) €
(0, +00) such that for every n > 1,

n—1
E(Zo@) 0fi > (1 + %)u(x))

i=0

<P, D o(obdy=1+7

nu(y) =
< A(M)e B,

Note that inequality (24) implies that n > % — 1.
Using the equivalence of norms, there exists B’ > 0 and for v-almost every A,
there exists A’(1) € (0, +00) such that

n—1

Y o()ob > (1 + %)M(X)) < A’() exp(—B'||x]l).

(27) VxeZ4 E(
i=0

Inequality (1) of Theorem 1 now follows from (26) and (27).
Let us move to the proof of inequality (2) of Theorem 1. Let

n—1

T=Y o(y)ob,+o(x—ny)ob).
i=0

Using Proposition 5 repeatedly, the same reasoning as in the proof of Lemma 10
gives Po(t'(x) > T+ ep(x)) <Py 1 (0 ¢ K[ () < Aexp(—Bi(x)). Thus, since
Pr('(x) > (14 2)p(x)) < Pu(T > (1 + &)p(x)) + Pa(f'(x) > T + eu(x)) and
T has already been controlled, inequality (2) follows.

Let us prove inequality (3) of Theorem 1. Since ¢ — K, N H; is nondecreasing,
it is sufficient to prove that there exists a constant B > 0 and, for v-almost every A,
there exists A(A) such that

VneN P ((1—enA, ¢ K, N H,) < A(L) exp(—Bn).

The proof of the last inequality is classic. For points that have a small norm, we
use inequality (14) and Corollary 16; for the others, we use inequalities (1) and (2).

3.2. Proof of Theorem 15 from Theorem 2. Theorem 2 ensures that with
a probability exceeding 1 — Aexp(—Bt), the Lebesgue measure of the times
s < C|x|| +t when (0,0) - (x,s5) > oo is at least 8¢. If o(x) > C||x]|| + ¢, it
means that all these times are ignored by the recursive construction of o (x): those

times necessarily belong to UiK:(f)*l[uk(x), vr(x)]. Thus, we choose 6, C as in
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Theorem 2 and get
Pi(o(x) = Cllx|l +1)
_ K(x)—1
<P, ({s <Cllx|[+1:(0,0) > (x,5) > oo} C | [ux(), vk(x)])
i=1
<P, (Leb({s < Cllx|| +1:(0,0) = (x,s) — oo}) < 6¢)

K(x)—1

+P; ( > (o) —ug(x)) > 91‘) .

i=1

Lemma 2 allows us to control the first term. To control the second one with a
Markov inequality, it is sufficient to prove the existence of exponential moments
for ZiK:(f)_l(vk (x) — ur(x)). To do so, we apply the abstract restart Lemma 11.
We define, for each subset B in Z¢, FB =0 and

T8 =inf{r > % :x € &P},
GB=1*
Estimate (11) ensures that for each A € A,
IP’A(TB =+400) > Py (tF =400)>p >0

and estimate (13) ensures the existence of « > 0 and ¢ < 1—that do not depend on
B—such that for each A € A,

Ek[exp((xGB)]l{TB<+oo}] < Ex[exp(at’)L{rr <400} ]
= Ex_;h[exp(octo)]l{r(k_i_oo}] <c.

Then, with the notation of Lemma 11, we have

Kx)—1 Kx)—1
E, |:exp (a Z (v (x) — uk(x))):| =E, |:exp (a Z ™o Tk):|
i=1 i=0

1

< .
“1—-c

To conclude, we note, using (11), that E, () < Ex()/p.

3.3. Proof of Theorem 2. We will include in the contact process a block event
percolation: sites will correspond to large blocks in Z¢ x [0, o), and the opening
of the bonds will depend of the occurence of good events that we define now.



1454 O. GARET AND R. MARCHAND

s(10, u, o, T1)

‘LZ@f

! | B
el

Y

FIG. 1. The good event A(ng, u, xp, X1).

3.3.1. Good events. Let C; > 0 and M > 0 be fixed.

Let ] e N*, L e N* and § > 0 such that / < L and § < C;L. For iig € 74,
x0,x1 € [-L, L[? and u € Z% such that llu]l1 <1, we define the following event
(see Figure 1):

A(ng, u, x0, x1)

Ci,M; =
= A[’lL,gl(n(L u, -x()’ -xl)

n _ d
3t €10, C1L — 8], 2Litg + x| € &FLotxoti=L1]

W2 Litg+x) ([tv t+ 8]) =0
=\ 3s €2L(o+u) + [—L, L1, s+ [~1, 117 C &7 06,

U gttt coLig (- L My LY
1€[0,C L]
We let then 7 = C{L. When the event A(ng, u, xg, x;) occurs, we denote by
s(no, u, xg, x1) a point s satisfying the last condition that defines the event. Else,
we let s(ng, u, xg, x1) = 00.

If this event occurs, then:

e Starting from an area of size I centered at a starting point 2Lng + xo in the
box with spatial coordinate ng, the process at time 7 colonizes an area of size
I centered around the exit point 2L (ng + u) + s(ng, u, xg, x1) in the box with
spatial coordinate g + u.

e Moreover, the point 2Lng 4 x; is occupied between time 0 and time 7 in a time
interval with duration at least §.
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e The realization of this event only depends on what happens in the space—time
box (2Lng+ [-M L, M|L]) x [0, T].

Let us give a summary of the different parameters:

L spatial scale of the macroscopic boxes

I <L size of the entrance area and of the exit area
T=C|L temporal size of the macroscopic boxes

) minimum duration for the infection of x

no macroscopical spatial coordinate (of the big box)
u, lujl1 <1 direction of move

xo€[—L, L[ relative position of the entrance area in the box
xi €[-L,L[? relative position of the target point

s(iig, u, xo, x1) € [-L, L[¢ relative position of the exit area in the box with

coordinate (ng + u)

LEMMA 17. We can find constants C1 > 0 and M > 0 such that we have the
following property:

For each ¢ > 0, we can choose, in that specific order, two integers I < L large
enough and § > 0 small enough such that for every A € A, ig € Z%, and each
u € Z¢ with |u|; <1,

Vxo, x1 € [—L, L[? Py (A(fg, u, x0,x1)) > 1 —¢.
Moreover, as soon as g — figllec = 2M1 + 1, for every u, u’, xo, x;), X1,

the events A(no, u, xo,x1) and A(ngy,u’, xp, x1) are independent.

