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WEIGHTED THERMODYNAMIC FORMALISM ON SUBSHIFTS
AND APPLICATIONS*

JULIEN BARRAL!T AND DE-JUN FENG#

Abstract. We examine the interplay between the thermodynamic formalism and the multifractal
formalism on the so-called self-affine symbolic spaces, under the specification property assumption.
We investigate the properties of a weighted variational principle to derive a new result concerning the
approximation of any invariant probability measure p by sequences of weighted equilibrium states
whose weighted entropies converge to the weighted entropy of u. This is a key property in the
estimation of the Hausdorff dimension of sets of generic points, and then in the multifractal analysis
of non homogeneous Birkhoff averages.
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1. Introduction. The interplay between the thermodynamic formalism and the
multifractal formalism has been rigorously examined in the literature for expanding
conformal dynamical systems (see, e.g. [15, 40, 38, 6]). In this paper, we study this
relationship on the so-called self-affine symbolic spaces defined as follows.

Let k > 2. Assume that (X;,T;) (i =1,..., k) are subshifts over finite alphabets
A; such that X;,; is a factor of X; with a one-block factor map m; : X; — X; 11
fori=1,...,k — 1 (see Section 2 for the definitions). For convenience, we use 7y to
denote the identity map on X;. Define 7; : X7 — X;41 by 7, =mom_10---0m for
1=0,1,...,k—1.

Let a = (a1,...,a;) € R¥ so that a; > 0 and a; > 0 for i > 1. Define an
ultrametric distance d, on X; by

_mica@ATi1 W)
(11) da(xay) = max (@ a1t-tag 01 < ) § k) )
where
_ 07 if Ul 75 V1,
Junol { max{n: u; =v; for 1 <j<n} ifu =0

for u = (u;)321,v = (v;)72; € X;. The metric space (X1,da) is called a self-affine
symbolic space. It is a natural model used to characterize the geometry of compact
invariant sets on the k-torus under a diagonal endomorphism [7, 35, 28].

For 1 < i <k, let M(X;,T;) denote the set of all T;-invariant Borel probability
measures on X;, endowed with the weak-star topology. Let £(X;,T;) denote the set
of ergodic measures in M(X;,T;). For p € M(X;,T1), define

k
R (T) =Y aih,q, (T,
i=1
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which is called the a-weighted entropy of u. It was proved by Kenyon and Peres [28]
that

(1.2) dimpg p = hi,(T1)

for each p € £(X1,T1), here dimy p denotes the Hausdorff dimension of i in the metric
space (X1,da), that is, dimy p = inf{dimyg E': Borel £ C X; with u(X;\E) = 0}.
For p € M(X1,T1), the set of generic points of u is defined by

n—1
1 .
(13) GM(XI;TI) =< T E X1 : lim — E QS(T{JJ) = /¢ du for all ¢ € C(Xl) s
n—oo n =

where C'(X7) denotes the set of all real continuous functions on Xj.

We are going to establish a connection between the thermodynamic formalism
and the multifractal formalism on (X7, da) by considering the Hausdorff dimension
of G, (X1,T1) and the multifractal analysis of (non-homogeneous) Birkhoff averages
(which will be defined a little bit later) of continuous functions in (X1, da).

A key notion introduced for the above study is the weighted topological pressure,
defined for each ¢ € C(X;) by

PA(T1, 6) = sup {/¢ dp+ h3(T) : pe M(Xl,Tl)} .

Clearly the supremum is attainable, since the weighted entropy h*(’{ ) (T1) is upper semi-
continuous on M (X1, T}). Each measure p which attains the supremum is called an
a-weighted equilibrium state of . When a = (1,0,...,0), the a-weighted topological
pressure and a-weighted equilibrium states are reduced back to the classical topolog-
ical pressure and equilibrium states (cf. [43, 44, 38]).

We say that the subshift X, satisfies specification if there exists s € N such that,
for any two words I and J that are legal in X, there is a word K of length s such that
the word I K J is legal in X;. For more details about this definition, see Section 2.

For n € N, let £,,(X1) denote the n-th language of X; (see Section 2.1). Further-
more, for I € £,,(X1), let [I] denote the n-th cylinder in X; associated with I (see
Section 2.1). Define

Q= A{(I)rec,xy = ne M(Xy, Th)}-

Clearly ©,, is a convex set. Let ri(£2,,) denote the relative interior of €2,,. Say that
f € C(Xy) is an n-symbol function if f(x) only depends on the first n-coordinates
of x.

One of the main results of this paper is the following.

THEOREM 1.1. Assume that (X1,T1) is a subshift satisfying specification.

(i) Let n € N and n € M(X1,T1). If (1)) ez, (x,) € Ti(Qn), then there is
a unique measure p = p(a,n,n) in M(X1,T1) attaining the following supre-
mum

sup {h5y(T1) - p([I]) = n([I]) for all I € L,(X1)}.

Furthermore, u(a,n,n) is the a-weighted equilibrium state of some n-symbol
function.
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(i1) For anyn € M(X1,T1), there exists (pn)5>; C M(X1,T1) converging ton in
the weak-star topology such that for each n, u, is the a-weighted equilibrium
state of some n-symbol function and

hin (Tl) Z hz (Tl), nlL)II;O hzn (Tl) = hz (Tl)
The above result is well known in the special case that a = (1,0,...,0) and X;

is an irreducible subshift of finite type, for which u(a,n,n) is a (n — 1)-step Markov
measure (see, e.g. [19]). We remark that in our general setting, u(a,n,n) is typically
not a Markov measure of any order even in the full shift case. In the following, we
give a simple example (see Section 4 for a proof).

ExampLE 1.2. Let X7 = {a,b,c}!¥ and Xy = {1,2}. Let 7 : X; — X5 be a
one-block factor map induced by a,b +— 1 and ¢ — 2. Let a = (a1, a2) with aq,a2 > 0.
Let 1 be a fully supported measure in M(Xq,Ty). If

W aloc) _ nlee) - nleal) _ n(iet)

n(fal) (b)) n(lal) (o]’

then p(a,n,2) is a one-step Markov measure; otherwise u(a,n,2) is not a Markov
measure of any order.

We point out that when X; = AY is a full shift and f is a continuous function
on X; with sufficiently regularity (Holder continuity, for instance), the a-weighted
equilibrium state of f is quasi-Bernoulli (see Theorem 3.5), furthermore it is the
classical equilibrium state of some continuous function g on X; (see Remark 3.7).
Recall that a probability measure p on A} is called quasi-Bernoulli if there exists
C > 1 such that

(15)  Sue() < p(E) < Cu@uE), V1T e Ai=J AL

Theorem 1.1 might have its own interest in ergodic theory. It is crucial in our
study of the Hausdorff dimension of generic points of invariant measures. Indeed, we
have

THEOREM 1.3. Assume that (X1,T1) is a subshift satisfying specification. Then
for any p € M(X1,Th),

(16) dlmH GM(Xth) = hZ(Tl)

We remark that G, (X1,T1) # 0 for each p € M(Xq,T1) ([39, 20]). Theorem
1.3 is only known in the literature for the case that a = (1,0,...,0) (cf. [9, 11,
39, 20]), which corresponds to the conformal case. Our proof of the lower bound
dimyg G, (X1,Th) > hz(Tl) in the general case is based on a delicate concatenation of
quasi-Bernoulli measures provided by Theorem 1.1. The upper bound is not a simple
adaptation of McMullen argument; we need to overcome a difficulty coming from the
fact that, in the specification case, weighted equilibrium states of Holder continuous
functions might not be quasi-Bernoulli. It is worth to point out that (1.6) still holds
for any u € £(X1,T1) without assuming the specification property of X; (see Remark
1.5); this fact was proved by Bowen [9] in the case that a = (1,0,...,0).
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To formulate our result on the multifractal analysis, let d € N and let ®;, j =

1,...,7, be Revalued continuous functions on X;. Let ¢ = (c1y...,¢r) € R” with
¢; >0 for all i. For a = (a,...,aq) € RY, define the level set

. - Sl_cjnj (I)j(x)

B,y ela) =o€ X JEEOZ len] [
Jj=1
where S,®;(z) := Y-, ®;(T{x), and |z| denotes the largest integer not greater
. S cin ‘I>j T . . . . -
than x. The limit lim,,_,~ Z;Zl %, provided it exists, is called the c-Birkhoff
J

average of (®1,...,®,) at z. When c is a multiple of (1,...,1), this average reduces

back to the Birkhoff average of 2;21 P;.

THEOREM 1.4. Assume that the subshift X1 satisfies specification. Let ® =
Z;Zl ®;. Set Ly = {f<I> du: pe M(Xl,Tl)}.
1. For a € R4, E{¢j}§:17c(a) # 0 if and only if o € Le.

2. For a € Lg, we have
dimg E{(I,j};;:l’c(a) = max{hz(Tl) D€ M(X1,Th), ®.(p) =a}
=inf {P*(T1,q-®) —a-q: q€ R},

where a - b denotes the standard dot product of a,b € R?.
3. Suppose that Ls is not a singleton. Then the set X1\ U,cr, Erani.c(@)
has the same Hausdorff dimension as Xi.

Theorem 1.4 is concerned with the multifractal analysis of the level set of non-
homogeneous Birkoff averages, which was initially motivated by the study of the
multifractal analysis of a-weighted Gibbs measures (see Section 6). It also provides a
unified way to study the multifractal analysis of Birkhoff averages and Gibbs measures.
As far as we know, this result is new when r > 2, even in the case a = (1,0,...,0).
The level sets E{¢j}§:17c(a) do depend on c (see Example 6.2). In the literature,
there are some works considering the multifractal analysis of Birkhoff averages of
Hélder continuous functions, and Gibbs measures on self-affine sponges [31, 37, 2, 3].
However no relation between the Hausdorff spectra and any dynamical quantity like
entropy was found in these papers. Moreover, the methods employed in these papers
do not provide the whole Hausdorff spectrum, and they can not be used to study the
cases of general continuous functions and weak Gibbs measures.

REMARK 1.5. Our proof of the upper bound for the Hausdorff dimension of level
sets of non homogeneous Birkhoff averages does not use the specification property; it
follows that the upper bound dimy G, (X1,T1) < h% (T1) holds for any p € M(X1,T1)
without this property. Consequently, due to (1.2), (1.6) holds for any pu € £(X1,T1)
without assuming the specification property of X;. Furthermore, the upper bound

dimp G, (X1, T1) < hj,(Th)

also holds for any p € M(X1,T1) in the general subshift setting, where dimp
denotes the packing dimension (see Remark 5.10 for details). Hence we have
dimp G, (X1,T1) = R (T1) in the setting of Theorem 1.3.

