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Abstract: We establish that correlation functions of classical lattice spin models can
be represented by series expansions in terms of self-avoiding random walks. Using this,
we get new upper bounds of critical temperatures of the O(/N) symmetric classical
Heisenberg models.

1. Introduction

Based on the idea of Symanzik [20], the authors of [5, 4, 9] formulated the random
walk representations of classical lattice spin systems and used them to derive various
correlation inequalities and bounds for the critical inverse temperatures 3.. We tried
to combine the idea of renormalization group with the random walk representations,
and succeeded in the first step of transformations of block spin type. Namely we could
renormalize the contribution of the smallest loops (self-crossing points) in the expansion
as the changes of the single spin distributions and obtain an improvement of 3. for the
O(N) Heisenberg model [10, 11], in which the method of blockwise diagonalization of
matrices is used to remove smallest loops from the random walk.

The purpose of this paper is to show that all loops can be removed from the random
walk representations. In other words, we give a self-avoiding random walk representation
of correlation functions of classical lattice spin systems, by which we obtain a new lower
bound of 3. of the O(/N) Heisenberg model. It is better than the bound in [11] and is the
most accurate among the theoretical values so far obtained. See the table. For example,
we recover . = oo forevery N on the one dimensional lattice, and we expect that this
provides us with new methods to solve the long standing conjecture of non-existence of
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the phase transition in the two dimensional Heisenberg models [19]. A brief review of
this paper is in [12] with some extended numerical analysis toward the problem.

In Sect. 2, the correlation function of two spins of the O(/V) spin model is represented
in terms of a sum over self-avoiding walks that connect the two spin locations. Each
term consists of the contour integration of determinants which depend on the walk.
Section 3 is devoted to preparations of some mathematical devices about the contour
integration which generalize the splitting arguments of [5, 10]. Applying to each term
the block diagonalization method used in [10, 11] successively along the walk and then
using an inequality of Sect. 3, we obtain bounds of the terms in Sect. 4. As a summary,
we get in Sect. 5 the lower bound of 5, of the O(/N) spin model as a function of N and
the connective constant. We also discuss the two limiting cases N — 0 and N — oo.

2. Spin Models and Self-Avoiding Walks
Let A be a v dimensional lattice, i.e., a finite subset of Z”. We consider O(/N') symmetric

classical Heisenberg model (/V-vector model) on A with free boundary condition. Its
partition function is given by

8(S? — 1)dS;
Z= / ex JikS;i - Sk /2 —__— 1 2.1
RN 14l p(],ge:/t Ik k/)]]‘;‘!; (m)N/2 @b
where
B i li—k=1
ik = {0 otherwise 22)

for j,k € A and for the inverse temperature 3 > 0. We adopt the convention |j| =
¥ _1 3| for the norm of j € A in this paper.
u=1 V4
Let I'y, be the contour given by the map

the™i"/?  (—c0 <t < —1)
t— § AfC=ITB (1<t <) (2.3)
thei™® (1<t < o0)

for A > 0. Then we get the representations:

Lemma 1.

Z= / L deMeia- DT ¢ ’d"f, 2.4)
FX

jeA

8(S? — 1)dS;

(1) (1) ] [ -3 9

/szw 517w exp (S, 79)/2) jea Qm)N/2

daj

/ (2iA — J);; et N/2(2iA - J)H 2.5)

JEA

Here,l,me€ A, S; = (S(-l) . -,S';N)) € RY and A denotes the diagonal matrix given
by A]k —a]‘s]k (.7 kG A).
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Proof. After approximating §(S?> — 1) by the gaussian function, we perform the Fourier
transformations by the formula

2—1/2 Q2 12792 — (82 — 1) — 620_2. da
Qne’)~2exp (- (§* — 1)*/2¢%) = exp { —ia(8* - 1) . (2.6)
—iAR 2 ) 2m

Then the lemma follows from Fubini’s theorem and the integration with respect to S;’s,
followed by the replacement of the contour —iA + R by I'). a

Note that the representation of Lemma 1 is valid for all A > 0. We set ) large in the
following sections. Now, we develop self-avoiding random walk representations for
< S,(Q)Sf,‘i‘) >. We regard the matrices A and J as the operators acting on the linear
space C4 of all the C-valued mappings defined on A. The set of mappings

ek:Ale——)ijEC (ke A) 2.7)

forms a basis of the space. Let (-, -) be the bilinear form on C# defined by

(szej,zwkek)= ZZ]'U)J'. (28)

