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ON TWO-VARIABLE PRIMITIVE p-ADIC L-FUNCTIONS*

YUNLING KANGT

Abstract. We construct a two variable p-adic L-function which lead to the p-adic interpolation
of values of primitive Hecke L-functions, and use it to give a modification of Yager’s theorem which
relate the p-adic L-function to a certain Iwasawa module.
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0. Introduction. Let E be an elliptic curve defined over an imaginary quadratic
field K, with complex multiplication by the ring of integers O . Let —dx be the dis-
criminant of K. Since K has class number 1, we choose a global minimal Weierstrass
equation for F

(1) Y2+ arzy + asy = 20 + aga? + agx + ag,
whose coefficient a; belong to @. We also fix an embedding of K into the field of
complex numbers C, and write £ for the period lattice of the Néron differential

B dx
N 2y + a1+ as

on E. Since O is a principal ideal domain, £ is a free O-module of rank 1, and we
fix Qo in L such that £ is equal to Qe O. For each integral ideal a = («) of Ok,
let E,(or E,) be the kernel of the endomorphism « of FE and set E,~(or Eq~) to be
Unso Ean. We shall denote by v the Grossencharacter of E over K, and write f = (f)
for the conductor of ¢. We fix for the rest of this paper a rational prime p different
from 2 and 3, which splits as (p) = pp* in K, and where E has good reduction at both
p and p*. Put m=4(p) , 7* =9(p*), and G = Gal(K (Ep=)/K). Let xy : G > Z, and
Xp* : G = Z,, be respectively the characters giving the action of G on Ere and Egxe.
We also use the same notations for their restrictions to subgroups or some quotient
of G (it is well defined modulo certain subgroup of Z,,) .

For any positive integer k and any ideal g of Ox which is divisible by the conductor
of ¥*, we define the Hecke L-function L4(¢/*,s) to be the analytic continuation of

Lo(¥¥,s) = > 9" (a)Na™*, Re(s) > 1+k/2,

where the sum is taken over all integral ideals a which is prime to g. In general it is
imprimitive, and we will omit the subscript g if it’s primitive ( i.e. g equals to the
conductor of 1¥).

We denote by .# the ring of integers of the completion of the maximal unramified
extension of K, where K, is the completion of K at p. Let #(G) be the Iwasawa
algebra of G:

(G) = lim.7 [G/H]
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where H runs over all open subgroups of G.

Katz[9] and Mannin-Vishik[13] first showed the existence of a two variable p-adic
L-function in .#(G), which lead to the p-adic interpolation of values of (in general
imprimitive) Hecke L-functions. Yager[19] gave an elementary construction of a p-
adic measure on certain ray class group Gal(%(gp=)/K). He exploited an identity
known to Eisenstein, and sought a natural choice of the p-adic period €2,. Moreover,
in the spirit of Iwasawa and of Coates and Wiles, Yager[18] proved an important
theorem which related the p-adic L-function to the structure of a certain Iwasawa
module attached to the elliptic curve E. The theorem provided a key step to the
main conjecture, which was finally proved by Rubin[15].

In this paper, we use an important congruence from Yager[19] to construct a two
variable p-adic L-function on the Galois group Gal(K(Ep~)/K), which lead to the
p-adic interpolation of values of primitive Hecke L-functions:

THEOREM 0.1. There exists a p-adic period Qp in I and a unique p-adic
measure p € S (G) such that, for all integers k, j with k> j >0, we have

o ) ) 2m . Tl
Q (mf ixGldp = Q) (k- 1)(—==)" Lo (¥"*7 K
P Jg et = 0 DNCEE e (L)

where
_— UM (p) DIO) \ r o ke
Loo (" k) = (1 - Ty (1- L(*7 K
(§5.8) = (1= G i) (0 = Ty VL)
Note that the 7 appears in the factor \/2;_}( denote the real number 3.14..., and for

all other cases m = ¢(p). We also remark that the one variable p-adic L-function
was constructed by Katz[10], Manin-Vishik[13], Coates-Wiles[6], Lichtenbaum[11]
and others, but Bernadi-Goldstein-Stephens[1] first dealt with préimitive Hecke L-
functions and the trivial eigenspace. Moreover, we will use the two variable primitive
p-adic L-function to give a slight modification of Yager’s theorem, which we now de-
scribe:

We put K, = K(En+1). Let Uy, be the local units of the completion of K, at
a prime v which are congruent to 1 module v, and put U, = Hv‘p Uy, where the
product is taken over all primes of K, lying above p. We will define a group of local
units C,, for the field K,, (in the end of Section 3) which is a slight modification of
Robert’s elliptic units in Yager[18], and define

where the projective limit is taken relative to the norm maps, has a natural structure
as a module over the Iwasawa algebra

2,(G) = limZ,[G/H]

where H runs over all open subgroups of G. We will prove that Y., is a finite generated
torsion Z,(G)-module, so it follows from the structure theory that there are non-zero
divisors fi, ..., fr of Z,(G) such that @), Z,(G)/(f») is pseudo-isomorphic to Y.
We may define the characteristic ideal chg(Ye) of Yo, by

chg(Yeo) = f1.--frZp(G),
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see the Appendix of Coates-Sujatha[3] for details. Recall that p is the p-adic measure
in theorem 0.1. Now we can state the modification of Yager’s theorem:

THEOREM 0.2. chg(Yeo)-2(G) = n7(G).

