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SUMS OF AUTOMORPHISMS OF A PRIMARY
ABELIAN GROUP

FRANK CASTAGNA

This paper is concerned with the problem: For which
abelian groups G does the group of automorphisms of G generate
the ring of endomorphisms of G? R. S. Pierce has shown that
if G is a 2-primary group, all of whose finite Ulm invariants
are equal to one, then the subring of E(G) generated by the
group of automorphisms of G is properly contained in E(G).
The groups considered in this paper are p-primary abelian
groups where p is a fixed prime number greater than two.
The paper is divided into four parts. In §1 the following
theorem is proved:

THeorREM, If G is a countable reduced p-primary, (p > 2),
abelian group, then every endomorphism of G is a sum of two
automorphisms,

The second part gives an extension of this theorem to the
case where G is the direct sum of such groups. In §3 the
result of this theorem is established for torsion complete
abelian groups, using some known results about their endo-
morphism rings. Finally an example is given (for an arbitrary
prime p) of a reduced p-primary abelian group G for which
there are endomorphisms in E(G) that are not sums of auto-
morphisms,

NotATION. Throughout this paper p will represent a fixed prime
number greater than two. Mainly the notation will follow that of
[3]and [5]. All groups considered are assumed to be p-primary abelian
groups. If G is such a group, we define for each ordinal B the
subgroup G; as follows: G, = pG = {x G |2 = pg, g€ G}, Gy = pG,_,
if 8 — 1 exists and Gy = [Nacs G if B is a limit ordinal. A primary
group G is said to be divisible if pG = G and is said to be reduced
if 0 is its only divisible subgroup. The height function A, for a
reduced p-group G is defined by the conditions

he(x) = a if xeG, and 2¢ G, ,,
he(0) = oo where c > a for each ordinal « .

If there is no possibility of confusion, we will write h(x) for h.(x).
A subgroup H of G is pure in G if p"G N H = p"H for each n = 0.
For every integer ¢ = 0 we define G[p°] as

Glp’] = {weG|pw =0}.
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If xe@G, o(x) is defined to be the order of x.
Finally for any subset X of G, let {X} denote the subgroup of G
which is generated by X.

1. Countable groups. One of the fundamental theorems in
abelian groups is Ulm’s theorem, [7], which states that any two
countable reduced p-primary abelian groups having the same Ulm
invariants are isomorphic. (For a definition of the Ulm invariants see
[5], p. 27.) A proof of this theorem is given in [5]. Roughly speaking
the concept of the proof is to build an isomorphism between the two
groups G and H. It is clear that one could by similar methods build
an automorphism of the group G, taking G and H to be the same
group. Given an endomorphism of G we might then ask, “Could one
not build two automorphisms of G in such a way that their sum is
always the given endomorphism?” This is indeed possible and we get
the following theorem.

THEOREM 1.1. If G 1is a countable, reduced p-primary abelian
group, then every endomorphism of G is a sum of two automorphisms.

The proof of 1.1 is based on several lemmas. We begin with the
following definition.

DEFINITION. If S is a subgroup of G, an element ze¢G — S is
said to be proper with respect to S if A(x + s) < h(x) for all se S.

Let S be a subgroup of G, let z,ye G with A(x) < h(y), and let
n be an integer prime to p. It is an immediate consequence of this
definition that if any one of z, x + ¥, or nx is proper with respect to
S, then so are the other two.

Now suppose that S and 7T are subgroups of G and that 6 is a
height preserving isomorphism between them. Assume that there
exist # and z e @G, having height «, and satisfying

(i) pxeS and O(px) = pz,

(ii) « and z are proper with respect to S and T respectively.
Then 6 can be extended to a height preserving isomorphism 6’ between
{S, «} and {T, 2} by defining

0'(s + nx) = 6(s) + nz .

Some of the lemmas that follow can be found in [5], § 11, and so,
mainly, the proofs will be omitted.

LEmMMA 1.2. Let S and T be subgroups of G and let 6 be a height
preserving tsomorphism between them. Assume that x € G satisfies
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(i) x is proper with respect to S,
(ii) if wewx + S is proper with respect to S then h(pw) < h(px),
(iii) pxe S and h(px) = h(x) + 1.
Then there is a z€ G with pz = 6(px) and h(z) = h(x). Furthermore
any # with these two properties will be proper with respect to T.