The paper is organized as follows. Some definitions and known results on sub-
additive thermodynamic formalism on subshifts are given in Section 2. In Section 3,
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we study the weighted topological pressure and equilibrium states for sub-additive
potentials. In Section 4, we prove Theorem 1.1 and the statement given in Example
1.2. Then, in Section 5 we prove Theorems 1.3-1.4. In Section 6, we give some exten-
sions of the multifractal analysis to asymptotically additive potentials and weighted
equilibrium states. In Appendix A, we summarize the main notation and conventions
used in this paper.

2. Sub-additive thermodynamic formalism on subshifts. In this section,
we present some definitions and known results about the sub-additive thermodynamic
formalism on subshifts, which plays an important role in our study of weighted topo-
logical pressures and weighted equilibrium states.

2.1. Subshifts over finite alphabets. Let p > 2 be an integer and A =
{1,...,p}. Denote

AN = ()2, : z;€ Afori>1}.

Then AY is compact endowed with the product discrete topology (cf. [33]). We say
that (X, T) is a subshift over A, if X is a compact subset of AN and T'(X) C X, where
T is the left shift map on AY defined as

T((w:)i21) = (i1)i21, YV (zi)2s € AN

In particular, (X,T) is called the full shift over A if X = AY. For any n € N and
I e A™, we write

I ={(z)2, e AN: zy.. .2, =1}

and call it an n-th cylinder in AY.

The language L£(X) of a subshift X is the set of all finite words (including the
empty word ¢) that occur as consecutive strings z; ...z, in the sequences z = (z;)2,
which comprise X. That is,

LX)={TeA": I =x1...2, for some z = (z;)2; € X and n > 1} U {e}.
Denote by |I| the length of a word I. For n > 0, denote
Ln(X)={IeL(X): |I|=n},

and we call £,,(X) the n-th language of X.

Let s € N. A subshift X is said to satisfy s-specification if for any I,J € L(X),
there exists K € L,(X) such that IKJ € £(X). We say that X satisfies specification
if it satisfies s-specification for some s € N.

Let (X, T) and (Y, .S) be two subshifts over finite alphabets A and D, respectively.
We say that Y is a factor of X, if there is a continuous surjective map 7 : X — Y
such that 7T = S7. Here 7 is called a factor map. Furthermore 7 is called a one-block
factor map if there exists a map 7 : A — D such that

T ((2)321) = (m(24)) 2y V()2 € X.

It is well known (see, e.g. [33, Proposition 1.5.12]) that each factor map 7 : X =Y
between two subshifts X and Y, will become a one-block factor map if we enlarge the
alphabet for X and recode X appropriately.
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2.2. Sub-additive thermodynamic formalism. Let (X,T') be a subshift over
a finite alphabet A. Let ® = (log ¢,,)22; be a sequence of real functions on X. We
say that ® is a sub-additive potential and write ® € Cs(X,T) if ¢, is non-negative
and upper semi-continuous! on X for each n and there exists a constant ¢ > 0 such
that

Ontm () < codn(x)pm (T"2), Ve X, nymeN.

(we admit that ¢, takes the value zero). More generally, ® = (log ¢, )22, is said to
be an asymptotically sub-additive potential and write ® € Cqs5(X,T) if for any € > 0,
there exists a sub-additive potential ¥ = (log 1, )22 ; on X such that

lim sup 1 sup | log ¢n(z) — log ¢ (z)| < e,
n—oo M zeX
where we take the convention log0 —log 0 = 0. Furthermore & is called an asymptoti-
cally additive potential and write ® € Cysq(X,T) if both ® and —® are asymptotically
sub-additive, where —® denotes (log(1/¢,))52,. We say that ® is almost additive if
¢y, is positive and continuous on X for each n and there is a constant ¢ > 0 such that

S On(@)0m (T2) < drsn(2) < cOu(@)om(T"0), V2 € X, mm €N,

For convenience, we denote by Cuq(X,T) the collection of almost additive potentials
on X. In particular, ® is called additive if each ¢, is a continuous positive-valued
function so that ¢p4m () = ¢n ()P (T™x) for all x € X and m,n € N; in this case,
there is a continuous real function g on X such that ¢, (z) = exp(31— g(Tz)) for
each n.

For ® = (log ¢, )52 1 € Cass(X,T), and a compact set K C X, define

(2.1) P(T,®,K)= > sup ().
TeAn, Ik 0 *EUINK

and

1
(2.2) P(T,®,K) =limsup — log P, (T, ®, K).
n—oo T
For p € M(X,T), let h,(T) denote the measure-theoretic entropy of p with
respect to T', and write

. 1
(2.3) ®.(0) = tim - [ logon (o) du(a).
n—oo N b'e
The existence of the limit (which may take value —c0) in (2.3) follows from the sub-
additivity of ®. We list below some basic properties of asymptotically sub-additive
potentials.

LEMMA 2.1 ([23], Appendix A). Let ® = (log¢n )i, € Coss(X,T). Then we
have the following properties.
(i) Let p € M(X,T). The limit Ag(x) := lim,,_,o0 = log ¢y, (z) exists (which may
take value —oc) for p-a.e. € X, and [No(z) du(z) = @, (). When p is
ergodic, Ag(x) = @, (u) for p-a.e. z € X.

n the previous definition in [12, 23], ¢y, is assumed to be non-negative and continuous.
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(i) The map @, : M(X,T) = RU{—o0} is upper semi-continuous, and there is
C € R such that for all p € M(X,T), Ao(x) < C p-a.e and . () < C. If
D € Cosa(X,T), Oy is continuous on M(X,T).

(iii) ® € Cosa(X,T) if and only if for any e > 0, there exists a continuous function
g on X such that

1
lim sup — sup |log ¢, (x) — Snpg(x)| <e,
n—oo N zeX

where Spg(z) := Z?;Ol g(T'z).
The following variational principle plays a key role in our analysis.

PROPOSITION 2.2 ([12]). Let P(T,®,X) be defined as in (2.2). Then for any
D € Cuss (X, T), we have the following variational principle:

(2.4) P(T,®,X) = sup{®. (1) + hu(T) : p € M(X,T)}.

We call P(T,®) := P(T,®,X) the topological pressure of ®. We remark that
the variational principle for sub-additive potentials has been studied in [17, 4, 21, 27,
30, 5, 36] under additional assumptions on the corresponding sub-additive potential
and TDS. Say that p € M(X,T) is an equilibrium state of ® if the supremum in
(2.4) is attained at pu. Note that ®.(-) is upper semi-continuous on M(X,T) (cf.
Lemma 2.1(ii)), and so is h(.)(T") for subshifts. Hence any ® € Coss(X,T) has at least
one equilibrium state.

PROPOSITION 2.3 ([5, 36]). Let (X,T) be a full shift or mizing subshift of finite
type. Let & = (log ¢n)22, € Coa(X,T). Assume that ® has the bounded distortion
property. Then ® has a unique equilibrium state p. Furthermore, there exists a
constant ¢ > 0 such that for anyn € N and x = (x;)2, € X,

o il

= exp(—nP(T,®)) ¢n(z) ~

REMARK 2.4.

(1) Lemma 2.1 was proved in [23] under a slightly stronger assumption that ¢,
is continuous on X. However it is easy to extend the result to the case that
¢, is upper semi-continuous, by using the property that, if f is an upper
semi-continuous function on X, then so is the map p — [ f dp on M(X)
(cf. [16, (A8)]). Similarly, Proposition 2.2 was only stated in [12] for sub-
additive potentials under a slight stronger assumption that ¢,, is continuous.
However, the proof given there works well for this new setting. Indeed, using
the property we mentioned above, one sees that Lemma 2.3 in [12] can be
extended to the case ® € Cps5(X,T).

(2) A special case of Proposition 2.3 was first proved in [24, 21] for the almost
additive potentials given by

bn(z) = |[M(2)M(Tx)... M(T" 2)||, neN,

where M is a Holder continuous function taking values in the set of d x d
positive matrices.
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(3) According to Lemma 2.1(iii), for p € M(X,T), the set G,(X,T}) of generic
points of p defined as in (1.3) is just equal to

{ac € X : lim 710g¢n(x)

n—o0 n

= q)*(:u)v Vo= (IOg (bn)%ozl € Casa(X; T)} .

2.3. Relativized sub-additive thermodynamic formalism. Let 7 : X —
Y be a one-block factor map between two subshifts (X, 7T) and (Y,.5). The following
relativized variational principle was proved in [45] for sub-additive potentials ® =
(log ¢ })52 4 with ¢, being continuous, under a general random setting. It does hold
for @ € Cus5(X,T) by modifying the proof in [45] slightly. This extends the relativized
variational principle of Ledrappier and Walters [32] for additive potentials.

PROPOSITION 2.5. Let @ € Coss(X,T) and v € M(Y,S). Then

(2.5) Sup{®.. (1) + hy(T) — by (8)} = /Y P(T, ®, 7 (y)) dv(y),

where the supremum is taken over the set of u € M(X,T) such that pon ! = v,

P(T,®, 7~ (y)) is defined as in (2.2).

By the upper semi-continuity of ®.(-) and h.)(T") on M(X,T), the supremum in
(2.5) is attainable. Any measure y € M(X,T) for which the supremum in (2.5) is
attained at p is called a conditional equilibrium state of ® with respect to v.

3. Weighted thermodynamic formalism. In this section, we define the
weighted topological pressure for general asymptotically sub-additive potentials, and
we discuss the uniqueness and Gibbs properties of weighted equilibrium states. These
properties are needed in the proofs of our main results listed in Section 1.

First we recall our basic settings. Let k& > 2. Assume that (X;,T;) (i=1,...,k)
are subshifts over finite alphabets A; such that X, is a factor of X; with a one-block
factor map m; : X; — X;41 fori =1,...,k— 1. For convenience, we use 7 to denote
the identity map on X;. Define , : X; — X;41 by 7, = myom—10---0mg for
1=0,1,....,k—1.

Let a = (a1,...,ax) € R* so that a3 > 0 and a; > 0 for i > 1. For ® €
Cass(X1,T1). We define the a-weighted topological pressure of ® as

PTy,®) = sup {®. () + h3(T1) : pe M(Xy,Th)}.

By Lemma 2.1(ii), ®.(-) is upper semi-continuous on M(X1,71), and so is ¢, (T1),
whence the above supremum is attainable. Each measure p which attains the supre-
mum is called an a-weighted equilibrium state of ®.