Our method of proof is strongly motivated by the original work of Yager, who
established the analogue of Theorem 0.2 with an imprimitive p-adic L-function instead
of our p, but used a different group of elliptic units to us. It is important for the
arithmetic applications of Theorem 0.2, in particular for the proof of the two variable
main conjecture (proved in Rubin[15]) to have a result with the primitive L-function.
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unpublished notes which maybe appear in his new book with Sujatha. I would also like
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his encouragement and excellent guidance. This paper was written when the author
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and DPMMS of University of Cambridge.

1. Notation. We begin by introducing further notation, which will be used
throughout the paper. Let F), denote the the field K(E «m+1) and K, ,, the field
F(Epn+1). It is well known that the extension K, ,, over F,, is totally ramified
at the primes above p, and that p is unramified in F,,. In fact, From the relation
between the Grossencharacter and the action of the Galois group on points of finite
order, we see that the number of primes of F},, lying above p, which we denote by ry,
is given by the index of the subgroup generated by 7 in (O /p*™*1)*. Hence, there
exists an integer M such that r,, = rop"™ for m < M and ry, = ropM form> M.

We choose and fix a prime pps of Fis lying above p, and let p,, be the unique
prime of Fis lying above or below pjy.

We write p,, ,, for the unique prime of K, ,, lying above p,,. If w is any prime
of F}, above p, we let H,, ,, ., be the completion of K, ,, at the unique prime above
w, and we let ®,, ., denote the completion of F},, at w. We shall write Z,, , for the
ring of integers of ®,, ,,, and we shall also write w for the maximal ideal of Z,, .,. Put
Fso = U F,,, and let ¢ denote the Artin symbol (p, Foo/ K) for the extension F,, over

m>0
K. Note that we always view our global fields as lying inside the complex numbers,
and equipped with embeddings into their completions.

The rings Hy, m = [1 Hpymw and @, = [T @, 0, where the product is taken over
the set of primes w of Fj, lying above p, have a natural action of the Galois group
G as follows. Let ay (k =0,1,2,...) be a Cauchy sequence of elements of K, ,,, (or
F,,) which converge to o, in Hp me (0r @y ). Then the w? component of (o)’
is the limit of the Cauchy sequence of ,(k =0,1,2,...). We embed Ky, and [y, in
these rings via the diagonal map, and it is easy to verify that the usual norm and
trace maps on Hy, m, ®m, Knm and F,, as well as the Galois action, all commute
with these embeddings.

It’s well known that G = T' x A, where I' is the Galois group of K(Ep~) over
Ko,0, and A is the product of two cyclic groups of order p—1 which can be identified
with the Galois group of Ko over K. If A is any Z,[A]-module, we define AC1:%2)
to be the submodule of A on which A acts via Xf,l Xff*. Thus, we have the canonical
decomposition

A= @  Alni),

i1,i2 mod (p-1)
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Let A be the ring of formal power series in the commuting indeterminates 77 and Tb
with coeflicients in Z,. Choose a topological generator u of (1+pZ,)* and let 1 and
2 be the elements of T' for which x, (1) = xp+ (72) = w and xp(72) = xp+(71) = 1. Any
compact Z,-module B on which I' acts continuously can be endowed with a unique
A-module structure such that vy = (1 +7T1)x and oz = (1 + T3)x for all z in B.

Let E be the formal group giving the kernel of reduction mod p on E with
parameter ¢ = —x/y. Since E is defined over O,, we have the power series expansions

x=t"2a(t), y=-t"a(t)

where a(t) has coefficients in O, and constant term equal to 1. Denote by E_ .o the
kernel of the endomorphism [7"*'] on E, which we identify with E 1.

Finally, we denote by U,'lym’w the units of H,, . and by U, . the subgroup
consisting of those units which are congruent to 1 modulo the maximal ideal. Put
U, m = 1o Uy e and Uy = 1, Unomow, where again the product is taken over
the primes w of F,, lying above p. Let U/ and U,, denote the projective limits of
the U, ,, and U, respectively relative to the norm maps. We endow U, with its
natural structure as a Zy[G]-module. In particular Us is a compact I-module, and

thus also a A-module and Z,(G)-module.