If S is any subgroup of G, define S, by S, = SN G,. Define the
subgroup S} of S, to be

Si = {xeSa{pxeGaH} .
The quotient S}/S.., can be considered as a vector space over Z,.

LemMA 1.3. If S ts a Subgroup of G then there exists a mono-
morphism C* of S¥[S... into Gu[p]/G.:i[D].

Since the technique involved in the proof of 1.3 is vital to other
parts of this paper the proof will be outlined.

Proof. If xe S} then pxreG,,, and there is a y ¢ G,., such that
px = py. The mapping

z—x— Y+ G.lp]

has S,., as its kernel.

LEMMA 1.4. Let S and {* be as 1n 1.3. If veG.[p] — Guui[D]
then © + G..[p]l¢ Im* if and only if « is proper with respect to S.

LeMMA 1.5. Let S and T be finite subgroups of G and let 6 be
a hetght preserving isomorphism between them. Suppose there is an
xe@G of height a, which is proper with respect to S, and such that
h(px) > a + 1. Then there exists z € G, [p] such that h(z) = a and z
18 proper with respect to T. Furthermore z can be chosen so that
it 1s also proper with respect to S and has the following form

R=0 -+ 8 +w
where s, € S and h(w) > «.
Proof. Choose v € @G,,, such that v —veG,p]. If = is proper
with respect to T we let s, = 0 and w = —wv. Otherwise let {* and
&* Dbe the monomorphisms of S}/S..., and T*/T,., into G.[p]/G.:.[»]

respectively. Both Im &* and Im {* have the same finite dimension
and since, by 1.4,

T — Y+ Guy[p]€Imé&* — Im C*
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it follows that there is a y € G.[p] such that
Y+ GolpleIm* — Im&* .,
From 1.3 we see that y has the form
Yy =58 +u eSS and h(u) > a.

We let z =2 + s, — (w + v).

We can now proceed with a proof of 1.1. Let + ¢ E(G) and
enumerate G as G = {x, = 0, 2,, 2y, ---}. Suppose that we have finite
subsets S, T, and 7" and height preserving isomorphisms 6 between S
and T and 6 between S and 7" such that 6(s) + 6'(s) = +(s) for each
seS. Assume that

T, €SNTNT .

We must extend ¢ and 6’ to height preserving isomorphisms # and ¢’
between finite subgroups S containing S, T containing T, and 7"
containing T’ such that v, e SN TN T’ and for all se S, 4(s) + 6'(s) =

¥(s). The proof is broken into two cases: z,¢ S and z,¢ T N T".

Case I. x,¢S. We may assume that we have an x which is
proper with respect to S, px e S and such that if yex + S and h(y) =
h(x) then h(py) < h(px). Let h(z) = a, O(px) = y, and 6'(px) = ¥'.

If h(y) = a + 1, we can use 1.2 to get a z which is proper with
respect to T and such that h(z) = @« and pz = 6(px). Define 2’ =
(@) — 2. Then h(z’) = a and pz’ = 6'(px). Again using 1.2 we see
that 2’ is proper with respect to 7". Letting S = {S,x}, T = {T, 2},
and T’ = {T", 2"}, the extensions # and & of # and ¢’ follow. Since
z + 2’ = (x) it is clear that 6(s) + 6'(s) = v(s) for all seS.

Suppose then that i(y) > a + 1. By 1.5 there exists z, € G.[p], of
height «, which is proper with respect to 7. We have h(pz,) = h(0) >
a + 1. Since 6’60-' is a height preserving isomorphism between T and
T" we can apply 1.5 again to obtain z, € G [p], of height «, which is
proper with respect to both 7 and 7". Choose % and %’ € G,., such
that pu = y and pu' = ¥'.

If h(y(v)) > a let

2=z +u and 2 = 4@ — 2.

A few easy calculations show that with these definitions of z and =z’
the desired extensions follow.

Thus we may suppose that h(y(x)) = a. Letting w = u + 4’ we
see that h(y(x) — w) = a and ¥ (x) — we G p]. Now if (x) — w is
proper with respect to both T and 7" choose v such that 2v = (x) — w.
Then h(v) = «, ve G,[p], and v is proper with respect to both 7' and
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T'. Define
z=v+u and 2’ =v+u

to get the extensions of 6 and ¢’. Therefore we may assume that
Jr(x) — w is not proper with respect to 7. With z, as defined above
it follows from 1.4 that ++(x) — w — 2, is proper with respect to T.
Then with the definitions

2=@) —w—2, +u and 2 ==z + U

we have completed the proof of Case I.

