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Abstract. We generalize to the case of superalgebras several properties of
simple Lie algebras involving the use of Dynkin diagrams. If to a simple Lie
algebra can be associated one Dynkin diagram, it is a finite set of non-
equivalent ones which can be constructed for a basic superalgebra (or B.S.A.).
The knowledge of these diagrams, which can be obtained for each B.S.A. in a
systematic way, allows us to deduce the regular subsuperalgebras of a B.S.A.
The symmetries of the Dynkin diagrams are related to outer automorphisms of
B.S.A. and lead to some singular subsuperalgebras. Finally we consider the
extended Dynkin diagrams in order to classify the affine B.S.A. and use their
symmetries to construct the twisted basic superalgebras.

1. Introduction

In his classification of simple Lie superalgebras, Kac [1-3] distinguishes two
general families: the classical Lie superalgebras in which the representation of the
even subalgebra on the odd part is completely reducible and the Cartan type
superalgebras in which such a property is not valid. Among the classical
superalgebras, one naturally separates the “‘strange” series P (n) and Q (n) from
the basic or contragredient superalgebras which include the 4 (m, n) unitary series,
the B(m,n), C(n+1), and D (m,n) orthosymplectic series and the exceptional
superalgebras F(4) and G (3) as well as D (2, 1; ) — these last ones being a de-
formation of D (2, 1). These basic superalgebras — up to now denoted by B.S.A. -
are in some extent very close to the usual simple Lie algebras. For example, they
can be studied with the help of Cartan matrices and Dynkin diagrams. However a
fundamental difference with the Lie algebras occurs at this level because of the
unavoidable presence in the simple root systems of odd — or fermionic — roots
together with even — or bosonic — ones. Indeed for each simple Lic algebra .o7, there
is only one simple root system, up to a transformation of the Weyl group W (7).
Ina B.S.A. several unequivalent simple root systems, that is systems which cannot
be related one to each other by a Weyl transformation, can be in general defined.
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leading to different Cartan matrices and Dynkin diagrams. Let us make precise
that the Weyl group in a B.S.A. is generated by the reflections associated with the
bosonic roots, and therefore is isomorphic to the Weyl group of the even part. This
special feature [1] of B.S.A. has been considered in detail in [4-6], and a practical
method to construct all the simple root systems of a B.S.A. from a given one has
been described in [5].

The complete knowledge of the Dynkin diagram can be exploited in different
directions. First, by extending the Dynkin diagram of a B.S.A. one can repeat the
Dynkin method for obtaining the regular subalgebras of a simple algebra to the
case of a B.S.A., and thus construct the regular subsuperalgebras of B.S.A.
Secondly, as for simple Lie algebras, the symmetry of the Dynkin diagram must be
related to the outer automorphisms of B.S.A. Such symmetries can in particular be
used to construct some non-regular — or singular — subsuperalgebras. Moreover,
the extended diagrams can be considered in order to classify the affine untwisted
B.S.A. Symmetries of the Dynkin diagrams could then be studied to obtain the
twisted affine B.S.A. as well as special inclusions among them.

The paper is organized as follows. Section 2 is devoted to the study of the
simple root systems of a B.S.A. @, the definition of the Cartan matrix and the
classification of the Dynkin diagrams associated to 4. With these tools at hand, we
can construct in Sect. 3 the regular sub(super)algebras of a B.S.A., and in Sect. 4
make a correspondance between the symmetries of the Dynkin diagram of a
B.S.A. and its outer automorphisms. The case of affine B.S.A. is considered in
Sect. 5: symmetries of the Dynkin diagrams are then directly used to construct in
an explicit way the twisted B.S.A. We conclude by mentioning some possible
developments and physical applications.

Although the properties on superalgebras contained in Sects. 2 and 3 do not
constitute new results, it has seemed to us useful to present them in a synthetic
way, mainly for the two following reasons. First we want to show as far as possible
how properties of simple algebras can be extended to superalgebras. Such a
program becomes much easier owing to the practical tool proposed in [5], i.e. the
use of Weyl transformations associated to zero length roots allowing us to
construct from a given one all the Dynkin diagrams of a superalgebra. Secondly,
introducing in some detail such basic properties makes more clear our diagram-
matic study of outer automorphisms for basic superalgebras in Sect. 4, as well as
the construction of twisted affine superalgebras via outer automorphisms of
extended Dynkin diagrams in Sect. 5.

2. Cartan Matrix and Dynkin Diagrams for B.S.A.
2.1. Notations and First Properties

Let us start with a brief reminder about root systems of basic superalgebras. The
Lie bracket in a Lie superalgebra % = %, + %, is defined by the equality:

[a,b] = ab — (—1)%e2C@el) gy forall a, be¥, 2.1)

the degree being 0 for elements of the subalgebra %, and 1 for elements of the %,-
representation %, . Moreover, one has globally:

%0.%]<%, [%0.%]1c% [9,.9]<%,. 22)



Basic Lic Superalgebras and their Affine Extensions 459

Let H be a Cartan subalgebra of 4. A root % of % (a+0) will be an element
o e H*, the dual of H, such that:

G, ={acY |[h,al=oh) a, he H} *0. (2.3)

A root « 1s called even or bosonic (respectively odd or fermionic) if 4,n %, =+ 0
(respectively 4, n¥%,+0). A contragredient or basic superalgebra is a superal-
gebra such that dim¥%, = dim%_ , for any root o of 4. The Killing form on % is the

bilinear form:
(a,b)=STr(Ada)(Adb). (2.4)

Note at this point that, if dim%, = m and dim %, = n, Ad(«) for any ¢ € % can
be seen as a (m + n) x (m + n) matrix M

A B
v=(¢ p):
where A (respectively D) is a m x m (respectively n x n) matrix, and the supertrace
of M acting on the 7, graded space ¥ is then defined as:

STtM=Trd-TrD. (2.5)

Now let us rapidly introduce the different families of basic superalgebras and
define their corresponding root system: we will denote by 4, (respectively 4,) the
set of even (respectively odd) roots.

e The unitary series 4 (m, m) or Sl(m+ tin+1):

The bosonic part is %o, =SI(m+1)® SI(n+1)@ U(1) if m=£=n (the U(1) part

being absent if m=n), and ¥, reduces with respect to the SI(m+1) @ Sl(n+1)

group as the representation (m+1,n+1) +(m+1,n+1).

The roots can be expressed in terms of ¢;, ..., &4 1, 01, ..., 0,0 aS:
AOZ{Bi_(‘?,;(S;_éj} A1={i(8i_5j)}- (2.6)

® The orthosymplectic series OSp (im|2n):

The bosonic part is a non-compact form of O (im) @ Sp(2n) and %, reduces for

m =2 to the (m,2n) 4,-representation.