2. Coleman power series. In this section, we will first recall some basic facts
about Coleman power series, and associate a two-variable power series with each
B € U’_, then we will produce some important maps using these power series.

Let T denote the Tate module lil_nE\ﬂ-n+1, where the limit is taken relative to the
usual projection maps given by multiplication by powers of w. We fix a basis (u,) of
T, and let 8 = (Bp,mw) be an element of UL . Coleman[7] has shown that for each
integer m > 0 and each prime w of F,, lying above p, there is a unique power series
Cmw,8(T) € I, o[[T]] such that

Br,mw = Cf;; (un) foralln >0.
Moreover, these power series satisfy the functional equation

@) & oo ((T1T) = TT emws(T o)
nekb,

where [7]T is the endomorphism of F induced by 7, and T @ 7 denotes the sum of T'
and n under the addition on E.

We will denote by ¢, 8(T) the element (¢ w. g(T)) € [Ty Zm,w[[T']], which we
shall write as Z,,[[T']], with the obvious Galois structure inherited from the struc-
ture on ®,,. It is plain that, for each m > 0 and each prime w of F, lying
above p, the Coleman series ¢, ., 3(T") attached to an element 8 of Ul, is a unit
in Z, o[[T]]. We denote by gm,s(T") the vector whose w-component (gm, s(7T"))w
is given by %log(cmwwg(T)”/cﬁywﬁ([ﬂ']T)). Observe that ¢ induces the Frobenius
automorphism for the extension ®,, over K, and that [7]T =T? mod w, we get

g (T2, ([]T) = T mod w,
which shows that g, s(T) € Z,[[T]]-

LEMMA 2.1. Let m' >m >0 and let Trypy m denote the trace map from L, [[T]]
to Zn[[T]]. Then, for each 8 in UL,

Im,5(T) = T (g 6(T))-
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Proof. This is clear from Lemma 2 of Yager[18], which asserts the norm compat-
ibility of Coleman power series. The only point is the Galois action commutes with
the logarithmic operator. O

The following theorem provides the key to the rest of this paper.

THEOREM 2.2. For each B in UL,, there is a unique power series gg(T1,T2) €
JN[T1,T2]] such that

m+1
gs(TiTo)= 3 (9np(T1))p, (1 + 1) (D mod ((1+ 1) 1)
oeGal(Fm/K)

m+1

Proof.  Observe firstly that (1+75)%»*(?) is well defined modulo ((1+7%)?" -1)
for all o € Gal(F,,/K). All that we need check is the appropriate compatibilities are
satisfied. Let m’ > m. Then by Lemma 2.1 we have

(9m.5(T1))p.. = > (gfn’,B(TI))PmI
0eCal(F, 1/ K)

m
Ol =0

Consequently

3 (90 5(T1))p, ., (1 + Ty )Xo+ (9)
0eGal(F, /|K)

m
Ol =0

= (95,5(T1))p,, (1+ T2)% ) mod ((1+Tp)""" -1)
which is sufficient to prove the theorem. O

We write A : E ~ G, for the logarithm map of E, where G, is the additive formal
group. Let £ >1 and j > 0. We define for each 5 € Ug:

3) 515(8) = (A'(To-la%)’f(u + B)%)J‘gﬂ(n,n)kom-

The following lemma summarizes the basic properties of these maps.

LEMMA 2.3. Letk>1 and j >0. Then 0y ; is a homomorphism of Z,-modules
from Ue to 7, and for all € Uy and all 0 € G,

(4) Sk, (B7) = xp(0) xp (0) 61,5 (B).

In particular, if B € Ugl’h), then 05, ;(B) = 0 unless (k,-j) = (i1,i2) mod (p-1), and
Zf h(Tl,TQ) € A,

(5) Ok, (M(T1, T2)B) = h(u" = 1,u™ = 1)65 ;(B).

Proof. It is clear that dj ; is a Zp-homomorphism. Note that for each o € G and
n>0, ul =[xp(0)](un), so by definition we have

gm.p=(T) = gin, 5 ([xXp (0)]T),

and from this it is easy to see that

gpo (T1,Ts) = gg([xp(a)]Tl, (1+ T2)X;.*(0)’1 -1).

Then equation(4) is evident from the definition of dx ;. The next assertion follows
from the first two if we take o € A. For equation(5), it is just a restatement of
equation(3) if we take h(T1,T2) to be either 1+ T7 (corresponding to v1) or 1+ Th
(corresponding to 72), and follows in general by linearity and continuity. O
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3. Elliptic units. We will define and establish a number of results about elliptic
units in this section. Let g=(g) be an integral ideal of K which divides f. For each
integer m > 0, we write g, (resp. gn) for gp*™*!(resp. gm*™*1), where we recall
that 7* = ¢(p*). Let A,, be the Galois group of K(E,, )/K(E,). Plainly A,, is
isomorphic to Gal(F,,/K), and Gal(K(E,,,)/F) is isomorphic to Gal(K(E,)/K)
under the natural restriction maps, since (p*,g) = 1. We use o, denote the Artin
symbol of a for the extension K(E,,, )/K for every integral ideal which is prime to
fp*. Let us first define some rational functions which are crucial for our definition of
elliptic units.

