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EQUIVARIANT HOMOLOGY FOR GENERATING
FUNCTIONS AND ORDERABILITY OF LENS SPACES

SHEILA SANDON

In her PhD thesis [MO08] Milin developed a Zj-equivariant version
of the contact homology groups constructed in [EKPO06] and used it to
prove a Zy-equivariant contact non-squeezing theorem. In this article,
we re-obtain the same result in the setting of generating functions,
starting from the homology groups studied in [S11]. As Milin showed,
this result implies orderability of lens spaces.

1. Introduction

Let (P,n) be a (cooriented) contact manifold. A contact isotopy ¢, of P is
said to be positive (respectively non-negative) if it is generated by a positive
(non-negative) contact Hamiltonian. Geometrically this means that ¢; moves
every point of P in a direction which is positively transverse (or tangent)

to the contact distribution. Consider now the universal cover Contg(P,n) of
the identity component of the group of contactomorphisms of P. Recall that

Conto(P,n) is defined to be the set of homotopy classes of paths ¢; of contac-
tomorphisms of P with fixed endpoints ¢g = id and ¢;1. The group structure
can be defined equivalently either by composition of contactomorphisms or
by juxtaposition of paths. We define a relation < by saying that [¢:] < [1)4]
if the class [1;][¢] ! can be represented by a non-negative contact isotopy.
This relation is always reflexive and transitive. The contact manifold (P, n)
is said to be orderable if anti—sym%y also holds. In this case < defines a

(bi-invariant) partial order on Contg(P, 7).

The notion of orderability was introduced by Eliashberg and Polterovich
in [EPO0O0]. In the same paper the authors also proved that a contact mani-
fold is orderable if and only if there are no positive contractible loops in the
identity component of the group of contactomorphisms, and used this crite-
rion to infer orderability of projective space RP?*~! from Givental’s theory
of the non-linear Maslov index [Giv90]. Since then other contact manifolds
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have been proved to be orderable: standard contact Euclidean space [Bh01],
1-jet bundles [CFP10, CN10a], cosphere bundles [EKP06, CN10b] and
lens spaces [MO08]. On the other hand, the first examples of non-orderable
contact manifolds were found by Eliashberg, Kim and Polterovich [EKPO06].
In particular, they showed that the orderability question is sensitive to the
topology of the underlying manifold, by proving that the standard contact
sphere S?"~! (for n > 1) is non-orderable even though it is the double
cover of the orderable contact manifold RP?"~!. Another surprising result
contained in [EKPO06] is the discovery that orderability is related to some
contact squeezing and non-squeezing phenomena.

Given open domains U; and Uy in a contact manifold (V, §) we say that U;
can be squeezed into Us if there exists a contact isotopy ¢y, t € [0,1], from
the closure U of Uy to V such that ¢ is the identity and ¢; (Z/Tl) C Usy. The
key to relate the two notions of orderability and contact squeezing is a geo-
metric construction [EKPO06] that, given a Liouville manifold (M, w = —d\)
with non-orderable ideal contact boundary (P, n = ker(\) ), uses a positive
contractible loop of contactomorphisms of P to squeeze domains in the pre-
quantization (V =M x S', ¢ = ker(df — )\)) of M. A particular application
of this idea, using non-orderability of S?"~1, is the following squeezing result
in the contact manifold (R?" x S*, ker (dz — M)). We will denote by
B(R) the domain {7 > 22 +y? < R} in R?". Moreover, given a domain
U of (R2”,wg =dx A dy) we will denote by U its prequantization U x S* in
R2" x St

Theorem 1.1 ([EKPO06]). If n > 1 then any domain of the form B(R)
with R < 1 can be squeezed into B(R') for R’ arbitrarily small.

This result is proved by applying the squeezing construction to the special
case of M = R?"” and using an explicitly constructed positive contractible
loop of contactomorphisms of S?"~!. Note that the proof does not work for
n = 1 because S' does not admit any positive contractible loop of contacto-
morphisms’. On the other hand, the same squeezing construction can also
be used in the opposite direction, i.e. to infer non-existence of a positive
contractible loop of contactomorphisms of P (hence orderability of P) by
proving non-squeezing results in M x S!. In particular, this was the strategy
followed by Milin [MO8] to prove orderability of lens spaces.

Consider the lens space Lk2”*1(m0, .v.yMp—1), which is defined to be
the quotient of the unit sphere S?*~! in C" by the Zj-action generated

'Using the techniques in [E191] it can be proved that in dimension 2n + 1 = 3 it is

never possible to squeeze E(E) into a smaller B/(\R’) Some contact rigidity is also present
in higher dimension: it was discovered by Eliashberg, Kim and Polterovich [EKP06] (and
reproved in [S11] using generating functions techniques) that B(R) cannot be squeezed

into B(R') if R" < k < R for some integer k.
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by the map

(1.1) Tkt (Wo, ..y Wp—1) (ezﬂi"m/kwo7 .. ,eQﬂm"*/kwn_l).

In the following the coefficients my, ..., m,—1 will play no role, so we will
drop them from the notation. Since the standard contact form \g = M

on %7~ is invariant with respect to this action it descends to a contact form
on Lk%*l. To prove orderability of L,f"fl, by the criterion given in [EP0O]
we need to show that there is no positive contractible loop in the iden-
tity component Contg (L,f"*l) of its contactomorphism group. Note that
the identity component ContOZ" (52"_1) of the group of Z-equivariant con-
tactomorphisms of $?"~! is a connected k-fold covering of Contg (Lkzn_l),
and so it is enough to show that there is no positive contractible loop in
ContOZ’C (52"_1). Also note that without loss of generality we may assume
that k is prime.

Elaborating on the construction of Eliashberg, Kim and Polterovich
[EKPO06], Milin [MO08] showed that if there was a positive contractible loop
in Contozk (52”_1,5) then this could be used as a tool for Zg-equivariant
contact squeezing of domains in R?" x S, where Z;, acts on R?" x S! by the
action (1.1) in each R?"-fiber. More precisely, such a positive contractible

loop could be used to squeeze B/(E for some small R into B/(\R’) for R/
arbitrarily small, by a compactly supported Zg-equivariant contact isotopy
of R?" x S. Thus, orderability of Lkznf1 follows if we prove the following
equivariant contact non-squeezing theorem.

—

Theorem 1.2. Given any R, the domain B(R) cannot be squeezed by a Zy-
equivariant contact isotopy of R*™ x S into B(R') for R’ arbitrarily small.

Theorem 1.2 was proved by Milin [M O8] using a Zy-equivariant version of
the theory of contact homology for domains of R?" x S' that was developed
in [EKPO6]. In this article we will reprove Theorem 1.2 in the setting of
generating functions, starting from the contact homology groups studied
in [S11].