PROOF. Let us first note that
P, (A(fg, u, x0, x1)) = Pariig.5. (A0, u, x0, x1)),

which permits us to assume that 7o = 0. Let € > 0 be fixed. We first choose I large
enough to have

(28) Viezd Py (I — oo) > 1 —e/4.
We let ¢’ = ¢/ (21 + 1)<.
By the FKG inequality,

d
P (Vy e[—1, 14,79 = +00) > Py .0 (ro = +oo)|[_[’[] 'S o0.
Translation invariance gives then

lim Py (3n€[0,L]:Vy eney + 1,11, ¥ =+o00) = 1.

L—400
Let then L be such that foreach L > L1,

/

, &
P;,..(3n €[0, L];Vy e ney + [—1, 119,77 =400) > 1 — —P

12 Amin (IO = +OO).
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By a time-reversal argument, we have for each ¢ > 0,

Piopy (31 € [0, L]:ney + [~ 1, 11 € £7°)
/

&
=Py (@n €[0,L1:Vy €nes + [-1, 11", 17 > 1) > 1 —

12]P>)“1'n11'1 (IO = +w)

We have for each r > 0 and each A € A,
]P)XIA(T =4o00,¥ne[0,L],2Lu — x| +ney +[— ngEt)

<Py, 2 (Vn €[0,L],2Lu — x| +ne; +[—1, ¢ “;‘t )
+ Py, (20 =400, [T +4L), (I +4L)] ¢ K)
<P, (Yne[0, L], ne; +[—1, 11" ¢ £2°)

+ Py, 1 (0 =400, [-@L + 1), AL + )] ¢ K)).

Let C > 0 be large enough to satisfy properties (9) and (16). Then, with (16), we
can find L, > L such that for L > L, and t > 5CL, we have

IP’ A(@n €0, L];2Lu — x1 4+ ney + [— 1,11¢ Cét) 1—¢'/6.
Letd >0 such that 1 —e™® <P, . (1" = +00)e’/6 and § < 5CL: if we let
Fr ={wo([0,8]) =0;3n € [0, L], 2Lu — x1 4+ ney + [—1, 1% C &1},
we also have, for each A € A and each r > 5CL, that le A(F)>1—¢/3.
Then, with Proposition 5, one deduces that if y € xg 4+ [—1, ] ]d then
For (2 =10 ) 2 Bl = =ac) =3

Considering estimate (9), we can choose L3 > L, such that for L > L3, we have
Pys(o(x1 —y) <4CL,0 - y(F9CL —ol—y)) =1 —¢'/2.
Let C; =9C. With (28) and the definition of &', we get
It e [0,C1L —8]:xy eéxOH L1V
P wy, ([t, 1 +8]) = > 1—3¢/4.
Is € 2Lu+[—L, L1, s+ (-1, 11" CEX _ 06

Finally, one takes for M the constant given by equation (12) and lets M| =
MCp + 2. With (12), we can find L > L3 sufficiently large to have

7 _ d
29) P ( U et iy L]d) > 1 e/d;
0<t<C|L
this fixes the integer L.
The local dependence of the events comes from the third condition in their def-
inition. This concludes the proof of the lemma. [
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3.3.2. Dependent macroscopic percolation. We fix Ci,M; given by
Lemma 17. We choose I e N*, L e N*and § > O such that / < L and § < C{L,
andwelet T =CL.

Let x in Z? be fixed. We write x = 2L[x] + {x}, with {x} € [-L, L[? and

[x] € Z¢. We will first, from the events defined in the preceding subsection, build
afield WG n=0kez jul <1-
_)The idea is to construct a macroscopic oriented percolation on the bonds of
E 9 x N*, looking for the realizations, floor by floor, of translates of good events
of type A(-). We start from an area centered at 0 in the box with coordinate 0;
for each u such that ||u||; < 1, say that the bond between (0,0) and (u, 1) is open
if A(0, u, 0, {x}) holds; in that case we obtain an infected square centered at the
exit point (0, u, 0, {x}); all bonds in this floor that are issued from another point
than 0 are open, with fictive exit points equal to co. Then we move to the upper
floor: for a box (y, 1), look if it contains exit points of bonds that were open at the
preceding step. If it is the case, we choose one of these, denoted by dy (y), open the
bond between (y, 1) and (y +u, 2) if A(y,u,dj(y), {x}) o Or happens and close
it otherwise; in the other case we open all bonds issued from that box, and so on
for every floor.

Precisely, we let dj (0) = 0 and also dy(y) = +oo forevery y € Z¢ that differs

from 0. Then, for each y € 74, each u € Z4 such that lu|l1 <1 and for eachn > 0,
we recursively define:

° Ifd,f()")). =4o00,”* (”y’u) =1.
e Otherwise,

W = LAG.udi (). (x)) © OnT

s(V 4 u, —u,d (y +u), {x}) oenT:}
lulli <1,d;(y +u) #+oo '

Recall that the definition of the function s has been given with the one of a good
event in the preceding subsection. Then, d; () represents the relative position

(”;'u])’s, with ||#||; < 1. We may have several candi-

dates, that are the relative positions of the exit areas of the * W(”y +u’_u)’s; the min
only plays the role of a choice function. We take, for instance, the minimum for
the lexicographic order on Z4.

We thus obtain an oriented percolation process. Among open bonds, only those
corresponding to the realization of good events are relevant for the underlying
contact process. Let us note, however, that the percolation cluster starting at 0 only
contains bonds that correspond to the propagation of the contact process.

dy ()= min{

of the entrance area for the *

LEMMA 18. Again, we work with C1, M given by Lemma 17. For each q < 1,
we can choose parameters 1, L, § such that for each ) € A, and each x € 74,

the law Of(xwg)(e,n)eﬁde* under Py, is in Cq2M; + 1, q).
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PROOE. Foreachn €N, let G, = F,,r, with T = C| L. Let us note that, for

each x,k € Z9 and n > 1, the quantity d; (k) is G,-measurable, and so is * W(’% e

Lemma 17 ensures that the events A(k, u, xo, {x}) and A(/, v, x(’), {x}) are in-
dependent as soon as lk — ]|} = 2M; + 1; so we deduce that, conditionally
to G,, the random variables XW&T) and XW(’}-*;; are independent as soon as
e =1l = 2M; + 1.

Letnow x,k € Z4, n > 0 and u € Z¢ such that lul1 <1,

Ex[* Wi 1Ga v o (Wi ol < 11T = kil = 2M1 +1)]

_ x pyh+1
= EA[ W(E,u) |gn]

+1 -
= Lgr ty=+o0) T Liar @y <-+ooy Pa[* Wiy =1ld, (k) < +o0]

With Lemma 17, we can choose integers / < L and é > 0 in such a way that

B [* Wit 190 v o (FWt LIl < 11T =kl = 2M1 +1)] 2 q.