LEMMA 3.1. Let A be an element in Ox\Oy which is prime to 6, then there
exists a unique cg(\) in K* such that the rational function

Z\(P)=ce(\) ]  (@(P)-=z(R)™

Re(EX\{0})/+1
satisfies:
(6) Zx(a(P)) = [] Z\(PoR)
ReFE,,

for all « € Ok with (a,\) = 1. Moreover cg(\) can only be divisible by primes where
E has bad reduction, in particular it is a unit at the prime p.

Proof.  See the Appendix of Coates[2]. O

We choose a primitive g,,-division point Vg, on E for each non-negative integer
m such that 7%V, . =V, . Let By be a minimal set of integral ideals of K, prime to
fp*, such that Gal(K(E,,,)/Fm) = {0y : v € By}, and similarly let B,, be a minimal
set of integral ideals of K, prime to fp*, such that A,, = {oy:ue B,,}. If g=(1) we

set By = {(1)}. For each A € Ox\O} which satisfies (), 6pf) = 1, we put

(7) BV, (P) =ZN(POVy,)

and

(8) Mg, (P)= T % vgo (P).
veBy

Obviously Zx(P) and Ay,  (P) are rational functions on E with coefficients in K
and F,, respectively.
The following proposition was proved in Coates-Sujathal[4]:

PROPOSITION 3.2.  Let Ayy, (t) and Z\v,, (1) be the t-expansions of

Ay, (P) and Z»yv,, (P) respectively, then we have:
(i) Zrv,,, () and Ay, (t) are units in Z[[t]].
() Auves WEP) = 1T Ay, (PO R).
€Lp
() v, (GGDP) = T Ay, (Po ).
€ p*

Proof. We will use V;,, to instead Vj,, for simplicity. To proof the first statement,
we see it suffices to show that for each primitive g,,-division point V,, and each
R ¢ E\\{0}, the t-expansion of

2(P @ Vi) - 2(R)
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is a unit in #[[t]]. Note that neither V;;, nor R can lie in the kernel of the formal
group of E at p since (gm,p) = (A\,p) = 1. Thus all of the coordinates x(V,,,), y(Vin),
z(R), y(R) must lie in .#. In particular, it follows from the expansion of z(P) as a
power series in t that

z(P) - (Vi) =t 2(1 + i ant™),

where all of the coefficients a,, belong to . As y = —x/t, we conclude easily that

y(P) —y(Vin) _

(P) (Vi) (1 LA,

n=1

where all of the coefficients §3,, belong to .#. Now, by the addition law on F, we have

- Ca(my = (Y =yVi) o Y(P)my(Vin) y oy

which is obviously a unit in #[[¢t]] from the explicit t-expansion above.
For the second statement, we first note that V;,,* = 7V},. Then by the definitions
(7) and (8), and the equation (6), we have

AA,V;’P (mP) = TI % (xv,)o0 (TP)
) veBy

[T Z\(r(PeV.r))

veBy

I[1 1 Z\(PeVZ> @&R)

veBy Reky

11 A,\yvm(P®R)
ReE,

The last statement is similar:

A)\,Vm(ﬂ'*P) = H %/\,VQ“(W*P)

veBy

[1 Z\(r*PoVC)

veBy

1 Z\(m"(PeV; 1))

veBy

I[1 I Z\(PeV.:,,®&R)
veBy ReE

= II Myv,..(PeR)
RGEP*

Let I denote the set of elements of Ox\O} which are prime to 6pf, and let

S={v:I->Z|v(\)=0foralmostall Ae [ and ) (NA-1)v()) =0},
Ael
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where N\ denote the norm of . If v € S, we set

AV,ng (P) = H A)\,ng (P)V(/\)
Ael

Let P, be the 7™*!-division point of E corresponding to u, € Eﬂnu, and choose
en € O such that e,7* = 1 mod p"™*1. Observe that 7* is a unit in Z,, and that we
have [7*~("™*D]y,, corresponding to 7+ P,,.

Robert[12] has shown that A, v, (em*'P,) is a unit of K, . The reader could
also see De Shalit[8] for more details. Let &(z, L) be the Weierstrass &-function of
L, then we have the Weierstrass isomorphism £(z, £) between C/L and E(C) defined
by

a? + 4as
12

a2 a ’
6 0) = (2(,0) - L2 (P () - n(P(3.L) -

= )-a3)).

