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The purpose of this paper is to introduce and analyze the Mann-type extragradient iterative algorithms with regularization for
finding a common element of the solution set E of a general system of variational inequalities, the solution set I of a split feasibility
problem, and the fixed point set Fix(S) of a strictly pseudocontractive mapping S in the setting of the Hilbert spaces. These
iterative algorithms are based on the regularization method, the Mann-type iteration method, and the extragradient method due
to Nadezhkina and Takahashi (2006). Furthermore, we prove that the sequences generated by the proposed algorithms converge

weakly to an element of Fix(S) N £ N T under mild conditions.

1. Introduction

Let % be a real Hilbert space with inner product (:,-) and
norm | - [|. Let C be a nonempty closed convex subset of 7.
The projection (nearest point or metric projection) of # onto
Cis denoted by P.. Let S : C — C be a mapping and Fix(S)
be the set of fixed points of S. For a given nonlinear operator
A : C — ,we consider the following variational inequality
problem (VIP) of finding x* € C such that

(Ax",x-x") >0, VxeC. (1)

The solution set of VIP (1) is denoted by VI(C, A). The
theory of variational inequalities has been studied quite
extensively and has emerged as an important tool in the study
of a wide class of problems from mechanics, optimization,
engineering, science, and social sciences. It is well known that
the VIP is equivalent to a fixed point problem. This alternative
formulation has been used to suggest and analyze projection
iterative method for solving variational inequalities under
the conditions that the involved operator must be strongly
monotone and Lipschitz continuous. In the recent past,

several people have studied and proposed several iterative
methods to find a solution of variational inequalities which is
also a fixed point of a nonexpansive mapping or strict pseudo-
contractive mapping; see, for example, [1-9] and the refer-
ences therein.

For finding an element of Fix(S) N VI(C, A) when C is
closed and convex, S is nonexpansive, and A is a-inverse
strongly monotone, Takahashi and Toyoda [10] introduced
the following Mann-type iterative algorithm:

X1 = 0%, + (1 —a,)SP- (1-1,Ax,), Vn>0, (2)
where P is the metric projection of # onto C, x, = x €
C, {«,} is a sequence in (0,1), and {A,} is a sequence in
(0, 2cx). They showed that if Fix(S)NVI(C, A) # 0, then the seq-
uence {x,} converges weakly to some z € Fix(S) n VI(C, A).
Nadezhkina and Takahashi [9] and Zeng and Yao [8] pro-
posed extragradient methods motivated by Korpelevi¢ [11]
for finding a common element of the fixed point set of a
nonexpansive mapping and the solution set of a variational
inequality problem. Further, these iterative methods are



extended in [12] to develop a new iterative method for finding
elements in Fix(S) N VI(C, A).

Let B|,B, : C — J be two mappings. Recently, Ceng
etal. [4] introduced and considered the following problem of
finding (x*, y*) € C x C such that

(mByy  +x" -y, x-x") >0, VxeC,

(3)

(,Byx* +y" —x",x-y") 20, VxeC,

which is called a general system of variational inequalities
(GSVI), where y; > 0 and y, > 0 are two constants. The
set of solutions of problem (3) is denoted by GSVI(C, B, B,).
In particular, if B, = B,, then problem (3) reduces to the
new system of variational inequalities (NSVI), introduced
and studied by Verma [13]. Further, if x* = y*, then the NSVI
reduces to VIP (1).

Recently, Ceng et al. [4] transformed problem (3) into a
fixed point problem in the following way.

Lemma 1 (see [4]). For given X,y € C, (x,y) is a solution

of problem (3) if and only if X is a fixed point of the mapping
G :C — Cdefined by

G (x) = Pc [P (x — 4 Byx) — 4y B, P (x — 4, B, x)]
Vx € C,

(4)

wherey = Po(x — u, B,X).

In particular, if the mapping B; : C — Z is f5;-inverse
strongly monotone for i = 1,2, then the mapping G is
nonexpansive provided y; € (0,2p;) fori = 1,2.

Utilizing Lemma 1, they introduced and studied a relaxed
extragradient method for solving GSVI (3).

Throughout this paper, unless otherwise specified, the set
of fixed points of the mapping G is denoted by E. Based on the
relaxed extragradient method and viscosity approximation
method, Yao et al. [7] proposed and analyzed an iterative
algorithm for finding a common solution of GSVI (3) and
fixed point problem of a strictly pseudocontractive mapping
§: C — C, where C is a nonempty bounded closed convex
subset of a real Hilbert space .

Subsequently, Ceng at al. [14] further presented and
analyzed an iterative scheme for finding a common element
of the solution set of VIP (1), the solution set of GSVI (3),
and fixed point set of a strictly pseudocontractive mapping
§:C - C.

Theorem 2 (see [14, Theorem 3.1]). Let C be a nonempty
closed convex subset of a real Hilbert space % . Let A : C — H
be a-inverse strongly monotone, and let B; : C — J be
B;-inverse strongly monotone fori = 1,2. Let S : C — C
be a k-strictly pseudocontractive mapping such that Fix(S) N
ENVIC,A)#0. Let Q : C — C be a p-contraction with
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p € [0,1/2). For given x, € C arbitrarily, let the sequences
{x,}, {y,.}, and {z,,} be generated iteratively by

Zy = PC (xn - AnAxn) >
Yn = “ann
+ (1 - ‘xn) PC [PC (Zn - AMZBZZn) (5)

- B, P (zn - AMZBZZn)] >

x”+1 = ﬁ”xn + ynyn + 87,8}’”, Vn > 0,
where p; € (0,23;) fori = 1,2, {A,} € (0,2a] and {a,}, {B,},
{y,} 16,} € [0, 1] such that

() B, +y,+9,=1and(y, +8,)k <y, foralln > 0;
(ii) lim,, _, &, = 0 and Y2 &, = 00;

(ii)) 0 < liminf,_, B, < limsup, B, < 1 and

liminf,_, J, > 0;

(IV) limn—>oo(Yn+l/(1 - ﬁn+l) - Yn/(l - ﬁn)) =0;
(v) 0 < liminf,_, A, < limsup, A, < 2« and
lim, , o IA, — Al =0.

Then the sequence {x,} generated by (5) converges strongly to
X = Prix(s)nanvic,a)Qx and (x,y) is a solution of GSVI (3),
wherey = Po(X — u,B,x).

On the other hand, let C and Q be nonempty closed con-
vex subsets of real Hilbert spaces ', and #’,, respectively.
The split feasibility problem (SFP) is to find a point x* with
the following property:

x"eC, Ax"eqQ, (6)

where A € B(#,, % ,) and B(% ,, % ,) denotes the family of
all bounded linear operators from %, to %,.

In 1994, the SFP was first introduced by Censor and
Elfving [15], in finite-dimensional Hilbert spaces, for mod-
eling inverse problems which arise from phase retrievals
and in medical image reconstruction. A number of image
reconstruction problems can be formulated as the SFP; see,
for example, [16] and the references therein. Recently, it is
found that the SFP can also be applied to study intensity-
modulated radiation therapy; see, for example, [17-19] and
the references therein. In the recent past, a wide variety
of iterative methods have been used in signal processing
and image reconstruction and for solving the SFP; see, for
example, [16-26] and the references therein. A special case
of the SFP is the following convex constrained linear inverse
problem [27] of finding an element x such that

xe€C, Ax=b. (7)

It has been extensively investigated in the literature using the
projected Landweber iterative method [28]. Comparatively,
the SFP has received much less attention so far, due to
the complexity resulting from the set Q. Therefore, whether
various versions of the projected Landweber iterative method
[28] can be extended to solve the SFP remains an interesting
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open topic. For example, it is yet not clear whether the dual
approach to (7) of [29] can be extended to the SFP. The
original algorithm given in [15] involves the computation of
the inverse A™! (assuming the existence of the inverse of A),
and thus has not become popular. A seemingly more popular
algorithm that solves the SFP is the CQ algorithm of Byrne
[16, 21] which is found to be a gradient-projection method
(GPM) in convex minimization. It is also a special case of the
proximal forward-backward splitting method [30]. The CQ
algorithm only involves the computation of the projections
Pcand P, onto the sets C and Q, respectively, and is therefore
implementable in the case where P and Py have closed-form
expressions; for example, C and Q are closed balls or half-
spaces. However, it remains a challenge how to implement the
CQ algorithm in the case where the projections P and/or Py,
fail to have closed-form expressions, though theoretically we
can prove the (weak) convergence of the algorithm.

Very recently, Xu [20] gave a continuation of the study
on the CQ algorithm and its convergence. He applied Mann’s
algorithm to the SFP and purposed an averaged CQ algorithm
which was proved to be weakly convergent to a solution of the
SEP. He also established the strong convergence result, which
shows that the minimum-norm solution can be obtained.

