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Abstract
Let {I,}521 be a sequence of pairwise disjoint intervals tending to 0

I,
from the right, such that putting I, = (an,br) we have lim inf ‘b—| =0.

We prove that for every Cantor set C' there exists some set X of pnositive
measure, such that for a.e. = € X there exists a ¢ € C for which
(z + cI,) N X = 0 for infinitely many n.

V. Aversa and D. Preiss proved in [1] that there exists a sequence of
pairwise disjoint positive intervals {I,,}2%; tending to 0, such that putting
I, = (an,by,) we have

lim inf‘£n| =0, (1)

but the differentiation system given by the translations of this system of in-
tervals has the density property; that is, for every measurable set X we have

Mz +I,) N X)
|1

In the same paper it is proved that the differentiation system given by the
affine images of this system has the density property if and only if (1) does not
hold. Actually their proof shows that for every sequence of pairwise disjoint
positive intervals tending to 0 for which (1) holds, there exists some set X of
positive measure, such that for a.e. € X there exists a ¢ € (0, 1) for which
(x +cl,) N X = for infinitely many n.

In this paper, applying entirely different methods, we prove that the same
statement holds even if the multipliers ¢ are taken only from a given Cantor
set, rather than from (0, 1).

-1 (aezeX).
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Remark. This implies immediately that if the multipliers ¢ are taken from a
Borel set B, then the statement holds if and only if B is uncountable.

D. Borwein and S. Z. Ditor proved in [2] that there exists a set X of
positive measure and a sequence d,, of positive numbers tending to 0 such
that x + d,, € X for infinitely many n.

A stronger result is proved in [3]. It is proved that for a sequence of pairwise
disjoint positive intervals {I,,}o2, = {I{,13,.... I} , I$,13,...,I2,, ...} tending
to 0, where I7 ..., Iﬂ;j are of the same length and {n;}32, is not bounded, there
exists a Cantor set C' of positive measure such that for a.e. x € C the interval
x + I, is disjoint from C for infinitely many n. As a generalization of this
result now we prove the following lemma.

Lemma. Let {Inny.mpy 2 21 =1, 1 <ngppn <Mipyny. . ongs k= 0,1,...} be
a system of open intervals, such that

(1) Ining...nej (1 < J < Mpyn,. . on,) are pairwise disjoint intervals of the
same length;

(ii) in every sequence I, In,nys Inynons, --- the intervals are pairwise disjoint
and with lengths that tend to 0;

(iii) For every interval I, p,. .. n, we have sup; ., Mpin,. .. nyls. .. 1, = OO

"

Then there exists a Cantor set C' of positive measure such that for a.e. x € C
there exists a sequence my,No, ... such that for infinitely many k the intervals
T+ Inin,. .. n, are disjoint from C.

PROOF. We construct our Cantor set C' by a perfect scheme; that is, C = NC,,,
where C,, is the union of non-overlapping closed intervals each “associated to”

one of the intervals I,,,p,. .. n, of the same length, and C; D Cy D C5 D ...

. def
For ease of notation we put ly,n,...n, = |Inine...nl, and let knin,. .. n,

be the least positive integer for which (0, knyn,...ny - lnins. .. nej) cOvers the
union of intervals Iy ny. . nei (1 <7 < Mpgng. .. ny)-

Let Cy = [0,11], and we say that this interval is associated to I;. Suppose
we have already defined C),_1, and let J be one of its intervals, associated to
the interval Ip,,p,...n,. We choose an interval I n,...ngils...1,., for which

. _ def 7 def s def
putting 7 = nina...ng, I = ning...nglls. ..l and I* = [j; we have
krl* 1
— < (2)

lﬁ TLZ

and m; > n?. This implies k; > n?.
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Let F be the set of intervals ((¢ — 1)I*,il*) where 4 is a positive integer
and this interval intersects some of the intervals Ij;. Now, F' has at least
n? elements. We choose n elements, say with right endpoints 411, ..., 3,1

Let G & {#1,..syin}, and by the greedy algorithm we choose integers 0 <
mi, ...,mg < k7 for which the sets G — m,; are pairwise disjoint (that is, we
may choose m; = 1, let mg be the least integer for which G—m; and G—my, are
disjoint, etc., etc.) Each set G —m; consists of n intervals. Thus J!_, (G —m;)
intersects G —m for at most ¢gn? different values of m. We stop the algorithm
when % <g< % + 1. (We know k; > n?).