In [S11] we used the set-up of Bhupal [BhO1] to generalize to the con-
tact case Traynor’s construction [Tr94] of symplectic homology for Hamil-
tonian symplectomorphisms and domains in R?”. In this way we obtained

homology groups G*(a’b} (¢) for compactly supported contactomorphisms
of R?™ x 8! isotopic to the identity, and homology groups G, (@Y (V) for
domains of R?® x S'. Here a and b are integer parameters. The group
G*(a’b] (¢) is defined to be the relative homology of the sublevel sets E®
and E® of a generating function S : E — R of ¢, while G, @Y (V) is
obtained by considering the inverse limit of the homology groups of con-
tactomorphisms supported in V. In this article we will prove that if ¢
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is a Zg-equivariant contactomorphism then it has a generating function
S : (R? x 1) x RMGn+l) . R which is invariant with respect to the
diagonal Zj-action on (R?* x S') x RME+1D (Proposition 3.3). More-
over we will show that all such generating functions for ¢ are related by
Zy-equivariant fiber preserving diffeomorphisms and Zg-invariant stabiliza-

tion (Proposition 3.7). We will then define the Zj-equivariant contact homo-
(a,b]

ky ¥

logy group G, (¢) of ¢ to be the equivariant relative homology of the

sublevel sets of S. The Zg-equivariant contact homology sz(a;b] (V) of a

Zy-invariant domain V in R?" x S1 is then defined via a limit process, as in
the non-equivariant case.

The existence and uniqueness results for generating functions of
Zi-equivariant contactomorphisms of R?® x S! are obtained by adapting
the arguments given in the non-equivariant case by Chaperon [Chap95]
and Théret [Th95, Th99]. An important ingredient is the new formula (2.1)
for the Legendrian submanifold I'y of J!(R?"™!) associated to a contacto-
morphism ¢ of R?"*! Indeed, the formula that was introduced by Bhupal
[BhO1], and used in [S11], does not preserve the Zj-action.

In order to prove Theorem 1.2 we will need to calculate the equivari-
ant homology of balls (Theorem 4.2). We will do this by elaborating on
the calculations given by Traynor. In [Tr94] she constructed an unbounded
ordered sequence of Hamiltonian symplectomorphisms supported in a ball
B(R) in R?", and obtained the symplectic homology of B(R) by calculating
the index and critical value of the critical submanifolds of the corresponding
generating functions. As we will see, the fibers over 0 and oo in the base
manifold R?" will play no role in the calculations and so, since Zj-action is
free away from those fibers, the equivariant homology will be obtained essen-
tially by just taking the quotient. In particular, we will see that the critical
submanifolds, that in the non-equivariant case are diffeomorphic to $27~1,
in our case become diffeomorphic to Lk%*l. This change in the topology
of the critical submanifolds is responsible for the different behavior of the
homology groups in the equivariant and non-equivariant case and thus for
the fact that the contact squeezing of Theorem 1.1 cannot be performed in
the equivariant case.

Any bi-invariant partial order defined on a group G gives rise to a numer-
ical invariant, called relative growth, for pairs of elements in G. The relative
growth in turn can be used to associate to G a canonical partially ordered
metric space (see [EP00]). As observed in [EPO00], the notion of relative
growth can be applied in particular to the contactomorphism group of an
orderable contact manifold, giving rise to an invariant that can be consid-
ered as a contact generalization of the rotation number of a diffeomorphism
of S'. This was in fact the main motivation of Eliashberg and Polterovich
in introducing the notion of orderability in contact topology. It would be
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interesting to study the relative growth and the geometry of the associated
metric space in the special case of lens spaces. However, we do not address
this question in the present article.

This article is organized as follows. In Section 2 we recall from [S11] the
construction of contact homology for domains in R?® x S!. In Section 3
we study the equivariant case. In 3.1 we prove existence and uniqueness of
Zy-invariant generating functions, and in 3.3 we use these results to define
the equivariant contact homology groups for Zj-invariant domains of R?” x
S, after recalling in 3.2 the classical construction of equivariant homology.
In Section 4 we first present in 4.1 Traynor’s calculation of the symplectic
homology of balls [Tr94], then we show in 4.2 how to modify it in the
Zy-equivariant case and finally in 4.3 how to use the obtained results to
prove Theorem 1.2.
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2. Contact homology for domains of R?"™ x S*!

We start with some preliminaries on generating functions, referring to [S11]
and the bibliography therein for more details. Let B be a closed manifold,
and S : £ — R a function defined on the total space of a fiber bundle
p: E — B. We will assume that dS : E — T*FE is transverse to Ng :=
{(e,n) € T*E | n = 0 on ker dp(e) }, so that the set g of fiber critical
points is a submanifold of F of dimension equal to the dimension of B.
To any e in ¥g we can associate an element v*(e) of Tp(*e)B defined by
v*(e) (X) = dS ()?) for X' € T B, where X is any vector in T.E with
p*()?) = X. Then ig : 8y — T*B, e — (p(e),v*(e)) and jg : g —
J'B, e — (p(e), v*(e), S(e)) are respectively a Lagrangian and a Legendrian
immersion. S : E — R is called a generating function for ig (Xg) and for
js (Xg). Note that, since ig* Aean = d (S)xy), js (Xs) a lift to J'(B) of the
exact Lagrangian submanifold ig (Xg) of 7% B. Note also that critical points
of S correspond to intersection points of ig (Xg) with the 0-section and of
Js (Xs) with the 0-wall.
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A generating function S : E — R is called quadratic at infinity if
p: E — B is a vector bundle and if there exists a non-degenerate quadratic
form Q. : £ — R such that dS — 0,Q : E — E* is bounded, where 0,
denotes the fiber derivative. Existence and uniqueness results for generat-
ing functions quadratic at infinity have been proved in the symplectic case
by Sikorav [Sik86, Sik87], using ideas of [LS85] and [Chap84], and by
Viterbo [Vit92] and Théret [Th99]. These results were then generalized to
the contact case by Chaperon, Chekanov and Théret.

Theorem 2.1 ([Chap95], [Chek96|, [Th95]). Any Legendrian subman-
ifold of J'B contact isotopic to the O-section has a generating function
quadratic at infinity, which is unique up to fiber-preserving diffeomorphism
and stabilization.

Recall that a stabilization of a generating function S : E — R defined on
the total space E of a vector bundle over B is a function of the form S = S+
Q:F =FE®F — R, where I — B is a vector bundle and Q : F — R is
a non-degenerate quadratic form. A generating function quadratic at infinity
S : E — R is said to be special if E = B x RN and S = Sy + Qoo, where
Sp is compactly supported and Q. is the same quadratic form on each
fiber. Théret [Th95, Th99] proved that any generating function quadratic
at infinity can be modified to a special one by applying fiber preserving
diffeomorphism and stabilization. In the following we will always consider
generating functions that are quadratic at infinity, and we will assume that
they are special whenever this is needed.