JjeA keA JEA

Then { ex}xea is the orthonormal basis with respect to (-, -) defined in the obvious
way. The operators A and J are defined by

(ej, Aex ) = Ajk = ardjk, 2.9)
(ej, Jex )= Jjk = BO)j_k|,1- (2.10)

Let w be a self-avoiding walk starting from / and ending at m. That is, let w be a set of
ordered pairs

{wh-1D,w@n)eA?|n=1,---,|w|} 2.11)
satisfying

w@) =1, w(w])=m,

[wr -1 —-w@®@|=1 @m=1,--- jw],

wn) #w(n') (n#n"),

where |w| € N is called the number of steps of the walk w. Let @, be the orthonormal
projection to the subspace spanned by { e.(), - - -, €wup }:

]
Qw(z zjej) = Z Zw(n)Cuw(n)- 2.12)

j€eA n=0

We set P, = I; — @Q,. Now we have the following representation of the correlation
function of the O(N') Heisenberg model in terms of the self-avoiding random walk.
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Theorem 1.
<SPsP>= Y pl zw)/z. (2.13)
wil—=m
Here, the summation is taken over all self-avoiding nearest neighbor walks w on A
starting from | and ending at m. The weight Z(w) is given by

ia; R
Zw) = / det (Pw (iA — J)Pw)det'(N D124 — J)( II: da; ) (2.14)
ri4l 27

j€EA

where det(Pw(ZiA - J)Pw) is the determinant of P.,(2iA — J)P, as the operator

acting on the space P,,CA,i.e., the corresponding minor determinant of 2iA — J.

Remark 1. We frequently deal with operators of type 7' = PTP in the sequel as well
as in the theorem, where T' is an operator on C% and P is an orthonormal projection
like P, or Q.. By detT’, we always mean the determinant of 7' which is regarded as the
operator acting on PC4 as in the theorem. The operator which acts as the inverse of T
on PCA and 0 on (/3 — P)C4 is denoted by T-1, i.e., T~ ! satisfies

T-'T=TT"'=P, (s-P)T'=T"'U;-P)=0. (2.15)
Proof. Let D(ly,---,l,;my, -, my,) be the minor determinant made by eliminating
the Iy, - --,I%* rows and my, - - -, m!* columns from the matrix 2iA — J. In order to

define determinants of operators on C4, we number all j € A by {1,2,---,|A|}. Let
N; be the number of j. If | = m, we have (2:A — J),jl = D(l;1)/det(2iA — J) in
(2.5), which corresponds to the self-avoiding walk of zero step from ! to l. For I # m,
applying the Laplace expansion along the I** column to D(l; m), we have

(2iA — J);} = ctem D(I; m) /det(2iA — J)

= Z €1€m €k €k €1€im (— B)D(k1, 151, m)/det(2i A — J),
ki

where ¢ = (—=1)™~1 and ¢, = 1if Ny < N;, —1 if Ny > N;. The summation is
taken over all k; € A — {l} satisfying |k; — I| = 1, because of (2.2). When the term
corresponding to k; = m is allowed, it equals BD(m,!;1, m). Except for the term
ki = m; we apply the Laplace expansion along the k%* column to D(ky,l;1, m):

D(k1,l1,m) = ekyehohihieri€riichym(—B)D(k2, ki, LKy, L,m),  (2.16)
k2

where all k; € A — {l,k1} satisfying |k — k1| = 1 are to be summed. We re-
peat the procedure until no non-zero terms remain except for the terms of type
B D(m, ky,- -, k1, kn, - - -, k1,1, m), which corresponds to the self-avoiding near-
est neighbor walk! — k; — - - - = k, — m. Note that each of these terms has the sign
plus. Since the lattice A is finite, the procedure terminates after finite iterations. Thus
we get the formula. a

Remark 2. In order to get the representations of the correlation functions in terms of
the self-avoiding random walk, we used only the Fourier transformations of single spin
distributions and the Laplace expansions of determinants. Then the n-point functions of
various lattice spin systems with various boundary conditions have similar representa-
tions. However, we may not apply the method to get a similar formula for lattice gauge
systems.
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3. Integration on FJ‘AI

In this section, we prepare some properties of the integration with respect to the complex

variables {a;}jc4 on F,{Al . We give them for a certain class of functions specified below
for later convenience.