Furthermore, Korpelevi¢ [11] introduced the so-called
extragradient method for finding a solution of a saddle point
problem. He proved that the sequences generated by the
proposed iterative algorithm converge to a solution of the
saddle point problem.

Throughout this paper, assume that the SFP is consistent;
that is, the solution set I' of the SFP is nonempty. Let f :
7, — Rbe a continuous differentiable function. The mini-
mization problem

minf (x) = %”Ax ~ PoAx]’ ®)

is ill posed. Therefore, Xu [20] considered the following
Tikhonov regularization problem:

_ 1 1
min f, (x) = [ Ax - PoAx|’ + Eoc||x||2, 9)

where & > 0 is the regularization parameter. The regularized
minimization (9) has a unique solution which is denoted by
x,. The following results are easy to prove.

Proposition 3 (see [31, Proposition 3.1]). Given x* € |, the
following statements are equivalent:

(i) x* solves the SFP;

(il) x™ solves the fixed point equation
Po(I-2AVf)x" =x", (10)

where A > 0, Vf = A™(I -~ Po)A and A” is the adjoint
of A;

(iii) x* solves the variational inequality problem (VIP) of
finding x* € C such that

(Vf(x"),x-x")>0, VxeC. (11)

It is clear from Proposition 3 that
T = Fix (P (I - AVf)) = VI(C, Vf) (12)

for all A > 0, where Fix(P-(I — AVf)) and VI(C, Vf) denote
the set of fixed points of P(I — AVf) and the solution set of
VIP (11), respectively.

Proposition 4 (see [31]). The following statements hold:
(i) the gradient
Vf,=Vf+al = A" (I-Py) A+al (13)

is (a+ ||A||2)—Lipschitz continuous and «-strongly mon-
otone;

(ii) the mapping Po(I — AVf,) is a contraction with coef-
ficient

\jl —/\(204—/1(||A||2 +oc)2> <S Vi—ad <1- %m\),
(14)

where 0 < A < o/ (A + a)%;

(iii) if the SFP is consistent, then the stronglim,, _, ,x,, exists
and is the minimum-norm solution of the SFP.

Very recently, by combining the regularization method
and extragradient method due to Nadezhkina and Takahashi
[32], Ceng et al. [31] proposed an extragradient algorithm
with regularization and proved that the sequences generated
by the proposed algorithm converge weakly to an element of
Fix(S) NI, where S : C — C is a nonexpansive mapping.

Theorem 5 (see [31, Theorem 3.1]). Let S : C — C bea
nonexpansive mapping such that Fix(S) N T #0. Let {x,} and
{y,} be the sequences in C generated by the following extra-
gradient algorithm:

Xy =x € C chosen arbitrarily,

Yn = PC (xn - Anvfocn (xn)) >

X1 = By + (1= B) SPc (x, = A Vfy (), ¥n20,
(15)

where ZZZO a, < 00, {A,} C [a,b] for some a,b € (0, AR
and {B,} C [c,d] for some c,d € (0,1). Then, both sequences
{x,} and {y,} converge weakly to an element X € Fix(S) N T.

Motivated and inspired by the research going on this area,
we propose and analyze the following Mann-type extragra-
dient iterative algorithms with regularization for finding a
common element of the solution set of the GSVI (3), the
solution set of the SFP (6), and the fixed point set of a strictly
pseudocontractive mapping S : C — C.

Algorithm 6. Let y; € (0,2f3;) fori = 1,2, {a,} < (0,00),

A} € (0.1/1A1%) and {o,}, {7}, {B.}, {yhs 18,} € [0, 1] such
thato, + 7, < land 8, +y,+ 6, = 1 foralln > 0. For



given x,, € C arbitrarily, let {x,}, {y,}, {z,} be the sequences
generated by the Mann-type extragradient iterative scheme
with regularization

Zy = PC (xn - Anvfocn (xn)) >
Y, = 0,%, + T, Pc (xn AV (zn))
+ (1 —0n— Tn) PC [PC (Zn - ﬂszz,,) (16)
— B P (2, — 1:B,2,)]
Xpe1 = ﬁnxn TV t 5,,5)/,,, Vn > 0.

Under appropriate assumptions, it is proven that all the
sequences {x,,}, {y,}, {z,} converge weakly to an element x €
Fix(S) N E N T. Furthermore, (x, y) is a solution of the GSVI
(3), where y = Po(x — 4, B,X).

Algorithm 7. Let y; € (0,26;) fori = 1,2, {«,} C (0,00),
A} € (0, 1/1AIP) and {0}, {B,}, {y} {6,,} € [0,1] such that
B, + v, +6, =1foralln > 0. For given x,, € C arbitrarily, let
{x,}, {u,}, {#1,} be the sequences generated by the Mann-type
extragradient iterative scheme with regularization

u, = Po [Pc (x, =ty Byx,) — i By Pe (x,, — 1, Byx,,)]
an = PC (un - Anvfay, (un)) >
In = 0pXy + (1 - Gn) PC (un - Anvfocn (ﬁn)) >

Vn > 0.

17)

Xp+1 = ﬂn‘xn + Ynyn + (Snsyn’

Also, under mild conditions, it is shown that all the
sequences {x,}, {u,}, {fi,} converge weakly to an element x €
Fix(S) N & N T. Furthermore, (X, ¥) is a solution of the GSVI
(3), where y = Po(X — 4, B,X).

Observe that both [20, Theorem 5.7] and [31, Theorem
3.1] are weak convergence results for solving the SFP and so
are our results as well. But our problem of finding an ele-
ment of Fix(S) NENT is more general than the corresponding
ones in [20, Theorem 5.7] and [31, Theorem 3.1], respectively.
Hence, there is no doubt that our weak convergence results
are very interesting and quite valuable. Because the Mann-
type extragradient iterative schemes (16) and (17) with regu-
larization involve two inverse strongly monotone mappings
B, and B,, a k-strictly pseudocontractive self-mapping S and
several parameter sequences, they are more flexible and more
subtle than the corresponding ones in [20, Theorem 5.7]
and [31, Theorem 3.1], respectively. Furthermore, the hybrid
extragradient iterative scheme (5) is extended to develop the
Mann-type extragradient iterative schemes (16) and (17) with
regularization. In our results, the Mann-type extragradient
iterative schemes (16) and (17) with regularization lack the
requirement of boundedness for the domain in which various
mappings are defined; see, for example, Yao et al. [7, Theorem
3.2]. Therefore, our results represent the modification, sup-
plementation, extension, and improvement of [20, Theorem
5.7], [31, Theorem 3.1], [14, Theorem 3.1], and [7, Theorem
32].
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2. Preliminaries

Let # be areal Hilbert space, whose inner product and norm
are denoted by (-, -) and ||-||, respectively. Let K be a nonempty,
closed, and convex subset of . Now we present some known
definitions and results which will be used in the sequel.

The metric (or nearest point) projection from # onto K
is the mapping Py : # — K which assigns to each point
x € & the unique point Pyx € K satisfying the property

[ = Prex] = inf [lx — 5] = d (%, K). (18)

Some important properties of projections are gathered in
the following proposition.

Proposition 8. For given x € # and z € K:
(z=Px o (x—2,y-2)<0,forall y e K;

(i) z = Pyx © |x - zI* < Ix - yII2 -y - z|, for all
y €K;

(iii) (Pgx — Py, x — ¥) = |Pex — Pyl forall y €
H, which hence implies that Py is nonexpansive and
monotone.

Definition 9. A mapping T : # — I is said to be
(a) nonexpansive if

[Tx - Ty| < |x-y||, Vx,ye; (19)

(b) firmly nonexpansive if 2T' — I is nonexpansive, or
equivalently,

(x =y, Tx-Ty) > ||Tx - Ty||2, Vx,y € ; (20)

alternatively, T is firmly nonexpansive if and only if T
can be expressed as

T:%(I+S), (1)

where S : # — J is nonexpansive; projections are
firmly nonexpansive.

Definition 10. Let T be a nonlinear operator with domain
D(T) € % and range R(T) € 7.

(a) T is said to be monotone if

(x-y,Tx-Ty) >0, Vx,yeD(T). (22)

(b) Given a number 8 > 0, T is said to be -strongly
monotone if

(x=y,Tx-Ty) > B|x - y||2, Vx,y e D(T). (23)

(c) Given a number v > 0, T is said to be v-inverse
strongly monotone (v-ism) if

x—y,Tx -Ty) >v|Tx - Ty|}, V¥x,yeD(T). (24)
y y y y
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It can be easily seen that if S is nonexpansive, then I — S is
monotone. It is also easy to see that a projection Py is 1-ism.