For i = ]., PN k — ]., we define 6; : Cass(Xi;ﬂ) — CaSS(XiJrl,TiJrl) by
(log ¢n)nZy = (loghn)oZ,, where

Ai

Un (y) = Z sup On (I)I/Ai

TeAy: (om0 EHNT W)

for y € X;y1, with A; = a1 + -+ 4+ a;. In particular, let S,55s denote the

collection of asymptotically sub-additive additive (scalar) sequences (logc,)22, (a

sequence (logcp)S;, where ¢, > 0, is called asymptotically sub-additive if, for



WEIGHTED THERMODYNAMIC FORMALISM AND APPLICATIONS 327

any ¢ > 0, there exists a sequence (d,,)%2;, so that 0 < dpim < dpdy, and
lim sup,,_, %|1ogcn —logd,| < ). Let 0y : Cuss(Xk,Ti) — Sass be defined as
(log )52y = (log c,)$, where

Ap

e [ 3 sup gy
IGAZxE[I]

Our first result in this section is the following.

THEOREM 3.1. Let ® = (log ¢, )02, € Caéé(Xl,Tl) Then

(i) Foranyl<i<k—1, PA(Ty,®) = P55 %0 @it20)(Ty 1 006, (D).
(i) P2(T1,®) = limy,_,o0(1/n)log e, where (cp)52; =0k 0---0601(P).
(iii) p € M(X1,T1) is an a-weighted equilibrium state of ® if and only if po T];_ll

Yk—10-:061(®) and, forizk—2,k—3,...,0,,uor{l

atotor 0.(®)
. . e . ;0---001 (P
is a conditional equilibrium state of o fai

is an equilibrium state of
with respect to o Tz'jrlr

The above result establishes the relation between weighted topological pres-
sures and non-weighted ones, as well as the relation between weighted equilibrium
states, non-weighted equilibrium sates and conditional equilibrium states. We remark
that Theorem 3.1 was proved in [22] for a special class of sub-additive potentials
(log ¢n)52 1, where ¢, are assumed to be n-symbol functions. Yayama [47, 46] also
considered the case ® = 0 independently.

The following simple lemma plays a key role in the proof of Theorem 3.1.

LeEMMA 3.2. Let m : X — Y be a one-block factor map between two subshifs
(X,T) and (Y,S). Let & = (logdn)oe; € Cass(X,T) and v € M(Y,S). Then we
have

(81)  sup{®.(u) + hu(T) = ho(S) : p€ M(X,T), por' = v} = T, (v),

where ¥ = (logn)n2 € Cass (Y, S) is defined by

e S sup n(a).
T€A™: [INm—1(y)#0 ze[I]Nm=1(y)
Proof. By Proposition 2.5, the left-hand side of (3.1) equals

[ P(T,®,7'(y)) dv(y). However by (2.2)-(2.1),

1

P(T,®,7 ' (y)) = limsup — log P, (T, @, 7' (y))
n—oo N

and

PH(T7¢aﬂ71(y)) = Z sup (bn(x)
TeAn: [Tnn—1(y) *€UINT ()

Clearly v, (y) = Po(T,®, 7 1(y)). It is direct to check that ¥ = (log,)%, €
Cass(Y,S). Hence by Lemma 2.1,

U, (v) = /hmsup log 1 (y /P (T, ®, 7 (y)) dv(y).

n—o0
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This finishes the proof of the lemma. O

REMARK 3.3. In Lemma 3.2, it seems that 1,, might be discontinuous when ¢,
is continuous. However when both X and Y are full shifts, if ¢,, is continuous, then
S0 is Y.

Proof of Theorem 3.1. To show (i), we only prove the case when ¢ = 1. The

general case then just follows by a recursive argument. Write b = (a9, as, ..., a) and
¢ = (a1 + az,as,...,a;). Then we have
(3.2)

sup{q)*(,u) + hfb(Tl)7 JIS M(leTl)}
= Sup{(b*(u) + alh’H(Tl) + hE(TQ) Ve M(X27T2)7 ne M(X17T1)7 o 71-1_1 = V}
— sup{A(v) + hS(T3) : v € M(Xa, Ta)},

where
1
A(v) := ay sup {a—ltb*(u) +hu(Th) = ho(To) : p€ M(X1,Th), pomy ! = V} .

By Lemma 3.2, we have A(v) = U, (v), where ¥ = (log 1),)52 1 € Cuss(Y, S) is defined
as

ai

wn(y) = Z sup (bn(x)l/al

IeA: [IINm—1(y)#£0 ze[l]nm=1(y)

That is, ¥ = 6,(®). Hence by (3.2), we have P?(T, ®) = P¢(Ts, 01(®)), as desired.
To see (ii), note that by (i) we have

P(Ty, ®) = Pl T (T, T) = sup{Ts(n)+ (a1 +- - - +ap)hy(Tk), n € M(Xp, Ti)},

where I' := 01 0--- 061 (®). Then (ii) follows from Proposition 2.2.
By (3.2), p is an a-weighted equilibrium state of ® if and only if p o 71'1_1 is a c-
weighted equilibrium state of 61 (®) and p is a conditional equilibrium state of a—1191 (D)

with respect to pom;t. A recursive argument then yields (iii). O

In the remaining part of this section, we assume that X; satisfies specification.
Let ® = (log¢n)S%, € Cusa(X1,T1). Define ¢ : L£(X;) — (0,00) by ¢©O(I) =
sup,er) @n(x) for I € L,,(X1). Furthermore, define ¢ 1 L(Xip1) — [0,00) (i =
1,...,k —1) recursively by

. . a1+--+a;
(33) = X e mEeE)”
IGﬁ,L(Xi)Z miI=J
forn €N, J € £,(X;11). Furthermore, define ¢(*) : N — [0, 00) by
oMy = > DI

IeLn(Xk)

Then we define the a-weighted potential associated with ® by

k—1
(3.4) @ = (log¢2)p,, where ¢2(2) = O (z,)V/ 4 T] 6 (7i () Arer — /A

i=1
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where A; = a1 + -+ a;, and ), := 21 ... 2, for x = (2;)52; € X;. Since there ex-
ists a sequence (g(P)),>; of Holder potentials such that lim, ,olimsup,,_, . ||®,
S0P ||w/n = 0 (see Lemma 2.1(iii)), it is easily seen that all the potentials
(log 9 (1;—1(1))52; and (log ¢2)22; belong to Casa (X, T).

We say that ® = (log ¢,,)22; € Cua(X1,T1) has the bounded distortion property if
there exists a constant ¢ > 0 such that

1
—dn(y) < dn(x) < cdn(y) whenever z,y € X are in the same n-th cylinder.
c

For two families of real numbers {a;};cz and {b;}icz, we write

a; = b; if there is ¢ > 0 such that %bi < a; < cb; fori €T,
a; = b; if there is ¢ > 0 such that a; > ¢b; for ¢ € Z.

The following result was proved in [22].

THEOREM 3.4 (Theorem 7.3 in [22]). Assume that X1 satisfies specification.
Suppose that © = (log ¢n )2, € Coa(X1,0x,) has the bounded distortion property.
Then ® has a unique a-weighted equilibrium state p. Furthermore, p is ergodic and
has the following properties: p([I]) ~ ¢*(I) = </>( ) for I € £(X1) where ¢, ¢*
L(X71) = [0,00) are defined respectively by

o) (1,1 ey =1 (1, )+ Fax
H e ) " (n)

i=0 ¢UFD (i I) 1t o

forI€L,(X1),n€eN, and

- s > i), 1<)
m,nzohecm(&% €L, (X1): HII€L(X1)

Applying Theorem 3.1(ii) and Theorem 3.4 to the full shift case, we obtain
THEOREM 3.5. Assume that Xy is a full shift.
(i) Let ® = (log )22 € Casa(X1,T1). Then
P(Ty, @) = Ay, lim (1/n)log o™ (n).
(ii) Suppose that ® = (log ¢, )22 € Caa(X1,T1) has the bounded distortion prop-

erty. Then ® has a unique a-weighted equilibrium state . Furthermore,
w is fully supported and quasi-Bernoulli, and it satisfies the following Gibbs

property
—nP
(38.5) ull]) = exp (== ) @a(D), 1€ A,
k
where P = P2(T1,®), and ¢2 is defined as in (3.4). Consequently, for i =
2. ...k
(3.6)

pillria)) ~ exp (1

k-1

1 )(b(i—l)(Ti_l[)l/Ai H ¢(j)(TjI)l/Aj+1_1/Aj7 = A;L,
k .
Jj=1

— ~1
where ; := poT,_y. Furthermore,

k
oOn () exp(—nP) = Hui([n,lmm])ai forze X;, n> 1

=1



330 J. BARRAL AND D.-J. FENG

DEFINITION 3.6. A Borel probability measure p (not necessarily to be invariant)
on X, satisfying (3.5) is called an a-weighted Gibbs measure for ®.

REMARK 3.7. In the setting of Theorem 3.4, if & = (S, f)2, for f € C(X;) with
sufficiently regularity (for instance, the Holder continuity), then the a-weighted Gibbs
measure of ® is the classical equilibrium state of a continuous function g € C(X7)
with weaker regularity. To see this, we need to use an invariance of the recent result
of Chazottes and Ugalde [14, Theorem 4.1], which claims that if ("~ is a function
on A such that

(Z)(i_l)(aqn) ~ exp(Spu(z)), z€X;

for some function u(z) € C(X;) satisfying var,(u) < Djexp(—cin?), where
var, (u) = maxg =y, |u(r) — u(y)|, and let ™ be defined as in (3.3), then there
exist v € C'(X;41) and Dy > D1, 0 < v3 < 71, 0 < ¢2 < ¢1 so that

¢ (2),) = exp(Spv(x)), = € Xip

and vary, (v) < Dgexp(—cen??). Using this claim repeatedly, we see that if f € C(X7)
satisfies var, (f) < Dexp(—cn7) for some constants D, ¢, > 0, then the potential ¢
defined as in (3.4) will satisfy

¢*(2)n) = exp(Sng(z)), =€ Xy

for some g € C(X) satisfying var,(g) < Dexp(—cn?) with some constants D, ¢,y >
0. Then according to (3.5), the a-weighted equilibrium state p of ® is just the equi-
librium state of g.

In the reminder of this section, we consider the question when ®, ¥ € C,,(X1,T1)
have the same a-weighted equilibrium state.

DEFINITION 3.8. We say that two almost additive potentials ® = (log ¢, )52, and
U = (logv,)22, are cohomologous if sup,, ||1og ¢, — log ¢ |leo < 00, where ||f|lco =
Supgex, |f(x)| for f € C(X1. If there exists C' € R such that logv,, = Cn, we say
that ® is cohomologous to a constant.