The theory of generating functions has been applied by Viterbo [Vit92]
to the case of compactly supported Hamiltonian symplectomorphisms of
(RQ”, w =dx A dy). He did this by associating to any ¢ in Ham® (R?") a
Lagrangian submanifold I'y of T*S?" which is defined to be the compact-
ified image of the composition 74 = o o gr, : R?" — T*R?", where gry -
R2" — R2" x R?" is the graph of ¢ and o : R2" x R?" — T*R?" the sym-
plectomorphism that maps a point (z,y, X,Y’) to (xgx, #, Y —y,z—X).
This construction can be generalized to the contact case by associating to a
contactomorphism ¢ of (R2”+1, & = ker (dz — M)) a Legendrian sub-
manifold I'y of J IR27+1 which is defined as follows. Consider first the graph
gry ¢ R2HL — R2CHDHL g s (¢, 6(q), g(q)), where g : R+ — R is
the function given by ¢*(dz — M) =e9(dz — M). Note that gr, is
a Legendrian embedding, with respect to the contact structure ker (ee(dz —
ydroedyy _(qz — YAX=XdVY) o R22nHD+L We then define T'y to be
the image of the Legendrian embedding 74 = o o gry : R#"! — JIR?"+1
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where ¢ : R2@n+D+1 __, JIR2n+1 g the map

egx—l—X egy+Y
2 2

(I’,y,Z,X,Y,Z,G)H < 7z,Y—egy,eg:c—X,

o)
2(zY —yX
(2.1) e9—1,Z—z+82($2y)>.

Note that o is a contact embedding, sending the diagonal {z = X,y =Y,
z = Z,0 =0} to the 0-section?. Note moreover that I'; can also be written
as 'y = Wy(0-section), with ¥, denoting the local contactomorphism of
J'R?n*! defined by the diagram

(2.2) R2(2n+1)+1 _¢. R2(2n+1)+1
J1R2n+1 JlRQTH—l

where ¢ is defined by (p, P,0) — (p, #(P), g(P) + 6). This shows in particu-
lar that if ¢ is contact isotopic to the identity then I'y is contact isotopic to
the O-section. Moreover, if ¢ is 1-periodic in the z-coordinate and compactly
supported in the (z,y)-plane, i.e. if ¢ is a compactly supported contacto-
morphism of R** x S, then T, can be seen as a Legendrian submanifold of
J1(5?" x S1). By Theorem 2.1 we know thus that it has a (special) generat-
ing function S : (2" x S1) x RN — R, which is unique up to fiber-preserving
diffeomorphism and stabilization. In the following, by generating function of
a contactomorphism ¢ of R?" x S we will always mean a generating func-
tion S for the associated Legendrian submanifold I'y of J!(S?" x S1). The
crucial property of S is that its critical points correspond to translated points
of ¢ = (¢1,¢2,¢3), i.e. points ¢ = (,y, 2) such that ¢1(q) = x, ¢2(q) = y
and g(q) = 0 (see [S11]).

Let a, b be integer numbers that are not critical values of S. The con-
tact homology G*(a’b} (¢) of ¢ with respect to the parameters a and b is

2There are also other contact embeddings R2@nHD+L _, JIRZH with this property,
for example the one introduced by Bhupal [Bh01] and defined by (z,y,2,X,Y, Z,0) —
(m,Y, 2, Y —ePy,ze— X, —1,2Y — XY + Z — z) Notice that this map generalizes the
symplectomorphism R2" x R** — T*R?" defined by (z,9,X,Y) — (z,Y,Y —y,z — X).
Similarly there is also a contact embedding R2?"*D+1 ., JIR?"*! geperalizing the
symplectomorphism R2* x R*™ — T*R?" defined by (z,y, X,Y) — (y, X,z — X, Y —y).
For the purposes of this section we could equivalently use any of these formulas. However,
formula (2.1) is the only one which is symmetric with respect to the Zg-action that we will
consider in the next section, and thus which is suitable for developing the Z-equivariant
theory of contact homology for domains in R*™ x S*.
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defined by
G (@) = Hyy, (B, B7)

where F denotes the domain of the generating function S, E* and E® the
sublevel sets at a and b, and ¢ the index of the quadratic at infinity part of
S. We will also consider the groups G*(a’b] (¢) for a = —o0 or b = 400 by
defining ET>° = F and E~>° = E° for ¢ sufficiently negative. It follows from
the uniqueness part of Theorem 2.1 that the G k(a’b] (¢) are well-defined, i.e.
do not depend on the choice of the generating function. Moreover, it was
proved in [S11] that these groups are invariant by conjugation.

Proposition 2.2. For any contactomorphism 1 of R*® x S' isotopic to the
identity we have an induced isomorphism

b G (o) — 6. (g).

Consider the partial order < on the group Cont,® (R*" x S') of compactly
supported contactomorphisms of R*® x S! isotopic to the identity which
is given by ¢g < ¢1 if @19, lis the time-1 flow of a non-negative contact
Hamiltonian®. It can be proved (see [S11]) that if ¢ < ¢; then there are
generating functions Sop, S1 : £ — R for 'y, I'y, respectively such that
So < 51. Thus inclusion of sublevel sets gives an induced homomorphism
S G, (¢1) — G, (¢0), which commutes with the isomorphisms
given by Proposition 2.2. Given a domain V of R?" x S! we denote by
Cont,, ; (V) the set of contactomorphisms ¢ in Cont,* (R2"x S1) with support
contained in V and whose generating function does not have a and b as

critical values. Then {G k(a’b] (9i)} 4, cCont ¢ (v) 1s an inversely directed family

of groups, so we can define the contact homology G*(a’b] (V) of V with respect
to the values a and b to be the inverse limit of this family. Contact invariance
and monotonicity of these groups follow easily from Proposition 2.2 and from

monotonicity of G, (¢) with respect to the partial order < (see [S11]).

3. Equivariant contact homology

We will develop in this section an equivariant version of the theory of
contact homology for domains of R*® x S!, with respect to the action
of Zy on R?™ x S' = C" x S' given by 7 : (wq,...,wn_1,2)
(e2“im0/ kwo, ..., exmimn—1/ky z). We first observe that an easy applica-
tion of the uniqueness theorem for generating functions shows that if ¢ is
equivariant then every generating function S : (R?” x S') x RV — R of ¢
is Zjy-invariant, with respect to the action 7, on R?", up to fiber-preserving
diffeomorphism and stabilization. This follows from the next two lemmas.

3It was proved by Bhupal [BhO01] that < defines indeed a partial order; see also [S11].
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Lemma 3.1. Let ¢ be a Zy-equivariant contactomorphism of R2"t1. Then
the associated Legendrian embedding vy : R2HL s JIR?HL s also
Zy.-equivariant.

Here we consider the action of Z, on J'R?"*! given by (q,p,0)
(11(q), (1,*) " (p), 0). In the following we will denote by 7 also the action
of the generator of Zj, on J'R?"+1,

Proof. By formula (2.1) we have

e%x—i—d) e + ¢
1 2 g g
’y¢(x,y,z): ( 2 9 y2 77«'7¢2—ezy7‘321’—¢1a

el —1,¢3 — 2+ —e%(xqﬁg _yd)l)) ;

2
where g is the function satisfying ¢*(dz — M) = e9(dz — w) and
where ¢1, ¢2 and ¢3 denote respectively the first n components, the second

n-component and the last component of ¢. The Zj-action on R***+1 is
given by

gy (weon (27} — g (2 yeos (27 4 o (27
(@Y, 2) = (@ cos | ysin | == ) ycos ( — wsin | == |,z
and on J'R?"*+! by

7k(q1, 92, 43, P1, P2, D3, 0)

27 . 27 2 . 27
= (Ch COos (kz) — @251n (kz) ) 42 COS (k) =+ q1sin </<;> )43,
2w . 2 27 . (27
P1 COS (k) — p2sin (k‘) , P2 COS <k> + p1 sin (k) ,p3,49> .

