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ON COMMUTATIVE, NONPOTENT
ARCHIMEDEAN SEMIGROUPS

RICHARD G. LEVIN

In this paper we will study commutative, archimedean,
nonpotent (i.e., without an idempotent) semigroups, obtaining
several results concerning finitely generated ones., The main
theorem of this paper is the following: a finitely generated,
commutative, archimedean, nonpotent semigroup is power
joined. The main theorem is derived by considering the
decomposition of the semigroup S into a union of disjoint
semilattices; the congruence p;, defined by xp;y if and only
if there exist positive integers » and m such that b"x = by,
determines the union, whereas congruence classes are semi-
lattices under the partial order =, defined by z =,y if and
only if y = bz or ¥y = 2. The set of maximal elements relative
to =, generates S. The following is a crucial lemma in the
proof of the main theorem: let S be a finitely generated,
commutative, nonpotent, archimedean semigroup; then the set
of maximal elements of S relative to =; is a finite set,.

Let S be a commutative, nonpotent, archimedean semigroup. We
will define a congruence p on S and state several results concerning
S/o and the congruence classes of S modulo p. The remarks and
definitions which precede Definition 5 will be used in several instances;
a complete discussion can be found in [5]. See [6] and [7] for an
abstract of these results. Proofs of all other results in this paper
are supplied.

DErFINITION 1. Let beS. The binary relation o, on S is defined
by zo,y if and only if there exist positive integers n and m such that
b*x = b™y.

The relation p, is a congruence relation on S and b is called the
standard element determining the corresponding decomposition of S.
Furthermore, for any b, S/p, is a group; the congruence class modulo
0, containing b is the identity element of S/p, and it is a subsemigroup
of S. We call S/p, the structure group of S with respect to b.

DEFINITION 2. Let S, be an arbitrary congruence class of S (mod p,).
The following relation, =, is a partial order on S,. Letz,yecS,. We

define =, on S, by « =, v if and only if there exists a positive integer
n such that y = bz, or y = x.

DEFINITION 8. A discrete tree R is a lower semilattice (i.e., a
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partially ordered set in which every pair of elements have a greatest
lower bound) satisfying:

(a) for all z,y,ze R,z <z and y <z imply <y or y < z, and

(b) the set {x|2xeR and b < x < ¢} is a finite set for any pair
b,ceR.

Let S, be a congruence class of S modulo p,. Then S, is a dis-
crete tree with respect to the partial order =,.

DEFINITION 4. An element z of S is called a prime element of S
relative to the congruence p, if x is not divisible by 8. Or, alternately,
2 is a prime element if x is a maximal element of a congruence class
S, of S (mod p,) relative to the partial order >, defined on S,.

The following two remarks are particularly useful.

REMARK 1. Let ae S. Then
Fj a*S =g .

REMARK 2. Let a,beS. Then

a # ab .

DEFINITION 5. Let R be an arbitrary semigroup. We define the
binary relation < on R by a < b if and only if there exists xe¢ R
such that a = bx, or a =b. If a #b and a < b we generally write
a <b.

LemMA 1. Let S be a finitely generated, commutative, nonpotent,
archimedean semigroup. Then the relation < on S 1s a partial
order and S satisfies the ascending chain condition relative to <.

Proof. It follows from the definition that reflexivity is satisfied.
Suppose that a,bc S and a < b and b < a. Then either ¢ = bz and
b=ay, or a =b. Consider the former. We conclude that

(1) a = (ay)x = a(yw) .

But (1) contradicts Remark 2. Therefore ¢ = b. Thus, < is antisym-
metric. Suppose ¢ < b and b < ¢c. We suppose also that a = b and
b= ec¢. Then a = bx and b = cy for some x,ycS. Therefore,

(2) a = (cy)x = c(yx) .

