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SUMS OF AUTOMORPHISMS OF A PRIMARY
ABELIAN GROUP

FRANK CASTAGNA

This paper is concerned with the problem: For which
abelian groups G does the group of automorphisms of G generate
the ring of endomorphisms of G? R. S. Pierce has shown that
if G is a 2-primary group, all of whose finite Ulm invariants
are equal to one, then the subring of E(G) generated by the
group of automorphisms of G is properly contained in E(G).
The groups considered in this paper are p-primary abelian
groups where p is a fixed prime number greater than two.
The paper is divided into four parts. In §1 the following
theorem is proved:

THEOREM. If G is a countable reduced p-primary, (p > 2),
abelian group, then every endomorphism of G is a sum of two
automorphisms.

The second part gives an extension of this theorem to the
case where G is the direct sum of such groups. In §3 the
result of this theorem is established for torsion complete
abelian groups, using some known results about their endo-
morphism rings. Finally an example is given (for an arbitrary
prime p) of a reduced p-primary abelian group G for which
there are endomorphisms in E(G) that are not sums of auto-
morphisms.

NOTATION. Throughout this paper p will represent a fixed prime
number greater than two. Mainly the notation will follow that of
[3] and [5]. All groups considered are assumed to be ^-primary abelian
groups. If G is such a group, we define for each ordinal β the
subgroup Gβ as follows: Gx = pG = {x e G \ x = pg, g e G}9 Gβ = pGβ^

if β — 1 exists and Gβ = f]a<β Ga if β is a limit ordinal. A primary-

group G is said to be divisible if pG = G and is said to be reduced

if 0 is its only divisible subgroup. The height function hG for a

reduced p-group G is defined by the conditions

hG(x) = a if xeGa and x £ G α f l

hG(0) = co where co > a for each ordinal a .

If there is no possibility of confusion, we will write h(x) for hG(x).

A subgroup H of G is pure in G if pnG Π H = pnH for each n Ξ> 0.

For every integer e >̂ 0 we define G[pe] as

G[pe] = {x e G I pex = 0} .
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If x G G, o(x) is defined to be the order of x.
Finally for any subset X of G, let {X} denote the subgroup of G

which is generated by X.

1* Countable groups* One of the fundamental theorems in
abelian groups is Ulm's theorem, [7], which states that any two
countable reduced p-primary abelian groups having the same Ulm
invariants are isomorphic. (For a definition of the Ulm invariants see
[5], p. 27.) A proof of this theorem is given in [5]. Roughly speaking
the concept of the proof is to build an isomorphism between the two
groups G and H. It is clear that one could by similar methods build
an automorphism of the group G, taking G and H to be the same
group. Given an endomorphism of G we might then ask, "Could one
not build two automorphisms of G in such a way that their sum is
always the given endomorphism?" This is indeed possible and we get
the following theorem.

THEOREM 1.1. If G is a countable, reduced p-primary abelian
group, then every endomorphism of G is a sum of two automorphisms.

The proof of 1.1 is based on several lemmas. We begin with the
following definition.

DEFINITION. If £ is a subgroup of G, an element xeG — S is
said to be proper with respect to S if h(x + s) gΞ h(x) for all s e S.

Let S be a subgroup of G, let x,yeG with h(x) < h(y), and let
n be an integer prime to p. It is an immediate consequence of this
definition that if any one of x, x + y, or nx is proper with respect to
S, then so are the other two.

Now suppose that S and T are subgroups of G and that M s a
height preserving isomorphism between them. Assume that there
exist x and zeG, having height a, and satisfying

(i) pxe S and θ(px) = pz,
(ii) x and z are proper with respect to S and T respectively.

Then θ can be extended to a height preserving isomorphism θr between
{S, x) and {T, z) by defining

θ'(s + nx) = θ(s) + nz .

Some of the lemmas that follow can be found in [5], § 11, and so,
mainly, the proofs will be omitted.

LEMMA 1.2. Let S and T be subgroups of G and let θ be a height
preserving isomorphism between them. Assume that x 6 G satisfies
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(i ) x is proper with respect to S,
(ii) if w ex + S is proper with respect to S then h(pw) ̂  h(px),
(iii) px e S and h(px) = h(x) + 1.

Then there is a z eG with pz — θ(px) and h(z) = h(x). Furthermore
any z with these two properties will be proper with respect to T.

If S is any subgroup of G, define Sa by Sa = S ΓΊ Ga. Define the
subgroup S* of Sa to be

Si = {x e Sa I px e Ga+2} .

The quotient Si/Sa^ can be considered as a vector space over Zp.