Let § > 0 be an arbitrary but fixed constant. For a function f and a matrix valued
function T defined on the polydisc

D! ={z={zj}jeA € CA|'ZJ'I S EA)}’

we introduce norms

Ifls= sup 1fG)],  WTHs=sup)_ [Tjkls-
Ik

z€ D‘I,A !
We define a class of analytic functions on D!s’” by

J"'<s={f(Z)= D caz® [ca > 0(Va e N, [fls= ) cadl®l < oo}_

aeNA aeNA
(e 3

Here, N = {0, 1-, 2,--} and |af = 37,4 jea?;’ for the multi-index
a ={a;};jes € N4, We will need another class of analytic functions defined by

. a
0j,2% =

& ={h@=cs" exp(} csz) l C>0,aeN, ¢; 200 €}
JjeA
for an arbitrary but fixed s > 0. Here, 2(9** = [[;c, z;7* . Then the following
proposition holds:
Proposition 1. (i) F; contains all polynomials with positive coefficients.

(ii) f,g€ Fs=>el, f+g,fg € Fs.

Proof. Substituting f € F; into the Maclaurin expansion of e?, we find e/ € F;. The
other properties are obvious. a

Let us introduce an integration of functions of the form fh (f € F5,h € £°). We

put .
U= [, 1 (o) M) TT g
A €A

J

for f € Fsand X € (1/26, 00). Since f and h are bounded and ! da is a finite (complex
valued) measure on Iy, the integral is well-defined. Note also that the expectation value
[Lf k1 does not depend on the choice of A > 1/24 because of Cauchy’s integral theorem.

Proposition 2. Fora € N4, f, g € Fs and h € &, the following relations hold:

(l) l[z(a)+a]| = njEA 2—(s+oz,-)['(3+ aj)—l’

(ii) [fR1>0, [fRlI=0<= f=0,

(iii) [fghlllAD < [fRIMghI. (32
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Proof. To prove the first relation, it is enough to show

e’ da 1
— = 33
‘/FA Q2ta)* 2 2¥I'(u) 33
for any u > 0;
da e2a?
lLhs. of 3.3)=1i —_— a — ——
s. of (3.3) 61{61 . 27r(2ia)“exP [za > ]

. da 1 0 . €2a?] u_;
_lelj{)l/l;_"/\ i;m[; exp [za(l - 2t)-— —2—-]t dt
o1 o pu-l 2t —1)?
“WTwh Vame™® [_ 28 ]dt
1
T 28T (w)

The case that f is a monomial in (ii) is an obvious consequence of (i). The dominated
convergence theorem leads to the general case because f € F; has non-negative
coefficients. A

For the third relation, it is enough to show

Zs:2(0)T4(c) < Lo (e, (34)
where
da _ I s—l(\/z—c)
2ia)y2mr  2(\/2¢)s-1’
s and c are non-negative constants and I, is the s*» modified Bessel function. In fact,
using (3.4) repeatedly, we get
Zsin+m(c)Ls(c) < Zsam(€)s4n(c) 3.5)

for n,m € N. The case where f and g are monomials is the multiplication of those
inequalities with appropriate numbers n, m and c. Bilinearity of the inequality in f
and g, the dominated convergence theorem and (3.5) establish the general case. For the
proof of (3.4), we refer to [15]. (See also [10].) 0

_ ot S
Z,(c) = /F . exp(ia + 2ia)

Let us apply this formulation to the O(/N') Heisenberg model. We choose A and 6!
so large that
A>1/26 >3vp 3.6)

holds. The condition is sufficient for the arguments in the proof of Lemma 3 in Sect.4.
Let 2iA — J be the operator on C4 defined in Sect.2, and Q the orthonormal projection
onto the subspace spanned by {e;};ca defined similarly as (2.12), where A is an
arbitrary subset of A. Then we have

Proposition 3. As functions of complex variables z; = (2ia;)™"! (j € A),
det~N/2(2i4) € ENV?,

and the following functions belong to Fs:
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QiA- D7, (QRiA- J)Q)J._kl, det™/2(2i AydetM%(2iA - J),
det™'2(Q2iAQ) det™ M2 (Q2iA — 1)Q),

where the determinants and the inverses of the operators Q(2iA — J)Q and Q2i AQ) are
considered as those of the corresponding matrices with the index set A. (See Remark
1)