Thus, a < ¢, and now it is obvious that < is transitive.
Suppose there exists a sequence of elements of §,{a,|n > 0},
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satisfying
(3) O <A< A< o < Ay ove
Let T ={a,, &, --+, ,} be a finite generating set of S. The sequence

(3) reduces to the set of equations:

(4) Ay = Apir®pt1 for all n = 1, where z,.,€8S.
The set of equations (4) leads to the set

(5) Ay = Qully = Qulyly = ¢ o0 = @ulyly v+*> L,y = v
For all &, x, can be expressed as

(6) T = QKGR e TRn

and r,; =20 for j=1,2,.--,n, and there exists j,,1 <4, <n such
that r,;, > 0. Multiplying the x,’s, we arrive at

X, = Q2100522 v e e aren
( 7 ) L2 = afslagsz coe afﬁ"

Lolly o oo L), = afklag’kz ) aﬁlm y

where 0 < 7r,; S py; S P <+ S p; < -+, for j satisfying 1 < j < n.
If for some 7,1 < j < n, we have

(8) lim p,, = +oo
then we can write

(9) oy = &Y, = (aj)z'yz = (aj)3y3 = = (“j)kyk = s,
and we conclude that

we) (@)s.

This contradicts Remark 1. We set

(10) R, =lmP,;,
and
(11) M = max {Rly Rzy ct R'n} .

The number M is finite and it is now obvious that there exists an
integer N = M such that

(12) Xolg oo By = Xolg ¢ ¢ Tylysg

This contradicts Remark 2, and the contradiction establishes that S



368 RICHARD G. LEVIN
satisfies the ascending chain condition relative to the relation =.

LEMMA 2. Let S be a commutative, nonpotent, archimedean semi-
group and let < be the partial order on S defined above (see Defini-
tion 4). Let S satisfy the ascending chain condition relative to =.
Then the set of maximal elements relative to =< is a generating sel
for S and s contaimed im every other gemerating set of S.

Proof. Let S’ be an arbitrary generating set for S and let S”
be the set of all the maximal elements of S relative to <. Let 8eS".
Then

(12) B=aauaq---a,, where a;c8

Suppose n > 1. Then B = a(a, --- «,). This implies that 8 < a,.
Since this is impossible, n =1 and Be S’. That is, S"= S'.
Let e S. Then

(13) T =aa,--a,, where ;eSS forls<i1=n.

Fix t,1 <t <mn. Suppose «, is not a maximal element. Then there
exists B, e S"” such that a, < B, and «, = B,x, for some x,¢S. If z,
is not a maximal element then there exists a maximal element 25,
such that z, = £,2,,. By definition of <,2, < z,,. We continue in
this fashion. After N steps we arrive at the equation

(14) a, = Btﬁtllstz s Bt,N——lwt,N—L
and the sequence of inequalities
(15) a, < x, < Ty < Lyg o v < Lt n—1 9

where 3, is a maximal element for 1 < %k < N — 1. Since S satisfies
the ascending chain condition, we conclude that this procedure must
lead to a maximal element x,, in (14) and (15). Setting M =N — 1
in (14) and substituting (14) into (13) we express # as a product of
maximal elements. We conclude that S” generates S and that S” is
the smallest generating set of S.

ProroSITION 3. Let S be a finitely generated, commutative, non-
potent, archimedean semigroup. Then the set of maximal elements
(relative to <) of S is a finite set.

Proof. According to Lemma 1, S satisfies the ascending chain
condition relative to <. By Lemma 2, the set of maximal elements
of S is a subset of every generating set of S. Since S is finitely
generated, the set of maximal elements of S must be a finite set.
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ProrosITION 4. Let S be a finitely generated, commutative, non-
potent, archimedean semigroup. Let ¢ € S. Then the set of prime
elements of S, with respect to the standard element a, is a finite set.

Proof. Suppose there are an infinite number of primes. Let
S' = {b, b, +++, b, -+-} be a countably infinite subset of the set of
primes of S. Let T = {a,, a,, - -+, a,} be the set of all maximal elements
of S. Every element of S’ admits a representation of the form

(16) bj — a{‘jlaé‘jz .«s afji e ai‘&jw’ Ui = 0.
Consider the sequences
(17) #1@'! ﬂzi: ﬂm" ct l"ki! crt Where 1 §. 7: é n .