Since ¢ is Zp-equivariant, i.e. ¢ o 7, = T o ¢, we have that ¢ o 7, =

gf)l COS(Q%) — gf)g Sin(%), gf)g O T = gf)g COS(%) + ¢1 Sin(%) and gf)g O T = gf)g.
Moreover, we also have that gor, = g. Using this information, a straightfor-
ward calculation shows that 4 o 7, = 74, 0 vy, i.e. 4 is Zy-equivariant. []

Lemma 3.2. Let ¢ be a (not necessarily Zi-equivariant) contactomorphism
of RZ"t1 If S R xRN - Risa generating function for the Legendrian
submanifold Ty of J'R?™ T then the function S : R x RN — R defined

by S(q;€) = S(7e(q); €) is a generating function for Tk_l(F¢).
Proof. The set of fiber critical points of S is given by
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and the Legendrian embedding iz : ¥z — J'R*"*! maps a point (¢;§) to
i5(4;€) = (q,gj(q;é),s(q; 5)) = <Q7Tk* <Z§(Tk(Q)§§)> ,S(Tk(q);£)> :
Thus S generates
{(am (S tm0a:9)) 50:9)) |52 (i) =0}
{0 (Fwo) sw) 5 e -0b = w)

O

If the contactomorphism ¢ is Zg-equivariant then by Lemma 3.1 we have
Tk_l(F¢) = Iy, thus it follows from Lemma 3.2 and the uniqueness part of
Theorem 2.1 that S is Zg-invariant up to fiber-preserving diffeomorphism
and stabilization.

We will show in the next subsection that it is possible to find a generat-
ing function S : (R?" x S) x RV — R which is truly invariant, but with
respect to an action of Z;, that also rotates the fiber RY. Moreover, we will
also prove a Zj-equivariant uniqueness theorem for Zj-invariant generating
functions of ¢.

3.1. Zg-Invariant generating functions.In this subsection we will
prove existence and uniqueness of Zj-invariant generating functions for
Zi-equivariant contactomorphisms of R?” x S'. We start by introduc-
ing the following terminology. A generating function S : F — R for
a Zi-equivariant contactomorphism ¢ of R?" x S' will be called a Zj-
invariant generating function if E = (R?" x S') x RMEC+D for some
M, and S is Zg-invariant with respect to the total diagonal Zg-action on
(R? x §1) x RM(2n+1) We will say that a Zj-invariant generating function
S (R? x §1) x RMEnt+1) R is Zy-quadratic at infinity if there exists a
non-degenerate Zg-invariant quadratic form Q. defined on the total space of
the vector bundle (R?" x §1) x RMZn+1) _, R27 x ST such that dS — 8, Qs is
bounded, where 0, denotes the fiber derivative. In other words, Q. is a func-
tion on (R?" x §1) x RM(2n+1) whose restriction to each fiber {g} x RM(2n+1)
is a quadratic form (possibly varying from fiber to fiber) which is invariant
with respect to the Zg-action on RM(2n+1),

We will denote by ContOZk (R?" x S1) the group of Zj-equivariant com-
pactly supported contactomorphisms of R?" x S! isotopic to the identity
through contactomorphisms of this form.

Proposition 3.3. Let ¢ be a contactomorphism in Comfoz’C (R2" x SY). Then
¢ has a Zi-invariant generating function Zy-quadratic at infinity.
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Proof. We will show that the construction of generating functions given
in [Chap95] (see also [Th95] and [S11]) can also be performed in this
equivariant setting. We first need to recall the concept of Greek generating
function. Let ¢ be a contactomorphism of J'R™ which is C'-close to the
identity. The Greek generating function of ¢ is a function ® : R™ x (R™)* x
R — R defined as follows. For (p,z) € (R™)* x R consider the function
fpz : R™ — R given by f,.(q) = z + pg. Note that jlf,, : R™ — JR™
for (p, z) varying in (R™)* x R, form a foliation of J'R™. Since ¢ is C!-close
to the identity ¢ (j!f,.) is still a section of J'R™, and thus it is the 1-jet
of a function ®,,. : R™ — R. The Greek generating function ® is then
defined by ®(Q,p,z) = ¢, .(Q). Consider now a Legendrian submanifold
L of JIR™ with generating function S : R™ x RY — R, and a compactly
supported contact isotopy ¢; of J'R™ which is C'-close to the identity and
has Greek generating function ®; : R™ x (R™)* x R — R. Then the function
Sy : R™ x (R™)* x R™ x RY) — R defined by

(3.1) St (Q;p,q,8) :== @ (Q,p, S(¢:€) — pq)

is a generating function for ¢;(L). In particular, notice that this formula
shows that the function Sy : R™ x ((R™)* x R™ x RY) — R defined by
So (Q;p,q,8) :=5(q;€) + p(Q — q) is also a generating function for L. The
construction of a generating function for a contactomorphism ¢ of R?" x S1
goes now as follows. Let ¢ be the time-1 map of a contact isotopy ¢; and
consider a sequence 0 = tp < t; < -+ < tj_1 < t;f = 1 with all Cf)ti(l)tij
close enough to the identity. Then a generating function for ¢ is obtained
inductively by applying at every step the composition formula (3.1) to a
generating function for I'y,  C J L(R?" x S1) and a Greek generating func-

tion for the contact isotopy ¥ I of JL(R?" x S1), in order to obtain a
i1

generating function S; for ¥ —1 (F¢ti—1) =T'y,. Suppose now that ¢ is the

Prde;
time-1 map of a Zj-equivariant contact isotopy of R?" x S1. Then ¢t¢ti,—11 is
also Zg-equivariant and so, as a straightforward calculation shows, its Greek
generating function is Zj-invariant with respect to the action 75, x (7,,*)~"
on (R?™ x S1) x (R?" x S1)* x R. On the other hand, we also know by
Lemma 3.1 and the induction hypothesis that the generating function of
L'y, | is Zp-invariant. By (3.1) we see thus that S; is invariant with respect
to the diagonal action of Zj; on its domain. Note that the domain is of
the form E = (R?" x S1) x RY with N a multiple of 2n + 1. We have
thus shown that ¢ has a Zj-invariant generating function. It was proved
by Théret [Th95| that the family S; can be made quadratic at infinity by
an isotopy of fiber-preserving diffeomorphisms. More precisely, we can first
apply the change of variables (Q;p,q,&) — (Q;p,q + Q,§) and define the
function S}(Q;p,q,&) := Si(Q;p,q + Q,&) and then find a fiber preserving
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diffeomorphism transforming S; into a function that outside a compact set
coincides with the quadratic form K(Q;p,q,&) = Q(§) — pq, where Q is the
quadratic form associated to S. Since K is a Zg-invariant quadratic form,
this shows that ¢ has a Zg-invariant generating function Zj-quadratic at
infinity. For later purposes it is important to notice that both the change
of variables (Q;p,q,&) — (Q;p,q+ Q,§) and the fiber preserving diffeomor-
phism constructed by Théret are Zg-equivariant. O

Generating functions that are Zg-invariant and Zg-quadratic at infinity
will be called simply Zg-generating functions. Two Zi-generating functions
are said to be Zg-equivalent if, up to stabilization with a Zj-invariant qua-
dratic form, we have S = S’oW where ¥ is a fiber-preserving diffeomorphism
that is equivariant with respect to the total diagonal Zj-action on base and
fibers.