The roots expressed in terms of ¢, ..., ¢,.

for B(m,n) or OSp(2m+1|2n) with m=£0

O1s ..., 0, are:

do={tetei+e; £6,£0,: 120, (%))
Ay ={£0; te+0;). 2.7)

for B(0,n) or OSp(1]2n)
Ag=1{+0;+0,;+20;} (i%)) 4,={+0]. (2.8)
for D(m,n) or OSp(2m|2n) with m =1

Ag=1{te+e; £0,£0;0 +20;)  (i%))
Ay = {4640, (2.9)
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while for C(n+1) of OSp(2|2n) the odd part is %, twice the fundamental (2#)

representation of Sp (2n), and the roots in terms of ¢, 9,, ..., d, are:
Ao={%0;£0,; £20;} (i=))
A, ={+e+d;}. (2.10)

o The exceptional superalgebras:

- D(2,1; ) (with o %0, —1) which are deformations of D(2,1), corresponding
actually to the case o =1. The bosonic part is a non-compact form of
SUQR)® SU2)@® SU(2) and the fermionic one ¢, is the 8-dimensional (2,2,2)
4 ,-representation. In terms of ¢, ¢,, &; the roots are:

do=1£2¢) 4dy={te,te,te;3). 2.11)

- F(4) the 9, part of which is a non-compact form of SU(2) @ O (7) and the %,
part the (2,8) 4 ,-representation. Note that D (2,1;2) and F(4) share the property
to have for & spinorial representations of their %, part. Interms of dand ¢, , ¢, , ¢4
the roots are:

Ao =1{+0; tote; ey 4= (F(te e, +es 1)} (2.12)

— G (3) with a non-compact form of SUQ2)® ¥,, if %, is the Lie algebra of the
exceptional Lie group G,, for the 4, part and the (2,7) % ,-representation for the
%, part. In terms of 6 and ¢,, ¢,, &5 with &; + &, + &; =0 the roots are:

Ag={£20;6,—¢;; te;) A,={+0;+e+0}. (2.13)

This classification can be closed by a few remarks. One can find B.S.A. such
that the representation of %, on %, isirreducible, and ¥, is semi-simple: this is the
case for the superalgebras B (m, n), D (m,n), F(4), G(3) and D(2,1; %) which are
called superalgebras of type I1. The other ones, i.e. A (m,n)and C(n+ 1), admita
unique consistent Z, gradation of the form 9=9%_,®%,®%, (iec.
9,,9]] <%, ;(mod2) with i, j= —1,0,1) with the ¥,-modules ¥ _, and %, ir-
reducible. They are called superalgebras of typel.

Among the fermionic roots, one can notice that there exist roots d such that 20
is a bosonic root. Such a root will be associated with the B.S.A. OSp(1]2). The
other fermionic roots will be associated with the B.S.A. S/(1]1).

2.2. Cartan Mutrix

In a contragredient Lie superalgebra 4 of rank r, it is always possible to define a
rx r Cartan matrix 4 = (¢,;) associated to a set of simple roots (2, ..., %) with
the following conditions:

[hi’eia,] =t a0, ,

le,, e, 1=0;h;, (2.14)
[ h;]=0,
the Ay, ..., h, generating the corresponding Cartan subalgebra H.

One defines, using Eq.(2.4), a non-degenerate bilinear form on H* by:

(o, 05) = (hy hy) s (2.15)
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such a form being invariant under the Weyl group of ¥, generated by the
reflections of the bosonic roots. The Cartan matrix can be chosen symmetric [6]
and defined as follows:

a;=(o;,9;) (2.16)

once the normalization on the Cartan generators is fixed, or equivalently in the
root lattice.

Note that such a Cartan matrix can be obtained from the Kac-Cartan matrix
defined in [2] by multiplying this last one on the left by the following diagonal
matrix (where 1,, denotes the m x m identity matrix):

L, 0 0
0 1 0 for Sim+1|n+1),
0 0 _ln
1, 0 °
<O 1 ) for OSp(2m|2n) (m=#£1).
1, 0 0
0 —-1,., O for OSp(2m+1|2n) (m=£0),
0 0 -2
t 0 0
0 1, 0 for OSp(2]2n). (2.17)
0 0 —1)2
10 0
0 -1 0 for G(3),
0 0 —1/3
1 0 0 0
0 —t 0 0 ]
0 0 —12 0 for F'(4),
0 0 —1/2
SR Y.
2
-1 44
T, . - D(2,1;9).
1+ 2 3 3/2 for D(2.1:2)
2+u | _2+4u
2 20

Now we shall associate to each simple root system of % a Dynkin diagram
according to the following rules:

i) To each simple bosonic root we associate a white dot O, to each simple
fermionic one o; a black dot @ if ¢;; + 0 (i.e. 2,6 4,) and a grey dot (D if a;; = 0.



462 L. Frappat, A. Sciarrino, and P. Sorba

ii) The i and j™ dot will be joined by #;; lines with:

o eyl
;/]ij"2 mjn(la“"’a”l) 1f di; ajj#—O’
lail .
L= 7_~.__~l____ . o 2‘
57 i wolagl i F O =0 (2.18)
’7ij=laij| ifaiizajj:()-

iii) We add an arrow on the lines connecting the i and /™ dot when 5;; > 1,
pointing fromitojif a;; - a;;# 0and |u;;| orif a;; = 0, ¢;; % 0, | a;;| < 2 and pointing
fromjtoiif a; =0, a; %0, |a;|> 2.

Let us emphasize at this point that to a given superalgebra % will not in general
be associated only one system of simple roots up to a transformation of the Weyl
group W (%), and therefore not only one Dynkin diagram. This will be discussed
in more detail in the subsequent paragraph. We want for the moment to illustrate
the above rules by constructing for each kind of B.S.A. a particular Dynkin
diagram related to a special simple root system. We will call such a system a
“distinguished” one, its characteristic being that it contains the smallest number
of fermionic roots. Note that the labels appearing above each dot are the
coefficients of the decomposition of the highest root with respect to the simple
roots.

e A(m,n)
1 1 1 1
&1 =&y &3 Em T &m+r Epe1 T (51 dl - 0‘2 (Sn -1 (511 (Sn - (5;17 1

with the normalization
(siagj):5ij(isj=1a-'->n1+1)? (5k*61):_51(1(/(’]:1’“-»”_‘_1): (Ci’dk):()

and the corresponding Cartan matrix

e B(myn) (m>0)