Inverse strongly monotone (also referred to as cocoer-
cive) operators have been applied widely in solving practical
problems in various fields, for instance, in traffic assignment
problems; see, for example, [33, 34].

Definition 11. A mapping T : # — 7 is said to be an aver-
aged mapping if it can be written as the average of the identity
I and a nonexpansive mapping, that is,

T=(1-a)l+aS, (25)

where « € (0,1) and S : # — J is nonexpansive. More
precisely, when the last equality holds, we say that T is «-
averaged. Thus, firmly nonexpansive mappings (in particular,
projections) are 1/2-averaged maps.

Proposition 12 (see [21]). Let T :
mapping.

H — I be a given

(i) T is nonexpansive if and only if the complement I — T
is 1/2-ism.

(ii) If T is v-ism, then for y > 0, yT is v/y-ism.

(iii) T is averaged if and only if the complement I — T is
v-ism for some v > 1/2. Indeed, for « € (0,1), T is
a-averaged if and only if I — T is 1/2«-ism.

Proposition 13 (see [21, 35]). Let S, T,V : Z — F be given
operators.

DT = (1 -a)S+aV for somea € (0,1) and if S is
averaged and V is nonexpansive, then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement
I - T is firmly nonexpansive.

(iii) If T = (1 = @)S + &V for some « € (0,1) and if S is
firmly nonexpansive and V' is nonexpansive, then T is
averaged.

(iv) The composite of finitely many averaged mappings is
averaged. That is, if each of the mappings {T;}Y, is
averaged, then so is the composite T) o Ty o+ - - o T In
particular, if Ty is o, -averaged and T, is «,-averaged,
where o), &, € (0,1), then the composite T, o T, is a-
averaged, where & = o) + &, — o, .

(v) If the mappings {T;}, are averaged and have a
common fixed point, then

N
() Fix (T;) = Fix (T, - -~ Ty) - (26)
i=1

The notation Fix(T') denotes the set of all fixed points of
the mapping T, that is, Fix(T') = {x € Z : Tx = x}.

It is clear that in a real Hilbert space #,S : C — C
is k-strictly pseudocontractive if and only if there holds the
following inequality:

(Sx =Sy, x ~ y)
2 1-k 2
<|x-y| —T"(I—S)x—(I—S)y", (27)

Vx,y € C.

This immediately implies that if S is a k-strictly pseudo-
contractive mapping, then I — Sis (1 — k)/2-inverse strongly
monotone; for further detail, we refer to [9] and the references
therein. It is well known that the class of strict pseudocontrac-
tions strictly includes the class of nonexpansive mappings.

The following elementary result in the real Hilbert spaces
is quite well known.

Lemma 14 (see [36]). Let Z be a real Hilbert space. Then, for
all x,y €  and A € [0, 1],

e + (= Dy = Al + (1= 1) ]
~AA -2 x-

Lemma 15 (see [37, Proposition 2.1]). Let C be a nonempty
closed convex subset of a real Hilbert space # and S : C — C
be a mapping.

(i) If S is a k-strict pseudocontractive mapping, then S
satisfies the Lipschitz condition

1+k
I$x =Syl < = I =1

Vx,yeC.  (29)

(ii) If S is a k-strict pseudocontractive mapping, then the
mapping I — S is semiclosed at 0, that is, if {x,} is a
sequence in C such that x, — X weakly and (I —
S)x,, — 0 strongly, then (I — S)X = 0.

(iii) IfS is k-(quasi-)strict pseudocontraction, then the fixed
point set Fix(S) of S is closed and convex so that the
projection Py, is well defined.

The following lemma plays a key role in proving weak
convergence of the sequences generated by our algorithms.

Lemma 16 (see [38, p. 80]). Let{a,},>, {b,},0g and {5, }2, be
sequences of nonnegative real numbers satisfying the inequality

a,, <(1+6,)a,+b, VYnx=0. (30)
If Y2098, < coand Y2 b, < oo, then lim,,_, a, exists. If,
in addition, {a,},-, has a subsequence which converges to zero,
then lim a, = 0.

n—00"n

Corollary 17 (see [39, p. 303]). Let {a,},>, and {b,} > be two

n=

sequences of nonnegative real numbers satisfying the inequality

a Vn > 0. (31)

n+1 < a, + bn’

If Y72 b, converges, then lim a, exists.

n— 00



Lemma 18 (see [7]). Let C be a nonempty closed convex subset
of a real Hilbert space #. Let S : C — C be a k-strictly
pseudocontractive mapping. Let y and § be two nonnegative
real numbers such that (y + 8)k < y. Then

lyG=»)+8(Sx=Sy)| < (y+8)|x- |, Vx.» E(C-

The following lemma is an immediate consequence of an
inner product.

Lemma19. In a real Hilbert space #, there holds the inequal-
ity

lc+ P <IxlP+2(px+y), Vxye.  (33)

Let K be anonempty closed convex subset of a real Hilbert
space # and let F : K — J be a monotone mapping. The
variational inequality problem (VIP) is to find x € K such
that

(Fx,y-x) >0, VyeK. (34)

The solution set of the VIP is denoted by VI(K, F). It is

well known that

x € VI(K,F) & x = P¢c(x —AFx), VA>0. (35)

A set-valued mapping T : # — 27 is called monotone
ifforallx,y € #, f € Txand g € Ty imply that (x — y, f —
g) > 0. A monotone set-valued mapping T : # — 27 is
called maximal if its graph Gph(T) is not properly contained
in the graph of any other monotone set-valued mapping. It is
known that a monotone set-valued mapping T' : # — 27 s
maximal if and only if for (x, f) e X X H,(x—y, f—g) =0
for every (y, g) € Gph(T) implies that f € Tx.Let F: K —
Z be a monotone and Lipschitz continuous mapping and let
Nyv be the normal cone to K at v € K, that is,

Nyv={weZ : (v-u,w) >0, Yu € K}. (36)
Define

To = Fu + Nguv, %fv €K, (37)
0, ifv¢K.

It is known that in this case the mapping T is maximal
monotone, and 0 € Tvif and only if v € VI(K, F); for further
details, we refer to [40] and the references therein.

3. Main Results

In this section, we first prove the weak convergence of the
sequences generated by the Mann-type extragradient iterative
algorithm (16) with regularization.

Theorem 20. Let C be a nonempty closed convex subset of a
real Hilbert space . Let A € B(# |, ,) and B; : C — X,
be B;-inverse strongly monotone fori = 1,2. Let S : C — C
be a k-strictly pseudocontractive mapping such that Fix(S) N
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ENT #0. For given x, € C arbitrarily, let {x,},{y,}, {z,,} be the
sequences generated by the Mann-type extragradient iterative
algorithm (16) with regularization, where p; € (0,2p;) fori =

1’2’ {(xﬂ} c (0’ OO)’ {/\n} C (O’ I/HAHZ) and {O'n}, {Tn}’ {ﬁn};
{yu} {6,} € [0, 1] such that

(i) Yoo @ < 005
(ii) B, + ¥, + 90, = land (y, +6,)k <y, foralln > 0;
(iii) 0, + 7, < 1 foralln > 0;

(iv) 0 < liminf, _, 1, < limsup,_, (0, +7T,) < 1;

(v) 0 < liminf, , B, < limsup,_ B, < 1 and
lim inf, 8, > 0;

A, <limsup, A, < 1/IAl*

n— 00

(vi) 0 < liminf, |

Then all the sequences {x,}, {y,}, {z,} converge weakly to an
element x € Fix(S) NENT. Furthermore, (x,y) is a solution of
GSVI (3), where y = Po(X — p, B,X).

Proof. First, taking into account 0 < liminf, A, <
limsup, , A, < 1/||A|l%, without loss of generality we may
assume that {1,;} ¢ [a, b] for some a,b € (0, 1/11A1%).

Now, let us show that Po(I — AV, ) is {-averaged for each
A € (0,2/(cx + | AlI%)), where

2+ (a+ A1)

1 €(0,1). (38)

Indeed, it is easy to see that Vf = A"(I - Py)Ais 1/|IA)?-
ism, that is,
1

AT IVf ) =VFODI" (39)

(Vf () =Vf(y),x-y) =

Observe that
(o + 1AI) (VS () = Vfo (), 2 = )
= (o + 1A1) [alx — o
+(Vf () =Vf (), x-y) ]
= o = | + o (VF () = VF (3),x - 7)
ol AP -y
+ IAI* (Vf (x) = Vf (), x = y)
> ol — y|* + 20 (VF (x) - VF (3),x - )
+VF 0 - vF )
=Ja(x =)+ Vf ) - Vf I
= IVfu () = V. DI
Hence, it follows that Vf, = aI + A™(I — Pg)A is

1/(ex + || A|*)-ism. Thus, AVf, is 1/Ma + I AJ?)-ism according
to Proposition 12(ii). By Proposition 12(iii), the complement

(40)
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I - AVf, is Ma + ||A||2)/2—averaged. Therefore, noting that
P is 1/2-averaged and utilizing Proposition 13(iv), we know
that for each A € (0,2/(a + | Al%)), P-(I-AVf,) is {-averaged
with

- AMa+AP) 1 A(a+]AP)
27 2 T2 2
i (41)
_ 2+/\(oc4+ IAI%) co.