Lemma 3.4. Any Zj-generating function is Zi-equivalent to a special one.

Proof. The result can be proved as in the non-equivariant setting [Th95,
Th99]. Let S : E = (R* x 1) x RM22+1) _, R be a Z-generating func-
tion with associated quadratic form Q : E — R. For each ¢ in R?>" x S!
consider the spaces F," and E,” associated to Q, : RM"+1) R After
stabilization by the opposite of Q we may assume that ET and E~ are
trivial vector bundles over R2" x S1. Using this we can prove that Q is
isomorphic to a quadratic form independent of the base variable. Con-

sider indeed orthonormal sections eq,...,e; : R*® x 81 — E~, where i is
the index of Q, and e;41,...,€ep2n41) : R X ST — ET, and define a
(Zj-equivariant) fiber-preserving diffeomorphism A on (R?*x §1) x RM(2n+1)
by A(q; a1,... ,aM(2n+1)) = (q; 1€, ..., aM(2n+1)6M(2n+1)). Then Q oA

does not depend on the base point q. Suppose now that S : (R?" x S!) x
RM@n+l) _, R is a Zj-generating function with associated quadratic form
Q independent of the base variable. Then we can use the Moser method as
in [Th95] to deform S through Zg-equivariant fiber preserving diffeomor-
phisms in order to obtain S = O outside a compact set. Moreover, we can
also ask the fiber-preserving diffeomorphism to be trivial on any prescribed
compact set. ]

We now want to prove that all Zg-generating functions of ¢ are
Zi-equivalent. We will do this by following Théret’s proof of the unique-
ness theorem for generating functions [Th95, Th99| and showing how it
can be modified to fit in our equivariant setting. We start with the following
result.

Lemma 3.5. If a path of Zp-invariant generating functions generates
a constant contactomorphism ¢ then all the functions in the path are
Zy.-equivalent.
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Proof. The non-equivariant version of this statement is proved by Théret
using the Moser method to obtain a fiber preserving diffeomorphism con-
necting the begin and end point of the path of generating functions. It is
immediate to see that if we apply this method to a path of Zg-invariant
generating functions then the resulting fiber preserving diffeomorphism is
Zp-equivariant. O

As a first application of this result, consider the function Sy : (R?" x S1) x
(R?" x S1)* x (R?™ x 1) x RN — R that appears in the proof of Proposition
3.3. Recall that Sy is defined by Syo(Q;p,q,&) = S(q;€) + p(Q — ¢), and
generates the same contactomorphism as S : (R?" x S') x RN — R. To
see that Sy is Zg-equivalent to S we first apply the change of variables
(@Q;p,q,8) — (Q;p,q+ Q,§), that shows that Sy is Zg-equivalent to the
function S{; defined by S{(Q;p,q.§) = S(Q + ¢;§) — pq. Notice that S,
can be written more conveniently as S{(¢;p, Q,&) = S(Q + ¢;§) — pQ, and
can be joined to the function S{(¢;p,@,&) = S(q;€) — pQ by the path of
functions s — S(sQ + ¢; &) — pQ, s € [0, 1). Since all functions of this path
generate the same contactomorphism, by applying Lemma 3.5 we see thus
that S, and S{| are Zg-equivalent. Since S|, is Zj-equivalent to Sp and S is
a Zg-stabilization of S, we see thus that Sy is Zg-equivalent to .S. This fact,
applied to the proof of Proposition 3.3 (and to a 1-parameter version of it),
shows the following path and homotopy lifting result.

Proposition 3.6. Let ¢; be an isotopy in ContOZ’“ (R?" x S1) and suppose
that ¢o has a Zg-generating function Sy. Then there exists a path S, of
Zy-generating functions such that S| is Zy-equivalent to Sp, and each S}
generates the corresponding ¢¢. Moreover, suppose that ¢,° is a homotopy
of paths in ComﬁOZ’c (R?" x SYY and S,° a path of Zy-generating functions
such that each S’to generates the corresponding gbto. Then there exists a fam-
ily S} ° such that S| ° is Zy-equivalent to S,° and each S,*° generates the
corresponding ¢,°.

We can now prove Zj-uniqueness of generating functions.

Proposition 3.7. All Z-generating functions of a contactomorphism ¢ in
ContOZ’“ (R?" x S1) are Zj.-equivalent.