This concludes the proof of the lemma. [J

We associate to the Bernoulli random field (* W), ,egaxn+ the quantities Tk

and y (6, k, ) that have been defined in Section 2.4.

LEMMA 19. We can choose the parameters 1, L, § and some ag > 0 such that
the following holds:

e VieA Pu(F'=+00)>1;
e VAEA @) =Eile Lo o] <1/25
e there exist strictly positive constants 6 and C such that for every x,y € 7.4

Vo € [0, xg], VA € A

L0 o, x, y) = By [Lizrmpoo)e®? @] < 2eCell—y1

PROOF. By Proposition 13, we know that there exist ¢ < 1 and o > 0 such
that we have

-
B[ 10, 0] <1/2

for each field in C4(2M; + 1, g¢). By Lemma 18, we can choose /, L, § such that
C W enmyerdxn+ € Ca(2M1 + 1, g), which gives the two first points. Then, from
Proposition 14, we get constants A, B, C such that for every x, y € Z¢, every n > 0
and each A € A, we have

IP)A(—i—oo >y@,x,y)>Cllx —y|h +n) < Ae Bn,
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We can then find B’ > 0 independent from x and A such that the law of
(y(@,x,y) = Clix — yll1)L{z@,x,y)<+oo} 18 stochastically dominated by the ex-
ponential law with parameter B’. Let then & < B’/2: we have

L0 o x, ) = CI N, [1 20y gy (@50 =Clly=xl)]

< p2Clx—yli B’
- B —«
< 29C =yl 0
3.3.3. Proof of Theorem 2. We first choose I, L, $ in order to satisfy the in-
equalities of Lemma 19, and we let T = C L.
We use a restart argument. The idea is as follows: fix A € A and x € Z%; if the
lifetime 7° of the contact process in random environment is infinite, then one can
find by the restart procedure an instant Tx such that:

° 5%{ contains an area z + [—2L, 2L]%, which allows to activate a block oriented

percolation, as defined in the previous subsection, from some 7o € Z¢ such that
270L +[~L, L1 c z +[-2L,2L)%,
e the block oriented percolation issued from zg infinitely survives.

Then, with Lemma 14, we give a lower bound for the proportion of time when
Xo = [x] is occupied by descendants having themselves infinite progeny. By the
definition of good events, this will allow us to bound from below the measure of
{t > 0;(0,0) - (x,7) — oo} in the contact process. Indeed, recall that the def-
inition of the event A(xo, u, xg, {x}) targets {x} and ensures that each time the
site xg = [x] is occupied in the macroscopic oriented percolation, then the contact
process occupies the site 2Lxg + {x} = x during § units of time.

Definition of the restart procedure. We define the following stopping times: for
each nonempty subset A C Z¢,

T  ifVzeZliz+[-2L,2L1% ¢ &2,
T x (1+7%0 Tyza; 067)
otherwise
with ¥4 =inf{m € Z¢:2mL + [ L, L)? C £2}}

UA =

and
U? = +o0.

In other words, starting from a set A, we ask if the contact process contains an area
in the form 2L + [—L, L]¢ at time T': if the answer is no, we stop; otherwise we
consider the lifetime of the macroscopic percolation issued from the macroscopic
site corresponding to that area. Particularly, if A # @ and U# = 400, then there
exists, at time 7', in the contact process issued from A, an area 2XAL +[-L,L)?
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which is fully occupied, and such that the macroscopic oriented percolation issued
from the macroscopic site ¥4 percolates. We then search in that infinite cluster not
too large a time when the proportion of individuals living at xo = [x] and having
infinite progeny becomes sufficiently large: if A # @ and U4 = +o00, we define

RA — RA(x) = { T(1+7(0, %4, %)), ifA#@andUA=+oc;
, otherwise.

Thus, when U4 = 400, the variable R4 represents the first time (in the scale of
the contact process, not that of the macroscopic oriented percolation) when the
proportion of individuals living at Xg = [x] and having infinite progeny becomes
sufficiently large.

Estimates for the restart procedure.

LEMMA 20. There exist constants a > 0,q > 0, ¢ < 1, A’, h > 0 such that for
each ). € A, each A C 74, and each x € 74,

(30) P; (U4 = +00) > ¢;
31) ]Ek[exp(aUA)]l{UA<+oo}] <c;
(32) EA[CXP((XRA(X))]].{UA:+OO}] < A/eah(llfoHoc-i-llAHoc)’

where ||Allco = sup,ca [1¥lco-

PROOF. We easily get (30) from a stochastic comparison: for each A € A and
each nonempty A,

P (U = +00) = By, (I=2L. 2L € §0)B(2" = +00) = ¢ > 0.

Now, if @ > 0, A C Z% is nonempty and A € A, we have with the Markov property
and Lemma 19,

Ex[exp(aU)Liya <o)
= E}L [EA [eXp((XUA)]l{UA<+OO}|J_"T]]
_ T, [ Ligeend o121 2010 cep) ]
- -0
+ﬂ{EIzeZd,er[fZL,ZL]dcs]’i‘}EZ)EAL.A[eaTt ]l{f0<+oo}]

_ar( PrlzeZlz+[-2L.2L1 C&f)
e
+P,(F3z ez 2+ [-2L,2L1Y C&}) x 4

T(1-1AP(3ze 2%, 2+ [-2L, 2L C &}))

IA

<eT(1-1P,  (FzeZ! z+[-2L,2L1 C&f))=c <1

provided that ¢ > 0 is small enough; this proves (31).
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By the Markov property and Lemma 19, if we choose & > 0 small enough, then
foreach A € A,

E)L[CXP(O[RA)IL{UA:+OO}|~FT]
(33) - ﬂ{azezd,zﬂﬂ,2L]dcéﬁ}eaTszAL.x [exp(aT7 (6, 5%, ) L34 _ ooy
<2¢*T exp(CaT || ¥4 — %ol )

< 26T U+CIFoll) expy (Co T [ 62

|o0)-

We use the comparison with Richardson’s model to bound the mean of the last
term: let us choose the positive constants M, 8 such that

V5,120 Pry (1602 Ms+1) <.
Then, for each nonempty finite set A, each t > 0, and each A € A,
Py (&1 o = 201 Alloo + MT +1)
a
< P (max| & — a2 [1Alloo + MT +1)

< AP (|67 [ o = MT + 1| Alloc + 1)
< ”A“goe—ﬁ(”f\”oo'i‘f) < a/exp(_lgt).