This shows that P-(I — AVf,) is nonexpansive. Furthermore,
for {A,} C [a,b] witha,b € (0, 1/|lAll%), we have

1 1
a <infA_ <supA, <b< = lim ———. (42
n20 " nzg ! IAI> 7=, + AP (42)

Without loss of generality, we may assume that

a<infd, <supd, <b<
n=0

—, Vnx0. 43
120 «, + || Al (43)

Consequently, it follows that for each integer n > 0, Po(I —
A Vfy ) is {,-averaged with

1 Aa(a +1AP) 1 A, (e, + 1A1P)
2T 2 T 2
2+ A, (a, + A7)

= 1 €(0,1).

Cn =
(44)

This immediately implies that Po(I — A, Vf, ) is nonex-
pansive for all n > 0.

Next we divide the remainder of the proof into several
steps.
Step 1. {x,,} is bounded.

Indeed, take p € Fix(S) N E N I arbitrarily. Then Sp = p,
Po(I - AVf)p = pfor A € (0,2/[|Al*), and

p=Pc[Pc(p—B,p) =B P (p - 1oB,p)] . (45)
From (16), it follows that
|z - 2l
= |Pe (1= 1,fs, ) %, = Pe (1= 2,V1) p
< [P (1= AV ) %0 = Po (- LV, ) £
+[[Pe (1= 2,91, ) p = Pe (1-2,VF) p
< [, = pl + (1= 4,9, ) p - (1= 1,9F) p|

< e = ol + Anesa [ 21|

7
Utilizing Lemma 19, we also have
Iz, - I
= |Pe (1= A ¥F, ) 0~ P (T-0,90) ||
= |Pe (1= AuVfa, ) % = Pe (1= AaVfe, ) P
+Pe(T-AVf ) p=Pe(1-1,90) o
<[P (1-1,9F, ) % - P (T- 2,95, ) o
+2(Pc(1-A,Vf, ) p
- P (I-\Yf) prz, - p) 47)
< %, - ol
+2|Pe (1= 2,91, ) p = Po (I = 1,Vf) p
x|z, pl
< |x, - oI’
+2|(1-1,9f,) p = (1= 2,51 p| Iz, - ol
= |x, - oI + 22,0, 2l 12, - -
For simplicity, we write g = P(p — 4,B,p), Z, = Po(z, —
HB,2,),
u, = P [Pc (2, = 2By2,) — 1 Bi Pe (2, — tBoz,,)] 5 )

ﬁn = PC (xn - /\nvf(xn (Zn))

foreachn > 0. Then y, = 0,x, +7,u,+(1-0,-1,)u, for each
n > 0.Since B; : C — &, is f3;-inverse strongly monotone
and 0 < y; < 23; for i = 1,2, we know that for alln > 0,

lu, - pII
= "Pc [Pc (2, = p2B,2,)
- B P (2, — 1,B2,)] - pl°

= ||Pc [Pc (2, — #2B2,) — 1 B Pe (2, ~ 14,B,2,)]

= Po[Pc(p— t:Byp) — B P (p - Mszp)]llz
< |[Pc (20 = t2B22,) = 1By P (2, = $12B,2,)]

~ [Po(p ~ 1B,p) — 1B, Pe (p — o Bop)] |
= |[Pc (2, — 12B12,) ~ P (p — 1B, p)]

— 1 [B,Pc (2, — #,B,2,) = By Pc(p - P‘szp)]”Z
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< |Pc (2, - 42B,2,) = P (p — t:B,0)|° Further, by Proposition 8(i), we have
= 2By = ) | B, Pc (2, — 12B,2,)
2
—ByPc(p - t,B,p)

< "(zn - B,z,) — (p - HzBZP)NZ

< -A Vf(x n —Z>
= <x -A szx (x —Z,, U, _Zn>
Anva Xn —A,,Va " ,ﬁn_ ”
—u (2B, - ) |B.Z, - Byq + MV, (%) = A VS (20) 8 = 2) .
< (A, Vf, (x —Anva z,), 1,
= (20 - P) - s (B2, - Bop)[f (LS () = A, (2) Ty 2,

2 <A, ||V, (x,) - Vfa (z)|| 7 = 2
iy (2B, — ) |BiZ, — Byl || l)

< Ay (@ +1AP) = 2, 7, - 2,
< |z, - P"2 — (2B, = 1) | B2z, — BzP“z B v

—th (2B, — ) |BiZ, - qu"2 < |z, - P||2- So, from (46), we obtain
(49)
_ 2 2 2 — 2
Furthermore, by Proposition 8(ii), we have [, = Pl < 0 = 2" = s = 2all” = 20 - %
”ﬁn - p"2 +2 <xn - /\nvfan (zn) - eran - Zn>
< "xn - Anvftx,, (Zn) - p"z - “xn - Anvfoc,1 (Zn) - ﬁn”z ! 2/1"“” <P’P - Zn>

<Jxu= oI = I =2l = 2w -l

+ 24, (o + 1A1°) [0, = 2] [, - 2]

= lxu = 2l = Ixu = wll” + 21, (o, (20) P~ )
=l = l* = 1w - 2l
+ 20, ((Vfs, (20) = Vo, (P) . P = 2)
+ (Ve (P)> P~ 24)
+ (Y, (24) 52, = 1))
< = 2l = I - 5’
+ 20, ((Vfa, (P), P = 20) + (Vfoy, (2) 20— T0))

= ”xn - P||2 - "xn - an"2

+2A,0, ol 2, - Pl
< Jx, = pl* = %0 - 2l = 12 - %
4 22ty + 1AL |, - 2
+ 2 = Ball” + 22,0, o] 2 -
= %, - pl* + 22,0, 2l 12, -
+ (R + 1A = 1) ey - 2

4 20, [ (eI + VF) o p-2,) + (Vo (2)>20-,) | < Jxu = 2I” + 20,05 il 12 - £
< s - 2 - %, 7 < [l = 2l + 20,0, 2] [ = 2l + At 2]
20, (o, (o p = 20) + (VFa (20) 20— T, < %, = pI* + 40,0, [l 1, = ol + 42505 o]
S L P = (e = pll + 2200 I’ o)
R e
F20, [“n (pp—2)+ <Vfan (z,).2, - ﬁn>] Hence, it follows from (46), (49), and (52) that
= llx = ol = % = 2l = 12 - 1y, - 2l
+2 <xn = A Vfo (24) = 2 Uy — zn> = |low (x, = p) + 7, (@, — p) + (1 = 0, = 7)) (u, — )|
+20,0, (P, P~ 2,) - <o, |x, = pll + 7[5, - pll + (1 - 0, = 7,) |, - p|

(50) <0, Hxn —P" T Th "ﬁn —P" + (1 ~On _T”) ”Z" _p”
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<0, ”xn - P" T Ty ("xn - P“ + ZAno‘n “P") < ﬁn"xn - pl’z + (Yn + an)
+ (1 —0,— Tn) ("xn - P“ + /\nan "p”) X [an"xn - P”Z + Tn”ﬁn - p”2
=[x, = pll + [27, + (1 = 0, = 7,)] Aty | P + (1= 0, - 1) Jun - o]

< |, = pfl + 2,0, [ o]
(53) < ﬁn"xn - pl’z + (Yn + 671)

X {Gn"xn - P”2

Since (y, + 8,)k < y, for all n > 0, utilizing Lemma 18, we t1, ["xn 3 P”2 20,0, o] 2 - £l

obtain from (53)
+ (X2 + 1AP) = 1) [, - 2]

%01 = £ +(1-0,-1,)
=B, (x5 = P) + ¥ (7 = P) + 8, (Sy, — P)| x [l = pI* = 12 2B2 — 1) | B,z — Byl
< Bl =l + 1y (3 = £) + 8, (7, - P — (2B - ) |B.Z, - Big|’]}
< Balxu = 2l + (v + 8) [y - P (54) < Bolxn— o + (3 +6,)
< Bulxn = pll + (v + 8,) <o, - ol