Proof. We first prove that the set of elements of ComtOZ’c (R2" x S1) for which
the result holds is stable under isotopy. Let ¢; be an isotopy in ContOZk (R27 x
S1) and assume that the result holds for ¢;. We want to prove that the
same is true for ¢g. Consider two Zj-generating function S and T of ¢y. By
Proposition 3.6 we know that the path ¢; in ContOZ’“ (R2" x S1) can be lifted
to paths of Zg-generating function S; and T}, each S; and 7] generating
the corresponding ¢, such that Sj is Zj-equivalent to S and Tj) to T. By
assumption, the generating functions S; and 77 of ¢; are Zi-equivalent. If
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we apply the operations relating S7 and 77 to the whole path S] we obtain a
path S} lifting ¢; and such that Sy = T]. Thus, we have a path of generating
functions lifting the path in ContOZ’“ (R2" x S1) given by following ¢; from ¢y
to ¢1 and then backwards from ¢; to ¢g. Since this path in ContOZ’C (R?mx S1)
is contractible we can lift a homotopy connecting it to the constant path
¢o, obtaining as the time-1 map of the homotopy a path of Zg-generating
functions of ¢y connecting S{ to T}). We can then conclude using Lemma
3.5. We have thus reduced the problem into proving that all Zi-generating
functions of the identity are Zj-equivalent. Let S : (R?" x §1) x RM@n+1) _,
R be a Zj-generating function for the identity, and recall that we can assume
that it is special, i.e. it coincides outside a compact set with a (Zg-invariant)
quadratic form Q. independent of the base variable. Since S generates
the identity, g projects well to R?" x S' and hence it is the graph of
a map vg : R?" x §1 — RM@2n+1) Note that vg is Zg-equivariant with
respect to the Zg-actions on R?" x S and RM 27+ Define a fiber-preserving
diffeomorphism A of (R?" x S1) x RMZn+D) by A(x,v) = (z,v+vg(z)) and
consider the function S o A. Note that S o A is still Z;-invariant and that its
set of fiber critical points is R?" x S! x {0}. Although S o A is not special
anymore, by Lemma 3.4 we can make it special without affecting its set of
fiber critical points. We have thus shown that every Zj-generating function
of the identity is Zj-equivalent to some S : (R?" x §') x RMC@n+1) _ R
which is special and has R?" x S! x {0} as its set of fiber critical points.
Note that in particular this means that for any ¢ € R?” x S the restriction
Sy of S to the fiber above ¢ has only one critical point, at the origin. We can
thus apply the generalized Morse lemma to transform S by a Zy-equivariant
fiber preserving diffeomorphism into a function, still denoted by S, that
coincides with some non-degenerate quadratic form Q in a neighborhood
U of R?™ x S x {0}. Note that the generalized Morse lemma fits well in
our Zg-equivariant setting because its proof is based on the Moser method
(see [BHO4]) and so if we work with Zg-invariant functions we automatically
obtain Zj-equivariant diffeomorphisms. Note also that for every g in R?" x S*
the quadratic form @, is invariant with respect to the Zj-action on RM(2n+1)
This follows from the fact that the function S coincides with O near 0
and with the Zg-invariant quadratic form O, at oo, and that the vertical
gradient of S induces a diffeomorphism between S~!(—oc) and S~1(—¢) and
between S~!(co0) and S71(e) for € > 0 small. We will now prove that S is
globally Zg-equivalent to the quadratic form Q. Since S = Q on U, for
¢ > 0 small we have an injection j : Q= '(—€) NU — S~ (—¢). Note that if
j extends to a (Zj-equivariant) diffeomorphism Q~1(—€) — S~!(—¢) then
S and Q are (Zg-)equivalent: a (Zg-equivariant) diffeomorphism is given
by following the negative gradient flow of Q until we reach either U or
Q7 !(—¢) and then back the flow of S, after applying j in the second case.
The problem is thus reduced into showing that j : Q= (—e) NU — S~1(—e)
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extends to a Zg-equivariant fiber preserving diffeomorphism Q~!(—¢) —
S~1(—¢). Since S = Q. outside a compact set we can identify S~!(—o0)
with (R?* x S1) x RM@n+1)=i » §i=1 where 7 is the index of Q. Since
the vertical gradient of S induces a fiber-preserving diffeomorphism between
S~1(—00) and S~1(—e), we identify the embedding j with a (Zj-equivariant)
embedding of Q~1(—€) NU into (R?" x §1) x RMErt+D)—i y Gi=1 For ¢ €
R?" x S1 consider the space P, of diffeomorphisms f; : Qq_l(—e) — {q} x
RF= x §=1 extending j. It was proved by Théret that ¢ : P — R?" x
S1 is a locally trivial fibration, with contractible fiber. Note also that we
have an obvious Zj-action on P making ¢ : P — R?" x S! equivariant.
This action restricts to a Zg-action on the fiber Py over the origin. Take a
Zy-equivariant fy in Py, and extend it to 7T_1(V) where V is a neighborhood
of 0 above which 7 is trivial. Since the Z-action is free on 71 (R?" x ST\ {0})
we can extend in a Zg-equivariant way this local section to a global one, and
obtain thus a Zj-equivariant fiber preserving diffeomorphism Q~1(—¢) —
S~1(—¢) extending j. We have thus shown that every Z;-generating function
of the identity is Zx-equivalent to a Zg-invariant non-degenerate quadratic
form. This finishes the proof because any two Zg-invariant non-degenerate
quadratic forms are Zg-equivalent. Indeed, after stabilization we can assume
that they are defined on a vector bundle of the same dimension and that
they have the same index. It is then easy to find a Zy-equivariant (linear)
fiber-preserving diffeomorphism relating them. O

3.2. Equivariant homology. The results of the previous subsection will
be applied to define the Zg-equivariant contact homology groups of
Zi-equivariant contactomorphisms of R?” x S*. The definition will be based
on the classical construction of equivariant homology of a space endowed
with a group action, that we will now recall. A standard reference is for
instance [tDieck, I11.1]. Let X be a space endowed with the action of a com-
pact Lie group G. Note first that taking the homology of the quotient X /G is
not a homotopy invariant operation: this homology changes in general if we
replace X by a homotopy equivalent space. The right homotopy invariant
substitute for the quotient is constructed as follows. Consider a principal
G-bundle p : EG — BG with contractible total space EG. Such a bundle is
called a universal principal G-bundle, because any other principal G-bundle
E — B can be obtained as a pullback of it. An explicit construction of a uni-
versal principal G-bundle was given by Milnor [Miln56|. Consider the diag-
onal action of G on the product FG x X. Note that this action is free. The
quotient X¢g := FG X X is called the Borel construction on X, and is well-
defined up to homotopy equivalence. The equivariant homology Hg .(X) is
defined to be the ordinary homology of X¢. Note that if the action of G on X
is free then the map o : X — X/G induced by the projection EGx X — X
is a homotopy equivalence, thus Hg .(X) = H.(X/G) in this case.
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Every G-equivariant map f : X — Y induces a map fg : Xg — Yg and so
a homomorphism (fg)« : Hg«(X) — Hg«(Y'). Moreover, if f and g are two
G-homotopic G-maps then we have (fg)« = (9¢)«. In other words, Hg ,(—)
is a G-homotopy-invariant functor. If A is a G-subspace of X then Ag is a
subspace of X¢. We define the relative equivariant homology Hg (X, A) to
be the usual relative homology of the pair (X, Ag). Then we have an exact
sequence

-— Hgpn(A) = Hopn(X) = Hgn(X,A) — Hgpn-1(A) — - -
Suppose now that we have a unitary representation V of G of complex
dimension n, with unit ball and sphere DV and SV. Note that the com-

plex structure on V induces a canonical Thom class for the vector bundle
(V x X)g — X¢g. We have thus an equivariant Thom isomorphism

(3.2) Hgi(X) — Hgison(DV x X, SV x X)
(see [tDieck, Section III (1.10)]).

3.3. Equivariant contact homology. Consider a contactomorphism ¢
in ContOZ"' (R?" x S') with Zg-generating function S : F = (R?" x S1) x
RM@n+l) _ R, Since S is Zy-invariant the action of Zj; on E restricts to
the sublevel sets of S, so we can define

a,b a
Gy " (9) := Hyy o (EV, E%).

Lemma 3.8. GZk(fl;b] (¢) is well defined, i.e. does not depend on the choice

of the Zy-generating function S.

Proof. By Proposition 3.7 we just have to check that Zg-equivariant fiber-
preserving diffeomorphism and Zg-invariant stabilization do not affect the
definition of sz(fl;b] (¢). Independence by Zg-equivariant fiber preserving dif-
feomorphism follows directly from the discussion in the previous subsection.
Suppose now that S’ : (R?* x S§1) x RM2n+1) » RNEn41) LR is defined
by S'(q;€1,62) = S(q;: &) + Q&) with @ : RVNCH) LR a 7 -invariant
quadratic form of index 1g. Let (E?)" and (E?)" denote the sublevel sets
of §' at a and b, respectively. We have to show that Hz, . (Eb, E?) =
Hy, st ((E®),(E®)). Note that if Q is positive definite then the result
follows from the fact that the pair ((E®)’,(E®)") deformation retracts to
(E®, E*). On the other hand, if Q is negative definite then by excision the
pair ((E),(E®)') is equivalent to (D(E®),S(E’) U D(E®)) and thus the
result follows from the equivariant Thom isomorphism (3.2). The general
case follows, after a change of coordinates, by considering separately the
positive and negative definite parts of Q. O

We will now check that all the functorial properties of contact homology
go through in this equivariant setting.
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Proposition 3.9. For any contactomorphism v in C'omeZ’C (R27 x S1) we
have an induced isomorphism

Yz, e Gy (o) — G, ().