The following proposition is a direct consequence of Theorem 3.5.

PROPOSITION 3.9. Suppose ®, ¥ € Coo(X1,T1) satisfy the bounded distortion
property. Then, ® and VU share the same a-weighted equilibrium state if and only if
® — U is cohomologous to a constant.

4. The proof of Theorem 1.1. In this section, we always assume that (X1, T})
is a subshift satisfying specification. To prove Theorem 1.1, we need the following
result.

PROPOSITION 4.1. Let ®1,...,D4 € Coa(X1,T1) satisfy the bounded distortion
property. Then the map @ : R = R defined as

d
(q1,- -, qa) = P* (Tl,Zqz-cIn) :
i=1
is C' over R% with

VQ(q1;--594) = (1)« (ka)s -5 (Pa)«(1a)),
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where VQ denotes the gradient of Q, [1q is the unique a-weighted equilibrium state of
S 4

To prove Proposition 4.1, we need the following result coming from convex anal-
ysis.

PROPOSITION 4.2 (]23], Proposition 2.3). Let Z be a compact convex subset of
a topological vector space which satisfies the first axiom of countability (i.e., there
is a countable base at each point) and U C R? a non-empty open set. Suppose f :
UxZ— RU{—oc0} is a map satisfying the following conditions:

(i) f(q,z) is convex in q;

(i) f(q,z) is affine in z;

(i) f is upper semi-continuous over U X Z;

(i) g(q) :=sup,cy, f(q,2) > —oo for anyq € U.
For each q € U, denote I(q) :=={z € Z: f(q,z) =g(q)}. Then

og(a)= |J 0f(a,2),

z€Z(q)

where 0f(q, z) denotes the subdifferential of f(-,z) at q.

Proof of Proposition 4.1. In Proposition 4.2, we let U = R, Z = M(X1,T}), and
define f: U x Z — R by

d
Flam) = ai(@)u(p) + (1),  a= (g1, qa), p € M(X1,Th).

=1

Set g(q) = sup,c, f(q,2) = P?(Th, 2?21 qi®;). Since ®; € Cou(X1,TY), p +—
(®;)«(p) is continuous on M(X1,T1) (see Lemma 2.1(ii)). Thus, f and g satisfy
the assumptions (i)-(iv) in Proposition 4.2. Note that Z(q) just corresponds to the
set, of all a-weighted equilibrium states of Z?zl ¢;®;. By Theorem 3.5, Z(q) = {pq} is
a singleton for each q € R?. By Proposition 4.2, Vg(q) = ((®1)«(ptq); - - -, (Pa)s(itq))-
Since g is convex and differentiable on R?, it is C* on R? (see, e.g. [42, Corollary
25.5.1]). This finishes the proof of Proposition 4.1. O

Before proving Theorem 1.1, we still need some notation and basic facts in convex
analysis. Let g : R — R U {+00} be convex and not identically equal to +occ. Then
the function g* : R? — R U {+00} defined by

s g*(s) :==sup{s-x — g(x) : x € R}

is called the conjugate function of g, where s - x denotes the standard dot product of
s and x in R%. Tt is known that g* is also convex and not identically equal to +oo (cf.
[26, p. 211]). Let g** denote the conjugate of g*. The following result is well known
in convex analysis (cf. [42, Theorem 12.2, Corollary 26.4.1]).

PROPOSITION 4.3.

(i) Let g : R — R U {+00} be conver and not identically equal to +oo. Let
x € R Assume that g is lower semi-continuous at x, i.e., liminfy_,x g(y) >
9(x). Then g™ (x) = g(x).

(ii) Let g be real convex and differentiable on R?. Let D = {Vg(x) : x € R%},
Then ri(dom g*) C D, where dom g* := {x € R%: g*(x) # +oo}, and ri(A)
denotes the relative interior of a convex set A.
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Proof of Theorem 1.1. We first prove part (i) of the theorem. Fix n € N and
define a function f: Q,, — R by

f(p) =sup {h3(T1): pe M(X1,Th) s (u(l]))iec, (x,) =P} -
Define g : R»(X1) 5 RU {+o0} by

9(p) = { 400 otherwise.

It is easily checked that ¢ is convex and lower semi-continuous on REn(X1) Let ¢*
denote the conjugate of g, and g** the conjugate of g*. By Proposition 4.3(i), ¢** = ¢
on Rﬁn(Xl)

However, by the definition of f, we have for q = (¢(1))rec, (x,)

g'(@ =sup{f(p) +p-a: peRCVL sup{f(p) +p-a: pE )

= sup Z Q(I)/X[I] d/.l/ + hZ(Tl) VRS M(Xl,Tl)
IeL, (Xy)

= p? T17 Z q(I)(I)I 3
IeL, (X1)

where x[;; denotes the indicator function of [I], and ®; denotes the additive potential

(ZZZ_OI X(1] (Tfac))mzl. By Proposition 4.1, g* is differentiable over R*~(X1) and

(4.1) Vg'(@) = (1)« (pa)) rear = (ta([I]))rec, (x),

where 14 denotes the unique a-weighted equilibrium state of » £o(X1) q(I)®;. Ap-
plying Proposition 4.3(ii) to g*, we have

(4.2) {Vg*(q) 1 q€ ch(xl)} D ri(dom ¢**) = ri(dom g) = ri(Qy,).

Now let n € M(X1,T1) so that (n([I]))rec, (x,) € 1i(2n). Therefore by (4.2),
there exists q € R»(X1) so that Vg*(q) = (0([]))rec, (x,); and thus by (4.1),
(tq(U))recnxyy = (I]))rec, (x,)- Now assume that  is a Ti-invariant measure
different from pq such that (i(1))rez, (x,) = (M(I))rec, (x1)- Since g is the unique
a-weighted equilibrium state of > ;. (X1) q(I)®;, we have

P T S ner) = Y ) [ dia+ 0, (1)

IeLn(X1) IeLn(X1)

> S ) [ di )

IeLn(X1)

It follows that hf, (T1) > h3(T1). This proves (i).
To prove (ii), let ng € M(X1,T1) be the measure having the maximal a-weighted
entropy. Clearly, ng is the a-weighted equilibrium state of f = 0. If n = 7, then
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we just take p, = ng for n > 1 and we are done. In the following we assume that
n # no. For each n € N, we pick &, € M(Xy,T1) such that (§,([1]))rec, (x,) € 1i(Qn).
Then choose a small p, > 0 such that p,hg (T1) + (1 — pn)hj (T1) > hij(T1). Define
En = Pnn+ (I1=pn)no. Let p, = (1—1/n)n+ (1/n)§~n Then it is readily checked that

N € 11(Qy,). Let pyn, = p(a, n,,n). Then the sequence (1) has the desired properties.
a

REMARK 4.4. Let X; be a full shift and y € M(X;,T}). Takinga=(1,...,1) in
Theorem 1.1 and using the upper semi-continuity of the entropy, we see that there is
a sequence of quasi-Bernoulli measures (p,, )52, which converges to p in the weak-star
topology, such that we have lim,, hunor;ﬂ (Ty) = huor;ll (T;) for all 1 < i < k.
Moreover, one can deduce from Theorem 3.5 that for any a = (ai1,...,a;) with
a1 > 0 and a; > 0 for ¢ > 2, each invariant quasi-Bernoulli measure is the a-weighted
equilibrium state of some almost additive potential satisfying the bounded distortion
property.

In the remainder of this section, we prove our statement in Example 1.2. Let
X1 = {a,b,c}V and Xy = {1,2}. Let m : X; — X, be a one-block factor map
induced by a,b— 1 and ¢ +— 2. We first prove the following lemma.

LEMMA 4.5. Let n be a fully supported one-step Markov measure on X;. If

n(lac) _ n(e) — — neal) _ n([cb])
) a(a) ~ (o) aa) ~ ()
then non~! is a one-step Markov measure on Xo; otherwise non ! is not a Markov

measure of any order.

Proof. Our argument is inspired by the work of Chazottes and Ugalde [13]. Denote
pi,; = n([ig])/n([d]) for i, j € {a,b,c}. Clearly

(4.4) n([z1z2 ... Tn)) = 0([X1])Per,z0 - - - Pan_1,2m 5 Vap...zy € {a,b,c}".
According to (4.4), it is direct to check that
no w_l([ylyg e Ynl) =V My, - Mynflynugn, Vyr...yn € {1,2}",
where
vi = (n([a]),n([b])), va=n(c), wm=(1,1), w =1L

My, = ( pe s ) ;Mg = ( e ) ;M1 = (peas peb);  Maz = pec.
Pva  Pbb Poc

Note that no 7~ ! is a (k — 1)-step Markov measure if and only if

nom '([yryz- .. yn))
nor = ([y2...ynl)

(4.5) depends only on y; ...yx when n > k.

However, it is easy to check

nor vy ynl) _ momHlyrya. .. vil)

nor [ya .. ynl) nom lyz...yi])

provided that y; = 2 for some 2 < i < n. Thus to check whether (4.5) holds for all
Y192 - . - Yn, it suffices to check the property for the words 1™, 12, 21™, 21™2. However,
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it is direct to check that (4.5) holds for the words 1, 172, 21™, 21"2 for some k > 2
if and only if vi; and Ms; are the left eigenvectors of Miq, or, Ms; and u; are the
right eigenvectors of Mj1; and this holds if and only if (4.3) holds. In the end, if (4.3)
holds then, (4.5) holds for k = 2. This finishes the proof of the lemma. O

Proof of Frample 1.2. Let n € M(X1,T1) be fully supported. Write p =
u(a,n,2). By Theorem 1.1, u is the a-weighted equilibrium state of some 2-symbol
function f on X;. Define ¢(© : {a,b,c}* — (0,00) and ¢ : {1,2}* — (0,00)
respectively by

¢O(I) = sup exp(S,, f(z)) for I € {a,b,c}" and
z€[]

ay

o) = DY sO@Yer]  forJe {12},

Ien—1(J)

here and afterwards, S, f(x) denotes the sum Z;:Ol f(Tix). Then by Theorem 3.5,

(4.6) u([mzexp( nb )¢<O><I>%¢<l><ﬂ>—a#w—%, I€fab,c},
a1 + ag
and
(4.7) uoﬂ(m)zexp( nP )¢<1><J>—«iw, Jef{1,2)",
a1 + ag

where P = P2(T1, f). Let m be the equilibrium state of a—llf. Since if is a 2-symbol
function, m is a one-step Markov measure on X;. Clearly

m([I]) = exp(—nQ)¢'? (1), morx ' ([I]) = exp(—n@Q)¢™M) (xI)"/

for I € {a,b,c}*, where Q := P(T1,(1/a1)f). By Lemma 4.5, m o 7w~ ! is either a
one-step Markov measure, or not a Markov measure of any order. Hence, either there
exists a 2-symbol function h on X5 such that

(4.8) oW (J) ~ sup exp(Suh(y)), J € {1,2}",
ye[J]
or (4.8) does not hold for any finite-symbol function h on Xs.