Then, for « small enough,

_ . CaTa'
E[exp(CaT |£8]..)] < eC@T @IAletMT) (1 4 tola >
B —CaT
(34) _
< 2CT QAo+ MT),
Inequality (32) immediately follows from (33) and (34). [
Application of the restart Lemma 11. Let
00, if Ty = 400,
To=0 and Ty = T
* T, +U & o or,, otherwise;

K =inf{k > 0: Tj41 = 400}.

The restart lemma, applied with 7 = G- = U and F" =0, ensures that

/

E;[exp(@Tr)] = 7=

Applying now the restart lemma with G- =0 and - = R", we get that
A/
1—c¢

B, [exp(@(R9" 0 07, — (%o lloo + 675 |)))] =
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Particularly, it holds that for each s > 0 and ¢ > 0,

/

(35) Py(Tgx >s5) < 7 exp(—as);

(36) P R‘EOTKOQTK > [/2 < A/ ex ( (h(” _ || + M ) t/2))
— ? o X S)— .
A TKSS,HSOCB]%S _1—C p 0lloo

On the event {t” = 400}, one can be sure that the contact process is nonempty at
each step of the restart procedure: the restart lemma ensures that at time Tx + T,
one can find some area from which the directed block percolation percolates, and,

. Tk
by construction, that for every t > Tx + Ré0” 01 ,

Leb({s € [Tx + T, 1]:(0,0) = (x,s) = 0o}) > 86 Int

<t—(TK+T)>>5_9t
- 2T

as soon as Tx <t/2 — 1. Here, Int(x) is the largest integer not greater than x.
Let C = 2" Let now be x € Z¢, and t > C||x| .

IPA(fO = +o0, Leb({s € [0,7]:(0,0) — (x,5) — oo}) < %Z)

T,
<Py (Tx >t/2— 1)+ Py (Tk <t/2—1,t <Tx + RS 00r,)
T,
<Py(Tx > 1/2—1) + Py (R5" 067, >1/2).

We control the first term with (35). For the second one, we take s = ShLM

T,
P, (RS 007, >1/2)
T,
<P, (RO Uk = 12, Ty <5, H® C BY,) + Pu(Tk > 5) + P, (HO ¢ BY,).

We control the last two terms with (35) and (12); for the first one, we use (36):
since [|%olloo < 57 X lc0 + 1,

P R‘EOTKOQTK >t/2 A’ ( (h(||_ I M ) /2))
’ < expla X + Ms)—t
A TKSS’H;)CBJOWv 1—C p Olloo

= T en(o( (51~ 5) - 5)
X —_— —_— —_—
ST P\ \gp Mo m ) 7%

/ ,ah

=

exp(—at/8),
1—c¢

which completes the proof.
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4. Lower large deviations.

4.1. Duality. We have seen that the hitting times o (nx) enjoy superconvo-
lutive properties. In a deterministic frame, Hammersley [15] has proved that the
superconvolutive property allows us to express the large deviation functional in
terms of the moments generating function, as in Chernoff’s theorem. We will see
that this property also holds in an ergodic random environment. The following
proof is inspired by Kingman [20].

PROOF OF THEOREM 3. Since {t(x) <t,7* 06;x) =400} C {o(x) <t} C
{t(x) < t}, the Markov property ensures that
Py (t(x) <t)Py(v* = 400) <Py(o(x) <1) <Py (t(x) <1).
Thus, letting R = —logP;, (r = +00), we have
(37)  —log(Pi(t(x) < 1)) < —log(Ps (o (x) <1)) < —log(Ps(t(x) <t)) + R.
Similarly,
Ey e~ @] > By [e 7))
> IEA[]l{rxogt(x):+oo}e_9t(x)] =, [e "Dy (F = +00),
which leads to
(38) —logE;[e "] < —logE; [e 97 ™] < —logE;[e " ™] + R.

Then, having a large deviation principle in mind, working with o or ¢ does not
matter. We will work here with o, which gives simpler relations. We know that

(39) t((n + p)x) < 0 (nx) + 0 (px) 0 by,

t~hat a(nx)_and o(px)o Nn y are indepen(lent under P;_and that the law of o ( px)o
6,x under P, is the law of o (px) under P, ,; see Proposition 5. Then

o) —log P (t((n + p)x) <nu+ pv)
< —logPy (o (nx) < nu) —logPuy.. (0 (px) < pv).

Let g (A, u) = —log@k(o(nx) <nu)+ R and G} (u) = fA g (A, u)ydv(d). In-
equalities (37) and (40) ensure that

@1 gy pOhu) < g G u) + g5 (T, ).

Since 0 < g7 (A, u) < —10g@xmm (o (x) <u) + R < +0o0, Kingman’s subadditive

X
. A
ergodic theorem ensures that % converges to

1 1
U, (u) = inf ~G*(u) = lim —G ()
n>ln n n——+oon n
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for v-almost every A.
Note that (40) ensures that for every n, p € N and every u, v > 0,

\p(nu+pv)< 1 Gt <nu+pv)< n Gfl(u)+ p G}C,(v).
Nn+p )" n+p "P\n+p J"n+p n n+p p

Let o €]0, 1[. We can assume without loss of generality that 0 < u < v. Since W,
is nonincreasing, considering some sequence ny, py such that nk'_lf o tends to o
from above, we get

Wy (ou + (1 —o)v) < oWy (u) + (1 — )Wy (v),

so W is convex. B
Similarly, let 2¥ (1, 8) = — log Ey[e =7 "]+ R and H (6) = [ h¥ (1, 0) dv()).
As previously, with (38) and the subadditive relation (39), we have

Ek[e—ea((wp)x)] > e—REA[e—et((nﬂ))x)]
> e—RE[e—e(a(nx)+a(px)o§nx)]
_ e—REA[e—OU(nx)]Enx.A[e—Oa(px)]
and then the inequality
Py p (X, 0) < hy (1, 0) + h;‘,(Tfk, 0).
Since 0 < hj(A,0) < —log E)‘-min [e7?7™] < 400, Kingman’s subadditive ergodic

hE(L.0)
n

theorem ensures that for v-almost every A, converges to

K ()= rgli %H,’f )= ngr-il-loo %H,’f ).
Let now 6 > 0 and u > 0. By the Markov inequality, we observe that
P; (0 (nx) < nu) < "™ E; [e707 )], ie., —g,(,u) <6nu—hy(-0),
ie., G, (u) > —6nu+ H,(0),
ie., Wy(u) > —0u+ K,(0).

Thus, we easily get

(42) Yu>0  W,(u)>sup(K.(6) — Ou),
6>0
(43) Y0 >0  K.0)<inf (W (u) + 6u).