2 2 2 2 2 2 2

51~52 (52_(53 o‘nfl_()\n 0‘»:_81 61— & &
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with the normalization
() =—0,;(i,j=1,....m), (6,.0)=0y(k.,[=1,....n), (&,0)=0

and the corresponding Cartan matrix

2 —1 ]
_1
2 —1
-1 0 1
1T =2
S
1 —1
e B(0,n)
2 2 2 2
o—0- (@
S, —0, 0,—0 Opy =0, O

with the normalization
(04, 0) =0, (k. I=1,....n)
and the corresponding Cartan matrix
2 -1
1.

e Cn+1)

c—0d, 0,—0, Oy-1—0

with the normalization
(e,e)=1. (04,0)=—0yulk,I=1,....,n+1), (,0,)=0

and the corresponding Cartan matrix

2 —4
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1
2 Em—1 ~ Em
Jy— 0, dy—0d3 Ouey =0y Oy—8p &y —&y 1
Em-2 T Em—1 Em—1 + Em
with the normalization
(e,6)=—0; (i, j=1,....m), (0,,0)=0 (k. I=1,....n), (¢,6,)=0
and the corresponding Cartan matrix
2 =1
—~1
2 —1
-1 0 1
r -2
TS B
1 -2 0
1 0 =2

o G(3)

J+éy &y £y — &y
with the normalization
(e,6)=—30;+1(,j=1.2,3). (0.0)=2, (¢,0)=0

and the corresponding Cartan matrix

0 1 0
1 -2 3
0 3 -6

o F(4)

ey teytes+0) —ey & —& &y—&y

with the normalization

(ei.6)) = =20, (i, j=1.2.3), (4.9)=06, (5,0)=0
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and the corresponding Cartan matrix

0 1 0 0
1 -2 2 0
0 2 -4 2
0 06 2 —4

e D(2, 1)

with the normalization

(€re)=—(1+2)/2, (e3,80)=1/2, (e5.85)=2/2. (g,6,)=0 (%))
and the corresponding Cartan matrix

2 -1 0
-1 0 -
0 —o 2

2.3. Simple Root System of a Superalgebra

In this subsection we describe a very practical way [5] to obtain all the simple root
systems — or equivalently all the Dynkin diagrams - of a given B.S.A. once given
any one of them.

Let us recall that the Weyl group W (%) of a superalgebra ¢ is generated by the
Weyl reflections relative to the bosonic roots — such reflections read:

w,(f)=p—2 E“ [? (2.19)

withaedy(%)and fedy (%) 4,(%). Under a transformation of W (%), a simple
root system will be transformed into an equivalent one, with the same Dynkin
diagram.

Now let us, following [5], extend W (%) to a larger group by adding the
following transformations associated to fermionic roots ze€4,:

@0+0 o=p-220

(,0) =0  w,(f)y=pF+o if(2,f)*0 (2.20)
=f if (0, $)=0
COZ(O() =

Of course, a transformation w, with (2, 2) = 0 cannot be lifted to an automorph-
ism of the B.S. A. since even (respectively odd) roots being transformed by w, into
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odd (respectively even) ones, the grading would not be respected. However such
transformations can be simply used to deduce [rom one simple root system B all
the other, unequivalent under W (%), bases. The method is as follows: construct
from any « € B such that (,2) =0 the system w,(B), and then repeat the same
operation on the obtained systems until no new basis arises. Now it is an easy job
(at least for not-too-high-rank superalgebras) to construct from a given Dynkin
diagram all the other ones, once noticing that only the roots linked to the grey root
with respect to which the root system is transformed will be affected. For example
a white dot will become a grey or a black one depending on the number of links
and the direction of the arrow between the white dot and the grey dot associated to
the transformation. Examples are given in Table 1 where all the Dynkin diagrams
for the unitary and orthosymplectic superalgebras of rank =<4 are constructed.
The general form of Dynkin diagrams of the B.S.A. is presented in Table 2. In this
table the small black dot (in the unitary and orthosymplectic series) @ represents
either a white dot O or a grey one @, and K is the parity of the number of grey
dots.

3. Regular Semi-Simple Subsuperalgebras of a B.S.A.

The complete knowledge of the different Dynkin diagrams relative to a given
superalgebra ¢ will be used in this section for the construction of its regular semi-
simple sub(super)algebras. Considering the canonical decomposition
G=H®D) 9,, 3.1
aeA
where H is a Cartan subalgebra and 4 = A4, U 4, its corresponding root system, a
subsuperalgebra 4 is called regular, by analogy with the Lie algebra case, if it is
such that:
T-A0Y 9, (3.2)
v'ed
with H < H and 4 < A. The semi-simplicity of & will be insured if to each xe A
then —aed and A is the linear closure of 4.

The method for finding the semi-simple regular sub(super)algebras of a B.S.A.
is completely analogous to the usual one for Lie algebras by means of extended
Dynkin diagrams [7]. (Note that a very clear presentation of the techniques and an
explicit classification for regular subalgebras can be found in [8].) But now, one
has to consider all the Dynkin diagrams associated to the inequivalent simple root
systems. A first classification of the regular semi-simple sub(super)algebras of
basic B.S.A. and the proof of the method has been recently given in [9]. Therefore
we will limit ourselves to summarize hereafter the used techniques.

Given for a B.S.A. a simple root system and the associated Dynkin diagram.
we draw the extended Dynkin diagram by adding to it a dot corresponding to the
lowest root. Now, deleting arbitrarily one or more than one dot of this extended
diagram, will yield one Dynkin diagram or a set of disjointed Dynking diagrams
corresponding to a regular semi-simple sub(super)algebra of 4. Indeed, taking
away one or more roots, one is left with a set of linearly independent roots which
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Table 1. Dynkin diagrams of unitary and orthosymplectic superalgebras of rank 1, 2, 3, 4

Osp(1/2) SL(/1) SL(1/2) OSp(2/2) OSp(3/2)

2
0Sp(1/4)

OSp(4/2) OSp(5/2) OSp(2/4) OSp(3/4)
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Table I (continued)

OSp(4/4) OSp(5/4) OSp(2/6)
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Table 2. Dynkin diagrams of basic superalgebras

OSp(2m/2n)

o — oo — 900
2 2 1 2
o - oo —
12 2 2
oo - o) oo — o)
22 2 2 12 22
K=0 K=1
OSp(2m+1/2n)
oo — o) o —
1 2 2 2 5 2 2 22 5
eeo — o o@ oo — oo @
22 2 2, 12 2 2,
K=0 K=1
SL(m/n)
@ represents either O or
oo — oo
11 11

K is the parity of the number of

(see Sect. 3.2.3. for more details)

G(3)




470 L. Frappat, A. Sciarrino, and P. Sorba

Table 2 (continued)

constitute the simple root system of a semi-simple regular sub(super)algebra of .
Then repeating the same operation on ‘the obtained Dynkin diagrams, i.e.
adjunction of a dot associated to the lowest root of a simple part and cancellation
of one arbitrary dot (or two dots in the unitary case) as many times as necessary,
we will obtain in this way all the Dynkin diagrams associated with regular semi-
simple B.S.A. One can easily notice that in order to get the maximal regular semi-
simple B.S.A. of the same rank as ¥, only the first step has to be achieved (which
does not mean that all the so-obtained subsuperalgebras are maximal). The other
possible maximal regular subsuperalgebras of % if they exist, will be obtained by
deleting one dot in the (non-extended) Dynkin diagram of ¢ and will be therefore
of rank r—1. Examples are explicitly studied in Tables3—6 while the list of
maximal regular semi-simple subsuperalgebras for the B.S.A. is presented in
Table 7.