From now on, we will fix the primitive g,,-division point Vj,, to be {(pm, L) for each
g divides § and non-negative integer m, where p,, = 2‘”.
We set:

Crm(8) = {Avy,, (€7 Po)lv e S}

Obviously Cj, ,,,(g) is a group of units of K, ,,, and it is stable under the action of G
by Lemma 20 of Coates-Wiles[5].

LEMMA 3.3. Let g be an integral ideal divides f, v € S, and put

enm(8,0) = Ay (e P, e(g,v) = (enm(g,v)).

Then e(g,v) e UL_.

Proof.  'We only need to show ey, m (g, ) is just the image of e,+1,m+1(g, V) under
the norm map N::if;lm from K1, m+1 to Ky . Take P =™ 2P,,1 and P =P,
in Proposition 3.2 (ii) and (iii) respectively, we see that

—(n+1)

Nm+1 (A<,0

n+ln\ "y vy (€m+2pn+1)) = Afvvgmﬂ (57T+2Pn)

n+1
and

N AL (e P)) = ALy (en T Ry)

V7V9m+1

where N;Z}jln and N;Z”l’m are the norm maps from Ky41,m+1 to Ky m+1 and from
K, m+1 to K, respectively. Now this lemma follows from the compatibility of the

norm maps. O
THEOREM 3.4. Let v €S. Then the Coleman power series p, ¢(g,0)(T') € Zn[[T']]
attached to e(g,v) are given by

Cm,e(g,u)(T) = AV,ng (’/T*i(erl)T)'

Proof.  Proposition 3.2 (i) tells us that A,y, (7"~ "*DT)eZ,[[T]], then the
theorem is an direct consequence from the definition of Coleman power series and

e(g,v). 0O
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Finally, we define a group for each pair of non-negative integers n and m as
follows:

c’fz,m = H (O;’L,m(gilyi2))(ilyi2)

i1,i2 mod (p-1)

where gy, 4, = (gi,.i,) is the conductor of the Grossencharacter ¢/~ and CJ, ,, (8, i,)
is the closure of C, ,.(9i,4,) in U}, ,,. By definition it is also stable under the action
of G. We shall denote e(v) the unit whose (i1,42) -th branch is just e(Giy i, ) 172),
We write C/_ for the projective limits of the C;ym with respect to the norm maps,

clearly e(v) € C’, for all v € S. We will use < 3 > to denote the projection from UL,
to Us for each e UL.

4. Eisenstein series and Yager’s p-adic period. Let us first recall some basic
definitions of certain Eisenstein-Kronecker series, see Weil[14], Coates-Wiles[5], and
Yager[19] for details. For each positive integer k, we write K (z,s) for the analytic
continuation to the whole complex s-plane of

Ki(z,8)= > Erw Re(s) >1+k/2,

weL,w#-z |Z + w|28 ,

and for integers k > j > 0 we set

Ejk(2) = (k= D2 /\/di ) Qoo 2 Ky (2, k),

Ey(2) = Eo 1(2).

Clearly both Kj(z,s) and E;(z) are periodic in z with period lattice L. The values
of the Eisenstein-Kronecker series at division points of L are closely related to the
values of Hecke L-functions, see Coates-Wiles[5] and Yager[19]. We now give a slightly
different form.

We define 64 = [K(Ey) : Z(g)] x mg, where my denotes the number of roots of
unity which are congruent to 1 mod g and Z(g) is the ray class field of K modulo g.
It’s clear that ¢4 divides wx, which is the number of roots of unity in K. Recall that
By, By, and p,, are defined in the section above.

LEMMA 4.1. Let k> j >0 be such that the conductor of Y**7 divides g, then we
have

M)

Salh= DU QL (1= BN L0 k)

N8 S S B a((uo)pn).

9m "~ ueB,, veBy

Proof. We divide the proof into 4 steps.
1. As v runs over By, u runs over B,,, and c runs over g,,, the ideal (¢(uv) +¢) runs
over all integral ideals of K which prime to gp”, precisely d4 times. This is easily
deduced from the fact that Gal(Z(g)/K) = (Ok[9)*/fix, where fix is the image of
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the group of roots of unity ux in (Ok/g)* and g # (1).
2. From the infinite sum expansions of the Hecke L-functions we have

T k+7 (4% o o
(1~ B L, = Ly (57,1,

3. For v € By, ue By, and ce€ g,,, we have

P (o) +€)) =P (o)A (14 5))
- (o) (15 )

S T s

The second equality is true since the conductor of ¥*¥*7 divides g.
4. We compare the infinite sum expansions of the two sides of the equation in this
lemma:

D> PEH (Y (uv)+0))

[ (uo)+cf2F

OgLgp+ (V"7 )

ueB,,veBg cegm
——————ktj
)

2 2 )T

ueB,,veBg cegm

_ NQian+j|Qoo|—2j Z Z Z (¢(UU)Pm+w)k+j

= Tk 2k
9m ueB,, veBgwel W)(un)ﬂmﬂu\

Now the lemma follows from the definition of E; ;(z). O

The following lemma relates the Kronecker-Eisenstein series to certain logarithmic
derivatives of those rational functions defined in last section. We will use % v, (z)
and Ay v, (z) for their expansions at z respectively.