LEMMA 1.3. If S is a Subgroup of G then there exists a mono-
morphism ζ* of Si/Sa±ί into Ga[p]/Ga+1[p].

Since the technique involved in the proof of 1.3 is vital to other
parts of this paper the proof will be outlined.

Proof. If x e Si then px e Ga+2 and there is a y G Gβ + 1 such that
px = py. The mapping

x-+x - y + Ga+ι[p]

has Sa+1 as its kernel.

LEMMA 1.4. Leέ S and ζ* όe as in 1.3. // & e Ga[p] - Ga+i[p\
then x + Ga+ι[p] g Im ζ* i/ awd o?ιi]/ i/ a; is proper with respect to S.

LEMMA 1.5. Let S and T be finite subgroups of G and let θ be
a height preserving isomorphism between them. Suppose there is an
x eG of height a, which is proper with respect to S, and such that
h(px) > a + 1. Then there exists zeGa[p] such that h(z) = a and z
is proper with respect to T. Furthermore z can be chosen so that
it is also proper with respect to S and has the following form

Z = X + So + W

where s0 e S% and h(w) > a.

Proof. Choose v e Ga+1 such that x — veGa[p]. If x is proper
with respect to T we let s0 = 0 and w = — v. Otherwise let ζ* and
ξ* be the monomorphisms of S%/Sa+1 and Tί/Ta+1 into Ga[p\jGa^\p\
respectively. Both Im Γ and Im ζ* have the same finite dimension
and since, by 1.4,

x - v + Ga+ί[p] e Im ξ* - Im ζ*
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it follows that there is a y e Ga\p] such that

V + Ga+1[p] e Im ζ* - Im f * .

From 1.3 we see that y has the form

y = sQ + u, s0 e Si and h(u) > α: .

We let z = x + s0 — (w + v).
We can now proceed with a proof of 1.1. Let ψeE(G) and

enumerate G as G = {a?! = 0, &2, #3, •}. Suppose that we have finite
subsets S, T, and T' and height preserving isomorphisms θ between S
and T and 0' between S and T' such that θ(s) + 0'(s) = f (s) for each
s e S . Assume that

&m« s n T n Γ ' .

We must extend 0 and 0' to height preserving isomorphisms 0 and 0'
between finite subgroups S containing S, T containing T, and T'
containing T such that xm e S Π f Π Γ' and for all s e S, 0(s) + <?'(s) =

The proof is broken into two cases: xm $ S and xm ί T Π 71'.

Case I. £m ̂  S. We may assume that we have an x which is
proper with respect to S, px e S and such that if y e x + S and h(y) =
h(x) then h(py) ^ Λ(pa ). Let fe(a ) = a, θ{px) = y, and θr(px) = ?/'.

If ft(^) = α + 1, we can use 1.2 to get a 2 which is proper with
respect to T and such that h(z) = α and pa: = 0(pα). Define z' —
^(x) — z. Then /φ') = α and pzf — θ'{px). Again using 1.2 we see
that z' is proper with respect to T". Letting S = {S, a;}, f = {Γ, «},
and T' = {T',z'}9 the extensions 0 and θ' of 0 and 0' follow. Since
z + z' = f(x) it is clear that θ(s) + θ'(s) = ^(s) for all s € S.

Suppose then that /&(!/) > a + 1. By 1.5 there exists 20 e Gβ[j>], of
height a, which is proper with respect to T. We have h(pz0) = h(0) >
a + 1. Since θ'θ~x is a height preserving isomorphism between T and
T' we can apply 1.5 again to obtain ^ e G J p ] , of height α, which is
proper with respect to both T and T\ Choose u and w' e Gα + 1 such
that pu = y and p%' = 7/'.

If h(f(x)) > α: let

JS; = zι + % and zr = ψ(a ) — 2; .

A few easy calculations show that with these definitions of z and zf

the desired extensions follow.
Thus we may suppose that h(ψ(x)) — a. Letting w = u + u' we

see that h(ψ(x) — w) = a and ψ(x) — we Ga[p], Now if ψ(x) — w is
proper with respect to both T and T" choose v such that 2v = ψ(x) — w.
Then h(v) = α, t;6Gα[pl, a n d v is proper with respect to both T and
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T. Define

z = v + u and zf = v + vf

to get the extensions of θ and θ'. Therefore we may assume that
ψ(x) — w is not proper with respect to T. With zγ as defined above
it follows from 1.4 that ψ(x) — w — zι is proper with respect to T.
Then with the definitions

z = α/r(a;) — w — zι + u and z' = zγ + %'

we have completed the proof of Case I.