4. Outer Automorphisms of Superalgebras

In the same way that outer automorphisms of a simple Lic algebra are related to
symmetries of its corresponding Dynkin diagram, we can show that outer
automorphisms of a B.S.A. can also be connected with some Dynkin diagram of
%. Letusrecall[10] thatin the case of a simple Lie algebra .7, one has the following
isomorphisms:
Aut(/) _Aut(4)
Int(eZ) = W(A)

= F(oA), (4.1)
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Table 3. Maximal regular sub(super)algcbras of OSp(5/4)

OSp(2/2) OSp(5/2)

x 0Sp(3/2) OSp(4/4) < SUQ) OSp(5/4)

OSp(2/2)

x 0Sp(3/2) OSp(4/2)

OSp(4/4) OSp(3/4)

x OSp(1/2) OSp(5/4)
OSORY T spayxsos)  OSP@M)  OSpé)  ogysy)
x SUQ) x SUQ)

o O QO

% 0Sp(1/4) 0Sp(4/2) OSp(4/4)

x SUR) x SUQ2) x OSp(1/2)

OSp(3/4)

OSp(5/4)
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Table 3 (continued)

OSp(4/4) OSp(2/4) 0Sp2/2)

x SUQ) x 0Sp(3/2)

OSp(3/4)

OSp(5/4)

oSpSR)  0Spen) ospamy P s

x SUQ) x OSp(3/2) x OSp(1/2)

Table 4. Maximal regular sub(superalgebras) of OSp(6/4)

x SU@) x OSp(2/2) x SU(2) x SU(2)

OSp(6/4)
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Table 4 (continued)

Q %
fb L
O

wo L G S

x SUQR) x SUQR)
SO(6) x Sp(4)

OSp(6/4)

OSp(6/2) 0OSp(4/2) 0OSp(4/2)

x SU(2) x OSp(2/2) x OSp(2/2)
0Sp(6/4)

OSp(6/4)

SL(3/2) OSp(4/4)
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Table 4 (continued)

SL(3/2)

OSp(6/4)

SL(3/2) OSp(4/4) OSp(4/4)

SL(3/2)

0Sp(6/2) OSp(4/2) 0Sp(6/4)
x SU(2) x OSp(2/2)
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Table 4 (continued)

OSp(4/4)

OSp(4/2)
x OSp(2/2) 0Sp(6/4) SL(3/2)

OSp(4/2) OSp(2/4)
x OSp(2/2) x SU@) x SU2)

OSp(6/4) OSp(6/4)

OSp(4/4)
OSp(4/4)

SL(3/2)
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Table 5. Maximal regular sub(superalgebras) of G (3)

SL(1/3)

O

SUQ) x G,

O

0Sp(3/2) OSp(1/2) SL(1/3)
x SUQQ)

OSp(4/2;3)

G(3)
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Table 6. Maximal regular sub(super)algegras of F(4)

SO(7) SL(1/2) OSp(4/2;2)
x SUQ2) x SU(3) x SU2)

SL(1/4) SL(1/2) OSp(4/2;2) F(4)
x SU3) x SU2)

SL(1/2) OSp(4/2;2)
x SU3) x SU(Q2) F(4)

SL(1/4)

O
O

OSp(2/4)

0Sp(4/2;2)

X SUQ@) SL(1/4)
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Table 7. Maximal regular subsuperalgebras of the B.S.A.

@ %

D

A(m,n) Ak, 1) A(l)) k+l=m, i+j=1n
A, @A,

B(m, n) Bk, iy® D(l.)) k+l=m, (+j=n
Bm @ CIY
D(m,n)

Cn+1) C®CU+1) J+i=n
C

n

D(m,n) D(k,.iy® D(l,)) k+l=m, i+j=n
DYH @ CVH
A(m,n)

G(3) A4, ®G,
A @ B(1.1)
4, ® B(0,1)
4(0,2)
D2 1:3)
G3)

EF(4) A, @ B,
A, ® A0, 1)
A, ®D(2,1;2)
A4(0,3)
C(3)
F4)

D2, 1; %) A @4, DA
A(0,1)
D(2.1; %)

where Aut(/) (respectively Int(./)) denotes the group of automorphisms
(respectively inner automorphisms) of .«Z. Aut(4) is the group of automorphisms
of the set of non-zero roots 4 of o7 with respect to a Cartan subalgebra # and
W(4) the Weyl group of 4. F(7) is called the factor group and is therefore
isomorphic to Out (/) if we define Out(e/) as the group of «7/-automorphisms
up to an element of Int(.e7), itself isomorphic to 7 since .o/ is simple. F (/) is
isomorphic to the group of automorphisms of the Dynkin diagram and is simply
the cyclic group of order two Z, for the algebras A,(/=2), D,(/=4) and E,, the
cyclic group of order three Z, for the D, case while it reduces to the identity for the
algebras 4,, B,(1=22), E,, Eg, F,, G, . Actually the Weyl group transforms a basis
or simple root system of .o/ into another basis in a transitive way, while
Aut(4(e )/ W (4 (s2))leaves a basis of .o/ unchanged. In the same way an element
of W (4) can be lifted to an inner automorphism of .¢7, a symmetry of the Dynkin
diagram could be associated to an (outer)automorphism of .«7. We illustrate the
action of F(.27) on the Dynkin diagram of the A4, algebras:
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! 3 1

O—0O- -0—0

&y — & &y —é3 Ep-1 76 & T8

which corresponds to the transformation ¢, — —¢,,,_;, (i=1, ..., n+1).