Proof. As a function of the complex variables z; = (2ia;)~!,
det™""22iA) = [ iaj)~/* € £N.
jeA
From the relations
(QQiA-NQ) ™' = iA~1Q T (J2iA) Q)"
det™?(2iA)det ¥ 2iA - Ny =exp [F T, L1r (J2iA))"],
and so on, these quantities are the series of the variables z; = (2ia )i ! whose coefficients

are all non-negative since the matrices J and @ have only non-negative components.
And we get

1(Q@ia- D) 1s < HQCiA - 1Q)™lls
<EXZuBdY =8/(1 - 2v88), 3.7
[det™/2(2i A)det=N12(2iA — D)|s < 1/(1 — 2088)N1A1/2,

and so on, where we have used the relations [|ST ls < |SWslTlls, ITr Tls < |AINT s
and ||2iAlls = 6~ 1Qls = 1,l7)ls = 2vB3. Thus we have the proposition under
condition (3.6). (W}

4. Estimates of Z(w)/Z

In this section, we estimate Z(w)/Z using the formulation of the preceding section. The
result is summarized in
Theorem 2. For every self-avoiding walk w on the lattice A,

1 IN/2(ﬂ) )le
e s ” ) 4,
< ZWw)/Z < Nl (I(N_z)/z(ﬂ) “v

We prove the theorem in three steps. First, we perform successive block diagonal-
ization of 24 — J along the walk w. Next, we shift the integral variables {a;} living
on w. And finally, Prop. 2 is applied to get the bound. Let B, C, K and KT denote the
operators

B=P,2iA—- NP, C=Qu2iA-J)Qu, K=P,JQ,
and the transpose of K, KT = Q,,JP,. Then we have the first block diagonalization.
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Lemma 2. The representations
Z(w) = [det~ M2 B det~N*2/2(C — KT B~1K)],
Z =[det— V2B detM*(C - KTB'K)]

hold, where detB and det(C — KT B~!K) denote the determinants of B and C —
KT B~!K in the sense of Remark 1.

Proof. Operating P, +Q., = I4t02:¢A— J from both sides and diagonalizing blockwise
by the triangular matrices Iy — KT B~! and I; — B~! K, we obtain

2%iA—-J=B+C-K-KT

=(I;— KTB~“WB+C - KTB"'K)I; - B'K), 4.2)
or equivalently
. B -K
2"4“]=(—KT c )

=(—K7!B“ (1)) (g C-K(T)"B-IK)((I) _Bl—lK)

on (P,C4) @& (Q.C*) in the block matrix notation used in [10, 11]. For B~!, recall
Remark 1 and Prop. 3. Since the determinants of the first and the third factors of (4.2)
are 1, we have

det(2iA — J)=detBdet(C — KTB~'K). O

Next, we diagonalize C — KT B~ K blockwise by triangular matrices successively
along w. For n = 0,1,---, |w|, @ denotes the orthonormal projection to the one
dimensional subspace Ce, ) of CA. Let the operator C,, and the function V;, be given
inductively by

V.= (ew(n), J(B~'+ 4+ B~ \NCI s+ JB™Y) Jew(n)) , 43)
-1 -1 -1 -1
Col=Coh 4 Ug+C,JUa+B jI))Q,.(Id +(g+JB )JC,.H), 4.4
Zzaw(n) - Vn
-1
Clopn =0- 4.5)
Then we have the following lemma.
Lemma 3. ol
det(C — KT B7'K) = [ [ (2iawem) — Va)- (4.6)
n=0

Proof. Put R, = @, — Qo, which is the orthonormal projection to the subspace spanned
by { ewq), - s €w(qup }- Then we have

Co=C-KTB 'K =Q.,Q2iA-J - JB~')Q.
= (2iaw(0) — (ew(), JB_lJew(o)))Qo - K, - KlT +C

=( Cl —K1 )
—K{  2iay0) — (wo), JB™ ' Jeu) /)’
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where C = Rj(2iA - J — JB~J)R,, K) = Ri(J + JB~1J)Qo and its transpose
KT = Qo(J + JB~'J)R;. Let us perform the block diagonalization of Cp by the
triangular matrices Iy — K{ C; ' and I; — C{ 'K

Co=(—K1Tlc,-‘ (1)) (%l 2iaw((():—Vb) ((1) _C';lKl)