Let

AL U ((i — 1)1*,4l"),
i=my—2,mp—1,my,my+1, 1<p<q
and let
BY U (i — 1)1%,4l*] \ A.

i=mp—iy,1<p<q,1<t<n
Now, for every ((¢ — 1)I*,il*) C B there exists an 4; such that
x+ ((5e — 2)I", (e + 1)I¥) C A4

that is, there is a j such that z + Ij; C A.
The measure of A is “small”, and the measure of B is “large”:

kil . . kil

L Salt S AA) <At <87 (3)
il il

AB) > ngl* — M(A) > - — g™ 4

(B) > nq ()_n 8n2, (4)

and A C (=20*, (k+1)I*) C (=2kl*, 2kl*), B C [—kl*, kfl*] C (—2ki*, 2k;1*).

Now we construct C,,. For the interval J = [a, ] associated to I n,. .. n,
we consider the subintervals [a + (4s — 4)k;l*, a + 4skl*] (s = 1,2,...), and we
delete the remainder of the interval (a + 4skjl*,b) of length less than 4k;l*,
and we delete the sets a+ (4ds — 2)kil* + A C a+ [(4s — 4)k;l*, a + 4skfl*], and
possible isolated points. For every interval I = a+ (4s—2)kil* + ((i —1)I*,il*),
where ((i — 1)I*,4l*) C B, there is an interval Ij; for which x + I; lies in the
deleted set x + (4s — 2)kjl* + A. The interval a + (4s — 2)kgl* + [( — 1)1*,il*]
is said to be associated to one of these intervals Ij;, and the other non-deleted
intervals of form a + (4s — 2)kl* + [(i — 1)I*,4l*] are said to be associated to
an interval [j; where j is chosen arbitrarily. This process yields a Cantor set
C.

According to (2) and (3) the set C constructed is of positive measure,
and according to (4) the set of points of C' contained in a set of the form
a + (4s — 2)kfl* 4+ B only finitely often is of measure 0. O
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Theorem. For a sequence of pairwise disjoint intervals {J,}2; and a Cantor
set E condition (1) implies that there exists a Cantor set C' of positive measure,
such that for a.e. x € C there exists a ¢ € E for which x+cJ, is disjoint from
C for infinitely many n.

PROOF. Let J, = (an, by) satisfy (1); that is, lim inf 22-% = 0. Let E = NE,
be a Cantor set, where £y D FE9 D ... are the closed sets of a perfect scheme
defining F, each is the union of finitely many closed intervals. We construct
a system of intervals I, p,...n, satisfying the conditions of the lemma, to-
gether with another system of closed intervals L, n,...n, C Ei for which
Lning...ony D Lnlnz...nknk+1 D oy intlpipy. . in, N E # 0, and for every
n1No...Ny there exists an interval J, of our sequence, such that for every
¢ € Lp,n,...n, we have cJ,, C Ip n,...n,. Having these systems of intervals
defined the theorem easily follows because by the Lemma there exists a Can-
tor set C of positive measure such that for a.e. x € C there exist a branch
I, I n,... and infinitely many k for which C N (z + Ly n,. . .n,) = 0. Hence
for ¢ € Ny Lnyns. . .ne € g Ex = E we have C' N (x + ¢J,,) = 0 for infinitely
many 7.

Let Ly = [e1,d1] C Ey such that (¢1,d;)NE # 0, and put [y def (c1a1,d1by).
Suppose we have already defined the intervals Iy, n,...n, and Ly n,. .. n, =
[c,d], where (¢,d) N E # (.

We choose § > 0 and also points A}, A2, ... \¥ € (c,d) N E such that A\! <
A< o< A (W = 5, M) C Eg, and for each M and for every ¢ > 0 we
have (M — e, M) N E # (. We can choose J,, = (a,,b,) = (a,b) such that
(0,db) N Inyn,. . .n, =0, and putting

b Ny, of ' Nb—d(b—a)
the intervals [al,b'],[a?, V%], ..., [akv,bk] are pairwise disjoint subintervals of
(ca,db) of length d(b — a), and % > M — §. Indeed, we observe that the
two conditions ca < a', ¥ < a’T! and % > M — § hold if and only if

[Jnl s A e AT N g 4s
o < min(5==5, T, ).
Let
def 1 1 . def
I7L17L2. ongj — [Cl],b]] (] = 1a2a ey Mping. . ong = k)
and o
det ra? b

Lnlnz. Longj T [;7 ?}
We need

Cll bl a2 k

< —< —< — <. < —<d.
a b a b
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The inequalities ¢ < %1 and %j < d follow immediately from ca < a' and

N € (¢,d). Since N = % < d, the length of the interval & [a,b] = [ a,b7]
is less than d(b — a), that is, a/ < b—ga. Finally, a < b and b"~! < @’ implies
<

NOW, Lnyng. . .npj = [, M] C [N =8, X] C By and int Ly p,. . . niNE # 0.
From the definition of Ly, n,. . . n,; it follows that, for every ¢ € Ly n,. .. n,; We
have ¢J,, = ¢(a,b) C Iy n,. .. n,; and conditions (i)-(iii) are easily verified. [
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