The automorphisms of a basic superalgebra 4 have been worked out in
[4,11,12] and the results can be summarized as follows. Since any automorphism
of a B.S.A. must respect the grading. it will act on the reductive bosonic part %, of
% as an automorphism of Aut(%,). Denoting Out(¥9) = Aut(%)/Int (%), where
Int(¥9)~%,, then Out(%)is isomorphic to Z, for the superalgebras A (im, n) (with
m=*n and m, n+0), A(1,1), 4(0,2n+1) and D(m,n) (with m=£1). It is iso-
morphic to Z, x Z, for A(m,m) (with m=0,1) and to Z, for A(0,2n). Out(¥%)
reduces to the identity for B (m,n), C(n+ 1), F(4) and G (3). Out(D(2,1; «)) (with
o =0, —1) 1s trivial in general, except for the values o« =1, —1/2, —2, where it is
isomorphic to Z, and « = 23, ¢*™3 where it becomes isomorphic to the three
element group Z;. Out(¥) can be reconstructed in general by looking at the
symmetries of the Dynkin diagrams of ¥, except in some special cases.

Consider first the S/(m|n) case. For all values of m and n (with m % n and m, n not
simultaneously odd), it is always possible to construct a Z, symmetric Dynkin
diagram as follows:

e SI2m+1|2n) with m<n

e SI2m+11{2n) with m>n

! > ) 1

& — 04 O = &ur 1 Ent1 =642 Camn—Eamnr1 Eamn+1— Opri Oy —Eamut

both cases corresponding to the same transformation

&= —tyuin(I=1,...,2m+1) and ;- —0,,.,-;(=1,..., 2n).

e SI2m+1|2m)

€701 O =Eni1 Emi1 0wt Oam = 2wy

the transformation is here

&= —Camia-— (i=1,....2m+1) and 0, =0d,,,-;(=1.....2m).
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o SIC2m|2n) withm=#n

&y = (>1 ()n “lnt1 Cuvt T2 Com-n-1 " E2m-n Cam-n " Ont (>2u ~Eom

in which the transformation is
&= =& (i=1,...,2m) and d;>—0d,,4,-;(=1,...,2n).

Then for the symplectic case, one has:

o OSp(2m|2n) with m £ 1

> Em—1 " Em
()1 "()2 ()2*03 0;1»1 _()n dn‘""] &y & Em—1 T &

Em—2 T Em- 1

the transformation being ¢, > —¢

m*

o OSp(2|2n)

o, —¢

0, +¢

0y —0,

the transformation being here ¢ — —e¢.

At this point, one can notice that each symmetry t described above induces a
direct construction of the subsuperalgebra %' invariant under the ¢ outer
automorphisms associated to 7. Indeed if the simple root « is transformed into
(=), then § (o +7(2)) is T-invariant since 7> = 1, and appears as a simple root of %’
associated to the generator E, + E, ), if E, (respectively E,,)) corresponds to the
root a (respectively 7(x)). A Dynkin diagram of 4’ will therefore be obtained by
folding the Z, symmetric Dynkin diagram of ¢, that is by transforming each
couple (2, 7(2)) into the root 3 (x4 7(2)) of %', Let us add that this folding method
has already been used in [13] in order to obtain the non-simply laced simple Lie
algebras from the simply laced ones. One obtains here the following invariant
subsuperalgebras
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SL(2m+1/2n) OSp(2m+1/2n)
- Q00 600 —» OO0 e
n-m-1 2(2m+1) (m < n) n-m-1 2m

SL(2m+1/2n) OSp(2m+1/2n)
- - OO0
2n 2m- 2n (m>n) 2n m-n-1
St(2m+1/2m) OSp(2m+1/2m)
—
L i ‘ .__‘
4m (m > n) 2m-1
SL(2m/2n) OSp(2n/2m)

- OO0
2n 2m-2n-1 2n m-n-1
0Sp(2m/2n) OSp(2m-1/2n)

[ [I— m-2
n-1 m-2

OSp(2/2n) @ OSp(1/2n)

O (]l - O 9

— O T

The previous method cannot be used in the case of SI2m+1|2n+1)(m=n)
since there does not exist any symmetric Dynkin diagram associated to this type of
superalgebra. However one notes a global symmetry of the set of Dynkin
diagrams. For example, in the case of S/(1|3), one has the following tableau:

In the case of SI2m+1|2m+1), besides the global symmetry of the set of
Dynkin diagrams, there exist a Z, symmetric diagram

VN o 1
O O O O

Ol '_()2 02771_02m+ 1 52m+1 —¢& & =& Eam — Com+1
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the transformation being ¢;,> —0d,,,.,-;(i=1, ..., 2m+ 1), associated to the
permutation of the two S/(2m+ 1) subalgebras. However, the folding does not
give any information: actually the invariant subsuperalgebra under the above
symmetry is a strange simple superalgebra to which a Dynkin diagram cannot be
associated.

In the case of S/(2m|2m), one finds a Z, symmetric Dynkin diagram

! ¥

& — 01 61 - OZ 5!71 “ém Em " m+1 Cmar T (Sm#- 1 (>2nr 1 OZrn 52m —Eom

with the transformation ¢;— —é&,,.,_, and 6;,> —0d,,.,-;(i=1, ..., 2m). By
folding, this diagram leads to the invariant subsuperalgebra OSp (2m|2m) as in
the general case of S/(2m|2n):

SL(2m/2m) O8p(2m/2m)
-
!———_I L______J
2m-1 2m-1

One notes also another Z, symmetric Dynkin diagram

I ¥ S l
e O~ O

€1 =8  Em-1 2  Eam— Oy 010, Oyt — Oy

the transformation being ¢— —d,,.,_;(i=1, ..., 2m), associated to the
interchange of the two SI(2m) subalgebras: as in the case of SIQm+1]|2m+1)
just discussed, the invariant subsuperalgebra is a strange one which cannot be
obtained by folding.

The D (2, 1; ) needs a little more attention. Using the corresponding Dynkin
diagrams of Table 2, one can observe a Z, symmetry on the linear diagrams for the
values o = —2 (corresponding to |1 4+ «| = 1), « = 1 (corresponding to |o| = 1) and
o= —1/2 (corresponding to |1+ a|=]|a|). The triangular diagram has a Z,
symmetry, generated by the circular permutations of 3 elements, for the values
a=e?"™3 g =e*"3 It might be interesting to consider in more detail this
“triality” property.

5. Untwisted and Twisted Affine Superalgebras
5.1. Untwisted Affine B.S.A.

Properties on the structure of affine Lie superalgebras [14, 15] can also be deduced
by extending the classification of Dynkin diagrams to the affine case. This will in
particular allow us to construct in a diagrammatic way twisted affine super-
algebras from untwisted ones.
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The definition of affine untwisted B.S.A. 4" follows that of affine algebras,
i.e. 4 is the loop algebra constructed from % as

gO=Ct,i"HY®9® Ce, (5.1)

where C (7,17 ') stands for the algebra of Laurent polynomials in the complex
variable r and c is the central extension term. The generators of %! satisfy the
commutation relations:

[("®a, "@bl=1"""®a,b] +m(a.b) dpspoC, (5.2)

using relations of Sect. 2.