Case II. z,¢TNT. To be explicit, let us say that z,¢ T.
Then as before, the problem reduces to that of having a z which is
proper with respect to T and pzeT. Let h(z) = a« and pz = y. The
case h(y) = a + 1 is handled just as before. Use 1.2 to get x and let
2 = y(x) — 2.

Consider then the situation when h(y) > a + 1. We use 1.5 to
select w, € G,[p], of height «, such that w, is proper with respect to
both T and 7" and has the form

Wy =2 + t + U,

where t,e T¢ and h(u,) > a.

Let {* and v* be the monomorphisms of S}/S.,, and T.*/T.., into
G p]/Gari D] respectively as given by 1.3. Let S* be a complimentary
summand of Im {* in G [p]/G...[»]:

GAPl/Gaiilp] = Im* P S* .

Let +* be the endomorphism of G,.[p]/Gus:[p] induced by +. Choose
%, + Gari[p] € S* such that z, ¢ G, [p]. Since p > 2 there is a k= 0
{mod p) such that

kE(wy + Goui[p]) + ¥v* (@, + Gosi[p]) € Im 7™ .

Let [ satisfy
kl = 1(mod p) .
Then

(w, + v(lx,)) + Guri[p] € Imv* .

It follows that lx, is proper with respect to S and w, + +r(lx,) is proper
with respect to T'. Define

W =W, — U =2+ .

Then pwe T and h(0'(pw)) > a + 1. Choose v € G,., such that pv =
8~ (pw). Define x and w' by



468 FRANK CASTAGNA

x= —lx, +v
w = Yx) —w.

It is routine to check that the subgroups {S, «}, {T, w}, and {T", w'} give
rise to the desired extensions of ¢ and ¢’. This completes the proof
of 1.1.

2. Direct sums of countable groups. In this section we will
be considering subgroups G,, H;, etc., of a group G, where A and 8
are members of an index set 4. These are not the subgroups defined
in the notation. To avoid confusion, we will denote the subgroups
G., defined previously, by »*G, »*H,, etc.

The purpose of this section is to extend Theorem 1.1 to reduced
p-primary abelian groups G that are direct sums of countable groups.
In the next lemma and theorem, however, we make no restriction on
the summands except that they be countable.

LemmA 2.1. Let G = .. G, where |G| £ W, for all xe 4 and
let yeE(G). Then A =U,..1I where |I,| < W, for each ve A and

F(S0erG) E Saer, G »

Proof: Let v be a fixed element of A and define I, = {v}. Having
defined the countable subset I", of 4 we define I',., as follows. Since
>uer, Gi is a countable set there is a countable subset I”,., of 4 which
contains I", and satisfies

P (Sier,G) S Siery,, G -
Define

I7 = Uh<mrh .

THEOREM 2.2. Let G = &P D;.. G, where each G, 1is countable and
let ¥ € E(G). Then G can be written as G = J;.s H; where each H,; has
the following properties.

(i) H; < H;., for all Be 4,

(i1) H; = Uacs He of B is a limit cardinal,

(i) H, = H,_, B C;s, where C; is countable, if B is mot a limit
ordinal,

(iv) for each Be A, y(H;) S H,.

Proof. Let 4 =U,.,I, as in 2.1, Define I, = I, and having
defined I", for all @« < B, define I'y =1, UI, if B — 1 exists and
Iy = Uaes s if B is a limit ordinal. Now define H; = @D Sier, Gi
We note that if B is not a limit ordinal

Hﬁ = Hﬁ—1 @ leKﬂ G;
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where K, = I, — I';_,. It is easily seen that the assertions (i)-(iv) are
satisfied.

THEOREM 2.3. If G is a reduced p-primary abelian group,
(» > 2), and if G is a direct sum of countable groups, then every
endomorphism of G is a sum of two automorphisms.