[ = el 22, L] 5, o - 21 + 20,05, Lol e - o

# (B + 14P) 1) I, -]

Since Y2 «, < 00, it is clear that Y - 2bllpll,, < co. Thus, +(1-0,-7)
by Corollary 17, we conclude that % [” X, - p||2 + 20,0, o]z - Pl

— (2B, - ) | B2, - BzP”2

— (2B, — ) HBlzn - B1‘1||2]}

< % = pll + 26| o

lim ||x - p" exists for each p € Fix(S)NENT, (55)

n— 00

and the sequence {x,,} is bounded. Taking into account that = "xn - P”z + (Yn + 871)
Pc, Vf, » B, and B, are Lipschitz continuous, we can easily
see that {z, } {u,}, {u L {y,}, and {Z,} are bounded, where X { (1-0,)2),a, "P“ “Zn - P”

z, = Po(z, — u,B,z,) for alln > 0. 5
+71, (/\fl(ocn + ||A||2) - 1) (B zn||2

Step 2. Consider lim,, _, .. IB,z, — B,pll = 0, lim,, _, ,I1B,Z,, —
Bgll = 0andlim,,_, llx,—z,|l = 0, where g = P-(p—u, B, p). -(1-0,-1,)
Indeed, utilizing Lemma 18 and the convexity of || - 12, we
obtain from (16) and (47)—(52) that x [uy (2B, - ) | Boz, — Bl
, +uy (2B, — ) "Blzn - B1‘1“2”
[
! <k, - £l + 20,3, Ipl I, -
n \Xn + n\Jn +8n S n ?
"/3 Y (y ) ( Y, p)" _ (Vn + (Sn) {Tn (1 _ /\i(“n + ||A||2)2) "xn _ ZnHz
Sﬂnllxn_P|l2+(Yn+8n) +(1—O’ —T)
2
X v, + 5 [Yn (yn - P) + 8n (Syn - P)] X [HZ (Zﬁz - I"Z) "BZZn - BZP||2

+py (2B — ) |BiZ, - 31‘1"2] } .

s ﬂn"xn_pnz + (yn+8n) “yn_p”Z (56)
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Therefore,

(o +0) {2 (1= A2 (e 4 1AP)) [, - 2P
+(1-0,-1,)
x (1 (2B, - 1) | B2, - B, (57)
+ iy (261 - ) B2, - Bl }

< “xn - P"2 - "xn+1 - pllz + 2/\n‘xn "P” ”Zn - P“ :

Sincewr, — 0,lim,, _, . llxx,,— pll exists, lim inf,
0,{A,} ¢ [a,b] and 0 < liminf, | 7T,
T,) < 1, it follows that

HHOO(Vﬂ{—(SVl) >
< limsup,, _, (0, +

Jimx, -z, =
Jim_|B,Z, - B,g| =0, (58)

Jim [[Byz, - B,p| =0

Step 3. Consider lim, _, ISy, -
Indeed, observe that

Yull = 0.

[, - 2
= P (%0 = 2., (24)) = Pe (%0 = A, ()]
< (0 = AV, (2)) = (30 = A,VFe, (5))]
= Ao |Vfo, (2) = Vo, ()]
< Ay (o, + 1AIP) 2, = x,] -

(59)

This together with [z, — x,| —
lim, _, ll4, — z,l = 0 and hence llmn_moll u,
firm nonexpansiveness of P, we have

0 implies that
- x,| = 0. By

Iz, - al’
= "PC (2, — 1,B,2,) = Pc (p - Hszp)Hz
<{(z, - B:2,) = (P~ aB,p) . Z, — q)
Bop) + |z, - dl’

- -9)I’]

1
=5 ["Zn -p—th (Byz, -

- ”(Zn - p)—t (Byz, — Byp) -

Abstract and Applied Analysis

1
<3 [leu- oI + 12,4

- “(Zn ~Z,) — (B2, - Byp) — (p - CI)”Z]
e [ R A ENE N
- 2n - (p_q)’BZZn _B2p>

- BzP”Z]

+ 2[’42 <Zn

_Abé”BZZn

%Hk—ﬂlﬂk—d

~ |z -2, - (p-a)I’
+21“2 "Zn - 2n - (P - q)" "BZZn - BZP" ] ’
(60)
that is,
Iz, - al’
<= plI* - lza 2.~ (P - @I’ (e1)
+ 2‘42 ||zn - zn - (P - q)“ ”BZZH - BZPH .

Moreover, using the argument technique similar to the
previous one, we derive

Ju, - p|
= ||Pc (Z, - wBiZ,) - Pc (4 - i B,q)|°
<((z,-wBZ,) - (- mBiq) . u, — p)

B,q)|" + Ju ~ pI’
(un - p)llz]

=21 -a-m (B2, -
-~z - a) - (B,Z, - B,q) -

<2 Iz - al + o, - oI
-1,

_un)_Ml (Blzn_qu)+(P_q)|l2] (62)

(12 all* + -~ 21

NI'—'

- ||2n —u, + (p - q)“2

+ 2"”1 <Zn —u, + (p - q) ’Blzn - qu>
- ¢;|B.Z, - Biq|’]
1
< > [z =al’ + lu, ~ oI ~ |2, ~ .+ (P~ @)

+ 24, ”En —u, +(p- Q)“ “Blzn - qu“] >
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that is,

Jut, ~ oI

<[z —al* =20~ uu + (p - ) (63)

+ 2:“1 "zn — U, + (P - q)” ”Blzn - qu" :

Utilizing (47), (52), (61), and (63), we have

Iy, - oI’
=, (x, = p) + 7, (&, ~ p)
+(1-0,-1,) (u,-p)’
<0, %, pl + 7ol - ol
+(1-0,-1,) |u, - p|*
<0, |x, - p|’
7, (I, = I + 20, o 2, - )

+(1_Un_Tn)

<| 2, =al” - |2, .+ (p- @)

+ 261 |2, — w, + (p - @) |BiZ, — Big] |
< 0% = oI + 7 (s = pI* + 2400 2] 12 - 2)
+(l-0,-1,)
x{lzu - I =z -2~ (-9
+ 2t |12, = Z, = (p — 9)|| | Bz, — B
|2, - u,+ (p -9’
+2p |2, — u, + (p - )| |B.Z, - Biq |
< o, = plI” + 7 (I, — 2I” + 220, 2l 20 - )
+(1-0,-1,)
{1, = plI* + 22,0, ol |2 - £
2 =2~ (- I + 22 |2, -2, ~ (P - 9)|
x B,z = Byl = |12, = v + (P = DI
+ 21 |20~ un + (p— @) |BiZ, - Bial }
<l = I + 20,05 2l 12, -
+ 2t |2, 2, — (p ~ Q|| |B22, — Bop|

11
+2p Hzn U, t (P - q)" "Blzn - qu”
- (1 -0, — Tn) ("Zn - 2‘n - (p - q)"2
+ ”zn —U, t (p - Q)||2) :
(64)

Thus, utilizing Lemma 14, from (16) and (64) it follows that
%1 - 2l
= "ﬂn (xn - p) *+ Vu (yn - p) + 871 (Syn - p)"2
Bl =p)+(1-B)

2

x [yn (yn - p)+8n (Syn_p)]

= ﬂn"xn - p”2 + (1 - Bn)
y 2

[Vn (yn - p) + (Sn (Syn - p)]

1
l_ﬁn
_ﬂn(l_ﬁn)

2
X

1_—1ﬁn [))n ('xn - yn) + (Sn (xn - Syn)]

< ﬁn"xn - p”2 + (1 - ﬁn) "yn - p"2 - ﬁn (1 - ﬂn)

A ACRPARDACREA)
< Bullxn = oI + (1= B,)
*{llx, = oI + 20,0, ol Iz, - ol
+ 20 [, - 2, (p - )] 1Baz, - Bapl
+ 20 [, -, + (p - 9)] |B.Z, - Bual
-(1-0,-%) (o~ 2.~ (-
+ 1z -+ (-l )}
-, (1-5,)

2

| O =) 8, (5= )]
< I~ oI + 20, ol e =l

* 20 len =2, (0= Dl B2z, - Bl
+2p [Fu= + (p~ ) 1B.7, - Bl
~(1-8) (10, -5) (-7~ (=)

+ ”zn —u,+ (P - q)“z)
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_ﬁn(l _ﬁn)

2

>

< e 0,592
(65)
which hence implies that
(1-)(1-0,-7)
<(lza=2= (= + 2=+ (0= 0)F)

2

+ﬁn(l_ﬁn)

1_;/3% [Yn (xn - yn) + 6n (xn - Syn)]