Assume that p is a Markov measure of finite order. Then there exists a finite-
symbol function g on Xi such that u([I]) ~ sup,c(;exp(Sng(x)) for I € {a,b,c}".
Combining this with (4.6) yields that there exists & > 2 such that (4.8) holds for some
k-symbol function h on X5. Therefore (4.8) holds for some 2-symbol function A on X.
Applying this to (4.6) and (4.7), we see that both p and pon~! are one-step Markov
measures. By Lemma 4.5, (1.4) must hold (noting that u([I]) and n([I]) coincide for
all 2-nd cylinders [I]).

Conversely, assume that (1.4) holds. Define a measure g on X; by

ﬁ([l’ll‘g .- :L'n]) = n([fl])le,m B L B Vay...z, € {aa b, c}n’

where p; ; = n([ij])/n([i]) for i,j € {a,b,c}. Then { is a one-step Markov measure so
that fz([1]) and n([I]) coincide for all 2-nd cylinders [I]. By Lemma 4.5, rom~! is also
a one-step Markov measure. Hence hj(T1) > hi(T1) and hpor-1(T2) 2> hjor-1(12)
for any 17 € M(X1,T1) so that 7([I]) and n([I]) coincide for all 2-nd cylinders [I] (cf.
[19, Propositions 1-2]). Therefore g = u(a,n,2). O
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5. Proofs of Theorems 1.3 and 1.4.

5.1. Preliminary lemmas. Let us introduce some more notation and give use-
ful preliminary facts.
For 1 <i<kandneéeN, let

li(n)=min{pe N:p> (a1 +---+a;)nfa1},
and by convention set £o(n) = 0. It is easy to check that
LEMMA 5.1. In (X1,da), the closed ball centered at x of radius e ™% s given
by

B(l‘,ein/al) = {y € X;: Tifl(y‘gi(n)) = Tifl(l'w%(n)) forall1 <i < k}

For convenience, sometimes for a measure g on X; (i = 1,...,k), we write u(I) =
wu([I]) for I € L(X;). The following result estimates the value of an a-weighted Gibbs
measure on a ball in (X1,d,).

LEMMA 5.2. Suppose that (X1,T1) is a full shift. Let ® = (logdn)Se, €
Caa(X1,T1) satisfy the bounded distortion property. Let p denote the a-weighted Gibbs
measure of ®. Then, uniformly in v = (2;)2, € X1 and n > 1, we have

k
(5.1) u(B(z,e ™))~ H#i(ﬁa(%,fl(n)ﬂ e Tp(n))
=1
—nP2(T,®) Las 32 0D (15(40, 44 () /A0
5.2 ~exp (TN g ()Y SEAS LS :
( ) P( a1 )¢n( ) Jl;[l ¢(J)(Tj(ij(n)))1/Aj

where p1; :uOTi:II for1<i <k, and 9, j=0,...,k —1, are defined as in (3.3),
Aj=a1+--+aj for 1 <j<k.

Proof. We first prove (5.1). Let x = (z;)2, € X; and n > 1. Fori =1,...,k,
write U; = 2y, | (n)+1 " Toy(n)- Let B denote B(x, e~/ By Lemma 5.1, B = {y :
V1<i< k, Ti—l(y) S Ti—l([Ul . Uz])}, S0

WB = Y uh g,

(J1,0 J)EO
where
k
0 := {(Jl, ey Jk) S HA?(n)—&,,l(n) V1 << k/’, Ti—l(Ji) = Ti—l(Ui)} .
=1

Applying k& —1 times the quasi Bernoulli property of p to each term of the above sum,
we get

By~ Y (B p(dk),

(J1500,J1)EO

and (5.1) follows by summing over Jg, ..., Jo successively.
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Now we prove (5.2). Let us transform (5.1) by using (3.6). Since each word U is
of length £;(n) — £;_1(n) and by construction £x(n)/Ar —n/a; = O(1/n), (3.6) yields

pw(B) ~ exp (_Ek( 2(Ty, ® ) H G0 (1,_ U;) /A ]ﬁ S (U )/ A+ —1/4s
j=i
zexp(%)(ﬂd)( (1iUiyr )Y/ A )]l‘[“r{gb(ﬁ 7 Up) A= 1/A;
e (2
o (St T ¢(Z<5?ifj§;j:jﬁﬁj“ |

This finishes the proof of the lemma. O
5.2. Proof of Theorem 1.3. The main result of this section is the following.

THEOREM 5.3. Suppose that X, satisfies the specification property. Let u €
M(Xl,Tl). Then dlmH G#(Xl,Tl) Z hi(Tl)

Proof of Theorem 1.3. By Theorem 5.3, to complete the proof of Theorem 1.3 it
remains to control dimy G, (X1,T1) from above.
For any ¢ € C(X7), denote u(p) = [ ¢du. Furthermore for a € R, denote

1
E,(a)= {:L' € X nh_}n;@ ESnga(:E) = a} .

Then by (1.3), G.(X1,T1) = Nypec(x,) Be(nlp)). Thus, by using Lemma 5.6 whose
proof is independent of the present one, we obtain

dimy G, (X1, T) < inf dimy E
imy G, (X, 1)_w€1Cr1(X1) impy E,(u(e))

< inf inf(P*(T -
< ;QR( (T1,9¢) — au(p))

—inf inf (P*T —
inf @Elcno(l)( (T1, qp) — qu(p))

— inf (P3(Ty, ) — .
welcn(xl)( (T, ¢) — u(p))

Now we note that, on the one hand, the a-weighted topological pressure is the
Legendre-Fenchel transform of the a-weighted entropy defined on the compact con-
vex set M(X1,T1) of C(X)* endowed with the weak-star topology, and on the
other hand, the a-weighted entropy is upper semi-continuous. Hence we have
inf,cox,)(P2(T1, ) — pu(w)) = hi(T1) by mimicking the proof of Theorem 3.12 in
[43]. This yields the conclusion. O

Let (AY, T1) denote the full shift over the alphabet A;. Then X; can be viewed as
an Ty-invariant subset of AY. For p € N, write £, := £,(X1) for short, where £,(X1)
denotes the p-th language of X; (cf. Section 2.1). We use (£}, T}) to denote the full
shift over the alphabet £,. Again EE can be viewed as a subset A}, and X; C EE.
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Proof of Theorem 5.3. Let us outline the main steps in our approach. Fix u €
M(X1,Ty). We first construct a set G, C AY such that

(5.3) G, C Gu(A),Th) and dimpg G, > h3(Th),

where 1 is considered as an element of M(AY,T1). Once this is done, we will
define an injective map conc : G — X such that conc(G,) C G,(X:1,T1) and
dimg conc(G,) = dimy G,. Hence G,(X1,T1) > dimy G, > h3(T1).

Now we start the rigorous construction of G,. Pick a countable family of Holder
continuous functions

C={pm: m=1,2,...} c C(AY)

so that it is dense in C(A}). Next we construct a sequence (u,) of measures on A}
as below.

Let p € N. Since X; C EEI, the measure p has a trivial extension to the Borel
subsets of EE defined by A — p(ANX7). We still denote this extension by y; it is TV
invariant. As EE is a full shift, by Remark 4.4, p is the limit in the weak-star topology

of a sequence of quasi-Bernoulli measures (1;);>1 on (£}, T}) such that hpor=t (TF)
converges to o, -1 (TF) = ph o1 (T}) for all 1 < i <k, and 7;(Spem) converges to

1(Sppm) = pp(pm) for all 1 <m < p, as j — oco. Hence we may pick a large enough
J, by setting u, = n;, we have

1
P

h L (TF) — ph , V1<i<k,

HpOT; 1

L (Th)| <

HOT; 1

DO

(5.4)

IN

1
ltp(Spom) — pu(om)| < —, 1<m<p.

2p
As above, we can obtain a sequence (u,)p2; so that (5.4) holds for each p € N;
moreover fi, is quasi-Bernoulli and ergodic on (EE, TF), and it can be viewed as a T7-

invariant and ergodic measure on A}. Let (k,) be an increasing sequence of positive
numbers such that

(5.5) tip (I ([T]) < pip(LT]) < bippin ([N ([]), YV I,T € U L,

For p, N € N, let G(p, N) denote the set of points x € £§ c AY such that

lo or Y1z 1
‘ 8 Hp © i1 (Tim1 Tipn) —ph, -1 (T;)|] < - forn>Nand1<i<k, and
-n HOT; 4 P
(5.6) g )
‘M—pu(wm)g— form>Nand1<m<p.
n p

By using the Shannon-McMillian-Brieman theorem (cf. [44, p. 93]) and the Birkhoff
ergodic theorem to the ergodic measure dynamic systems (AN, TP, p,o071) (1 <i <
k), we have for pp-a.e. ,

.1 1 ‘
nl;rrgo Elogup o7,y (Tic1Zppn) = —hy, (TF), i=1,...,k, and

n—1

.1 .1 ;
lim Esnp@m(x) = nh_{r;() " Z(Sp@m)(T{;zx) = pp(Sppm), 1<m <p.

n—o00
=0
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Combining them with (5.4) yields

lim u,(G(p,N)) = 1.

N—oc0

Hence we can choose a sequence (NN,) of increasing positive integers such that
pp(G(p,Np)) 21277, p=1,2,....
Next construct a sequence (M,,) of positive integers such that
(5.7) MZ,Zmax{2MP*1, Kp, 2NP+1}, p=23,....
and set

N, =N, x M,,, p=1,2,....

Then, for p > 1 let [, be the discrete measure on Azl)N” defined by
(1) = pp([]).

Clearly, fi,, is supported on E;,V ?. Now we define
oo N’
G= Hﬂppa V= ®pZfip,

N/
G, = {Iezpp [N G(p, N,) 7&@}, p=1,2,....
Finally, we define
Gu=®p>1Gy={LL-I,--c A Vp>1, 1I,€G,}.

