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SINGULAR PERTURBATION OF A TIME-DEPENDENT
CAUCHY PROBLEM IN A HILBERT SPACE

L. E. BoBisSuD AND JAMES CALVERT

Let A be a self-adjoint operator, not necessarily bounded,
in the Hilbert space H, with resolution of the identity E,.

Define A(t, A) = - h(t, )dE,. It is shown that as ¢e—>0+
the solution of the abstract problem U, -+ bU. + h(t, A)U, =
0, U.(0) = =, U.(0) =z, tends in the norm of H to the solution

of bU, +h(t, AYU, =0, Uy0) = z, for data x,, x; in a dense
subset of H.

Let A be a (possibly unbounded) self-adjoint operator in a Hilbert
space H, and let E, be the resolution of the identity for A, so that

Ax = Sm NdE 2

—oo

for x € D(A) c H. Let h(t, ) defined on [0, c) X (— co, =) be a Borel
measurable function of N for fixed ¢ and a continuous function of ¢
for fixed real . Then an operator A(t, A) can be defined by

h(t, Ay — g“ h(t, \dEz

for x e D(h(t, A)), where
D(h(t, A)) = {x e H: S:[h(t, IS IR R } .

We shall be concerned with the behavior as ¢— 0+ of the
solution of the problem

(1) cU” + bU + Wit, AU, = 0, U,0) = x, U/(0) =z, ,

where b is a positive constant. It seems reasonable to expect that
U.— U, as ¢— 0, where U, solves the problem

(2) bU; + hit, AU, = 0, U0) = a, -

We prove this convergence, as well as U/ — Uy, in the norm of H for
data x, x, restricted to a certain dense subset of H.

Several abstract singular perturbation problems of this nature
have been considered before. Kisynski [5] considered the case
h(t, A) = A where A is positive as well as self-adjoint; in addition, he
considered the inhomogeneous problem. Smoller [9, 10], Latil [6],
Friedman [4] and the authors [1] have extended his results to higher-
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order equations and have removed the restriction that A be positive.
The use of the resolution of the identity for A and estimates for the
special case H = L*(— =, ), A = a real parameter ) is central to all
these treatments, as well as to the present study. Singular pertur-
bations in Banach spaces have been studied by Bobisud and Hersh
[2], Sova [11], and Schoene [8].

Time-dependent equations of the form

ep@)U! + q()U. + AU, =0

and higher-order generalizations have been considered by Friedman
[4]. The only previous study of a nonfactorable time-variable operator
h(t, A) which is known to the authors is that of Nur [7], who con-
siders the case A(t, ) = ¥, so h(t, A) is a semigroup with generator
A. The result of Nur is contained in the theorems to follow.

As mentioned above, we begin by examining in part 1 the special
case H = L*(— oo, o) and show that w.(f, N) — %,(¢, \), Where

(3) Eu;’ + bu; + h(t, )\J)u,s = O, 7,{,5(0’ )\,) = Xy, %2(0, 7\.) =7,
(4) bus + h(t, MNyu, = 0, 40, N) = 2, .

We also establish for this case certain estimates to be used in treating
the Hilbert space problem in part 2.
1. The problem on the real line. Since the problems (3), (4)
are linear, we may write
ue(t’ )\’) = pé(t7 N)wo + qe(ty k’)ml ?
u/o(t: )") = po(t; )')xo

for certain functions p., q., »,» Regarding a solution of (3) for fixed
¢ as a solution of the equation eu! + bu. = —h(t, M)u.(t), we find that
u.(t, \) satisfies the following integral equation:

w(t, \) = z, + _b5_[1 — ¢ g,
(5) t
_ %S B(s, ML — =19y (s, N)ds -
Q
Similarly, for %, we obtain the integral equation

(6) M@M=%~%YWAM@M%;

thus for the difference we have
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’M/e(t, 7\1) - uo(t, )\,) = ._8_[1 — e—(b/:);s]x1

(7) Sk(s N[, ) — u(s, V]ds

S h(s, N)e= ¢y (s, N)ds .
For convenience we define

T
e Sgih(s,Z)!dsS ”’L(S, )»)Ids .
0

Observe that M,(\) < 2exp {2 ST}h(s, X)lds} since ae® < &,

LEMMA 1. For tel0, T]
]p5(t, )\‘)1 é MT(X‘) ’
0.t M| = ZML00
[p(t, M) | = Mr(N) -
Proof. From (5) we obtain
ity W] = Jan] + Sl + | 18G5, ) ol V) Lds
Gronwall’s lemma [3, p. 37] then implies that
(8) it 1= [ 1] + el PLOY -
The first two statements of the lemma follow on setting z, = 1,2, =
0 and %, = 0, x, = 1, respectively. The last statement follows in the

same manner from (6).