LEMMA 4.2. Suppose A€ I, then for any ue By,, v € By and k> 1, we have

d
(E)k 10g<@x,vg‘;;;“ (2) |z=0=

9) (=D NN B (u0) pim) = " (M) B (¥ (Auv) pi))

and consequently for any ue By, k>1 and v €S, we have

d o o
(E)klog/\y’v;; (7‘[‘ ( +1)Z) |Z=0= (_1)k 1’/T k(m+1)

(10) x 30 2 V(NN Er(d(un)pm) = ¢ (N) B (d (Auw) pim))

veBg \el

Proof. The lemma is almost a re-writing version of Corollary 12 of Yager[18]. O

Yager[19] used these Eisenstein series to construct a canonical p-adic period:
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YAGER'S THEOREM. There exists a non-negative integer r such that
Q= —pr("lbi_rgongl(pm))_l

is a p-adic period, i.e. there is an isomorphism : t = §(w) = Quw + ... between the
multiplicative formal group Gy, and E with the leading coefficient Q, € . Moreover,
Q, 1is independent of the choice of the ideal g, and r is zero except finite good ordinary
primes. O

Furthermore it was shown in De Shalit[8] that r is always zero, so we can define
Qp = —( lim 7™ F;(£2))7! to be the canonical p-adic period appeared in Theorem
m—0o0

*
rrm

0.1. The following lemma shows the usefulness of Yager’s p-adic period.

LEMMA 4.3. For all integers k> j >0 and m >0 and for all u€ B,,, v € By we
have

(N g7/ gV Ej: (9 (40) pin)

= 07X (0) 9 B ((w0)pr)  mod p™ 7.
Proof.  See Yager[19], Lemma 5.2, only notice the fact that xp+(oun) = Xp* (0u)
since oy, € Gal(K(E,)/K). O

5. Two A-homomorphisms. Recall that 6(71) = Q,T4 +... is a power series in
F[[T1]], where §(-) is the isomorphism between G,, and E which defined in Yager’s
Theorem. Let 5 € Us and put hg(T1,T2) = gs(3(T1),T2), where gg(T1,T2) is defined
in Theorem 2.1.

LEMMA 5.1. The .#-valued measure on Zf, corresponding to hg(T1,T2) for each
B € Uq is supported on Zy x L. Moreover let D; be the operator (1 +T;)0/9T; on
SN[T1,T2]] fori=1,2, and let k > j >0 be two integers, we have that

(11) DIfD%hﬁ(ThTzN(o,o) = Q§5k,j(5)-
Proof.  Firstly, from equation (2) we have

(9m.(T))w =log cm,ws(T) -

SRR

Z log ¢ w.s(T ® 1)
neby,

for each prime w of F,, over p. By compositing with §(71) we get

(9m.5(0(T1)))e = 10g Cm w8 (0(T1)) - 1—1) 421 log ¢m.w,s(C(1+6(T1)) - 1),

which shows that the one-variable p-adic measure corresponding to (gm,s(d(71)))w is
supported on Z; by Lemma 19 of Yager[18]. Moreover from Theorem 2.2 we have

he(Tv,To) = Y (955(6(T0)))p,, (1+T2)%* @ mod ((1+T2)""" - 1).
ceGal(Fp|K)

Since xy+ takes values in Zg, it follows from equation (32) of Yager[18] that the
two-variable measure corresponding to hg(T4,T2) is supported on Ly % Ly
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Secondly, let «(T") € #[[T']] be the inverse of §(7"), then by the uniqueness of the
exponential map of E' we sce that o(T') = exp(€2,' A(T")) - 1, which shows

(QA(T)” 1—f(T))IT a(1) = (1+T1)—f(T1)

Now equation (11) follows from the definition (3) of 0y ;. O

Now we get a two variable p-adic measure pug € #(G) which corresponds to
hg(T1,Ty) for each 3 € Uq, since G is isomorphic to Z; x Z,. Using this measure we
can define a A-homomorphism as the following theorem. Here we need some basic
results of the two-variable I'-transform, which could be found in Yager[18].

THEOREM 5.2. Let i1 and is be integers modulo (p—1), and let 8 € Us. Then
there is a unique power series gﬁ(“’”)(Tl, T) € I[[T1,T2]] such that for allk>j >0
satisfying (k,-j) = (i1,i2) mod (p - 1),

(12) G (Wb - 10 - 1) = QF6y (B).
Moreover, if h € A,
(13) G\ (11, Ty) = h(Ty, T)95" " (11, T).