= (I3 — K CTY(C1 + Qoiaw ) — Vo)) Ua — CT 'K, 4.7

where Vp = (ew(o), J(B~'+a+B~'N)Cy g+ JB™Y)) Jew(g)) and C]' denotes
the inverse of the operator C; in the sense of Remark 1. It is given by the expansion
Cr' = (264) 'Ry 5%, ((J + JB~1J)(2iA)~'R;)". Note that each component of
Cr ! belongs to Fs. In fact, B~! isin F5 componentwise, so the expansion consists
of powers of the variables z; = (2ia;)~! with non-negative coefficients. Furthermore

o0 n
é
-1 v
ICr s < 5; [(2V,3+2V,31 — 2Vﬂ62uﬂ) 6]

=d(1-2vB8)/(1 — 4vBd) < © 4.8)
holds because of (3.6), where we used the estimate (3.7). We get Vg € F5 and |Volls <
81%3%6 /(1 —-4vB68) < §~! < |2ia, ()| under the condition (3.6) similarly. So, 2ia,,)—
Vo does not vanish on DJ,'“. Thus we can invert (4.7), and obtain

Qo

-1 -1 -1
= K —=x0
Cy =Wa+C Ky) (Cl + 2w — Vo

) (Ia+Kfcrh

g+ C7 JIa+ B 1 I)Qo(La + (Is + JB~HJCTY)

=C;'+ ,
1 22aw(0) - Vb

From (4.7), we also have
detCo = (2ia. ) — Vo) detC). “4.9)

‘We make a similar procedure with w(1) instead of w(0), and so on. In general, we
put R, = R,_1 — Qpn_1 (n = 1,2,---), which is the orthonormal projection to the
subspace spanned by { €w(n), - * -, € (ju)}- Then we have

Cho1=Rn_1QiA-J - JB ' )R,_, (4.10)
= (2iaum—1) — Ewimn-1) IB~ Jewn-1)) @n-1
- K, - KI +C,, 4.11)

where C, = R,(2iA — J — JB~'J))R,, K, = R.(J + JB~'J)Q,_, and its
transpose K ,7: = Qn_1(J +JB~'J)R,. We again perform the block diagonalization of
Cp -1 by the triangular matrices:

Cr-1=Ug— KIC7YCn + Qn-1Qiaum-1) — Va-1))Ua — C;'Kp).

It follows from (4.10) that [|C,,_1}js and |V,—1]s have the same bounds as ||Ci]|s and
[Vols respectively. Hence, 2ia,n—1)— Va—1 does not vanish. Then we get (4.3), (4.4)
and

detC,_1 = Qiaymn-1) — Va-1) detC,,. 4.12)

This completes the proof of the lemma. O
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As the second step, let us shift the integration variables living on the walk w. Let
the operators C',, and the functions V,, be defined inductively by

V= (cwrm, J(B™" +Ua+ B\ NChTa+ JB ))Jew(,,)) 4.13)

Crl=Cri
(Id+ lJ(Id+B INQnUg+ Uy +JB Y, +1) 4.14)
2i0,,(n) T
Crop1 =0, (4.15)
where n=0,1,-- -, |w|. Then we have the following lemma.
Lemma 4.
Sy = 2B e ( 11 7,/2) TN Qiay )~ +212] “.16)

[det=>/2B exp (2 7, /2) TT*) Qiawemy-/21

Proof. We obtain the lemma from Lemma 3 by changing the integral variables. From
(4.3), (4.4), and (4.5), it is obvious that Cy4; and V,, do not depend on the complex
variables {a. (), -, @wn)}- Let us consider the integration with respect to a, ) for
fixed {a;}jea—qwoy € TA"'™". We shift the integral variable d,) = aw) — Vo/2i,
and then deform the contour of integration with respect to () from I’y — V5/2¢ to
I'y. Note that the deformation can be made by avoiding the singularity G,y =0 as in
the proof of the above lemma. It follows from Cauchy’s integral theorem that

ol
2w) = [det"B exp(Vo/2) Qiaue)” VP2 [ Riawem — Vo) 7],
n=1

(4.17)
where we put the notation &,y back to a,). Next, using Fubini’s theorem we
consider the integration with respect to a,() for fixed { a;};ea—{w)} € 1"I =1 we

perform the shift a1y — au() + V1/2i, followed by the deformation of the contour of
integration. Note that V is changed by this shift. After performing these operations
on variables { a.(), aw(1)" -, Gu(w]) }> We get the representation for Z(w). The same
procedure also yields the denominator. O