It remains to prove both reversed inequalities. Let us first prove

(44) V0 >0 Ki(0) = inf (W) +0u).
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Let 6 > 0. Define M = inf,~o{W,(u) 4+ Ou}, and note that for each u and each
integer n > 1,

G, (u) +nbu >nV,(u) +nbu > nM.
Fix ¢ > 0. Define E,, o = {1: g, (A, u) > G;,(u) — ne}. We have

Hy(0) > /E Iy (., 0) dv () = f (R —logE; [~ ™) ]dv(3)

n,e

400 _
= — 10g[/ nfe e Rp, (0 (nx) < nu) du} dv(p).
En.{;‘ 0

For every A € E,, . and b > 0, one has

+00 _
f nhe o= Rp, (o0 (nx) <nu)du
0
b R=
< e 0nb +/ nfe e RP, (o (nx) < nu) du
0
b X
:e—an+/ nB e p=8s Oe) g,
0

b
< e—@nb +/ nee—enue—Gﬁ(uH—ns du
0

<e " 4 npe "M ~*)
<M+ e "M=9)  withb=M/6.
Finally,

5O, v(En,a(—ilOg(l LUV s).
n n

Since v(E, ¢) tends to 1 when n goes to infinity, one deduces that
1
K (0) =lim—H;(0) > M — .
n
Letting ¢ tend to 0, we get (44).

Let us finally prove

(45) V>0 W (u)<sup(K,(0) —Ou).
6>0

Let u > 0. It is sufficient to prove that there exists 6, > 0, which satisfies W, (1) <
—0,u + K, (6,). Since W, is convex and nonincreasing, there exists a slope —6,, <
0 such that ¥, (v) > ¥, (u) — 6, (v — u). Then

Ky (0,) = ;Eg{\px(v) +qu} = ;Eg{\px(u) —Ou(v—u) +9uv} = Wy (u) + Oyu,

which completes the proof of (45) and of the reciprocity formulas.
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The function —K,(—0) corresponds to W, in the Fenchel-Legendre duality:
therefore, it is convex. Particularly, the functions W, and K, are continuous on
10, +00[. By the definition of W, and K, there exists A" C A with v(A’) =1 and
such that for each u € Q N (0, +00) and each 8 € Q N [0, +00), we have

1 _
lim ——logP; (o (nx) <nu)= Wy (u)
n

n——+0o

and

1 —
lim ——logE,e %7 = K (6).
n—>+o00 n
Since the functions 6 +— h;; (-, 6) and u — g;, (-, #) are monotonic, and their limits
W, and K, are continuous, it is easy to check that the convergences also hold for
every A€ A, u>0and 9 >0. O

4.2. Lower large deviations. We prove here Theorem 4. Remember that
P(-) = [, Po(-) dv (). The main step is actually to prove the following:

THEOREM 21. Assume that v = vSZ’Ed and that the support of vy is included
in [Amin, Amax]. For every & > 0, there exist A, B > 0 such that

Vi>0  PE ¢ (1+e)tA,) < Aexp(—Br).

Using the norm equivalence on R?, we introduce constants C.. CI > 0 such
that

(46) VzeR!  Cplizlloo < 1(2) < Cif l1zllco-

Let o, L, N, e > 0. We define the following event, relative to the space—time
box By = By(0,0) =[—N, N4 x [0,2N]:

A%ENE = {V(x0, 10) € BN, £330 vy © 01 C X0+ (1 + &) (@LN —10) A}

N {V(xo, weBy, |J &906,CI-LN, LN[d}.

0<s<aLN-—ty

The first part of the event ensures that the descendants, at time « L N, of any point
(x0, tp) in the box By are included in xo + (1 +&)(«LN)A,;: it is a sharp control,
requiring the asymptotic shape theorem. The second part ensures that the descen-
dants, at all times in [0, « L N, of the whole box By are included in ][—-LN, LN[“:
the bound is rough, only based on the (at most) linear growth of the process.

We say that the box By is good if A%LN-¢ occurs. We also define, for k € Z¢
and n € N, the event A%L-N-2(k, n) = A%L-N-E o Tory 0 0, n, and we say that the
box By (k, n) is good if the event A®LNE(k n) occurs.

The proof of the lower large deviation inequalities is close to the one by Grim-
mett and Kesten [14] for first passage-percolation. If a point (x, ¢) is infected too
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early, it means that its path of infection has “too fast” portions when compared
with the speed given by the asymptotic shape theorem. For this path, we build a
sequence of boxes associated with path portions, and the existence of a “too fast
portion” forces the corresponding box to be bad. But we are going to see that we
can choose the parameters to ensure that:

e the probability under PP for a box to be good is as close to 1 as we want;
e the events “By (k, 0) is good” are only locally dependent.

We then complete the proof by a comparison with independent percolation with the
help of the Liggett—Schonmann—Stacey lemma [21] and a control of the number
of possible sequences of boxes.

LEMMA 22. We have:

o The events ({Bn (k,0) is good}),cza are identically distributed under P.
e There exists o € (0, 1) such that for every ¢ € (0, 1), there exists an integer L
(that can be taken as large as we want) such that
lim P(A%EN-E) =1,
N— 400
e Ifmoreover v = U?Ed, then the events ({By (k, 0) is good}) cza are (L + 1)-de-
pendent under P.

PROOF. The first and last points are clear. Let us prove the second point. The
idea is to find a point (0, —k), with k large enough, such that:

e the descendants of (0, —k) are infinitely many and behave correctly (without
excessive speed);

o the coupled region of (0, —k) contains a set of points that is necessarily crossed
by any infection path starting from the box By.

Indeed, this will allow to find, for all the descendants of By, a unique common
ancestor, and thus to control the growth of all the descendants of By by simply
controlling the descendants of this ancestor. A control on a number of points of the
order of the volume of By will thus be replaced by a control on a single point. See
Figure 2. Let € > 0 be fixed.

We first control the positions of the descendants of the box By at time 4N. Let
A, B, M be the constants given by Proposition 9. We recall that w,, for x € 74,
and w,, for ¢ € B are the Poisson point processes giving, respectively, the death
times for x and the potential infection times through edge e. We define, for every
integer N,

AN = (H)y ¢ [-(4M + )N, (4M + 1)N]%},

{ > /]lA{VOTx091d<50+za)6)(t)=0}.

xe[—N,N]d e>x

N
Al
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t T

4N Y

Vi

to
0

g
LV

FI1G. 2. Coupling from the past.

Note in particular that
@7) AY C (¥(x0.10) € BN. &Y, 061 C [~(4M + DN, (4M + DN]’}.