A simple root system of an affine B.S.A. %! is obtained from a simple root
system B of % by adding to it the affine root which project on B as the
corresponding lowest root. The simple root systems of %V are therefore
associated to the extended Dynkin diagrams used to determine the regular
subsuperalgebras studied in Sect. 3. The Dynkin diagrams for the affine B.S.A. of
rank less than 5 of the unitary and orthosymplectic series are constructed in
Table 8, whereas their general form for all the B.S.A is given in Table9.

5.2. Twisted Affine B.S.A.

Twisted Lie superalgebras 4 ™ (m + 1) are associated with outer automorphisms ¢
of 4, m being the smallest positive integer such that t"=1. 4™ is a ¥V
subsuperalgebra, the elements of which are %-valued functions

"@a=i"e""®@a=f()®a (5.3)
submitted to the condition:
JO+2m)@a=[f(0)®@(a). (5.4)
Decomposing % with respect to the t-eigenvalues > ™™ (k =0, ..., m — 1) one has
G = @1 g, (5.5)
with o
G.=lac¥|i(a) =My (5.6)

satisfying the Z/mZ gradation:
%,.%] < %, ,(modm), (5.7)

while 9, is the 7-invariant subsuperalgebra of 4. The decomposition for @™
follows:

m—1
m) @ [lH—k/m ® (q (58)

neZ

The Dynkin diagrams for the twisted affine B.S.A. can be constructed directly
by the following method. For a twisted B.S.A. 4@ related to an outer
automorphism of order 2, one can decompose %* as a t-invariant sub-
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Table 8. Dynkin diagrams of affine unitary and orthosymplectic superalgebras of rank 1,2, 3,4, 5

(1) (¢Y] ) ey
OSp(1/2) OSp(1/4) OSp(3/2) OSp(4/2)

SL(1/2)

(D (D ¢9)]
0Sp(5/2) 0Sp(2/4) OSp(3/4)

1
2 SL(2/2) M

M

stz D
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Table 8 (continued)

(6] 1
OSp(4/4)

0Sp(7/2)

OSp(6/2)
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Table 9. Dynkin diagrams of affinec B.S.A.

1)
OSp(2m/2n)

1

—

r—

6]

SL(m/n)
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Table 9 (continued)

M
G(3)

ey
F(4)
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(super)algebra 4, of % and a %-representation ¢, of this algebra, 4, and 4,
satisfying Eq. (5. 7) A Dynkin diagram of % @ is obtamed by adding to the Dynkin
diagram of 4, the lowest weight of the %,-representation ¢, . We will call such a
diagram a dlstmgulshed one. All the possible diagrams are obtdmed then by using
the transformation (2.20) with respect to the grey dots. Let us see in detail how it
works for the two kinds of twisted B.S.A., namely S/(m|n)® and OSp (2m|2n)?.

For the SI(m|n)'? case (with m, n > 3), one can choose 7 such that the invariant
subalgebra 9, is O(m)@® O(n) and the % ,-representation is the (m.n) repre-
sentation of O (m) @ O (n). A simple root system of the invariant part is given by

A={e; =€y oo\ b1 = Em> b1+ Em} for O(2m),

Ad={e =€ s Emuat = Em> Em) for OQ2m-+1) and
A={0,—8yr .0y —0ya 0,1 +0,0  for OQn).
A={0,—=05,....0p—1—0,,0,} for OQn+1).

The lowest weight of the representation (m,n) is —&; — 9, .
One has therefore a Dynkin diagram of the type

SL(2m+1/2n)

(2)
SL(2m+1/2n+1)

In the case S/(2]2n)?) (with n = 2) (respectively S7(2|2n4-1)'? (with n = 1)), the
automorphism 7 can be taken such that the invariant subsuperalgebra %, is
OSp(2n|2) (respectively OSp (2n+112)). The % ,-representation 4 is the (2n, 2)
(respectively  (2n+1,2)) representation of SOQ2n)® Sp(2) (respectively
SO2n+1)® Sp(2)), whose lowest weight is —e — 0. The distinguished simple
root system associated to the distinguished diagram of the invariant part
OSp(2n|2) (respectively OSp(2n+1]2)) is

A={e—=0(,0,—0y, ....0, {—0,,0, +9, for OSp(2n|2),

A={¢—-0,,0,—05, ..., 0, 1 —0,,0,} for OSp(2n+1]2).
Therefore the Dynkin diagrams for S/(2|2n)® and SI/(2|2n+1)"* arc
respectively

1

2
SL(2/2n)

(2)
- — - 'O:‘CO SL(2/2n+1)
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In the case of S/(1 [2n)@ (with n = 2), one can choose as invariant subalgebra 9,
O (2n). The % ,-representation % | is the fundamental representation (2n) of O (2n).
Its lowest weight is —d,. Therefore the Dynkin diagram of S/(1]2n)* is

1

—_— — —-CJ:;:. sL(1/2n) @

1 2 2 2

Forthe O Sp (2m| gn)m case (with m = 2), one can choose 7 such that the invariant
subsuperalgebra %, is OSp(2m—1]2n). A simple root system of the invariant
part is given by

4 ={51_(527 cees 571—1—5n$ (Sn_gl* Ey = &8s i by T Eys Ey

The %,-representation 9, is the fundamental representation of O.Sp(2m —1|2n)
whose lowest weight is —d,;. The Dynkin diagram for OSp(2m|2n)'? is then

1

1 1 1 1 1 1 1 (2)
C=x0O- -O O -O—C=x@ oseiemzn)

In the case of OSp (2| 2n)'?), there exist an automorphism 7 such that the invariant
subsuperalgebra %, is OSp(1|2n). The %-representation %, is the fundamental
representation of OSp(1|2n). The simple root system of the invariant part %, is

A=1{0,—0,.....0,_1—0,,0,}.
The lowest weight of the ¥, representation of %, is —dJ,. One obtains the
following Dynkin diagram for OSp(2|2n)%:

<~ — — — @  ose”

For SI(1]2n+1)® theinvariant subalgebra can be taken as O (21 + 1) and the G-
representation ¢, is the fundamental representation of O(2n+ 1) whose lowest
weight is —J,. The Dynkin diagram of S/(1]2n+ 1) is thus

Ot — — — @ staznen'?

Some more details about this particular case can be found in [16].

The Dynkin diagrams for the twisted affine B.S.A. of rank less than 4 of the
unitary and orthosymplectic scries are constructed in Table 10, whereas the
general form of all the twisted B.S.A. is given in Table 11.