To finish the proof of the theorem, we apply the inequality (2) to the expression
(4.16). It is seen from (4.13), (4.14), (4.15) that V.. € Fs5 and V, contains the term
B? /2ia,n+1). Extracting these terms from Vo, - - Vlwl—l , we have the decomposition

vl ol
det~N/2B exp (2 7, /2) [[@ivwemy™" = b,
n=0 n=0

where f € F5 and

lel
h= exp (Eﬂ2/4iaw(n)) H(2iaj)-N/2 € gN/Z,

n=1 JEA
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thanks to Prop. 3. Using (2) for the above f,h and

vl
g =[[Qiawen™" € 75,

n=0
we get
h h
2/2="5 g < gy
_1 (I(N+2)/2(ﬁ2/2)>lwl= 1 ( Inj2(f) )"”' o
N\ In;2(82/2) Nl \ In—2/2(8) ’

Remark 3. The shifts of those integration variables may be interpreted as a renomaliza-
tion of the single spin distributions. The integrand e*%s, which comes from the Fourier
transformation of 6(S§ — 1) is replaced by exp(ia; + % /4ia;), which absorbs the
complicated effects of the interaction.

Remark 4. A slightly stronger bound holds in Theorem 2. In fact, we note that
contains the terms
ﬂ2
Z 2iaw(m) )

me{n+,--, lwi}

Jw(m)=w(n)|=1

Extracting these terms from Vp, - - -, 17|w|_1, we can get the following bound as in the
last step of the above proof:

Il
1 1 Inj2(BV/T(m, w))

Z Z < — )

w)/Z < Ng Bv/T(m, w) Iin_2)/2(By/T(m, w))

(4.18)

where (m,w) = u{ nef{0,1, --,m—1} | lw(m) — w(n)| = 1 } i.e., the number of
times the self-avoiding walk w visits the nearest neighbor points of w(m) before the
mth step.

5. Lower Bounds of 3,

In this section, we discuss lower bounds of the inverse critical temperatures of the O(N)
symmetric Heisenberg models. From Theorem 1 and 2, we get

1 (I Il
0< <sPs®P> < M N(ﬁ%) . (5.1)

wil—=m
Here the summation is taken over all self-avoiding walks starting from ! and ending
at m on A. This is a bound of the correlation function of the O(/N) spin model by
the generating function of self-avoiding walks that connect the two spin locations with
activity In;2(8)/I(n-2)/2(8)- It is a generalization of the case N = 1[6] to all N.If all
the self-avoiding walks in Z” connecting ! and m are taken into account in the sum-
mation in (5.1), the bound is uniform in A. Then the above inequality also holds for the
thermodynamic limit taken under the free boundary condition. Let 4, be the connective



734 K.R. Ito, T. Kugo, H. Tamura

constant in the v-dimensional lattice defined by log p,, = limy_,, [ ~!log s}, where s
is the total number of self-avoiding nearest neighbor walks in Z” of length [ starting
from the origin (see e.g. [17]). Then the correlation function decays exponentially when
the activity In/2(8)/Inv-2)/2(8) is smaller than the inverse of the connective constant
u; . Since the critical inverse temperature 3. is defined as the maximum number of
those 3 below which the correlation function exhibits exponential decay, we have:

Corollary 1. For the v-dimensional O(N) symmetric Heisenberg model,

Be > inf {8 > 0|y Ins2(B)/ Iiv—2)/2(B) > 1}. (52

Let us apply the corollary to one-dimensional cases. The connective constant y, is
1. The inequality In/2(8) < In-2)/2(8) holds for every 8 > 0 and N € N. So we
recover the fact 8, = oo

For the cases v > 2, the precise values of the connective constants have not been
known, yet. But it is rigorously known that p, < 2.69576, 3 < 4.756, us < 6.832
[1], and it is expected that pp = 2.638, u3 = 4.683, s = 6.775 [18]. The numerical
values using Corollary 1 and the above upper bounds and expected values of u, are
listed in Table 1, and they are in good agreement with experimental results except for
two dimensional cases.