In particular, the map B — %B(il’h) is a A-homomorphism from U to S[[T1,T2]].

Proof. By Lemma 16 of Yager[18], we know that there exists a power series
hgl’_“)(Tl,Tg) € J[[T1,Tz]] such that

BER (h — L —1) = T (k).

(11, 12)(

where I'} $1,82) is the (i1, —i2)-th I-transform of hg or pg. Furthermore, we

could connect this value with some derivative of the original power series from Lemma
18 of Yager[18]:

37 (k, 5) = DYDJha(T1,T)|0.0)-
Set gﬁ(il’”)(Tl,TQ) = hg‘l’*”)(Tl7 (1+T»)™' - 1), then it’s followed from equation (11)
of Lemma 5.1 that equation (12) will be satisfied. Such a power series is clearly
unique, and so equation (13) follows immediately from equation (5) of Lemma 2.3. O

Wintenberger[17] has studied the structure of Us, and Yager[18] used his result
to give another A-homomorphism which will be stated as follows:

LEMMA 5.3. Let i1 and iz be integers mod (p —1). Then there is an in-
jection, W:i2) Uﬁil’”) - A which is a homomorphism of A-modules. More-
over, if (i1,i2) £ (1,1) mod (p—1,(p - 1)/ro), W) is an isomorphism; and if
(i1,72) = (1,1) mod (p-1 (p 1)/7"0), the image of W(1:%2) js the ideal of A generated
by 1+T) —u and (1+T2)p — P

Proof. See Lemma 24 of Yager[18]. O

In future, we shall denote the image of W ("1+%2) by 2{(71:%2) " The following theorem
proved in Yager|[18] establish a connection between the two A-homomorphisms & (%1:72)
and W(2),
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THEOREM 5.4. Let i1 and iz be integers modulo p — 1. Then there is a power
series ®012) (Ty Ty) € S[[T1,To]] such that, for all B e UL,

(14) G (I, T2) = 90D (1, Ty W) ()

Proof. See Theorem 27 of Yager[18]. O

6. p-adic interpolation of special values of L-functions. In this section we
shall produce power series giving p-adic interpolations of the numbers Lo, (17 k),
and prove Theorem 0.1. In the process we shall determine the image under W (irsi2)
of the A-submodule D of U, generated by {<e(v) > v e S}.

Before doing that, we shall make some remarks about the relationship between
this submodule D and the group Cn m Which is defined in the end of Section 3. We
denote C}, ,, MUy, and CL N U by C, p and Co respectively. It is plain that Ce
is a A-submodule of U, containing D. Moreover, the image of D under the projection
map from U, to Uy, », is precisely Cf’nym.

We now begin to consider the values of the homomorphisms d; ; at < e(v) > for
any two integers k > j > 0. Recall that gi _; is the generator of g _;, where g _; is
the conductor of ¥*¥*7, and dg,._, is the integer defined in Section 4. We will denote
gk.—j and &g, . by g and c respectively for simplicity. The following theorem could
be seen as a primitive version of Theorem 15 of Yager[18], which was proved using
the formulae in Katz[9]. Here we will calculate the values directly using the formulae
stated in the previous sections.

THEOREM 6.1. Let v €S and let k and j be integers such that k> j >0. g and c
are defined as above. Then we have

Gnj(<e()>) = (1) (k= 1D)leg” 3 v(A(NA= ¢ (A)97 (V)

Ael

2 o ) L
(15) x(VT”_K>JQ;Q;Sk”>Lw<w’W,k>.

Proof. By Lemma 2.3, we have 63 j(< e(v) >) = 6,(< e(v) >F7) and it’s
easy to see that < e(r) > =) coincides with < e(g,v) >(¥77) where we simply write
g = (g) to be the conductor of ¥**7 so we get 0y ; (< e(v) >) = 6k ;(< e(g,v) >). Let
B =< e(g,v) >, now we begin to calculate the logarithmic derivative explicitly using
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Definition (3), Theorem 2.2 and lemmas in Section 4:

0k (B) = (N(T0) ™ 53" (1 + T2) 53) 95(T1, T2) (0.0

-1_0 \k o
aeGal(%m/K)(X(Tl) 377) (9, 5(T1))p.0 ) I1i=0

x((1+T2) 57 (14 T2)* ) |, mod p™.7

= 2 g (@)L= 7* I ) (L) log A, yeu (w0 2) | g

i
ueB,, m

_ (_1)k—1ﬂ_>«-—k(m+1)(1 _ 7Tk+j/pj+1) DD V()\)((NA)X;* (o4)
ueB,, veBy Ael

x B (1 (u0) pm) = F(A)xh« (0) Bk (¥ (Auv) ppn )
= ()RR s s S v (V) = 2F((A)E ((V)))

ueB,, veBgy Ael
xx0s (ow) (1 = 79 [p7 1) By (1 (u0) pm )