Let . € A and e € E4. For k > 0, we define Sy = inf{r > 0; w.([0, t]) > k}. For
each event A and T > 0, we have

+00

T
/0 1a06,d(So+ we)(t) = Zﬂ{SkST}ﬂA 00s,.
k=0

Then, the strong Markov property gives

]Ek(/oT 1a o@,d(80+a)e)(t))

+00 too
=Y Pu(Sk <T)Pi(A) =P, (A)E, (Z 1{Sk5T}>

k=0 k=0
=P (A)E, (1 + we([0, T1)) =Pr(A)A + 1. T).
Thus, for each increasing event A, we have
T
E( [ tactiaco+ we)(o) < P (A1 + A T).
Then, with (12), we have

E( > Z/(;ZNJIA{VoTxoetd(50+a)g)(l‘)>

xe[—N,N]d esx
< 2N + D?2d(1 + 2N Amax)Prp (AY)
< (2N + 1)?2d(1 + 2N imax) A exp(—4BN)
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and thus, with the Markov inequality,

48 lim P(AY)=1.
(48) N»HJrrloo ( )
With (47), we deduce that with a large probability, if N is large enough, the de-
scendants of By at time 4N are included in [—(4M + 1)N, (4M + 1)N1¢.

Now, we look for points with a good growth (we will look for the common
ancestor of By among these candidates),

AL =t =+4o0, Vs > 1, K. D (1 —&)sA, and 0 C (1 +¢/2)sA,),

N-1
N — U Atz 00_k.
k=0

The first event says that the point (0, 0) lives forever and has a good growth after
time ¢ (at most linear growth, and at least linear growth for its coupled zone),
while the second event says that there exists a point (0, —k) with a good growth
and such that k € [0..N — 1]. Theorem 3 in Garet and Marchand [11] ensures that
lim,, 400 P(A}) = 1. But

At /Pk dv(k) /]P’)L P)L(‘L' —+OO)dl)()\.)

> [ B(A)Bs,, (7 = +00) dv(d) = By, (- = +00)B(AY).

So there exists 7o such that ]P’(A ) > 0. As the time translation 6_; is ergodic
under P, we get

n—1
(49) lim P(AZY)= lim IP’(UA%Q k)_l

— 400
N—+00 n—+ k=0

In other words, with a large probability, if N is large enough, there exists k €
[0..N — 1] such that the point (0, —k) has a good growth.
Take L1 = L;(¢) > 0 such that

(50) VN>1  (Li+1)N(I—¢)A,D[-@EM+ N, @M+ 1)N]“.

Thus, if we find an integer k > max(#,, L1 N) such that A;, o 6_; occurs, then the
descendants of the box By at time 4N are in the coupled region of (0, —k).

Denote by T the life time of (v, 0) for the contact process when we reverse
time. As the contact process is self-dual, <Y as the same law as 77. Set

N _ | yye[-@am+ N, @M+ )N,
3Ty — <y
TYoblyy =—40c0or T¥obyy <2N

The control (13) of large lifetimes ensures that

51 lim P(AY)=1.
(51) yim_ P(A3)
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Assume now that N > t,/L1. Thus LN > 1;.
th,N

Let us see that on A’lv N(Ay; ob_,N) N Aév, we have
(52) Vr=4N U stxﬂto 00, C((L1+DN+1)(1+¢/2)A,.

(x0,10)€BN

Indeed, let + > 4N, and consider x € Z¢ such that (x,¢) is a descendant of
(x0,%9) € By. Let (y,4N) be an ancestor of (x,?) and a descendant of (xg, fp).
On the event AIIV, the point y is in [-4M N, 4MN]d. But, on Aév, the definition of
y ensures that Vo 04y = +00: so (y,4N) has a living ancestor at time —k, for
each k suchthat LN <k <(Li+1)N —1.But,on AIZQ’N o6_r, N, inclusion (50)
ensures that (y,4N) is in the coupled region of (0, —k) for one of these k, and
so (y,4N) is a descendant of this (0, —k). Finally, (x, t) is also a descendant of
(0, —k), and, always on A;z’N 00_L,N,

px) <k +0)(1+e/2) <((L1+ DN —1+1)(1+¢/2),

which proves (52).
We then choose « € (0, 1) and an integer L such that

20 Co
A R
3 T 1+e)2
L> {4 Li+l 4M +1 2((L + 1)1+ /2)+C++2)}
maxJ —, , , — & .
= @’ Cp—a(l+e/2) ag ! "

If N>t/Li,as LN > 4N, we can use (52) with t € [4N, «LN]; thus our
choices for «, L and (47) ensure that on the event AIIV N (A;Z’N of_r,N)N Aév, for
every (xo, fo) € By

U £ 06, C (L1 +14+aL)N)(1+¢/2)A, C[-LN,LN1%,
4N<s<aLN-—ty

U &°06, C[-@4M+ DN, @M + DHN] C[-LN, LNV,
0<s<ad4N

go’fOLN_to 06y, C(L1+1+aLl)N(1+¢/2)A,
Cxo+ (1 +&)(aLN —19)Ay,.
Finally, it N > 1, /L1,
AV N (APN 06_1,n) N AY c A%l

and we conclude with (48), (49) and (51). [

We first prove the existence of C > 0 such that, with a large probability, the
point (0, 0) cannot give birth to more than Ct generations before time ¢:
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LEMMA 23. There exist A, B, C > 0 such that for every A € [0, Amax]Ed,for
everyt,f >0,

P J(x,s) € Z4 x [0, t] and an infection path from (0, 0)
A to (x, s) with more than Ct + £ horizontal edges

) < Aexp(—BY).

PROOF. Let o > 0 be fixed. For every path y in Z¢ starting from 0 and even-
tually self-intersecting, we set

X —Oll(V)’

Yy = ]l{y is the projection on Z4 of an infection path starting from (0,0)}€

where 7 () is the time when the extremity is infected after visiting successively the
previous points. More formally, if the sequence of points in y is (0 = xg, ..., X)
and if we set Tp =0, and for k € {0, ...,n — 1},

Tiy1 = inf{t > Tg; w{xk,xk+1}([Tk’ t]) =1and wy, ([Tk, t]) = 0},

we have ¢(y) = T,,. The random variable 7 (y) is a stopping time (it is infinite if y
is not the projection of an infection path).