The following properties of the modified Bessel functions can be obtained readily
((5) is proved in the appendix):

@ L@)/I-1@) < z/2s, (s>0, z>0), (5.3)
.. xr
) L@/ 11-1@) € ———mes (521/2,2>0). (5.4)

Summarizing these arguments, we have the following bounds.

Corollary 2.
@) Be> N/m, forall N,
(i) Be > w N/l —1)+0(1), N o0,
(iii) B = o0 forv =1.

Finally, we mention the two limiting cases N — 0 and N — oo, briefly. For these
limits, we vary N and 8 while 3 = 8/N fixed, and investigate N < S,(I)S(,,',) >. This
is equivalent to examine < S{’S > under the normalization §(S> — N) instead of
8(S? — 1) and S instead of 8 in (2.1), (2.2) and (2.5). From (5.1) and (5), we have

INj2(N D) Il Sl

wil=am wil—=m

It is known that in the limit N — O the left-hand side converges to the right-hand
side in these inequalties[17]. Hence, our bound is sharp in this limit. The self-avoiding
random walk representation in this paper may be considered as a generalization of the
relation between the O(N) spin model with N =0, 1 and the self-avoiding walks. For
the N — oo case, it follows from (5.1) and (5) that
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- Jwl
. 28
limsup N< SPSH 5 < —— )
N—wop Lo - Z 1++/1+4p32

where the right-hand side decays exponentially if and only if 3 < y, /(42 — 1). Thus in
the present method, we unfortunately could not confirm the well-known result 3 = oo
for v = 2, which was suggested, e.g. by Ma [16] by the 1/N expansion. As is seen from
our numerical results, accuracy of our results decreases as N increases.

As a conclusion, we could not prove our long standing conjecture B.(v = 2, N >
3) = oo [19] in the present framework, even if we used the better bound (4.18). If the
conjecture is true after all, we believe that this could be proved by taking more effects of
V» into our considerations, or by simplifying (renormalizing ) walks at longer distance
scales.

wid—=m

Table 1. Comparison of our results with MC Simulations

v N Bo 61 B2 Bsaw1 Bsawz Be
1 1 0.7500 1.2705 (o) oo 0o
2 1.3000 2.4632 00 0o 0o
3 1.8753  3.5581 00 00 (=)
4 24000 4.6141 oo oo 00
2 1 03000 03415 03720 0.3895 0.3989 0.4407
2 || 05714 0.6838 0.7368 0.7996 0.8201 1.06
3 || 08333 1.0232 1.0921 1.2186 1.2508
4 1.0909 13606 14412 1.6418 1.6862
3 1 0.1875 02018 0.2078 0.2134 0.2168 0.2217
2 0.3636 0.4038 0.4135 0.4301 0.4372 0.4542
3 0.5357 0.6053 0.6177 0.6482 0.6589 0.6930
4 || 0.7059 08063 0.8206 | 0.8669 0.8813 0.9360
4 1 0.1364 0.1435 0.1453 0.1474 0.1486 0.1503
2 0.2667 0.2871 0.2901 0.2959 0.2984
3 0.3947 04305 04343 0.4448 0.4487
4 0.5271 0.5738 0.5782 0.5940 0.5991 0.6090

Bo, B1, B2: the lower bounds obtained in [5, 10, 11] respectively.

Bsawi: the lower bounds obtained by Corollary 1 where the upper bounds of connective
constants p7 < 2.69576, u3 < 4.756 and p4 < 6.832 [1] are used.

Bs.aw2: the lower bounds obtained by Corollary 1 where the expected values of connective
constants u = 2.638, u3 = 4.683 and p4 = 6.775 [18] are used.

Bc: data obtained by Monte Carlo simulations except for that of the 2 dimensional Ising
model which is exactly soluble. Data are taken from [2, 3, 7, 8, 13, 14, 21].

Appendix

Here, we prove the inequality (5.4). Substituting I,(z) = Y _oog(z/ 2)2* [\ [ (n+s+1),
we see

f@=zl,_1(x)— (s — 1+Vs2+z),(z)
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$(£/2)2”+’ -1 >, l+—“+=’-2i':— I\ 2n+s
- Z n!'(n+s) —Z n!'n+s+1) (5) ’

where we have used

2 2
,182+32<b_"+u
-2 2b,

for b, > O in the n-th term. Choosing b,, = s + 2n + 2, we get

o) sz(z/2)2n+s
@2 ; nll'(n+s+1)(s+2n)(s+2n+2) 20 N
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