< lu = 2l = Ines = 21 + 2205, 2l 12 - 2
+ 2#2 "Zn - zn - (p - q)“ “BZZn - BZP“

+ 2[41 "2n —u, + (P - q)" "Blzn - qu" .
(66)
Since 0 < liminf, B, < limsup, B, < 1,
limsup,_, (0, +7,) < 1,{A,} C [a,b],«, — O, |B,z, -
B,pll — 0,|B,Z, — Bigll = 0andlim,_, llx, — pll exists,
it follows from the boundedness of {u,}, {z,} and {Z,} that
lim,_,  lz,-Z, - (p-ql =0,

nli_,néo ”En U, (p - q)“ =0,

(67)
im [ly, (x, = ) + 8, (x, = Sy,)| = 0.
Consequently, it immediately follows that
Jim |z, —u, =0, lim fu, -, =0 (68)
Also, note that
Iy = %l
69)
<0, %, =t + (1= 0, = 7,) Ju, - 3, — 0.
This together with |x,, — u,|| — 0 implies that
dim [, =y =o0. (70)
Since
16, (S, = )
= v (e = 3) + 8, (35 = $9) + 12 (= )| (7D)
< [y (o = 3) + 0, (30 = Sy + v 60 = 2l
we have

lim [Sy, - y,| =0.  (72)

nll»néo "Sy” B x”“ =0, n—00

Step 4. {x,},1{y,}, and {z,} converge weakly to an element x €
Fix(S)NnENT.

Abstract and Applied Analysis

Indeed, since {x,,} is bounded, there exists a subsequence
{x,,} of {x,} that converges weakly to some x € C. We obtain
thatx € Fix(S)NENT. Taking into account that [ x,,— y,[ — 0
and [x, -z, - Oasn — oo, we deduce that y, — x
weakly and z, — X weakly. First, it is clear from Lemma 15
and ISy, — v, — 0 that x € Fix(S). Now let us show that
X € E. Note that

"Zn -G (zn)"
= ”Zn - PC [PC (zn - MZBZZn) - ."llBlPC (Zn - MZBZZH)]"

= ”Zn - un" — 0,
(73)

asn — oo where G: C — Cis defined as that in Lemma 1.
According to Lemma 15, we get X € E. Further, let us show
that x € I'. As a matter of fact, define

To {Vf (v) + Nev, %f veC, (74)
0, ifvecC,

where Nov = {w € #, : (v—u,w) > 0,Yu € C}. Then, T is
maximal monotone and 0 € T if and only if v € VI(C, Vf);
see [40] for more details. Let (v, w) € Gph(T). Then, we have

w e Tv = Vf (v) + Nev, (75)
and hence
w - Vf (v) € Nev. (76)
So, we have
(v-u,w-Vf(v)) >0, VuceC. (77)
On the other hand, from
z, = Pc(x, - M, Vf, (x,)), veC, (78)
we have
<xn AV (%) = 2,2, — v> >0, (79)
and hence,
(v-z, % +Vf, (x,)) 2 0. (80)
n
Therefore, from
w — Vf (v) € Nev, z, €C, (81)
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we have
(v-2,w)

> (v-z,,Vf (v))

> (v-z,,9f (v))

Z, — X,
- <v -z, ,,/\—x,, + Vfani (xni)>

n,

i

= <v - z,,Vf (v)>

(82)
- (X“i <U - Z"i’ x”i>

= (v-2,,f ©) - Vf (2,))
+ <U - Zni’vf (z”i) - Vf (x”f)>

Z"i - xni
- U_Z“i’ A _(X”i <U_Z”i’x“i>

n;

2 <U - Z”i’vf (zni) - Vf ('x”i)>
B <U = Znp zni/\_ = > % <v - Zni’x”i> :

n;

Hence, we get

(v-%xw) >0, asi— oo. (83)
Since T is maximal monotone, we have X € T~'0, and hence,
x € VI(C,Vf). Thus, it is clear that X € I'. Therefore, X €
Fix(S)NnENT.

Let {xnj} be another subsequence of {x,} such that {xnj}
converges weakly to X € C. Then, X € Fix(S) N E NT. Let us
show that X = X. Assume that x # X. From the Opial condition
[41], we have

dim [, =]

= liminf “xni - E” < liminf ”xni - 3?”

~ (84)
%, - %|

= liminf ||x, - X|| = lim inf
n—00 ] 00

< hjrr_l)lor;f l'xnj - xl' = nleréo |, = %] -
This leads to a contradiction. Consequently, we have X = X.
This implies that {x,} converges weakly to x € Fix(S)NnENT.
Further, from ||x,, — y,l — Oand ||x, — z,| — 0, it follows
that both {y,} and {z,} converge weakly to X. This completes
the proof. O

Corollary 21. Let C be a nonempty closed convex subset of a
real Hilbert space . Let A € B(#|,7,) and B; : C —

13

| be B;-inverse strongly monotone for i = 1,2. Let S :
C — C be a k-strictly pseudocontractive mapping such that
Fix(S)NENT # 0. For given x,, € C arbitrarily, let the sequences
{x,}, (v}, {z,,} be generated iteratively by

2y = PC (xn - /\nvf(xn (xn)) >

In = TnPC (xn - /\nvf(xn (zn))
+(1-1,) Pc [Pc (2, — 12 B22,) (85)

-, B, P (2, — 1,B,2,)] »

Xn+1 = ann + Y t 5n5yn, Vn=>0,

where y; € (0,2f3;) fori = 1, 2, {a,} C (0,00), {A,} € (0,1/
IAI%) and {z,}, {B,}, (¥} {8,} € [0,1] such that

(i) Zﬁi’o o, < 00;

(ii) B, + v, + 6, = Land (y, + 8,)k <y, for alln > 0;
(iii) 0 < liminf, _, 7, <limsup,_, 7, < 1;
(iv)0 < liminf, B, < limsup, B, < 1 and

lim inf S5, > 0;

n—-oo-n

(v) 0 < lim inf A, <limsup,_, A, < 1/ A%

n—oo’'n —

Then all the sequences {x,}, {y,}, {z,} converge weakly to an
element x € Fix(S) NENT. Furthermore, (x,y) is a solution of
the GSVI (3), where y = Po(x — p, B,X).

Proof. In Theorem 20, put o, = 0 for all # > 0. Then, in this
case, Theorem 20 reduces to Corollary 21. O

Next, utilizing Corollary 21, we give the following result.

Corollary 22. Let C be a nonempty closed convex subset of
a real Hilbert space ;. Let A € B(¥#,%,) andS : C —
C be a nonexpansive mapping such that Fix(S) N T'#0. For
given x, € C arbitrarily, let the sequences {x,}, {y,}, {z,} be
generated iteratively by

Zy = PC (Xn - Anvfocn (xn)) >
Yn = (1 - Tn) Z, + TnPC (xn - )‘nvfan (Zn)) > (86)

Xn+1 = ﬁnxn + (1 - ﬁn) Syn, Vn >0,

where {o,}  (0,00), {A,,} € (0, 1/IA)?) and {r,.},1B,} c [0,1]
such that

(1) Yoo &, < 005

(ii) 0 < liminf, , 7, <limsup,_, 7, <1

(iil) 0 < liminf, , B, <limsup,_, B, < L;

(iv) 0 < liminf, , A, <limsup,_, A, < 1/|IA|>.

Then all the sequences {x,}, {y,}, {z,} converge weakly to an
element x € Fix(S) N T.



14

Proof. In Corollary 21, put B; = B, = 0 and y, = 0. Then,
E=C,B,+6,=1foralln > 0, and the iterative scheme (85)
is equivalent to

Zy = PC ('xn - Anvfocn (xn)) >

Yn = TnPC (xn - /\nvfoc,, (Zn)) + (1 - Tn) Zn> (87)

Xp1 = Pux, +96,Sy,, VYn=>0.

This is equivalent to (86). Since S is a nonexpansive mapping,
S must be a k-strictly pseudocontractive mapping with k = 0.
In this case, it is easy to see that all the conditions (i)-(v) in
Corollary 21 are satisfied. Therefore, in terms of Corollary 21,
we obtain the desired result. O

Now, we are in a position to prove the weak convergence
of the sequences generated by the Mann-type extragradient
iterative algorithm (17) with regularization.