THEOREM 1. For any T >0 and any fixed X\, p.(t, N) — py(t, \)
and q.(t, \) — 0 as ¢ — 0+, uniformly in tel0, T].

Proof. That q¢.(t, \) — 0 is obvious from Lemma 1. Setting x, =
0,2, =1 in (7) yields

| D¢, ) — polt, M = % golh{s, M| 12.65, \) — pols, \)ds
1 (e o
+La,00 [10te, W10

For any 0 > 0 we have
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t

IA

[[11ts, Wy e vt
0

Smax(t—ﬁ,(})

| B(s, N) e~ lat-sds S (s, \)| ds
0)

max(t—ad,
T

< gt S h(s, N)|ds + & sup | h(, V)
0 0StsT

g(\) + eIk .

Il

Thus
D, N) — polt, M| = % (Mg + e R(N)]
A NLCRVITICRVEICENIETE
application of Gronwall’s lemma yields the inequality
|2t M) — pot, M| = %[590) + ¢ ROVIMAT) -

Here the right-hand side can be made arbitrarily small by first choosing
0 > 0 small and then requiring & to be sufficiently small.

LEMMA 2. For te |0, T,
[Dl(t, V)| < _gé_ezsgmu,z)\ds
(¢, == ,
QU V)] = 14 e menae

Proof. Differentiating (5), taking absolute values, and using the
estimate (8), we get

(9)  lwt, V) = o)+ Ll + Lo 10500 | [his, v)1ds

settinginturnz, = 1, 2, = 0 and 2, = 0, 2, = 1, and using the inequality
a(l + ae®) < 2¢* for a > 0, yields the result.

LEMMA 3. For te]0, T1,
P, M| = %(2192 + emax | h(t, x)])ezSoW\wds ,
3 [0.7]
[q/(t, N = <_2_l2_ + 2 max | A(t, N)[)ezsg[h(s,h?ds ,
€ b .11
ng(t, >\')[ é E<'[na.x Ih(t’ )\_,) I)ezsglh(s,l)!ds .
b\ .11

Proof. The proof follows easily by using the differential equations
(3), (4) themselves and the estimates contained in (9) and Lemma 1.
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THEOREM 2. For any 0<7 < T, pi(t, \) — pi(t, N) uniformly for
telo, T] and ql(t, \) — 0 uniformly for telr, T].

Proof. Differentiation of (5) and (6) yields the equations

DU, N) = —-81- S:h(s, N)e®19t=p (5. N)ds

it \) = —%h(t, NP, M) S

t
alt, M) = et — L [gs, nyemeree0g,(s, 2)ds -

From the last of these equations we obtain, using Lemma 1,

|20t 2] < e+ 2300 [ 1h(s, ) e 0ds ;
0

in the proof of Theorem 1 this integral was shown to approach zero,
uniformly in £€[0, T], as ¢— 0. Since ¢ */#* — 0 uniformly for te
[z, T], the second statement of theorem follows.

We turn to the first statement, writing for any fixed ¢ >0

1 max(t—3§,0)
S h(s, \)e=®19¢9p (s, N)ds

e Jo

1

S h(s, N)e~ @9y (s, N)ds
€ Jmax(t—-4,0)

+ %h(t, NPt V) = J, + o+ s .

Since e ? < =21 we have the estimate

1 max(t—a,0) b
=5 ) 2(t = )"0 hs, V)| [pds, W] ds
<ly T(x)e‘“/“"’s |h(s, )| ds ,

bo 0

where the final quantity tends to zero with . Also, since

t
S _é_e—(b[e)(t—a)ds — 1 — e—bﬁ/s ,
t—5 &

we have that
b+ I = 27 e h, V] 2.6, 0) — pils, W] ds

e[ h(t, M) | plt, M) -
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Setting #s()‘” T) = SUD:e(o,1] l pe(t: >") - po(tf 7\') I’ VO\', T) = Supte[o,T]]h(t, >") l’
we get that

(b, + )| S vy, T) sup| pit, )|
O TR0, TY(L = ) ;

the right-hand side tends to zero with & by Theorem 1.