5.3. Folding Method for Affine B.S.A.

The folding method (see Sect. 4) applied to Dynkin diagrams of affine Lie algebras
can lead in certain conditions to twisted affine Lie algebras [17]. Such a property
can also be obtained for affine B.S.A. Hereafter we will study the folding of
symmetric Dynkin diagrams associated to affine B.S.A. Special inclusions among
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Table 10. Dynkin diagrams of twisted unitary and orthosymplectic superalgebras of rank 1, 2, 3, 4

2 4

OSp(2/2) @ SL(1/3) @ SL(1/4) @ SL(1/5) @

! 2 ! ! 1 2 1 1 1 1
@)

0Sp(2/4) sLer) 2 sy @ sLa @
1 1 2
2
OSp(4/2) @

SL(2/4) @

@

SL(1/6)
| ! scam @
! OLO—C>e
1
22 1 1 11
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Table 11. Dynkin diagrams of twisted affine B.S.A

SL(2m/2n)
1
1
1
1
1
. 1
1
1
1
SLm+12n) 2

1 1 1 1 1 1 1 2 2 2 2 2
o Oxe-e - X
OSp(2m/2n) ) K=1 1 ! by
2
SL(2m+1/2n+1) K=0 0OSp(2m/2n) @ K=0

SL(2m+1/2n+1) K=1
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affine B.S.A. will be obtained. More precisely we will see that starting from the set
of untwisted affine B.S.A.’s, successive foldings allow us to reconstruct all the
possible twisted B.S.A.

e Folding of OSp(2m|2n) (with m=2)
Let us start with the following Dynkin diagram of O Sp (2m|2n)") which hasa Z,
symmetry

a n+m-1

1
C0- ospizmzn
a, o, @&

n-1 G Gy Q@ n+m-2 aﬂ+m

The corresponding simple root system is

A={og=k—20,0,=0,—04, ..., % 1 =0,_1—0,, 4, =0,— &,
o(n+1 :61 __[22’ DR an-#nz*l :gm—l - gm’ anw‘-m: 5m~1 + Cm} )
where k is the isotropic affine direction. The folding is defined by the
automorphism 7 such that
T(O(i):fxi(l.—:o,...,n’l+l’l*2) T(an+m*1)=d71+m 12=1'

The folded Dynkin diagram is

OO0~ -O—@—0- -OzxO  osemian )
a a

o} 1 Ghy oy O a

n+1 am.m.g n+m-1
with oy 1= %yim—1+ %nem)/2 and the corresponding folded simple root
system is

A'={og=k—=20,00=0,—0,5, ..., 0, _1=0,_{—0,, 4, =0,— ¢y,

o(n#—l :£1 *827 ) o(p/z+m—1 :Crn*l} .
Therefore, the folding of the affine superalgebra OSp(2m|2n)V) leads to the
superalgebra OSp(2m —1]2n)"). See the general schemes in Table 12.

e Folding of OSp(2|2n)"
In the case of OSp(2|2n)", the Z, symmetric diagram is

- — — Ox0 osp(2/2n) (1)

an an+1

with the simple root system
A={ag=k—c—0,,0,=¢—0,0,=0;—0p, ... 0, =0, ; —
The folding is defined by

t(a)=0,(=2,....,n+1) 1(z,)=2, t*=1.

Xyt1= 26"} :

n»
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Table 12. Folding schemes for affine B.S.A.

a M
OSp(2m/2n) ) OSp(2m-1/2n)
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Table 12 (continued)

(6] @
OSp(2m+1/2n) OSp(2m/2n)

=" --- <O osp(1/2n) &)

a a

corresponding to the simple root system
A'=layg=kl2=0,,0,=0, =05, ... 9, =0,y — 0y Uys1 =20,

with o, = (oty + 2,)/2. One obtains the twisted superalgebra O Sp (1]2n)® which is
actually isomorphic to OSp(1]2n).

e Folding of OSp(2m+1]2n)'" (with m=2)
We consider the following Z, symmetric Dynkin diagram of OSp (2m + 1|2n)"

1
~OprO osstemsvzn

Qp O onyg an+2 & nem-1 ® nem

with its simple root system

A={og=k—0{—&, 0 =6, —01.0,=0;— 05, ..., %, =0,_1— 0,

— — — _ —o 1
Lyt "(Sn_82> Tpp2 =83 =835 ooy Upuy—1 =&y Cis Ly = Emy -
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The folding is defined by the automorphism 7
() =0;(i=2,....0n+m) t(og)=0; =1,
The folded Dynkin diagram is

2
O (O==0O ose(zmizn)

o % On & nyy & o % nemes ®nym

and the corresponding simple root system 1is
! ! - N N
A'={og=k/2—01,0,=0;—05, ..., %, =0,_1—0,, %yt =0,—&,,
Ops =83 7835 vy Aygn—1 = Ep—1 T & Uy = &y

with o = (2, +%,)/2. One obtains as folded superalgebra the twisted affine
superalgebra OSp (2m|2n)?. See also the general schemes in Table 12.

¢ Folding of OSp(3|2n)V
In the case of OSp(3]12n)'", the Z, symmetric diagram is

- — — (=@  ospwen

Gn Qg

with the simple root system
A={og=k—e—0,,0,=6—01,0,=0, =03, ..., %y=0,_1—Op, Oyt =0,}.
The folding is defined by

t(a)=0;(i=2,....0n+1) t(ay)=0, t*=1.

The folded Dynkin diagram is

Q<O —— - (=@ ospeem @
Gy a, (e AR R
corresponding to the simple root system
A ={ag=Kk/2—0;, 0,=0, =0y, ..., %, =0, —0,, o0y =0,}
with g = (2 + «,)/2. One obtains the twisted superalgebra OSp (2|2n)%.

e Folding of SIQ2m|2n)Y (with m, n=2)
One starts from the distinguished diagram of S/(2m|2n)’ (which is simply the
extended diagram of the distinguished diagram of S/(2m|2n)),

04 0 [04 [0
2n+2m-1 2n+m+1

2n+m

2n+m-1
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The associated simple root system is
A={oag=k =0+, 01 =0y =04, ..., 0gy—1=02,—1— 02y,

U2y =0pp = E1s Oana1 =81 €25 -y Lantam—1 = Eam—1 — Eam) -

The folding is defined by the automorphism 7 of order 2 such that

() =0y, (i=0,...,2n) t(a)=04yiom-;G=2n+1, ..., 2n+2m~1).