By construction, the measure v is supported on G and we have

v(Gy) = Hﬁp(Gp) > Hup(G(p,Np)) 2 H(l -277)>0.

p=>1 p>1 ot

Now we prove that (5.3) holds for G,,. It is enough to show that
(5.9) G, C Gu(AY, Ty) and

(5.10) lim inf log v(B(z, e*"/al))

n—00 —n/al

> hi(Th) forallz € G,

since (5.10) implies dimy G, > h%(T1) (see [18] for instance).
Proof of (5.9). Note that the sequence (¢,,) is dense in C(AY), it suffices to show
that for each x € G, and m € N,

.1
lim —Syom(z) = p(om)-

n—oo N

Now we fix such a pair x, m, and write ¢ = ¢,,. Write z in the concatenated form:

2=Nl...T,..., I;€G;C L forj>1.
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For a large number n, let p be the unique integer so that Zf;ll jN]{ <n<
Z§=1 jNJ’-. That is, p is the integer such that the n-th digit of x is located in the
word I,. Furthermore let ¢ be the unique integer ¢ € [1, M,] such that

p—1 p—1
D iNj+ (g —1)pN, <n <Y jNj+qpN,.
j=1 j=1

That is, if we write I, = WiWs... Wy, with W; € £f,v”, then the n-th digit of = is
located in the word W,. The condition (5.7) guarantees that

p—2
ZjN]'- =o((p—1)N,_,) =o(n), pN,=o(n).
j=1
Hence
u —1)N/_,
(5'11) Sn@(x) = S(pfl)NZ’)_l‘P(TluI) + quNp(P (Tl =N, - x) + O(n),
where u := Z?;Q JNj. Keep in mind that T{'z € [I,_1] and Tf+(p71)Np_1x € [L).

Since I; € G;, by the construction (5.8), [I;] N G(j,N;) # 0 for j = p — 1, p. Hence,
by (5.6), there exist y € [I,—1] and z € [I,] such that

(5.12) Sip-nyn:_,o(y) = (p — DN, 1u(0) +0(n),  Sepn,(2) = qpNpp(p) + o(n).
Since ¢ is Holder continuous, it has the following bounded distortion property
L ey) +0(),

7) = Supn,(2) + O(1).

Sep-nyn;_, #(T1'z) = Sp-1)N;

ut+(p—1 N'_1
quNpSD (T1 (p—1) P

Combining (5.11)-(5.13) yields

(5.13)

Snip(z) = ((p = 1)Np_q + apNp)u(p) + o(n) = nu(p) + o(n).

That is, limy o0 +Sne(x) = p(p). This finishes the proof of (5.9). O

Proof of (5.10). Fix € G,. Write  in the concatenated form:
w=Nly.. . Dy..., L;€G;CLY forj>1.
Let n be a large integer. To estimate v/(B(x,e~™/)), recall that (cf. Lemma 5.1)
(5.14)  B(az,e ™) = {ye X1 mi1(Wen) = Tim1 (2o, (n)) for all 1 <i < k}.
where

li(n)=min{p e N:p > (a1 + - +a;)n/ar},

in particular, £;(n) = n. For convention write ¢y(n) = 0.

For i =1,...,k, let p; denote the unique integer such that the ¢;(n)-th digit of z
is located in the word I,;. Note that p; depends only on n and ¢, and is independent
of . Due to (5.7), |[I112...Ip—1| = o(|I,]), where |I| denotes the length of the word
I. Hence there are only two possibilities when n is large enough:
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(C1) pr=p2=...=pi (= p);

(C2) thereexists 2<:<ksothatpy=...=p,_1 (=p),p.=...=ppr=p+1;
Without loss of generality we assume that a; > 0 for all 1 < i < k.
First we consider the case (C1). Write the word I, in the following form

I, = UW U Wo .. . UWiUg 1

in a way such that |W;| = pN,, for i = 1,...,k and |U;| are multiples of pN, (maybe
0) for j =1,...k+ 1, and in particular, the £;(n)-th digit of x is located in the word
W; for i = 1,...,k. Clearly, the above decomposition of I, is unique (i.e., |U;|’s are
uniquely determined). Now we consider the following concatenation

Tr = 11[2 ce Ip_1U1W1U2W2 ce UkaUk+1Ip+1 N
Due to (5.7), we have
Lz .. Ip—o| = o(|Ip—1]) = o(n), Wi = o(n),
[ Ip—1] + [Ur] = a(n) +o(n), |Us| = £;(n) —£j—1(n) +o(n)

fori=1,....,kand 2 < j < k.
By the construction of v (cf. (5.8)), and the quasi-Bernoulli property of u, (cf.
(5.5)), we have the following estimation

k
v([2jeu)) < wpr ([T - Lp—2Dppr (Up=1]) [T s (U3D)-

i=1
N/
Similarly for any y € G = H]Oil L7, if we write y in the same form

Yy = ETQ .. .E,161W162W2 N ﬁkaﬁkJrlprrl ey

we have
~ ~ ~ k ~

v(ieum)) < v - Ip—2Dpp—1([Lp-1]) HMp([Ui])-
Then by (5.14), we obtain
(5.15)

k
v(Ba,e ™) < my(#L7) (L1 - Tp—2])pp—1([Lp-1]) Hﬂp o4 ([rim1Ui))
k
< Kb (AN 1 (1)) H”P o7,y ([rieaUil).-

Since [I;] N G(j, N;) # 0 for j =p—1,p, and |W;| = o(n), by (5.6), we have
(5.16) log pp—1([Ip-1]) = =(p = N1 hu(T1) + o(n),

and fori=1,...,k,
logup o T{_ll([nq(UIWl R UIWQ)]) = *(|U1| + ...+ |Ui|)hp,orl:11 (Tz) + O(Tl)

logup o Tii_ll([Tifl(Ulwl R Ui71Wi71)]) = *(|U1| + ...+ |UZ,1|)h —1 (Tl) + o(n)

/,LOTq,i 1
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which implies that

log 11, © 7,4 ([ri—1Ui]) = log i o 7,y ([Ti1 (Ui W5)]) + 0(n)

5.17
(5.17) = = [Ui| By (T3) + 0(n),

by using the quasi-Bernoulli property of u, and logk, = o(n). Combining (5.15)-
(5.17) yields

k
logv(B(z,e”"*)) < —(|Ip-1| + |U1])hyu(T1) + Z |Uilhyyor -1 (Ti) + o(n).
Hence
(5.18) log v(B(x,e /1)) < (=n/a1)h}(T1) + o(n),

because |Ip—1| + |U1]| = ¢1(n) + o(n) = n+ o(n) and |U;| = ¢;(n) — li—1(n) + o(n) =
a;n/a; + o(n) for 2 <i < k.
Next we consider the case (C2). Write the words I,, I,,11 as

I, =UW U Wo ... U_ W, 1V, Ipyi=UW,.. .UWrUpy1,

so that |W;| =pNp fori =1,...,0—1, and (p+ 1)Np41 for i =¢,..., k; furthermore,
|Uil, ..., |Ui=1], |V.=1]| are multiples of pN,, whilst |U;|’s are multiples of (p+1)Np 41
for j =,...,k+1; in particular, the ¢;(n)-th digit of z is located in W; fori =1, ... k.
In this way, we have the following concatenation

x=n0L1.. L, {UWUWy...U_ W, 1V, UW, ... UWiUps1lpsa...,

for which we have

[ o .. . Ip—q]| = o(|Lp]) = o(n), |Us| =4;(n) —Li—i(n)+o(n) for 1 <i<:—1 and
Vi +Ul=24,(n)—L,_1(n), |Uil=4n)—~>l;_1(n)+o(n) for 1 +1<i<k,

|[Wi| = o(n) for 1 <i<k.

Similar to the case (C1), we can show that

v(Bla, e ™)) < (A" (H Hp © Ti—ll([TilUi])> pp 0 74 ([Ti-1 Vi)

=1

k
: H Hp+1© 73‘7—11([Tj71Uj])-
Jj=t

Then by a similar discussion as in case (C1), we obtain the estimation (5.18). This
finishes the proof of (5.10). O

To end the proof of Theorem 5.3, we need to define an injective map conc :
G — X such that conc(G,) C G, (X1,Th) and dimg conc(G),) = dimp G,. For this
purpose, assume that X satisfies s-specification for some integer s > 1. Then there
exists a map 6 : L(X71) x L(X;1) — L, such that

I@(I,J)JE[:‘[‘HJHS, VI,JEL:(Xl).
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/

Forz € G=1[}2, L';Vj , write x in the following concatenated form
r=WiaWig-- - Wi N WoiWaso-- - Wo Ny - Wy i Wpo- - Wy no -,
where W; ; € £; for ¢ > 1 and 1 < j < N/. Relabel the words W; ; to get
=W WolWs---.
Then we define
conc(x) = W10, Waba W53 - - - |

where the sequence (6,) is defined inductively by 6; = 6(Wi,Wa), 62 =
O(W10:Wo,Ws), and once 6i,...,0,_1 have been defined, then define 6, =
OW10.Wa ... 0p 1 Wy, Wpi1).

Clearly, conc(z) € X1, and the map conc : G — X7 is injective. Since |W;| — oo
as j — 0o, conc is almost Lipschitz, thus it preserves the Hausdorff dimension (i.e.,
dimyg conc(E) = dimy E for any E C G). Furthermore, conc(G,,) C G, (X1,T1). To
see this, it is enough to show that if lim 2 S,¢(x) = «, then lim £S5, ¢(conc(z)) = o
This can be done in a way similar to the proof of Proposition 6 in [19]. Thus we finish
the proof of Theorem 5.3.

REMARK 5.4. The specification property used in this paper can be weakened to
cover a wider class of systems. For instance, one can ask that there exists s € N such
that for all I, J € L := L(X1), one can find a word K in U;:o L, such that IKJ € L
(this covers transitive subshifts of finite type). A more general situation is that for
all I,J € L, one can find a word K € L such that IKJ € £ and |K| = o(min(|I|,]J|)
as m1n(|I| |J]) tends to oo [39] _Alternatively, one can ask that for all I,J € L,
one can write I = IT and J = JJ so that I.J € £ and |I| 4 |J] = o(min(|1],]J]) as
min(|7],|J]) tends to co [39]. In all these cases our approach can be used to obtain
the same conclusion as in Theorem 5.3. The only difference is that in these cases
the mapping conc introduced in the end of the proof of Theorem 5.3 may take a
slightly different form, and it has no reason to be one to one. However, this mapping
naturally satisfies the property conc(G,) C G, (X1,T1), and a (tedious, that we omit
here) combinatoric argument shows that on the one hand, conc is a-Holder continuous
for all « € (0,1), and on the other hand there exists a N-valued function A (r) (r > 0)
such that lim,_,q+ logN'(r)/|logr| = 0 and for any open ball B of radius r > 0 in
conc(G,,), conc™1(B) can be covered by at most N(r) balls of radius r. Thus conc
preserves the Hausdorff dimension.