2. The problem in a Hilbert space. Let H be a Hilbert space,
E; the resolution of the identity for the self-adjoint operator A, and
define operators P., P, Q. on H by

P) = | vt VaE;,
) = | wt, NaE; ,
Q0 = | at, VaE; ;

let T> 0 be a fixed number. Let D denote the (dense) domain of
the operator

(I + A+ max|h(t, 4))exp {2 §T| hs, A)Ids}
0,7 0

defined as

S“’ (1 + % + max |h(t, N)[)eZSoTW“"‘”“dE;;

—oo (0,71
then

D= {xe H: r (1+n + max |n, 7»)|>2e455”‘*'”'“d(E3x, z) < oo} .
—oo [0,73
D is contained in the domains of P, P, Q., because for x€ D
I1P@el = | Ip(t, VdEz, 0 < | MLO)AES, 2)

< S‘eo4e4sg~|h(s.1)ldsd(sz’ x) < oo

similar calculations are valid for P, Q,. Also, if € D, then P,x, Py,
Q.x € D(4), as is shown by calculations like the following for P.x:

r

] 2 T
< S )\'zdg 48480 'h(""”dsdHny”?

S:ﬁdil EPa| = S:v@z

1E1 S_mpe(t, 0B,

- r w{ :

—co

2
||_», B

= 4" weliresieg) Ball < o .
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Defining U.(t) = P.(t)x, + Q.(t)x, for ¢ > 0 and Uyt) = P,(t)x,, we
have

LEMMA 4. U.(t), U(t) solve the problems (1), (2), respectively, on
[0, 7.

Proof. We shall prove only the statement concerning U.,; that U,
solves (2) is proved similarly. In view of the fact that p.(t, ») and
q.(t, \) satisfy the differential equation (8), it is enough to show that
the first and second derivatives of P., Q. can be taken under the
integral sign; that is, for xz e D,

(L) Pt = | (L)t VB,

d ’ ~ = ” <..£_>y = M
(L )awe~ = (L)t ke ©=1,2);
we present a proof of the statement for P.. By the mean value
theorem we have that

1 e d
Pt + e — P(te] = S_m_dt_ps(t, N B

for some t’ between ¢ and ¢ + . Now

2

|

il

ilgw L, VB — Sw L (b, N
—e dt — dt ‘

=1 d ' d ¥ 2
=\ = pd V)| dl Bl
so the desired result is a consequence of the Lebesgue dominated
convergence theorem if we show that the integrand of the last integral
is bounded by a function integrable with respect to the measure
| x| To this end restrict 2 to be small enough that 0 <t + 2 <
T. Then from Lemma 2

id ) r d > 4b? (T hs s
Lo, W, Lpt, )| = 2 esfd e
pr D', \) 7 (¢, \)| = =

which is integrable for each fixed ¢ > 0. The proof of the case v =

2 is similar but uses Lemma 3 instead of Lemma 2.

LemMma 5. The solutions of the problems (1), (2) are unique.

Proof. We shall show that P.(t)x, is the only solution of (1)
with x, = 0; the omitted cases are similar. Let /,(t, A) for any integer
n be the bounded operator



52 L. E. BOBISUD AND JAMES CALVERT

ho(t, A) = S_ Wt, \AE, = (B, — E_)h(t, A) .

Suppose R.(t) is a solution of (1) with z, = 0, and set 2.(t) = P.(t)x, —
R.(t). Set z.,0t) = (F, — E_,)z.(t); then

ez, + bzl, + h,(t, A)z. .
= (E, — E_)(ez! + bz, + h(t, A)z.) =10,

and z,,(0)=0,2.,0)=0. If we show that z,, =0, we will have
0 = lim,__ 2..,.(t) = z.(t), as desired. Now z., satisfies the integral
equation

fn®) = = L1 G, )26
whence
1 i
201 = 3 | 11hts, D za@lds
and z., = 0 follows in standard fashion.
THEOREM 3. For x, x,€ D we have
lim || U.¢¢) = Ul =0
e—0+
uniformly for te|0,t], and for any z > 0,7 < T,
lim [|U!() — U:;@®)|| = 0
uniformly for telc, T].
Proof. It is necessary to show that
tim [ 19, ) = ptt, VP B = 0,
lim | [a.t, Md || B = 0,
lim | 91(t, %) = pi(t, M| B = 0,
e—=0+ J—oo
tim | [qi(t, ) P | B = 0.
=0+ J—co
Since, by Lemma 1,

Ips(t’ )‘*) - po(t’ >")I2 é 2|pe(t1 )\’)!2 =+ leo(ty )’) 12 é 4MT(7\’) ’

the first result follows from Theorem 1 and the Lebesgue dominated

convergence theorem. The remaining statements follow in a similar
manner.
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