Theorem 23. Let C be a nonempty closed convex subset of
a real Hilbert space . Let A € B(I,,#,) and B,

C — ', be Bi-inverse strongly monotone for i = 1,2.
Let S : C — C be a k-strictly pseudocontractive mapping
such that Fix(S) N E N IT'#0. For given x, € C arbitrarily,
let {x,}, {u,}, {5i,} be the sequences generated by the Mann-
type extragradient iterative algorithm (17) with regularization,
where y; € (0,2f;) fori = 1,2, {,} < (0,00), {A,} ¢
(0, 1/|All%) and {0,118} 1y} {6,,} € 10, 1] such that

(i) Yo &, < 005
(ii) B, + V. + 6, = Land (y, + 8,)k <y, foralln > 0;
(i) lim sup,, _, .,0,, < 1;
(iv) 0 < liminf,_ B, < limsup, B, < 1 and
liminf, | &, > 0;
(v) 0 < liminf,_, A, <limsup, A, < 1/|A]*

n— 00

Then the sequences {x,}, {u,}, {1} converge weakly to an
element x € Fix(S) NENT. Furthermore, (X, y) is a solution of
the GSVI (3), where y = Po(X — p, B,%).

Proof. First, taking into account 0 < liminf, , A, <
limsup, , A, < 1/[A]? without loss of generality, we may
assume that {1, } ¢ [a,b] for some a,b € (0, 1/IIA]%). Repeat-
ing the same argument as that in the proof of Theorem 20,
we can show that Po(I — AVf,) is (-averaged for each
A o€ (0,1/(a + [|AI?)), where { = (2 + AMa + [|A*))/4.
Further, repeating the same argument as that in the proof of
Theorem 20, we can also show that for each integer n > 0,
Po(I-A,Vf, )is(,-averaged with {, = (2+A,, (e, +| A[I*))/4 €
(0,1).

Next we divide the remainder of the proof into several
steps.

Step 1. {x,} is bounded.
Indeed, take p € Fix(S) N E N I arbitrarily. Then Sp = p,
Po(I - AVf)p = pfor A € (0,2/[|Al*), and

p=Pc[Pc(p—tB,p) — B Pc(p—1,Byp)].  (88)
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For simplicity, we write
q="Fc(p-mB,p),
';C(n = PC (xn - .MZBan) > (89)

ﬁn = PC (un - Anvfoc,, (ﬁn)) >

for each n > 0. Then y, = 0,x, + (1 — 0,)u, for eachn > 0.
Utilizing the arguments similar to those of (46) and (47) in
the proof of Theorem 20, from (17) we can obtain

||ﬁn - P” < "un - p“ + /\n“n "pl > (90)

[, = oI < luw =PI + 22000 |l | = P OD

Since B; : C — %, is fB;-inverse strongly monotone and
0 < y; < 2f; fori = 1,2, utilizing the argument similar to
that of (49) in the proof of Theorem 20, we can obtain that
foralln >0,

- ol
< |x, - P"2 — ty (2, — 1) | Brx, — BzP"2 (92)

- (2B, — ) ||Bi%, - qu"2 < %, - P”2'

Utilizing the argument similar to that of (52) in the proof of
Theorem 20, from (90) we can obtain

I, - I

< [ty = pI* + 20,05, [ ] |5, ~

) 2 ) 93)

+ (An(an + A1) - 1) |, - |

< (Ju, = pll + 22,00, )’
Hence, it follows from (92) and (93) that
1y, - 2l
= ||Gn (xn - P) + (1 - Un) (an - P)“
<0, ”xn —P" + (1 - O'n) "ﬁn —P"

(94)

SO-n“'xn_p"+(1_O'n)
x (lx. - ol + 22,0, | p]))
< [x, - pll + 24,0, | p] -

Since (y,+08,)k <y, foralln > 0, by Lemma 18 we can readily
see from (94) that

B
= /jn "xn - P“ + (Yn + 511) "yn - p” (95)
< [lx, = ol + 26 [ pf o

Since Y72 o, < 00, it is clear that Y . 2b|pllet, < co. Thus,
by Corollary 17 we conclude that

nango ||xn - p“ exists for each p € Fix(S)NENT, (96)
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and the sequence {x,} is bounded. Since P, Vf,, , B, and B,
are Lipschitz continuous, it is easy to see that {u,}, {#,,}, {1},
{y,} and {x,} are bounded, where X,, = P-(x,, — 4,B,x,,) for
alln > 0.

Step 2. Consider lim,,_, IIB,x, — B,pl = 0,lim, _, . IB; X, —
B,gll = 0andlim, _, [lu,—1,| = 0, where q = Po(p—u, B, p).

Indeed, utilizing Lemma 18 and the convexity of || - 12, we
obtain from (17), (92), and (93) that

%1 - Pl
< Bl = oI + (0 + 8,) Iy - 2l
< Bllxn =2l + (v +6,)
x [oullx, = oI + (1 = 0,) [, - o]
< Ballxa = plI* + (v, + 6,
x{o,|x, = pl* + (1 - ,)
x [, = oI + 22,0, |l 1, - o]
+ (A2 + 1AP) = 1) s, - .}
< Bullxw = 2l + (v +8,)
x{o,lx, - pl + (1-0,)
X ["xn - PHZ — (2B, = 1) | Brx, — BzP“2
~t (2B,-m) |B,%,~ Byl +2A,a, [ | 7,
+ (A2, + 1AP) = 1), ]
< % = ol + 2250, Il [, = pll = (v +8,) (1= 03,)
x{u (28, - o) |B,x, - Bopl’
+ (2B, - ) |Bi%, - Bl

(1= 22 (e, + DAY ), - 7,
(97)

Therefore,

(3 + 8,) (1= 0,) {11228, = ) | By, - Boplf
+ iy (2B, — ) B %, ~ qu”Z
(1= 220, + 1AP)") Ju, - 7}

< = oI = Ies = I + 20,08, ] 7~ -
(98)
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Since ¢, — 0, limsup,_, o, < 1,lim, _, [x, — pl exists,
liminf, |, (y, +96,) > 0and {A,} C [a,b] for some a,b €
(0, 1/||Al1%), it follows from the boundedness of {zi,,} that

nleréo "un - ﬁn" =0,

lim ||B,X, - B,q| =0, (99)

n— o0

Jim [[Byx,, - Byp| = 0.

Step 3. Consider lim,,_, ISy, — ¥, = 0.
Indeed, utilizing the Lipschitz continuity of Vf,, , we have

”ﬁn - ﬁn“
= "PC (un - Anvfan (ﬁn)) - PC (un - )‘nvfocn (un))"

< Ay (o, + A7) |, — 1] -
(100)

This together with [|#,, — u, | — 0 implies that lim,, _, . [l%, —
i, = 0 and hence lim,,_, %, — u,| = 0. Utilizing the
arguments similar to those of (61) and (63) in the proof of
Theorem 20, we get

1%, - al* < I, = oI = s = %, - (p - 9’

+ 2”2 "xn - 5Cvn - (P - q)” ”Ban - BZP“ > (1

2 2 2 01)
"un - P" = "fn - q" - ”)zn —u,+ (p - q)"
+ 2[41 "fn — U, + (P - q)” ”Bl"zn - qu” .
Utilizing (91) and (101), we have
— 2
. - pll
=@, - p + @, - @,
< ”ﬁn - p"2 +2 <ﬁn - ﬁn’ﬁn - P>
_ 2 — _ —
< ”un - P" +2 "un - un" "un - p"
2 _
< u, = pI” + 21,0, 2] 7, - £
+2 "ﬁn - ﬁn” ”an - P"
. |l5€n - ‘1“2 - “"?n —U, + (P - q)”Z (102)

+ 2y %, — up + (p =~ q)|| |Bi%, ~ Byd

+ 20, | ol |, - pll + 2 [, - @] 2, - pl
<Jxu=pl" = % - %~ (p- )’

+ 24 ||x, = %, = (p — @)|| |Box, — B,p|

~ %~ u,+ (p-q)I’

+ 2 | %, — w, + (p = q)]| |B, %, - By

+ 24,0, |pl i, = pl + 2w, - @, i, - -
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Thus, utilizing Lemma 14, from (17) and (102), it follows that

e = 2l

< Bullxa = 217+ (1= B Iy = 2 = Bu (1= B,)

o AR |

< ﬁn"xn - P“ + (1 - ﬁn)

X [an||xn - P"2 + (1 - Un) ”ﬁn - p"2]

- /3n (1 - ﬂn) ﬁ [yn (xn - yn) + 6n (xn - Syn)] 2
< ﬂn"xn - p“Z + (1 - ﬁn)
X {Gnllxn - P"2
+ (1 - Gn) ["xn - p||2 - ”xn X, - (P - q)"2

+ 2 %, =%, — (p=a)| [B,x,~Bap
% - u,+ (- I’

+ 24 %, —u, +(p -4

x |B %, - Byg|| + 21,0, | p| |, -
w =l |7, pll ]}

+2|%

_ﬂn(l _ﬁn)

2

1_—1ﬁn [Vn (xn - yn) + 8,, (xn - Syn)]