Let y be a path in Z¢ starting from 0 and let f be an edge at the extremity of y.
If we denote by y. f the concatenation of y with f, the strong Markov property at
time 7 (y) ensures that

Am A ]
BalXy f1Fin] = X +—ax andso E[X,]< (&) .
o

)Lmax )\max

Now,
P (cH(x, s) € Z4 x [0, r] and an infection path from (0, 0))
* to (x, s) with more than Ct + £ horizontal edges

=P, ( U {x, ze_‘”})

y:ly|=Ct+L
Am Iyl 2d) n
Oll ax at max
v Iy|>Ct+€<—> <e <7> )
Z + Amax n>§+€ o + Amax

To conclude, we take o = 2d Amax, and then C such that (2 I ) = . O

PROOF OF THEOREM 21. Lete > 0 and ¢ > 0 be fixed. Obviously,
PEY ¢ (1 +e)tA,)
<PEY ¢ (1 +e)tA,, &) [-Mt, M%) + P(E) ¢ [—Mt, Mt]Y).

The second term is controlled by equation (12).
Assume that £0 ¢ (1 +&)tA,: let x € &0 be such that ;(x) > (1 +&)t, [x]lso <
Mt, and let y be an infection path from (0, 0) to (x, ¢). For (x,t) € Z4 x [0, +00),

(53)
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we call x the space coordinate and ¢ the time coordinate. With Lemma 23, we
choose C > 1, Ay, B> > 0 such that for every ¢ > 0,

there exists an infection path from (0, 0)
to Z% x {t} with more than Ct horizontal edges

(54) P ( ) < Az exp(—Bat).

With the last estimate, we can assume that y has less than Ct horizontal edges.
We take 0 <« < 1 and L = L(«, ¢) large enough to apply Lemma 22 and such
that

4CHC ¢
<_’
alL—17"3

(55) alL>2 and L >3.

We fix an integer N, and we cut the space—time Z¢ x R into space—time boxes
VkeZi ¥neN  By(k,n)=(2Nk+[-N,N1%) x (2Nn +[0,2N1]).

We associate to the path y a finite sequence I' = (k;, n;, a;, t;)o<i<¢, Where the
(ki, n;) € Z4 x N are the coordinates of space—time boxes and the (a;, ;) are points
in Z¢ x Ry in the following manner:

e kg=0,n9=0,ap=0and t9p = 0: By (ko, ng) is the box containing the starting
point (ag, f9) = (0, 0) of the path y.

e Assume we have chosen (k;, n;, a;, t;), where (a;, t;) is a point in y and (k;, n;)
are the coordinates of the space—time box containing (a;, t;).

To the box By(ki,n;), we add the larger box (2Nk; + [—LN,LN]d) X

(2Nn; + [0, ¢ LN]), we take for (a;+1, ti+1) the first point—if it exists—along
y after (a;, t;) to be outside this large box, and we take for (k; 1, n;4+1) the coor-
dinates of the space—time box that contain (a;+1, ti+1). Otherwise, we stop the
process.

The idea is to extract from the path a sequence of large portions, that is, the portions
of y between (a;, t;) and (a;+1, ti+1). We have the following estimates:

Vi €[0..6 — 1]
lai+1 — dilloo <(L+ DN and |[la; — x|loc < (L + DN,
57 Vi € [0..6 — 1] 0<tiy1—ti<oaLN and 0<t—f <aLN,
Ct t t
< + <
“(L-1)N («L—-1)N ~ (aL —1)N
The two first estimates just say that—spatially for (56) and in time for (57)—that
the point (a;+1, t;+1) remains in the large box centered around By (k;, n;), which
contains (a;, t;). Now consider the third estimate. We note that a path can get out

of a large box either by its time coordinate, and the number of such exits is smaller
than m + 1, or by the space coordinate, and the number of such exits is

(56)

(58) 1<¢ +2 +2.

smaller than (Lfﬁ + 1. The last inequality comes from C > 1 and @ < 1.
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To ensure that the space coordinates of the boxes associated to the path are all
distinct, we extract a subsequence I' = (ky(i))<; <7 With the loop-removal process
described by Grimmett—Kesten [14]:

e ¢(0)=max{j >0:Vi €[0..j1k; =0};
e Assume we chose ¢(i), and then we take, if it is possible,

Jjo() =inf{j > @) :kj # ko) }
(i + 1) =max{j = jo(i):kj =kji)}
and we stop the extraction process otherwise.

Then, as in [14]

lay @ — Xlloo < (L + DN,

0<t-— o) < oaLN,

Vi €[0..6 — 1] lagiy+1 — agi+1)lloo <2N,

Vi €[0..6 — 1] to@)+1 — toi+1)| <2N.
Moreover, the upper bound (58) for £ ensures that

_ 2Ct
(59) l<l<t<——" 42
(L — )N

On the other hand, as u(x) — M(a(p(g) —x) < ,u(a(p(l-)), we have with (59),

(1+&)—CrH(L+1)N

-1
=p (Z Ag(i+1) — aw(i))

i=0
-1 -1
< Z m(ag(i+1) — Api)+1) + Z U(dpiy+1 — Ag(i))
i=0 i=0
-1
< 2NC,J[Z+ Z m(Apiy+1 — Ay(i))
i=0

<2Nc+( 2Ct +2>+% ( )
e Uit — i),
— " (O[L— I)N i:Ol’L (i)+1 @)
This ensures, with the choice (55) we made for «, L, that
-1
(60) > Wlagiirr1 — dp@) = (1+28/3)t = 2C;5 (L + DN,
i=0
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In other words, even after the extraction process, the sum of the lengths of the
crossings remains of order (1 + 2¢/3)z.
Letk € Z9 and n € N. We say now that By (k, n) is good if

the event A%LN-¢/3 o Ty 0 62y OCcurs

and bad otherwise. If By (ky (i), n¢(i)) is good, then the path exits the corresponding
large box by the time coordinate, and thus

w(apir+1 — ap(iy) < (1 +&/3)(tpir+1 — toG))-

This ensures that

“( 2 (@piiy+1 = a«)(i)))

i1 BN (ky(i)»np(i)) good

IA

> (@p(i)+1 — dg(i))
i: BN(k(p(i)vn(p([)) gOOd

&
< <1 + §) Z (Tpi)+1 — tp(i))

i: By (ky(i),np(i)) good

<(1+8)r
J— 3 .

With (60), it implies that

&
3 Wag(i)+1 = api) = 31 =20, (L+ DN
i BN (kg (i):p@i)) bad

and then, with (56)
et

BN ko), (i) bad)| = == =2
7 B ko, mpn) bad}] 2 7 7o

In other words, if # > 0, if x is such that w(x) > (14 ¢)¢, if there exists an infection
path y from (0,0) to (x,?) with less than Ct horizontal edges, the associated
sequence I' has a number of bad boxes proportional to ¢.