Case II. xm & T Π T". To be explicit, let us say that xm $ T.
Then as before, the problem reduces to that of having a z which is
proper with respect to T and pz e T. Let h(z) = a and pz = y. The
case A,(τ/) = a + 1 is handled just as before. Use 1.2 to get x and let
zr — ψ(χ) — z.

Consider then the situation when h(y) > a + 1. We use 1.5 to
select wQeGa[p], of height a, such that w0 is proper with respect to
both T and T and has the form

w0 — z + ί0 + u0 ,

where ί0 e Tί and fe(t60) > oc.
Let ζ* and 7* be the monomorphisms of S%/Sa+1 and T'a*/Ta+ί into

GαM/Gα+iM respectively as given by 1.3. Let S f be a complimentary
summand of Im ζ* in Ga[p]/Ga+ί[p]:

Let α/r* be the endomorphism of Ga[p]/Ga+1[p] induced by ψ. Choose
#i + Gα+1[p] e S# such that xx € G«+1[p]. Since p > 2 there is a fc ^ 0
(modp) such that

+ Ga+1[p]) + t * f e + Ga+ί[p])« 1^7* .

Let ί satisfy
Λϊ Ξ l(modp) .

Then

(w0 + Ψίiα O) + Ga+ι[p] £ Im 7* .

It follows that Zâ  is proper with respect to S and w0 + ψ(lxύ is proper
with respect to T'. Define

w = w0 — u0 = z + t0 .

Then pw e T and h(θ~\pw)) > a + 1. Choose i? e Gα+1 such that p^; =
). Define x and wf by
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X = —lχιJrV

wf = <f(x) — w .

It is routine to check that the subgroups {S, x}, {T, w), and {V, w'} give
rise to the desired extensions of θ and θ'. This completes the proof
of 1.1.

2* Direct sums of countable groups. In this section we will
be considering subgroups Gλ, Hβ, etc., of a group G, where λ and β
are members of an index set A. These are not the subgroups defined
in the notation. To avoid confusion, we will denote the subgroups
Ga, defined previously, by p"G, paHβ, etc.

The purpose of this section is to extend Theorem 1.1 to reduced
p-primary abelian groups G that are direct sums of countable groups.
In the next lemma and theorem, however, we make no restriction on
the summands except that they be countable.

L E M M A 2 . 1 . L e t G = Σ ; . e , i G ; . w h e r e \Gλ\^)^o f o r a l l X e Λ a n d

l e t ψ e E ( G ) . T h e n A = \ J 1 Q A I Ί w h e r e \ I r \ ̂  y $ 0 f o r e a c h j e Λ a n d

Proof: Let 7 be a fixed element of A and define Γo = {7}. Having
defined the countable subset Γh of A we define Γh+ι as follows. Since
Έiλerh Gx is a countable set there is a countable subset Γh+1 of A which
contains Γh and satisfies

Define

THEOREM 2.2. Let G = 0 X; 6 Λ Gλ where each Gx is countable and
let ψ e E(G). Then G can be written as G — \JβeΛHβ where each Hβ has
the following properties.

( i) Hβ C Hβ+1 for all βeΛ,
(ii) Hβ = \Ja<βHa if β is a limit cardinal,
(iii) Hβ = Hβ_ι® Cβ, where Cβ is countable, if β is not a limit

ordinal,
(iv) for each βeA, f(Hβ) S Hβ.

Proof. Let A — Ure^Λ a s i n 2.1. Define Γo = Io and having
defined Γa for all a < β, define Γβ = Γβ^ U Iβ if β - 1 exists and
Γβ = \Ja<βΓa if β is a limit ordinal. Now define iί^
We note that if /3 is not a limit ordinal

Hβ = iϊ^-i φ Σ .eίΓo G;
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where Kβ = Iβ — /Vi It * s easily seen that the assertions (i)-(iv) are
satisfied.

THEOREM 2.3. If G is a reduced p-primary abelian group,
(p > 2), and if G is a direct sum of countable groups, then every
endomorphism of G is a sum of two automorphisms.