The folded Dynkin diagram is
C=0- O
o, a

02

2
O (O==0O SL(2m/2n)( )

n-1 1 %o ®net @ pemet @ pem

and the simple root system attached to it is
A ={og=kl2—4,—E,oa\=4,—4,, ..., 0 =4, ,—4,,
wy =24, 01 =E —FEy, ..., 01 =FEp_ 1 —E,, 0, n=2E,],
where E; and 4; correspond to the rescaled roots
Ei=(i—ame1-)20=1,...,m) 4;=(0;—03,4:1-)/2(j=1,....n)

witho = (o, +0p,- )20 =1, ... ,mand o _, = (o + otypi2m-)/2(=2n+1, ...,
2n+m). One obtains finally the twisted affine superalgebra SI(2m|2n).

e Folding of SI(2m|2n)* (with m, n=?2)

Consider the Dynkin diagram of S/(2m|2n)® obtained just above. At first sight,
this diagram has no apparent symmetry. Using Weyl transformations with respect
to grey dots, we will transform this diagram into a Z, symmetric one, as follows:

which corresponds to the simple root system
A={og=k/240, =05, 01 =0,—03, ..., 0y-3=0,1—0p,
Oy =0, 481, 0y =0,—81, Upi1 = —03—Es, Upis=E3—Ez, -0,
Uptme1=Eme1 = Ems Onam=2Em) -
The automorphism 7 associated to the folding is
()=, (i=1,...,n+m ixn—1,n t(%,_)=0, °=1.

The folded Dynkin diagram is

=< == stizm-1/2m)?

Qg &pop 0to G ey @ ne2 @ neme1 @ nem
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with the simple root system
4" = {aO:k/2+(31 __529 231 :62*53’ T oCn-~2:5n~1_5n" “;1~1 zéns
Ipr1= —(52~£2> Oy =783, s Ly = -1~ Epys (xn+m=2€m}

with o), = (2, +,)/2. The folding of the S/(2m|2n)* superalgebra leads
therefore to the SI(2m— 1]2n)? superalgebra.

e Folding of SI(2m—1|2n)® (with m, n=2)

Let us start with the previous diagram of S/(2m—1[2nm)*. After Weyl
transformations with respect to the grey dot, we obtain the following diagram,
which exhibits a Z, symmetry

The associated root system 1s

Ap—1 20",

ne

A={og=k/24¢e,—0,, 0, =0,—03., ..., %_y=0,_—0

Yyt =827 €35 ooy -2 = &1 &y Ly -1 :£7n+51 H O(n-f-m:am_ol} .
The automorphism ¢ defining the folding is
t(a)=o,(i=1,. ...0+m=2) T(%rpmei)="0sm T-=1.

J

The folded Dynkin diagram is

(2
O —C):):. sL(2m-1/2n-1) )

1 a 0 (S o nem-2% nim-1

with the simple root system

A ={og=k/2+¢e,--0,, 2y =0,—05, ..., «

— _ — _ ’ —e 1
OCIH-]"'SZ 63 s U2 Ty 8,,,,0(,,+,,141——8mj,

with o) o1 = (% sm—y +0,s/2. The folding of SI(2m—1|2n)? gives the
twisted superalgebra S/(2m —1|2n— 1),

e Folding of S/(2]2n)*" and SI(1]2n)*(n=2)

The case of S/(2]2n)® and SI(1]|2n)® demands special attention since the
resulting folded diagram doesn’t contain any grey dot, i.e. any fermionic root of
null length. Consider the diagram of S/(2]|2rn)® which is constructed by the
standard way explained above

SL(2/2n) @)
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Successive Weyl transformations with respect to the grey dots lead to the diagram

o

0 2
_— — SL(2/2n)(

o a n+1

with the simple root system
A={og=k[2=0, =0y, 2, =0, =03, ... %y =0y 1 — Oy
Oy—1 :5nﬂ6a ocnZO\n—I'S» Opt1 :51 *&2} .

The Z, symmetry of the left of the diagram is associated to the automorphism 1
such that
() =0;(i=0,....,n—2) t(a,_)=0, t*=1.

The folded Dynkin diagram is

and the folded simple root system is
A ={0g=k/2—=0,—0,,0,=0,—03. ..., % 1=0,-1—0

s _ 5 S
an‘l_()n’an-Fl—'oI*aZf

ne

Wlth OC)/z— 1= (“n+1 + xn)zﬂ
which corresponds to the twisted superalgebra S/(1]2n)?.

Now the remaining Z, symmetry of the diagram gives rise to the folding
defined by

t()=o,(i=1,....n—1) t(zg)=0o,., 1°=1.

The folded diagram is

<O — — — (=0 SR IR

and the corresponding simple root system is
A//:{%:k/‘l—dzﬁ %y :(52_53’ SRR 06,1_225,,41—5", a;-lzén}

with oy = (xq+2,4+,)/2. One obtains therefore the twisted superalgebra
SI(1]2n—1)"9,

6. Conclusion

We have shown that the use of Dynkin diagrams, which is so convenient to deduce
many characteristics of a Liec algebra, can be extended to the case of Lie
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superalgebras. The main difference between a simple Lie algebra and a
superalgebra at this level is the possibility for a Lie superalgebra to admit several
Dynkin diagrams. This technical difficulty is in part softened by a systematic
method of determining the non-equivalent Dynkin diagrams [5]. It has therefore
been possible to construct the regular sub(super)algebras of a B.S.A. and to
recognize in most cases the outer automorphisms of a superalgebra by looking at
the symmetries of its Dynkin diagrams. If some singular sub(super)algebras have
been determined by folding symmetric diagrams, the general classification of
singular sub(super)algebras of a B.S.A. is not yet known. Let us mention at this
point a first step in that direction can be found in [18] where symmetric
superspaces are studied — see also [19]. It is obvious to say that superalgebras
constitute a natural ingredient in supersymmetric theories. Note in particular that
in conformal extended supergravity the symmetry group is SU(2,2|N), which
contains the (anti) De Sitter supergravity symmetry group OSp(N|4) [20] (see
also Sect.4). In the spirit of a systematic research of possible symmetries in
supergravity theories, the complete knowledge of sub(super)algebras of a unitary
or orthosymplectic superalgebra might be useful. Among other relevant
approaches, let us also note the attempt of treating supergravity models as theories
of spontanecous breakdown in analogy to the pure Einstein gravity [21].

Still in the context of finite dimensional superalgebras, one may wonder to
what extent the feature of a superalgebra to admit in general more than one
Dynkin diagram can be exploited in the study of highest weight representations
and also in the reduction of product of representations.

In the case of affine Lie superalgebras, symmetries of the Dynkin diagrams
involving the affine root give a simple method for obtaining the twisted affine
superalgebras. Vertex operators representation of orthosymplectic superalgebras
have already been constructed [22]. Using special inclusions among superalgebras
the case of SU (m|n) vertex operator representation can also be studied, and the
just mentioned folding procedure used to determine the vertex operator
construction for twisted affine superalgebras [23]. Actually affine superalgebras
show up when considering symplectic bosons appearing in the BRST treatment of
fermionic string theories [24]: in this approach vertex operators occur in
constructing the corresponding superconformal ghosts [25].
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