Note that Lemma 22 says that for any deterministic family n = (ny),cz¢ € NZd,
the field (n})iezd, defined by 0y = 1y (k,ny) goody is locally dependent and that

lim P(By(0,0 d)=1.
i, (B 0.0 good
By the extraction process, the spatial coordinates of the boxes in I are all distinct.

With the comparison theorem by Liggett—Schonmann—Stacey [21], we can, for any
p1 < 1,take N large enough to ensure that for any family n = (ny);cz¢ € NZ’ | the
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law of the field (n});cz¢ under P stochastically dominates a product on 74 of
Bernoulli laws with parameter p;. Thus, if x is such that @ (x) > (1 + &), then
p
there exists an infection path y from (0, 0) to (x, t)
P with less than Ct horizontal edges and such that T' = I'(y) has

t
at least +8— — 2 bad boxes
3C,(L+1)N

(2Ct/((@L—1)N))+2

+ —
< Z Z 23(1 _ pl)é‘t/(?’cu (L+1)N)—1
{=1 IT|=¢
N 2Ct/((¢L—1)N)+2
— (1 _ pl)&‘l‘/(:;CI,_ (L+1)N)—1 Z 2@Card{F’ |F| =E}

(=1

A classical counting argument gives the existence of a constant K = K(d, o, L)
independent of N such that

Ve>1  Card{T;|T|=¢} < K"
We get then an upper bound for our probability of the form
A%((l . pl)s/(3C;f(L+1))(2K)2C/(aL—l))t/N’
which leads to a bound of the form Az exp(—Bst) as soon as p; is close enough

to 1. Summing over all x € [—Mt, Mt]¢, we have again an exponential bound.
With this last upper bound, (53) and (54), we end the proof of Theorem 21. [J

PROOF OF THEOREM 4. We first prove there exist A, B > 0 such that
(61) VI >0 P@Er=>T,8¢ (1+e)tA,) < Aexp(—BT).
Indeed,

P@Et>T.£) ¢ (1+e)tA,)
<P@EneN,&),, ¢ (1+/2)(T +n)A,)
b (Eln eN,3re[0,1],£,, C (1+e/2)(T —|—n)Au,>
ED s @ (L+e)T +n)A,
<Y P(E},, ¢ 1 +/2(T +n)A,)

n>0
fYR (az € [0,01],g$+,, C (1+¢&/2)(T —I—n)AH,> |
n>0 Erinst £ A+ )T +n)Ay
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The first sum can be controlled with Theorem 21. For the second sum, the Markov
property gives for any A € A,

Py (3t €10,11,69,, C (1 +&/2(T +m) Ay, £y & (14 6)(T +1)A,))

< 3 Pea(3t €0, 11,8 ¢ (/20T +n)A,)
xe(l+&/2)(T+n)A,

< |(1 +¢e/2)(T +”)Au|meax(H10 Z (e/2)(T +”)Au)

< Aexp(=B(T +n)),

where the last upper bound comes from a comparison with the Richardson model.
We conclude the proof of (61) by integrating with respect to A.
Let us prove now the existence of A, B > 0 such that

(62) Vr >0 IP)(H,O ¢ (1+e)rA,) < Aexp(—Br).
With (12), we can find some constants A1, B; > 0 and ¢ < 1 such that JP’(Hcor Z
rA,) < Apexp(—Bir). Now,
P(H? ¢ (1 +e)rA,) <P(H ¢ rA,) +P3r e (cr,r), &0 ¢ (1 +e)ra,)
< Ayexp(—=Bir) +P(Ft > cr, &) ¢ (1 +&)tA,)

and we conclude the proof of (62) with (61). To obtain (5), take t > 1+2(1 + e ).
Since ¢ +— H; is nondecreasing, we have

(Bs>nH¢d+esA)c | {Hn ¢ (1 + %)mu}_

n>Int(t)

Thus (5) follows from (62).
Finally, for x € Z4 \ {0},

€
Pl = (1= ) < P( By @ (1- 5 )0
Applying (62), we end the proof of (4), and thus of Theorem 4. []

5. About the order of the deviations. By Theorems 1 and 4, we have for
v-almost every A and each ¢ > O:

— 1 = (1(x)
lim —loglP)| —=¢[1—¢,14+¢])<0.
x—+o0 || x| w(x)
To see that the exponential decrease in ||x|| is optimal, we need to see that
h_mx_)+ooﬁlogIPx(% ¢[l—e,1+¢]) > —o0.
In fact, we will prove here that for every (s, ¢) with 0 < s < ¢, there exists a
constant y > 0 such that for each A € A and each x € Z¢,

Py (t(x) € [s, t1Ix]l1) > exp(—yllx]l1)-
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PROOF. Lets, withO < s < 1. For each u € Z¢ such that |lu||; = 1, we define
T, = inf{t > 0:5;‘,0 D {u},Vs €[0,1), 550 = {0}}. We are going to prove that

Jy >0,Vrae A, VueZ |uli=1 Py (T els,t])=e 7.
In order to ensure that 7, € [s, ¢], it sufficient to satisfy:

e the lifetime of the particle at (0, 0) is strictly between (s + ¢)/2 and ¢, which
happens with probability e~/ — ¢! under P; ;

e the first opening of the bond between 0 and u happens strictly between s and
(s 4 t)/2, which happens with probability

s+t R t—s
exp(—A{0,u}s) — €xp _)L{O’“}T > e "mx? ] —exp| —Amin >

under Py ;

e there is no opening between time 0 and time ¢, on the set J constituted by the
4d — 2 bonds that are neighbors of 0 or # and differ from {0, «}, which happens
under P, with probability

[ ] exp(—x;t) > exp(—(4d — 2)Amaxt);
jeJ

e there is no death at site # between 0 and ¢, which happens under P, with prob-
t

ability e™".
Then, using the independence of the Poisson processes, we get

P (T, € [s,t])

> (e_(5+f)/2) _ e_f)e_te_(4d_2))‘-maxte_)\maxs(1 _ e_)‘-min(t_s)/z) — e_V'

Moreover, T, is obviously a stopping time. Then, applying the strong Markov
property ||x||; times, we get

Pi(r(x) €[5, tlllxll1) > exp(—y llx]1).

This gives the good speed for both upper and lower large deviations. [

Note that the order of the large deviations is the same for upper and lower de-
viations, as happens for the chemical distance in Bernoulli percolation; see Garet
and Marchand [10]. Conversely, it is known that these orders may differ for first-
passage percolation; see Kesten [18] and Chow—Zhang [4].
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