Proof. Let G = \Jί&Λ Hr as is given in 2.2 and let ψ e E(G). We
define inductively, for each ye A, automorphisms θr and θ'r such that
ψ I Hr = θr + θ'r and if a < 7, θr | Ha = ̂  and θ'r\Ha = θ'a. For 7 = 0,
1.1 gives #o and 0{. Assume that βr and 0' have been defined for all
7 < β. If /S is a limit ordinal we define θβ = Ur</s ̂ r

 a n ( * Ĵ = Uv</? ̂ '
Assume that β — 1 exists. Then fi^ = -ff̂ _i Θ Cβ. Let ^ and π2 be the
projections of Hβ onto ίiΓ^ !̂ and C^ respectively. Then π2(ψ \ Cβ) e E(Cβ)
and by 1.1 there exist φ and φ\ automorphisms of Cβ, such that
π2(Ψ \Cβ) = Φ + φ\ For each ceC choose vc eHβ_ί such t h a t 2vc —

niψ(c). Plainly vc defines a homomorphism of Cβ into Hβ^. Now define
θβ and θ'β on Hβ by

where xeHβ

the required

θβ(x

θ'β{x

_i and c e Cβ.

conditions.

+ c)

+ c)

It

= θβ-i(x) -

is routine

f Φ(c)

f Φ'(c)

to ch(

3* An application* In this section we show that if G is a
torsion complete group, (in the p-adic topology), then each endomorphism
of G is a sum of two automorphisms. This result will follow as a
corollary of a theorem in [6].

NOTATION. Bn = © Σiiein {bin}, for some index set In and o{bin) =
pn+1.

B — torsion subgroup of J[n<ωBn

Cn = {pnB,Bn,Bn+1, . . . } .

It is not difficult to show that

( l ) 5

Let πn be the natural projection of B onto Cn as determined by
(1). Define pn — πn — πn+ί. Then pn is a projection of B onto Bn.
Define Xn: E{B)-+E(Bn[p\) by

= ρu(Φ(x)) for all α e Bn[p] .
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LEMMA 3.1. Xn is a ring homomorphism of E(B) into E(Bn[p]).

Proof. If φ e E(B) then plainly Xnφ maps Bn[p] to Bn[p\. It is
also clear that λn is a group homomorphism of E(B) to E(Bn[p\). Note
now that x e Cn[p\ implies φ{x) e Cn[p]. Suppose that φ,ψe E(B). For
i e In, we can write

where x e Cn+ι[p]. Consequently

so that

Ψ(P%n) = Kf(P%n) + X

Then

LEMMA 3.2. Define

λ:

λ: 9 —> (λop, λj.0, • , λn^, •) .

X is a ring epimorphism.

Proof. Certainly λ is a ring homomorphism. Let

(ΦΌ,Φl, - ,Ψfn, - )eπn<wE(Bn[p]) ,

where Φ'ne(Bn[p\). Extend φ'n to φίeE(Bn). Now define φeE(B) as
follows. If xeB, x = limwΣfc<m^fc(α3), (the limit being taken in the
p-adic topology) and hence the elements

ΣtkKmΦlpkix) , m = 1, 2, . . •

form a Cauchy sequence in 5 , with bounded order. Define ό(x) to be
the limit of this sequence. If x e Bn[p] then φ(x) = φ'n{x) e Bn[p] and
hence

^Φ — (ΦΌ> ΦΊJ
 m 'iΦn, ' #)

LEMMA 3.3. Let R be a ring and J(R) the Jacobson radical of
R. If each element of R/J(R) is a sum of n units then each element
of R is a sum of n units.

Proof. If y + J{R) is a unit then it has an inverse z + J(R) and
zy + J{R) = 1 + J(R). This implies that zy = 1 — r for some r e J(R)
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and hence zy is a unit. Thus {{zy)~ιz)y — 1 so that y has a left inverse.
Similarly y has a right inverse and hence y is a unit. It now follows
easily that if x + J(R) is a sum of n units in R/J(R) then a; is a sum
of n units in i2.

THEOREM 3.4. Iίn<(ύE{Bn[p\) = E(B)/J(E(B)).

Proof. Let λ be as in 3.2. We prove Ker λ = J(E(B)). Suppose
λ(0) = 0. Then for each n, x e Bn[p] implies φ(x) e Cn+1. Hence, if
x φ 0, h(φ(x)) > h(x). That is,

Φ e H(B) = {Φ 6 £7(5) | x e B[p], x Φ 0 , implies M0(®)) > h(x)} .

Conversely, if φeH{B), then clearly λ^ = 0. The result now follows
from [6], p. 287, which states that J(E(B)) = H(B).

COROLLARY 3.5. If ψe E(B) then φ is the sum of two auto-
morphisms.

Proof. Bn[p] is a direct sum of countable groups and therefore,
by 2.3, each φn e E(Bn[p]) is a sum of two automorphisms from which
it follows that each element of E(B)/J(E(B)) is a sum of two units,
consequently each element of E(B) is a sum of two units.