For at least one 7 between 1 and n the corresponding sequence (17)
will be unbounded. Otherwise we immediately conclude that S’ is a
finite set. Suppose the sequence for 4, is unbounded. Choose a sub-
sequence

(18) ﬂtl,ioy #tz,ioy M) #t,,ioy ttt
satisfying
(19) Papip < Higig < **

For convenience, we will change the notation. Set
(20) T5 = Mijig s for j=1.
We now have

(21) b, =a’ .- alk---ay, for k>=1.

ik
For all k,b,, # ax, for any x,€S. But since S is an archimedean
semigroup, there exists an integer I,1 > 0 such that

(22) (@) =ap .
There exists %, > 0 such that », > [ for all k = k,. Therefore we have

bjk:a,{) ...a;‘ok...a,;)
(23) =qaf) ... agoaz‘ok—-l ceeal)?
=ap(ai’ - aik-t---ay’), for all k =k,

This contradiction establishes that the set of primes is a finite set.
ProrosITION 5. Let S be a finitely generated, commutative, non-

potent, archimedean semigroup. Let o, be the congruence relation of
Definition 1. Then S/p, is a finite group.
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Proof. The elements of S/o, are congruence classes. Each con-
gruence class is a tree and contains at least one prime element. If
S/p, were an infinite group, then S would contain an infinite number
of prime elements. This would contradict Proposition 4. Thus S/p,
is a finite group.

THEOREM 1. A finitely generated, commutative, nonpotent, ar-
chimedean semigroup is power joined.

Proof. Let aeS. Consider S/p,. Let z,yeS. Let a,BeS/p,
such that ze S, and y € S;. Since S/p, is a finite group, there exist
positive integers # and m such that a” = ¢, 8™ = ¢, where ¢ is the
identity of S/p,. Therefore, "¢ S, and y™€¢ S.. Let {P, P, ---, P,}
be the set of prime elements of S which are contained in S,. Let

P= glb{PlyPZy "'yPr} ’
where the partial order in S, is =, (see Definition 1). Set
T={Z|ZeS.,Z=,P}.

T is a finite set because S, is a discrete tree. Since S is nonpotent,
the powers of z" and y™ are all distinct. Therefore there exist positive
integers r, ¢ such that P =, («")" and P =, (y™)'. Further, for all Z,
where P >, Z, there exists a positive integer s such that Z = a°.
Therefore,

(24) (") = a™, (y™)' = a™,
and
(25) (&) = (y™).

We conclude that S is a power joined semigroup.

THEOREM 2. Let S be a commutative, nonpotent, archimedean
semigroup. Let acS andlet G, (=S/p.) be the corresponding structure
group. Then, S is power joined if and only 1f G, is a periodic group
and S, is power joined (where S, is the congruence class of S mod p,
which contains a).

Proof. Let S be power joined. Let a¢e@G,,yeS,. There exist
positive integers n and m such that y~ = a™. Since a™€ S., so is y".
Therefore a" = ¢ and we conclude that G, is periodic. The set S. is
power joined because it is a subsemigroup of S.

To prove the converse, let z,ycS. There exist a, 8eG, such
that xe S,,y€S; and a” = ¢, 8™ = ¢, Therefore, 27 ¢ S,, y™ € S.. Since



ON COMMUTATIVE, NONPOTENT ARCHIMEDEAN SEMIGROUPS 371

S, is power joined, there exist positive integers &k and ! such that
(26) (&) = (y")* .

We conclude that S is power joined.

THEOREM 3. Let S be a commutative, nonpotent, archimedean
semigroup. Then S is power joined if and only if every finitely
generated subsemigroup is archimedean.

Proof. Let S be power joined. Let S’ be a finitely generated
subsemigroup of S. Then S’ is also power joined. Let z,y€eS'.
Then there exist positive integers =, m such that " = y™. Set p =
y™, v =2a""., We get 2" =y and y™ = 2v. The elements ¢ and v
are also in S’. In case n or m equals 1, we can easily arrange the
desired equations by multiplying both sides of the equation 2" = y™ by
x or y as required. Therefore S’ is archimedean.

Let ¢,y S. Let S be the subsemigroup of S generated by =
and y. Since S’ is finitely generated, it is archimedean. Thus, S’ is
a finitely generated, commutative, nonpotent, archimedean semigroup,
and by Theorem 1 we conclude that S’ is power joined. Therefore,
there exist positive integers n and m such that 2® = y™. Since x and
y were arbitrary elements of S, we now conclude that S is power
joined.
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