Proof. Let 1y be an isotopy connecting 1) = ;=1 to the identity, and
consider a l-parameter family of Zk—generating functions S; : (R?" x
Sy x RM(2”+1) — R for ¢yph; ! (see Proposition 3.6). Consider the
isotopy 60::5, '({a,b}) — S, '({a,b}) defined by following the gradient
flow of S; (see [S11] for more details). Since the S; are Zg-invariant
it follows that 6; is Zg-equivariant (provided we calculate the gradient
flow with respect to a Zg-invariant metric). We can then extend 6; to a

Zy-equivariant isotopy of (R?" x 1) x RMZn+1) and get an induced isomor-
(a,b a,b
phism ¢z, . : G, " (povt) — G, (9). 0

Note also that if ¢g and ¢; are Zg-equivariant contactomorphisms of
R?" x S' with ¢g < ¢; then inclusion of sublevel sets of the generat-
ing functions induces, as in the non-equivariant case, a homomorphism

(1ot z, sz(a;b] (¢1) — Zka*b] (¢o). Given a Zg-invariant domain V in
R?" x S1 we define its Zj-equivariant contact homology G, (a bl (V) to be
the inverse limit with respect to the partial order < of the dlrected family of
groups GZ; . bl (¢), for Zy-equivariant contactomorphisms ¢ of R?" x S1 sup-

ported in V. Equivariant contact invariance (Theorem 3.10) and monotonic-
ity (Theorem 3.11) of these groups follow easily respectively from Proposi-

tion 3.9 and the monotonicity property of the groups GZk(ajkb] (¢) with respect

to the partial order < (see the proofs of the analogous non-equivariant results
in [S11] for more details).

Theorem 3.10. For any Zj-invariant domain V in R?*" x S' and any
Zy.-equivariant contactomorphism ) in Contoz’“(RQ” x SY) we have an

induced isomorphism 1z, Gziaf] (¥(V)) — GZ(;’f] V).

Theorem 3.11. Every inclusion of Zp-invariant domains induces a homo-
morphism of the Zy-equivariant homology groups (reversing the order), with
the following functorial properties:

(i) If V1 C Vo C V3 then the following diagram commutes:

G (Vy) —= G, (1)

.

a,b
GZEC, *] (Vl)
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(ii) If V1 C Vo, then for any Zy-equivariant contactomorphism 1) the fol-
lowing diagram commutes:

G, (V) G, )

bz, *T szzk’ *
G (V(V2) —= G (v(W)).

Note that the results in Section 3.1 can be specialized to the symplectic
case in order to prove existence and uniqueness of Zg-generating functions
for compactly supported symplectomorphisms of R?" that are generated by
a Zi-invariant Hamiltonian. Thus we can also define, as in the contact case,
equivariant symplectic homology groups for Zj-invariant domains of R?".
The relation between the equivariant symplectic homology of a domain U of
R?” and the equivariant contact homology of its prequantization U x S is
given by the following theorem, that can be proved as in the non-equivariant
case (see [S11]).

Theorem 3.12. For any Zy-invariant domain U of R*™ we have
(a,b 1 b 1
Gyl U x 8Y) = G U) © H(SY).
Moreover, this correspondence is functorial in the following sense. Let U,
Uy be Zi-invariant domains in R?" with Uy C Us, and for i = 1,2 iden-
tify GZE:’S] U; x SY) with GZ(a’b} U;) @ H.(S'). Then the homomorphism

ko *

Gzia’f] (U x SY) — GZ(a’f] (U x SY) induced by the inclusion Uy x S' —

k>
Us x ST is given by Kz, ® id, where iz, : ngjf} (Up) — ngj’f] (Uy) is the
homomorphism induced by Uy — Us.

4. Calculations for balls and the equivariant contact
non-squeezing theorem

In this last section we will calculate the equivariant symplectic homology of
balls in R?” and use this calculation, together with Theorem 3.12, to prove
the equivariant non-squeezing theorem stated in the introduction (Theorem
1.2). We start by recalling Traynor’s calculation of the symplectic homology
of balls.

4.1. Symplectic homology of balls. In [Tr94] Traynor calculated the
symplectic homology of ellipsoids in R?”. We will present here her calcula-
tion in the special case of balls B(R) and of intervals of the form (a, cc]. We
will see in the next subsection how this calculation has to be modified in the
Zy-equivariant case. We first define an unbounded ordered sequence sup-
ported in B(R). Let p : [0,00) — R be a function supported in [0, 1] and
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such that p” > 0, p"(m) > 0 for m with p’(m) € RN, and p'[jg5) = ¢ < 0
for some & > 0. Given such a function we define a Hamiltonian symplec-
tomorphism ¢, of R?” to be the time-1 map of the Hamiltonian flow of
H, : R*™ — R, (wo,...,wp—1) — p(FT|wi|?), thus ¢,(w) = 7P (RN,
We then take a sequence of functions p, : [0,00) — R of the above form
in such a way that lim,_,o pi(0) = 00, lim,—00 pl.(0) = —0c0 and the asso-
ciated ¢,, < ¢y, < ¢py; < -+ form an unbounded ordered sequence (sup-
ported in B(R)).

Consider now generating functions S, for ¢, , k =1,2,3,.... Let m; €
(0,1) be defined by pi.(m;) = —jR for j = 1,...,v. It can be shown (see
[Tr94]) that for j = 1,...,v the fixed points set Z; = {F|w|® = m;}
corresponds to a non-degenerate critical submanifold of S, (diffeomorphic
to 52" 1) with critical value ¢;,, = jRm; + pi(m;) and index 2jn + ¢, and
that the fixed point Zy = {0} corresponds to a non-degenerate critical point
of S, with critical value p,(0) and index 2(v + 1)n + ¢. Here ¢ is the index
of the quadratic at infinity part of S,, . Moreover, ¢;, < jR for all j and &,
and lim,_, ¢j, = jR. Note also that from the point of view of the Morse
theory the critical submanifold corresponding to Z,, = R?" \ B(R) behaves
as a non-degenerate critical point of index ¢ (and critical value 0).