5.3. Proof of Theorem 1.4. (1) We prove that the following assertions are
equivalent:

(i) (A Lq>;

(i) Egeuy.cla) #
(ili) inf {P*(T1,q-®) —a-q: g€ R} >0;
(iv) inf {Pa(Tl,q- ®)—a-q: q€ Rd} > —00;
For a € Lg let fo(a) = max{hf(T1) : p € M(X1,T1), ®.() = a}. Since the
mapping p € M(X1,T1) — hi(T1) is upper semi-continuous and affine, the equality
fe(a) = inf {P*(T1,q- ®) —a-q: q€ R} for @ € Lg is obtained by exactly the
same arguments as those used to prove Theorem 5.2(iii) in [23]; one just replaces
the usual entropy by the a-weighted one. Similarly, the proof of the equivalence
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between (i), (iii) and (iv) follow the same lines as that of Theorem 5.2 (ii) in [23]. The
equivalence of (ii) and the other assertions will follow from the proof of Theorem 1.4(2)
below.

(2) We only need to show

(5.19) E(g,1.c(a) #0 and dimy Egg,}c(a) > fa(a) if a € La;
(5.20) dimy E{,}c(e) <inf {P*(T1,q-®) —a-q: q€ R} if Bg,yc(e) #0,

This yields the equivalence of (i) and (ii) above, as well as the value of
dimH E{¢j}7c(a).

Assertion (5.19) is an immediate consequence of Theorem 1.3 and the following
lemma.

LEMMA 5.5. Let a = (aq,...,aq) € Lo and p € M(X1,Th) such that [ ®dp =
a. We have G,,(X1,T1) C E(a,}.c(a).

Proof of Lemma 5.5. Write each ®; as (¢j,1,. . .,¢j,q). By definition of ®, we have
a; =35y [ @jidpfor each 1 <i < d. Moreover, by the definition of G, (X1, T1), we
have G, (X1,Th) C By, ,([ ¢j,idu) for each 1 < j <7 and 1 <14 < d, hence for each
Slejn) i@ . .
x € Gu(X1,Th) we have lim;, o Z§=1 % = ay for each 1 < ¢ < d. This
yields G, (X1,T1) C Ep,y.c(a). O

Now we establish (5.20). We define the following sequence of functions

.
S\e;n ®j

B, =nS 2o
]; Lejn)

We first treat the case where (X1,71) is a full shift .
The upper bound in the full shift case. In this case we have the following lemma,
which yields (5.20).

LEMMA 5.6. Assume that (X1,T1) is a full shift. Fiz o € R? and suppose that
Eig,1.c(a) #0. For everye >0 and q € R?, we have

dimpg Efp,y.c(o,e) < PY(T1,q-®) —a-q+ (4q| + a1)e,

where g y.c(a,e) = {z € Xy @ limsup,,_,o, [®cn(r)/n —al < e}, Consequently,
if E{g,y.c(e) # 0, then dimy Eg,} () < infgepa P2(T1,q- ®) — - q, i.c., (5.20)
holds.

Proof of Lemma 5.6. Fix ¢ > 0 and q € R%. For each 1 < j < r, choose a
continuous function ®; = ($j1,...,P;a) in C(X1)? such that each @; 4 is Holder
continuous and

sup 45,4 — jdallec < /1.
1<i<d
Then we define & = Z;=1 o 7, and the sequence of functions

- "\ S\ein) B
(5.21) Pep=ny ———— (n>1).
; Lejn)
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Endow the space R? with the norm |(21,...,24)| = maxj<;<4|z;|. By construction
we have limsup,, o [ ®Pe,n — Penlloo/n < € s0

Eg,1.clae) C B, ol 2e) = {ac € X, :limsup |®. ,(z)/n — a| < 25}.
7 n—00
The definition of the a-weighted topological pressure implies
(5.22) |PA(Ty,q- @) — PA(Th,q- ®)| < |q|e.
Let us denote by jiq the unique a-weighted equilibrium state of q&) (see Theorem 3.5).
The following key property holds.

LEMMA 5.7. Let q € R For all x € X, we have limsup,,_, . fn(2)'/™ > 1,
where

_ Mq(B(Iae_n/al)) _ .
exp ((q - ®en(z) —nPa(T1,q- ®))/a1)

fulz) =

It is worth mentioning that the idea of considering the asymptotic behavior of
such a function f, at each point of X; goes back to [35] for the upper bound estimate
of dimpg X3 when k = 2. The proof of Lemma 5.7 will be given later. To finish the
proof of Lemma 5.6, we need the following classical lemma.

LEMMA 5.8 ([8], Ch. 14). Let E be a non-empty subset of a compact metric
space (Y, d) endowed with an ultrametric distance. Let v be a positive Borel measure

1 B
onY. Then dimg E < sup, g liminf M.
r—0+ logr

Now, if z € E{&)j} o(@,2¢) then, due to Lemma 5.7, for infinitely many n we
have simultaneously f,(x) > exp(—ne), and exp(q - @Cn(z)) > exp(na - q) — 3|qlen.

Consequently,

—n/ay
lim inf log j1q(B(z, e )
n—00 —n/ay

< P*(T1,q- ;I;) —a-q+ (3lq| + a1)e.

Now, Lemma 5.8 and (5.22) yield
dimg E{g,}.c(a,¢) < dimg E{%,},c(o‘v %) < P2(Ty,q-®) —a-q+ (3la| + a1)e
< P*(Ti,q-®) —a-q+ (4q] +ar)e.

Letting ¢ — 0, we obtain dimpy F(s,) (o) < P*(T1,q-®) — a-q. Since q € R? is
arbitrarily given, we have

dimgy E{<1>,~},c(0<) < qign]}gd P3(Ty1,q-®)—a-q.

This finishes the proof of Lemma 5.6. O

Before we prove Lemma 5.7, we give some auxiliary lemmas.

LEMMA 5.9 ([28], Lemma 4.1). Let m > 1 be an integer. For 1 < j < m let
fi :N=R, 3; >0 and \j > 0. Ifsup,,> [fj(n + 1) = fi(n)| < oo for each j, then

i 3 (0 ([ ]) - (152)) 20
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Proof of Lemma 5.7. Fix q € R and z € X;. By Lemma 5.2, we have

_nPa(Tla q- (i) + Sn(q . ;Iv’)(I)) lﬁ (E(Z) (Ti(x\li+1(n)))1/A7'+l

—n/ay ~
Nq(B(:E, e )) ~ exp ( a1 bl 5(1') (Ti(zwq,(n)))l/Ai

for certain functions 5(2') on AF (1 <4 < k). Combining this with the definition of
fn(x) yields

. d x k=l 7' g; 1/Ait1
(5.23) fn@%exp(Sn(q ®) () - ) 9 (13 (apes ) A

a bate} ¢(1) Ti(xlf (n)))l/Aq,

Notice that <AI;C7n has the following form (cf. (5.21)):

@ = Su(a-P) +Z<w Sn(Q'&)j)>'

j=1 LcjnJ
Now, for n > 1, let us define

u@ (n) = a7'S,®;(x) for1<j<r,
a9 (n) = a7 log ¢4 (7 7i(x),)) for 1 <i<k—1.

Since the potentials ® and ij are Holder continuous, for any v € {u), () : 1 < j <

r, 1 <i <k —1} the sequence (v(n)),>1 satisfies v(n + 1) —v(n) = O(1). Then, by
using (5.23) we can get

k—1 i
log fa(z) _ 1 (Z( 3 () _U(J)(I_C nJ)) N Z (u( )([Gitan)) @l )(Lch)> +O(1)>

n n \ = Cit1 Ci

where ¢; := A;/ay fori =1,... k. Then, the fact that limsup,,_, W > 0 comes
from Lemma 5.9. This finishes the proof of Lemma 5.7. O

The upper bound in the general case. We show that the upper bound for
dimpy Eyg,y.c() is valid without any assumption like specification on (X1, T1).

For each p > 1, let '), be the natural injection of (X1, d,) into (Ezl\f,da/p). The
map I}, is easily seen to be a bi-Lipschitz map from X; onto its image, so it preserves
Hausdorff dimension.

For each 1 < j < r, the R¢ valued continuous potentials @, can be extended to
an R? valued continuous potentials o ; defined on (AY, dy). By construction, for each
a € Lg, we have I'y(E(s,},c(a)) C E{Spfij/p},c(a) so the above study applied to the

full shift (£, 77, dap) yields

dimy Efg,}.c(a) < max{hz/p(Tlp) peEM L'N TP) /S ®/pdy = a}

Let v, be one measure realizing the above maximum and extend it as an invariant

measure on (A}, T7) (notice that Vp is supported by L}). Then define on A} the
Ty-invariant measure j, = 11; f ovp o Ty 7. By the affinity of h?ép (TF) we have
hz]{p (1) = hi‘z{p (T?) since all the measures v, o T; ’ have the same a/p-weighted
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entropy with respect to TP. Consequently, h;{p (T?) = h%p (TF) = phﬁz/gp (Ty) =
Ry, (T1). Finally, by construction,

(5.24) dimpy Ers,y.c(a) < hj, (T1) and /@ du, = o

Now, without loss of generality we can suppose that 1, converges to an element y €
M(AY, T1) in the weak-star topology. We have both h2(Ty) > limsup,, ., hy,, (T1)
and [®dy = «. Assume that p is supported on Xj. Then by (5.24) we have
dimy Eg,}.c(e) < max {h3(T1) : p € M(X1,T1), [ ®du = o} as desired. Now, the
fact that p is supported on X; follows from the same argument as that used in the
proof of [28, Theorem 1.1] to build an invariant measure of full Hausdorff dimension
on Xl.

(3) We will use a modification of the Moran construction achieved in the proof of
Theorem 5.3. To do so we need some preparation.

Let v1 be an invariant measure on X such that A% (77) = dimpg X; (the existence
of such a measure was first proved in [28]; this fact is also a consequence of Theorem 1.4
applied to the null potential). Fix e > 0, and foreach 1 <i < klet h; = h T,)—
e/(a1 + -+ ag). By our assumption, Lg is not a singleton. Let v € M(Xy,T}) such
that v(®) # 11 (®). Then take a large positive integer n so that

Byort (1) > hy o1 (T}) — /(a1 + -+ ag), (1<i<k)

V20T, vioT,_

-1 (
vioT,

where vy = (1 — 1/n)v1 + (1/n)v. Note that 6 = |vo(®) — v1(P)| > 0.
By Remark 4.4, for each [ € {1,2} there exists a sequence (y,);2; of quasi
Bernoulli measures such that p, € M(L},T}) and

(TF) Z p(hyor 2 (T) =€/ (a1 + -+ + ax)) = 1/(2p) = phi = 1/(2p)

HiL,pOT; 4
for each 1 < i < k and for p > 1.
Foreach 1 < j <rand 1 <i <d, take ¢;; € C(AY) such that ©;,; is Holder
continuous and ||@;; — ¢j.illec < 0/8r. Moreover, for each [ € {1,2} the sequence
(Ml,p)gi1 can be chosen so that | (@) — vi(@j.:)| < §/8r.