Proof. Let G = U,., H, as is given in 2.2 and let v ¢ E(G). We
define inductively, for each v e 4, automorphisms 6, and 6, such that
Vv|H, =6,+ 6, andifa<v,0,|H,=0,and ¢, | H, = 6,. Forv =0,
1.1 gives 6, and 6;. Assume that 6, and 6, have been defined for all
v < B. If B is a limit ordinal we define 6, = U,<; 0, and 0; = Uy, 6,.
Assume that 8 — 1 exists. Then H;, = H,_, & C,. Let 7, and 7, be the
projections of H, onto H,_, and C, respectively. Then 7,(v| C;) € E(C,)
and by 1.1 there exist ¢ and ¢', automorphisms of C;, such that
(v | Cs) = ¢ + ¢'. For each ceC choose v, € H;_, such that 2v, =
wy(c). Plainly v, defines a homomorphism of C; into H,_,. Now define
0, and 05 on H; by

Op(x 4 ¢) = O5_u(x) + ¢(c) + v.
Op(x + ¢) = Op_.(x) + ¢'(c) + v,

where x € H;_, and ce C;. It is routine to check that 6, and 6} satisfy
the required conditions.

3. An application. In this section we show that if G is a
torsion complete group, (in the p-adic topology), then each endomorphism
of G is 2 sum of two automorphisms. This result will follow as a
corollary of a theorem in [6].

NOTATION. B, = @ >lic;, {bin}, for some index set I, and o(d;,) =
pn+1.

B = @Zm<an

B = torsion subgroup of Il.<. B.
C'n = {p%B’ Bm B'/H—ly b ’} .

It is not difficult to show that
(1) B=®3..B.®C,.

Let 7, be the natural projection of B onto C, as determined by
(1). Define p, ==, — m,,;. Then p, is a projection of B onto B,.
Define \,: E(B) — E(B,[p]) by

(Mag)(@) = p.(¢(x)) for all xeB,[p].
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LEMMA 3.1. ), is a ring homomorphism of E(B) into E(B,[p]).

Proof. 1f ¢ e E(B) then plainly \,¢ maps B,[p] to B,[p]. It is
also clear that \, is a group homomorphism of E(B) to E(B,[p]). Note
now that « € C,[p] implies ¢(x) € C,[p]. Suppose that ¢, ¢ E(B). For
1el,, we can write

V(D bin) = Dljer, Xii0"bj + @

where x € C, . [p]. Consequently

N (P"0:0) = Djer, QD bjn
so that
Then

LemMA 3.2. Define

by

7\':¢'_’(>"0¢y N @, "'9>"n¢9 "') .

Then ) s a ring epimorphism.

Proof. Certainly ) is a ring homomorphism. Let

(¢(’)! ¢;, ] Q';w "')eﬂn<wE(Bn[p]) )

where ¢/, ¢ (B,[p]). Extend ¢, to ¢% ¢ E(B,). Now define ¢ c E(B) as
follows. If zeB, z = lim, <. 0x(x), (the limit being taken in the
p-adic topology) and hence the elements

Zk<m¢i(0k(x) , m = 1, 2’ cee

form a Cauchy sequence in B, with bounded order. Define g(x) to be
the limit of this sequence. If x ¢ B,[p] then ¢(x) = ¢,(x) € B,[p] and
hence

)\’¢ = (¢6)¢;y "'7¢:n "') .
LEMMA 8.3. Let R be a ring and J(R) the Jacobson radical of

R. If each element of R/J(R) is a sum of n units then each element
of R is a sum of n units.

Proof. If y + J(R) is a unit then it has an inverse z + J(R) and
2y + J(R) =1 + J(R). This implies that zy =1 — r for some 7 € J(R)
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and hence zy is a unit. Thus ((2y)~2)y = 1 so that y has a left inverse.
Similarly v has a right inverse and hence y is a unit. It now follows
eagily that if # + J(R) is a sum of #» units in R/J(R) then x is a sum
of n units in R.

THEOREM 3.4. [l.<.E(B.[r]) = E(B)/J(E(B)).

Proof. Let N be as in 3.2, We prove Ker A = J(E(B)). Suppose
Mg¢) = 0. Then for each =,xe¢ B,[p] implies ¢(x)eC,,,. Hence, if
® % 0, h(g(x)) > h(x). That is,

¢ecHB)={¢pecEB)|vecB[p],x+ 0, implies h(s(zx)) > h(x)} .