4* An example* In this section we exhibit, for an arbitrary
prime p, a reduced p-primary group G for which the group of auto-
morphisms does not generate the ring of endomorphisms. The group
G will in fact be without nonzero elements of infinite height and have
a countable basic subgroup.

The notation will be as in § 3 except that we require each index
set In to be countably infinite.

Define τ on B by the condition
T Φ m n) = b m + 1 n .

Plainly this property uniquely determines an endomorphism of B. Let
R be the subring of E(B) generated by the identity and τ.

LEMMA 4.1. If φeR — pR then φ is one-to-one.

Proof. Let φ = ΣJ=o ̂ iτi a n d suppose φ(x) = 0 for some x e B[p] —
{0}. We show that φ e pR. Indeed suppose otherwise. Then we can
assume that p does not divide kr. Write x = Σ w < ω ( Σ w < ω amnp

nbmn)
where amn e Z and, for each n, almost all amn are zero. We have

0 = Φ(X) = Σ»
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Since x Φ 0, we can choose n so that Σm<ω ^mnPnbmn ^ 0 and hence,
for this n, there is a largest m = M such that p does not divide aMn.
It then follows that

2jm<<ω ̂ W Σ ^iK + i n) = CLMnkrp
n

\i = 0 /

for some integers ch and from this expression it follows that φ{x) Φ 0»
Let ^ be the collection of subrings S of E(B) which satisfy, for

all nonnegative integers e, the condition

Ce:φeS and Φ((pnB)[pe]) = 0 for some n implies φ e PeS.

We note that if S is a subring of E(B) which satisfies d then
S G ̂ . Clearly our subring ReW.

Let R be the closure of R in the p-adic topology on E(B).

LEMMA 4.2. If φ e R — pR then φ is one-to-one.

Proof. Let {0n}£=1 be a Cauchy sequence in β which converges to
φ. We can assume that, for all n > 0, φn — φn+1 e pnR. Now note that
if φr e pR for some r then ψn e pR for all n. Hence we could write

φ = lim0W = limpψn — plimψn = pψ, ψeR .

Thus we can assume no φn e pR.
Let x e B[p], x Φ 0. We can write x = δm + ?/ where 0 ^ 6m e B^

and /̂ (]/) > m. Since the conditions θ eR — pR and 0 Φ bn eBn always
imply 0 Φ θ(bn) e Bn it follows that h(φn(x)) ̂  m for all n. Hence

Φ(x) = lim φn(x) Φ 0 .

It is clear that E e g 7 . Furthermore R is a closed separable
subring of E(B). Thus ίί satisfies the hypothesis of the following
theorem by A. L. S. Corner [1].

THEOREM 4.3. Let Cbea torsion complete p-group with unbounded
countable basic subgroup B, and let Φ be a separable closed subring
of E(C) such that Φ(B) S B andf for all positive integers e, Φ satisfies
Ce. Then there is a pure subgroup G of C containing B such that

E(G) = ΦφE.(G) .

Here E8(G) is the subring of small endomorphisms of G. Note,,
too, that if G is pure in C we can consider E(G) as being embedded
in E(C)

Now if G is a pure subgroup of B corresponding to R in thia
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theorem we can write

E(G) = R 0 ES(G) .

We then get the following epimorphism of E(G)

7: E(G) -> R — R/pR ~ R/pR ~ ZP[X]

where X is an indeterminate. The only units in ZP[X] are the nonzero
constant polynomials. Thus, the nonconstant polynomials cannot be
written as sums of units and therefore, their pre-images in E{G)
cannot be written as sums of automorphisms.

The author wishes to thank Professor R. S. Pierce for suggesting
the problem and for his suggestions and encouragement in solving it.

BIBLIOGRAPHY

1. A.L.S. Corner, On endomorphism rings of primary abelian groups (to appear)
2. L. Fuchs, Recent results and problems on abelian groups, Topics in Abelian Groups,
Chicago, 1963.
3. , Abelian groups, Budapest, 1958.
4. N. Jacobson, Structure of Rings, Providence, 1956.
5. I. Kaplansky, Infinite Abelian Groups, Ann Arbor, 1954.
6. R. S. Pierce, Homomorphisms of primary abelian groups, Topics in Abelian Groups,
Chicago, 1963.
7. H. Ulm, Zur Theorie der abzahlbarunendlichen ahelschen Gruppen, Math. Ann. 107
(1933), 774-803.

Received January 15, 1968. This paper is essentially the author's dissertation
which was written at the University of Washington.

NEW MEXICO STATE UNIVERSITY

AND

WAYNE STATE UNIVERSITY