We are going to construct a sequence (V)52 such that the set

2 00
D= ﬂ {:L' eG= HE;,V” sliminf |®e , (x) — nv(P)|/n < 5/4} ,
n—oo
=1 p=1

which is a subset of A} \ Uacp, E(a,},c(@), contains a Moran subset G}, with
dimyg G, > dimg X1 —2¢. Then, by using the same imbedding conc as in the proof of
Theorem 5.3, we will get conc(G) C X1\ Uyer, Eie,}.c(@) and dimg conc(G) >
dimH X1 —E&.

Now we briefly explain how to modify the Moran construction done in the proof
of Theorem 5.3 to build G and G,. At first, without loss of generality, we suppose
that the c;’s are greater than 1. Also, we include the potentials ¢;; in the family C.
Then, the only changes are that for each p > 1, one takes pop—1 = v1,, and pop = v2.
Then, for p > 1, let n, = Zf;ll iN; + /pN}. For p large enough, for each 1 <j <r
we have

p—1 P
lejng| € [Z iN; + \/pN}, ZzN{] ,
i=1 i=1
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so that for each x € G;, 1 <j <r and 1 <17 < d we have

Nm sup S|,y | 5.i(2)/ [¢jn2p-1] —vi(@ja) < 6/8r

p—00

and

B sup |y sy 30(@)/ Lejnz | — v2(310)] < 3/8r.

p—00

Consequently, by construction for each = € G, we have

lim sup [®e n,,_, (7)/n2p-1 — v1(P)| < 6/4 and pler;o |Peny, (T)/n2p — v2(P)] < 6/4,

p—r0o0

so G, C D. Moreover, the simultaneous controls from below of the entropies
vporh (TF) by the ph; — 1/(2p) yield, for every = € G,

—n/ay
lim inf logv(B(z, e )
n—o0 _n/al

k
Z Zazhz Z dlIl’lH X1 — E&.
i=1

REMARK 5.10. Without assuming the specification property, for any p €
M(X1,Th), we have dimp G, (X1,T1) < hf}(Tl), where dimp denotes the packing
dimension (cf. [34]). This is done by using a recent result of Reeves [41]. To see it,
let (¢n)52; be a family of continuous functions on X; which is dense in C(X;). For
m > 1, define ®,,, = (¢1,..., ) and

E,, = {z € X : nler;O%Sném(m) - (/q&ldu,...,/d)mdu)}.

By Reeves’ result [41],

k
dimp E,, < Zsup{aihnowl(Ti) : /(bjdn = /qudu for1 <j< m}

=1

(Indeed, Reeves only proved the above result in the case k = 2 and m =1 in the full
shift case with the equality rather that <; however, it can be extended to the above
general form without additional difficulty.) Since (¢,,)22 is dense in C'(X7), by using
the upper semi-continuity of the entropy function, we obtain

k
limsupdimp E,, < Zaihuoﬂ-—l(ﬂ) = hZ(Tl).

n— o0 :
=1

Since G, (X1,T1) C E,, for each m, we obtain the upper bound dimp G, (X1,T}) <
h2(Th).
[t
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6. Multifractal analysis of asymptotically additive potentials and ap-
plication to weighted equilibrium states. For ® = (®y,...,®4) € Cusa(X1,T1),
where ®; = (logdn,i )5, = (Pp)52y, and p € M(Xy,Ty), write ®,.(u) =
((®1)«(p), - -, (®a)s(p)) and define Ly = {®, (1) : p € M(X1,T1)}.

Let {®)},<;<, be a family of elements of Cusq(X1,T1)%. Let ¢ = (c1,...,¢,) be
a real vector with positive entries. For a € R?, define

r (I>(j)
_ T Lein] _
Eraiyela) = {x € Xy nlglgo; W(z) = a}.

Theorem 1.4 has the following easy extension, which is obtained thanks to the density
of continuous additive potentials in Casa(Xl,Tl)d. This extension is useful to get
results on the multifractal analysis of weighted equilibrium states.

THEOREM 6.1. Let ® = "_, ®U).

1. For o € R, E{q)(j)}’c(a) # 0 if and only if o € Lg.
2. For a € Lg, we have

dimg E{(p(j)}’c(a) = maX{hZ(Tl) D pEM(Xq,Th), ®u(p) = a}
:inf{Pa(Tl,qu))waq: qGRd}.

3. Suppose that Le is not a singleton. Then the set X \ U,er, Erawy,.c(a) is
of full Hausdorff dimension.

EXAMPLE 6.2. Generally, the level sets F{g()} () depend on c. For example,
let X = {0,1}", and let g € C(X) be given by g(z) = x1 for x = (2;)2, € X.
Set @) = (S,9)°2, and &) = (-S,9)> ;. Then E{(I,(j)}?:1’(171)(0) = X, however
Ergmy2_, 1,2)(0) # X (it is easy to check that z = 0'120418...02" 12" ... ¢
Elauyz_,1,2)(0)-

Application to the multifractal analysis of a-weighted Gibbs measures.
In this section we suppose that (X1, T1) is the full shift (A}, T7).

Let @ = (log¢n)22; € Caa(X1,T1) and suppose that @ satisfies the bounded
distortion property. Let p be the a-weighted Gibbs measure p associated with ®.

Due to the quasi-Bernoulli property of u, for each 1 < ¢ < k, the potential
\Ilff) = (logu o 7';11 (Ti,l(zm)))zo:l belongs to Cua (X1, T1).

We have the following result about the multifractal analysis of u.

THEOREM 6.3. For a € Ry let

log u(B
Bu(0)={we X+ lim log pu(B(w,1)) _ ).
r—0+ logr

Let W, =% 0@ Let L, = L g, = {—(®,).(\) : A € M(X,,T1)}. Then, for
alla >0, E,(a) # 0 if and only if « € L,,. Moreover, for o € L,, we have

dimpy Eu(oz) = max{hi(Tl) A€ M(Xl,Tl), (‘I’u)*()\) = —a}
= inf {P?*(T1,q¥,) +ag: ¢ € R}.
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Proof. This result is just a corollary of Theorem 6.1. Indeed, thanks to (5.1) we
can write

o)
log pi(B(z, e~ "™/*1)) _ \p;;; S m)( Y w®
/e =—a alz - +0(1/n)
()
i (2) Eb e, @) bl (@)
= —aq1— — e — o(1
w 2enl) 37 +0(1/n).

2 Toun) [bi-1n]
with b; = (a1 + -+ + a;)/a1. Thus, any set E,(a) takes the form E{g0)y c(a), with
Yo @V =—w,. 0

More geometric applications. A parallelepiped is a subset of X7 of the form

k
R(Iy,....Ix) = (| 72y (L), with [; € ] A7,

i=1 n>0

If we fix 0 < A\ <--- < Ag and set

Ry(A1,.. A, x) = R<$\Lxlnp---,Ti—1(x\LAinJ)7"' 7Tk—1($\L/\knJ))7

then
k

1Og IU’(RTL()‘M et )‘k7 Z 1, L)\ nj ‘I’l(j7)\_)\i71nj (I) + O(l)a

with the convention Ag = 0. Consequently, Theorem 6.1 makes it also possible to
compute the Hausdorff dimension of the sets

M (m) (m)
1 Ry, N,
A e e

n—oo —N

m=1

where § € Rﬂ‘ff and each ()\gm))lgigm satisfies 0 < )x(lm) <. < )\,im).

REMARK 6.4. Let ® € Cusq(X1,T1). We say that a fully supported Borel prob-
ability measure p (not necessarily to be shift invariant) on X; is an a-weighted weak
Gibbs measure associated with ® if

—nP
p(I) =y exp (Aik)éi(lh IeA",

where P = P?(T1,®), A, = a1 + -+ + ag, P* = (log ¢2) € Cysa(X1,T1) is defined as
n (3.4), and ~,, means that there exists a sequence of positive numbers (k)32 ; with
lim,, o (1/n)log k,, = 0, such that the ratio between the left and right hand sides of
~p lies in (kL kn).

This notion reduces back to classical weak Gibbs measures when a = (1,0...,0)
and @ is the sequence of Birkhoff sums associated with a continuous potential over
X1 [48, 29]. It turns out that such a measure always exists for each ® € Cps0(X1,71),
and Theorem 6.3 can be extended to weak a-weighted equilibrium states (for details,
see an earlier version [1] of this paper).

Appendix A. Main notation and conventions. For the reader’s convenience,
we summarize in Table A.1 the main notation and typographical conventions used in
this paper.
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TABLE A.1
Main notation and conventions

® = (log ¢n)5,
M(X,T)

hu(T)

P (1)
P(T,@,K)
P(T,®)

ha(T1)

P2(Ty, )
Cs(X,T)
Ca,ss(X7 T)
Casa(X,T)
Caa(X,T)
C(X)
GH(XvT)

P = (P1,...,Pq)
P (1)

Ls

Ao (2)
Beyr_ c(a)
an ~ bn

an Rp bn

(Asymptotically sub-additive) potential (Section 1)

Set of T-invariant Borel probability measures on X
Measure-theoretic entropy of T' with respect to p (Section 1)

limp— 00 % flOg ¢n(73) d“(x)

(cf. (2.2))

Topological pressure of ® (Section 2.2)

a-weighted measure-theoretic entropy of 77 with respect to u (Section
1)

a-weighted topological pressure of ® (Section 1)

Collection of sub-additive potentials on X (Section 1)

Collection of asymptotically sub-additive potentials on X (Section 1)
Collection of asymptotically additive potentials on X (Section 1)
Collection of almost additive potentials on X (Section 1)

Collection of real continuous functions on X

Set of generic points of p € M(X,T) (cf. (1.3))

A family of asymptotically sub-additive potentials

((‘bl)*(u)a ey (Qk)*(u))

{®s(p) : peM(X1,T1)}

Lyapunov exponent of ® at z (Section 2.2)

non-homogeneous a-level set of {®;}7_; (cf. Section 1)

(1/¢)bn < an < cby, for a constant ¢ > 0

(1/kn)bn < an < knbn for a sequence of positive numbers (kn) with
limp—oo(1/n)logkn =0

pa (ct. (3.4))
da “self-affine” metric (cf. (1.1)).
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