Conversely, if ¢ ¢ H(B), then clearly »¢ = 0. The result now follows
from [6], p. 287, which states that J(E(B)) = H(B).

COROLLARY 3.5. If ¢c E(B) then ¢ is the sum of two auto-
morphisms.

Proof. B,[p] is a direct sum of countable groups and therefore,
by 2.3, each ¢, c E(B,[p]) is a sum of two automorphisms from which
it follows that each element of E(B)/J(E(B)) is a sum of two units.
consequently each element of E(B) is a sum of two units.

4. An example. In this section we exhibit, for an arbitrary
prime p, a reduced p-primary group G for which the group of auto-
morphisms does not generate the ring of endomorphisms. The group
G will in fact be without nonzero elements of infinite height and have
a countable basic subgroup.

The notation will be as in § 3 except that we require each index
set I, to be countably infinite.

Define r on B by the condition

T(bm n) = bm-l-ln .
Plainly this property uniquely determines an endomorphism of B. Let
R be the subring of E(B) generated by the identity and .
LEMMA 4.1. If ¢ R — pR then ¢ is one-to-one.

Proof. Let ¢ = 37, kot and suppose ¢(x) = 0 for some » € B[p] —
{0}. We show that ¢ c pR. Indeed suppose otherwise. Then we can
assume that p does not divide k,. Write 2 = D co Cluco Cnn"bmr)
where a,,,c Z and, for each n, almost all a,., are zero. We have

= 9(8) = Snce( Smcw 0a? (3 kibuss ) -
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Since ¢ # 0, we can choose n so that Y.<, #n.0"b.. = 0 and hence,
for this m, there is a largest m = M such that p does not divide a,,.
It then follows that

Zm<w amnpn(g(a) kzbm+z n) = axl[nkrpnbﬂ[+r n + Zj<M+r ij”bjn y

for some integers c;, and from this expression it follows that ¢(x) = 0.
Let & be the collection of subrings S of E(B) which satisfy, for
all nonnegative integers ¢, the condition

C,:.¢eS and ¢((p"B)[p]) =0  for some n implies ¢ € P°S.

We note that if S is a subring of E(B) which satisfies C, then
Se#. Clearly our subring Re % .
Let R be the closure of R in the p-adic topology on E(B).

LEMMA 4.2. If ¢ R — pR then ¢ is one-to-one.

Proof. Let {¢,}3-, be a Cauchy sequence in R which converges to
¢#. We can assume that, for all » > 0, ¢, — 4,., € p"R. Now note that
if ¢,epR for some » then ¢,c pR for all n. Hence we could write
$n = DV¥a, ¥n € R. Then

¢ =limg, = limpy, = plim+, = py, v e R .

Thus we can assume no ¢, € pR.

Let x ¢ B[p], x = 0. We can write x = b,, + ¥ where 0 = b,, € B,,
and h(y) > m. Since the conditions # ¢ R — pR and 0 # b, € B, always.
imply 0 == 6(b,) € B, it follows that &i(¢,(x)) < m for all n. Hence

é(x) = limg,(x) = 0.

It is clear that Rec%. Furthermore R is a closed separable
subring of E(B). Thus R satisfies the hypothesis of the following
theorem by A.L.S. Corner [1].

THEOREM 4.3. Let C be a torsion complete p-group with unbounded
countable basic subgroup B, and let @ be a separable closed subring
of E(C) such that ®(B) & B and, for all positive integers e, @ satisfies
C,. Then there is a pure subgroup G of C containing B such that

EQG) =0DEWG) .

Here E,(G) is the subring of small endomorphisms of G. Note,
too, that if G is pure in C we can consider E(G) as being embedded
in E(C)

Now if G is a pure subgroup of B corresponding to R in this
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theorem we can write
EG) = R® EsG) .
We then get the following epimorphism of E(G)
v: E(G) — R — R/pR ~ R/pR ~ Z,[X]

where X is an indeterminate. The only units in Z,[X] are the nonzero
constant polynomials. Thus, the nonconstant polynomials cannot be
written as sums of units and therefore, their pre-images in E(G)
cannot be written as sums of automorphisms.

The author wishes to thank Professor R. S. Pierce for suggesting
the problem and for his suggestions and encouragement in solving it.
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