We can now calculate G, (B(R)) = @G*(a’m] (¢p,)- Note first that
G,V (B(R)) = G, (4,,) for & arbitrarily big. We will then use the
following facts:

(1) For a; < az we have an exact sequence

T G*(alvu‘Q] (¢pn) - G*(ahoO] (¢pn) e G*(a27OO] (¢pn)

— G (4p) —
coming from the exact sequence of the triple F** C E* C FE.
(2) If the interval (ai, ag] only contains the critical value ¢;, then

ai,a n— Y/ if x=2jn,2(j+1)n—1
G*( v (6p.) = H*_Zj"(SQ = {Ok otherwisje. v )

Indeed, by the Morse-Bott theory we know that passing a non-

degenerate critical submanifold of index A changes the topology of

the sublevel sets by the attachment of a A-disc bundle over the crit-

ical submanifold. By the Thom isomorphism, and since all critical

submanifolds are diffeomorphic to $2"~!, the relative homology of

the sublevel sets is thus given by the homology of $?"~! shifted by .
(3) By the Thom isomorphism we have

G0 (6),) = Haro(B,E7) = Ho(5™),
Using (1)—(3) we get the following result.
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Theorem 4.1 ([Tr94]). Consider B(R) C R?" and let a be a positive
real number. Then the symplectic homology of B(R) with Zy-coefficients is
given by
G (B(R)) = {0 otherwise

for x = 2nl, where | is any positive integer. For all other wvalues of *
the corresponding homology groups are zero. Moreover, given R, R' with
¢ < R < R' < %, the homomorphism G*(a’oo] (B(R’)) — G*(a’oo] (B(R))
induced by the inclusion B(R) C B(R') is an isomorphism.

4.2. Equivariant homology of balls. We continue to work in the sett-
ing of the previous subsection. Note that all the p, are Zg-equivariant, so
sz(a;oo] (B(R)) = lim GZka*Oo] (¢, )- As before we have that GZ( ](B(R)) =

Zk a*oo] (¢p,.) for k big enough. Note that for a; < as we still have an exact

sequence

*

o i sz(,aiﬂﬂ (qun) i sz(ai’ <¢p~) zkaf’ (¢pﬁ)

— G (6p) —

k*l

Note also that if the interval (a1, ag] contains only the critical value ¢; ,; then,
by the equivariant Thom isomorphism (3.2) and since the action is free near
the critical submanifold with critical value c¢; s, GZk(,afo} (¢p,) is given by the
homology of the quotient of the critical submanifold by the action. Thus we
have

Zkf117a2] ((bp ) H, zjn(Lanl)
(Zp  ifx=2jn,2n+1,...,2(i+ )n—1
10 otherwise

Moreover, we have sz(p . (0) =€) (B(R)) = 0 for all * smaller than the index

of the critical value p,.(0). Using these observations we can now prove the
following theorem.

Theorem 4.2. The Zy-equivariant symplectic homology of B(R) with Zj-
coefficients and with respect to the interval (a,oc] for a > 0 is given by

(a,00] _JZy if R>% and 2nl <x <2n(l+1) -1
S (B(R)) = {O otherwise

where 1 is any positive integer. Moreover, given R, R’ with 7<R< R,
the homomorphism sz(a;oo} (B(R)) — G’Zk(’aj‘oo] (B(R)) induced by the

inclusion B(R) C B(R') is in fact an isomorphism.
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For our application in the next subsection it will be sufficient to consider
homology groups of degree x = 2nl. In this case we have that sz(afo} (B(R))

does not vanishes for all R > 7, in contrast with the case of G. (a.00] (B(R))
that for x = 2nl does not vanishes only in the subinterval 3 < R < ;%;. This
difference is responsible for the different form of the non-squeezing theorem
in the equivariant and non-equivariant [EKP06, S11] case.

Proof. The only case that does not follow immediately from the discus-
sion above is when * = 2nl and a < (I — 1)R. In this case we have
G, (B(R)) = G, " (B(R)) with IR < a’ < (I + 1)R, but the exact
sequences for a < a” < 0o and a” < @/ < oo with (I —1)R < a” < IR do not
allow us to conclude, since both G (a* ] (B(R)) and Gy, (a*a 1] (B(R)) do not
vanish. To get the result we will follow the approach of Morse homology for
generating functions, as introduced by Milinkovié¢ [Mil99, Mil97]. In order
to turn the generating function of p, into a (Zg-invariant) Morse function we
will perturb it by a Zj-invariant Morse function f on S?*~! with k critical
points {agjj, e 7a2—1,j} of index 2j and k critical points {atl)u” e a,lc_u }
of index 2j + 1 for each j = 0,...,n — 1 (see [Miln, p 26]). We can assume

the critical points are numbered in such a way that the Zy-action sends aj; ;

to a’, 4y Then, after identifying aj, ; with T k_the Morse complex of f is
0 Zi[T] amnion ZelT] ) Za[T] amn2-n) ZelT] ()
Tk —1 Tk —1 Tk —1 Tk —1
Zk [T] <(T™0—-1) Zk[T] 0
Tk —1 Tk —1

and the Zj-action for generators of index 2j and 2j + 1 is given by multipli-
cation by 7™ . Since the above complex calculates H,(S*" 1), we know that
the boundary maps (*) must be multiplication by 7#~1+. .. +T+1. Now we
use the function f to perturb S, inside small tubular neighborhoods of the
S?n=1 critical submanifolds of index 2nl and 2n(l — 1). Then the complex

calculating G, =] (B(R)) is

Zi[T] iy ZylT] (b resrn)  Zy[T)
Tk —1 Tk — 1 Tk —1
(Tm-2-1)  Zg[T] (T*14-+T41)
Tk — 1
Zi[T) (1mo—1) Zg[T] ()
Tk _ 1 Tk — 1
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Zi[T] (rmn—1-1) Z[T] (0 'etr1) Zg[T)

T+ —1 T+ —1 Tk —1
(Tn-2-1)  Lp[T] (Tt T
TF —1
Zi[T] (rmo-1)  Zy[T)
TF 1 o1

Since, by Theorem 4.1, we have G, (%% (B(R)) = 0 for * = 2nl the map
(¥*) must be multiplication by T#~! + ...+ T 4 1. Note that the Z-action
is free on Spﬁ_1 ((a,d’]), so that the equivariant homology G, (a0’ (B(R)) is

ko *

obtained by taking the homology of the quotient of the above chain complex
by the Zj-action. We obtain thus that G, (a.0] (B(R)) = Zy, for * = 2nl, as

ks *
we wanted. O

4.3. The equivariant non-squeezing theorem. We will now use
Theorems 3.12 and 4.2 to prove Theorem 1.2. Suppose that there is a

Zg-equivariant contact isotopy of R?" x S! squeezing B(R) into B(R’)
for R’ arbitrarily small. Then in particular we can find a @iquivariant
contactomorphism 1 of R?" x S!, supported in some big B(R”) and iso-
topic to the identity through Zj-equivariant contactomorphisms, such that

—

P (g(E)) C B(R’). Consider the following diagram:

G, (B(RT) — 6, (B(R))

Yz, *
ka,*T X

1, = 1,0 /7 o 1, =To
Gy 2 (B(RT) — G2 (B(R) — G| ™ (w(B(R)))
where the horizontal maps are homomorphisms induced by the inclusion of
the corresponding domains (see Theorem 3.11) and the vertical ones are
isomorphisms induced by v (see Theorem 3.10). Since R’ is arbitrarily small
we can find a positive integer | with R’ < % < R. Consider now * = 2nl.

Then, by Theorems 3.12 and 4.2, we know that GZ(l’:O} (B/(\R’)) = 0 and

k>

that the horizontal map on the top is not the 0-homomorphism. Thus the
diagram yields a contradiction and we get the desired result.
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