< |x,-pl*-(1-B) (1-0,)
X (lew=%u= (o= + |%u =+ (p- )
+ 24, [|x, = %, — (P~ @)|| | Box,, = B,p|
(p-a)|[Bx, - Biq|

+ 2/\n‘xn "P” "ﬁn - p” +2 "ﬁn - ﬁn” ”an - p"

+2u ||X, - u, +

2

- Syn)]

(103)

_ﬁn(l_ﬁn) [yn (xn_yn)+6n (xn

>

1
1- ﬂn
which hence implies that

(1 _ﬁn)(l _Gn)
x ("xn - fn - (P - q)nz + ||5En —u, + (p - q)'lz)

2

B (1=Ba) |1

ﬁn [yn( Xn yn)+6n (xn_syn)]
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< = 2l = %1 = I + 22,0, o] |, -
+ 24, ||x, = %, = (p = @)|| | Box, — Bopl|
+ 2”1 "55" —u, + (P - q)” ”Blkvn - qu"

+2 ||En - ﬁn" "an - P" .
(104)

Since 0 < liminf, B, < limsup, B, < 1,
limsup,_, o, <1,{A,} cla,bl,e, — O, |B,x, - B,pl —
0, |B;X, — Bigl — 0,l[u, — @, — 0andlim,_, lx, - pl
exists, it follows from the boundedness of {x,,}, {X, }, {u, }, {#,,}
and {u,,} thatlim,, _, . llx,, - X, — (p — )l = 0:

lim %, -u,+(p-q)| =

n— oo

(105)
nh—>néo "Vn (x yn) + 6n (xn - Syn)" =
Consequently, it immediately follows that
Jm e, = =0, lim |lx, -, =0 (106)
This together with ||y, —u,|l < o,lx, -4, — 0implies that
A [, =y, = (107)
Since
||8n (Syn - xn)”
= "’/n (xn - yn) + 6n (xn - Syn) + Vu (yn - 'xn)” (108)
< "yn ('xn - yn) + 611 (xn - Syn)” + Vu “xn - yn“ >
we have
Jdim [Sy, —x,[ =0, lim |Sy, -y, = (109)

Step 4. {x,}, {u,} and {7} converge weakly to an element x €
Fix(S)NENT.

Indeed, since {x, } is bounded, there exists a subsequence
{x,} of {x,} that converges weakly to some x € C. We obtain
thatx € Fix(S)NENT. Taking into account that [ x,,—u,[ — 0
and [@, — u,| — Oand|x, -y, — 0, we deduce that
Y — X weakly and #,, — x weakly.

First, it is clear from Lemma 15 and ||Sy, — v, — 0 that
x € Fix(S). Now let us show that x € E. Note that

e = G (x,)]

= "xn - PC [PC (xn - MZBan)

(110)
- B P (xn - Mszxn)] “

= "xn - ”n" — 0,

asn — 00, where G: C — Cis defined as that in Lemma 1.
According to Lemma 15, we get X € E. Further, let us show
that x € T'. As a matter of fact, define

To = {Vf (W) + Nev, ifveC,

11
0, ifve¢C, (m
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where Nov = {w € #, : (v—u,w) > 0,Vu € C}. Utilizing the
argument similar to that of Step 4 in the proof of Theorem 20,
from the relation

i, = Pc(u, - A,Vf, (), veC, (112)
we can easily conclude that
(v=x,w) >0. (113)

Itis easy to see that x € I'. Therefore, x € Fix(S)NENT. Finally,
utilizing the Opial condition [41], we infer that {x,,} converges
weakly tox € Fix(S)NENT. Further, from ||x,—u, || — 0and
llx, — @, — O, it follows that both {u,} and {#i,,} converge
weakly to X. This completes the proof. O

Corollary 24. Let C be a nonempty closed convex subset of a
real Hilbert space . Let A € B(# |, ;) and B; : C —
be B;-inverse strongly monotone fori = 1,2. Let S : C — C be
a k-strictly pseudocontractive mapping such that Fix(S) N E N
'+ 0. For given x,, € C arbitrarily, let the sequences {x,}, {u,},
{#i,,} be generated iteratively by

u, = Po [Pc (%, — #,B,x,,) — iy By Pe (x,, — B, x,,) ],
ﬁn = PC (un - /\nvfan (un)) >
Yn = PC (un - Anvfzxn (ﬁn)) >

Vn =0,

(114)

Xp+1 = ﬁnxn + YnVn + ansyn’

where y; € (0,2f3;) fori = 1,2, {a,} < (0,00), {A,} ¢
(0, 1/]|All%) and {B.} Ay} 16,.} < [0, 1] such that

(1) Yo &, < 005

(ii) B, + v, +6, =1and (y, +6,)k <y, foralln > 0;

(ii)) 0 < liminf, , B, < limsup, B, < 1 and
liminf, | &, > 0;
(iv) 0 < liminf,_, A, < limsup, , A, < /| Al

Then the sequences {x,}, {u,}, {1} converge weakly to an
element x € Fix(S) NENT. Furthermore, (X, y) is a solution of
GSVI (3), where y = Po(X — y, B, %).

Next, utilizing Corollary 24, we derive the following
result.

Corollary 25. Let C be a nonempty closed convex subset of a
real Hilbert space 7 . Let A € B(#,,%,) andS : C — C
be a nonexpansive mapping such that Fix(S) N T # 0. For given
X, € C arbitrarily, let the sequences {x,}, {ii,} be generated
iteratively by

an = PC (xn - Anvfocn (xn)) >

Xne1 = ﬁn'xn + (1 - ﬁn) SPC (xn - Anvfocn (ﬁn)) >

Vn >0,

(115)

where {a,} € (0,00), {A,,} € (0, 1/IlA)?) and {B,} < [0,1] such
that
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(i) ZZZO Xy < 00;

(ii) 0 < liminf <limsup, _, B, <L

n—oorn —

(iii) 0 < liminf,_, A, < limsup, , A, < 1/]A]%

Then, both the sequences {x,} and {1i,} converge weakly to an
element x € Fix(S) N T.

Proof. In Corollary 24, put B, = B, = 0 and y, = 0. Then,
E=C,,+6, = 1foralln > 0, and the iterative scheme (114)
is equivalent to

Uy = Xy>
an = PC (un - Anvfocy, (un)) >

Yn = PC (un - Anvfocn (an)) >

Vn > 0.

(116)

Xn+1 = ﬁn'xn + (SnS)’n’

This is equivalent to (115). Since S is a nonexpansive mapping,
S must be a k-strictly pseudocontractive mapping with k = 0.
In this case, it is easy to see that all the conditions (i)-(iv) in
Corollary 24 are satisfied. Therefore, in terms of Corollary 24,
we obtain the desired result. O

Remark 26. Compared with the Ceng and Yao [31, Theorem
3.1], our Corollary 25 coincides essentially with [31, Theorem
3.1]. This shows that our Theorem 23 includes [31, Theorem
3.1] as a special case.

Remark 27. Our Theorems 20 and 23 improve, extend, and
develop [20, Theorem 5.7], [31, Theorem 3.1], [7, Theorem
3.2], and [14, Theorem 3.1] in the following aspects.

(i) Compared with the relaxed extragradient iterative
algorithm in [7, Theorem 3.2], our Mann-type
extragradient iterative algorithms with regularization
remove the requirement of boundedness for the
domain C in which various mappings are defined.

(ii) Because [31, Theorem 3.1] is the supplementation,
improvement, and extension of [20, Theorem 5.7] and
our Theorem 23 includes [31, Theorem 3.1] as a special
case, beyond question our results are very interesting
and quite valuable.

(iii) The problem of finding an element of Fix(S) N E N T
in our Theorems 20 and 23 is more general than the
corresponding problems in [20, Theorem 5.7] and [31,
Theorem 3.1], respectively.

(iv) The hybrid extragradient method for finding an
element of Fix(S) N E N VI(C, A) in [14, Theorem 3.1]
is extended to develop our Mann-type extragradient
iterative algorithms (16) and (17) with regularization
for finding an element of Fix(S) N ENT.

(v) The proof of our results are very different from that
of [14, Theorem 3.1] because our argument technique
depends on the Opial condition, the restriction on
the regularization parameter sequence {«,}, and the
properties of the averaged mappings Po(I - A, Vf, )
to a great extent.
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(vi) Because our iterative algorithms (16) and (17) involve
two inverse strongly monotone mappings B, and B,,
a k-strictly pseudocontractive self-mapping S and
several parameter sequences, they are more flexible
and more subtle than the corresponding ones in [20,
Theorem 5.7] and [31, Theorem 3.1], respectively.
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