=DM T T T v()VA) =R ()9 (V)

ueB,, veBgy Ael
X(Ngh/gm?) (L= [pT* ) By o ((uw0) pr)  mod p™.sf

= (CDF (k= Dleg® T v )(NA=u ()57 (1))
(=Y QAL Lo (959, 1)

Since m can be arbitrary, the proof is complete. O

In order to get rid of some extra terms, we give the following lemma proved in
Yager[18]. If v € S and i1 and iz are integers modulo p — 1, we define

BE (T, Ty) = 37 v (VA - ™ (B((A))™ (1))

Ael

)(1+T1) O (1 1 1) HED),

where w is the Teichmiiller character on Z,, so we can write x = w(z) < x > for z € Zy,
and [ is the homomorphism from Z; to Z, such that < x >= @) for all = € Z;.
Observe that for all (k,—j) = (41,i2) mod (p- 1),

R0 (uF = 1 = 1) = ST U (VA= 9F (A7 (V).

Ael

LEMMA 6.2. Let H(%2) be the A-module generated by {hl(,il’”)(Tl,Tg) 1veS}.
Then HCv%2) = A unless (i1,i2) = (0,0) or (1,1) mod (p-1), H® s the A-module
generated by Ty and Ty and H™™Y is the module generated by Ty +1 - and Ty +1—u.
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Proof. See Lemma 28 of Yager[18]. O

THEOREM 6.3. Let i1 and i be integers modulo p — 1. Then there is a power
series G002 (T Ty) € F[[T1,Ts]] such that for all k > j > 0 satisfying (k,—j) =
(’L'l,ig) mod (p— 1),

. . . . 20 s
16) (i) (yk — 1 47 = 1) = (k- DIQEI QR (=) Lo, (V¥ k).
( P T

Moreover

(17) W) (D)) = elini2) (7, 1) g (i) (1 Ty ) H(072).

Proof.  The proof is similar to Theorem 29 of Yager[18], only notice the complex
L-function in Theorem 6.1 is primitive. Equations (12) and (15) together show that

if v € S, the value of @'1"2) (T1,T) at (u¥ —1,u™7 -1) is

<e(v)>)

. 2 SR : L
(-1 (k= Dteg® ¥ v (NA =0 ()07 (D)= Q0 Lo (047 k).
el Vdk

Observe that (-1)"cw® (g)(1+T1)"9 is a unit power series in A whose value at

(uf - 1,u™7 - 1) is (=1)*"tcg® whenever (k,-j) = (i1,i2) mod (p — 1), here ¢ and g
have the same meaning with in Theorem 6.1. It follows by linearity of equation (13)

in Theorem 5.2 that for each element h € H(1+%2) there is a corresponding element ey,
of D such that:

o ) ) 2 ) . ) o
(18) 9012) (uF =1, u ™ =1) = h(uF~1,u =1) (k=1)!(—m= Y QT QLD L (P4 ).
" Vi

And conversely for each e in D, there is an h € H(1%2) such that (18) holds.

The theorem is now clear from Lemma 6.2 and Theorem 5.4 unless (i1,42) = (0,0)
or (1,1) mod (p-1).

Suppose (i1,42) = (0,0) mod (p—1), and let eg be the element of D corresponding
to the power series Ty in H(%% as in equation (18). Observe that %((?’O)(uk -1,0)=0
for all k£ > 1 such that k =0 mod (p-1), and so %e(()o’o)(Tl,Tg) = 12900 (T, Ty) for
some power series ¥(00)(T, Ty) € #[[T1,T2]]. It is clear from equation (18) that
400 (T}, Ty) has the desired properties.

Suppose (i1,i2) = (1,1) mod (p—1), and let e; be the element of D corresponding
to the power series T} + 1 —u in H"D,  Observe that %éll’l)(u -lLu?-1)=0
for all j > 0 such that j = -1 mod (p — 1)(note that since we could use Eisen-

stein series to instead the L-values, the restriction that k > j would not cause any
problem), and so %éll’l)(Tl,Tg) = (Th + 1 - )9 (T, Ty) for some power series
g O(Ty, Ty) € Z[[T1,T»]]. Tt is clear from equation (18) that 49 (T}, Ty) has the
desired properties. This completes the proof. O

Proof of Theorem 0.1. Firstly by Lemma A.1.1 of Coates-Sujatha[3], we know
there exists a unique element € A(G) such that

i) = g 00 (73, 1)
for ¢; and i modulo p — 1. Secondly, by Lemma 3.6.2 of Coates-Sujatha[3] we get:
fg XpXpldp = (Wb~ 1,07 - 1),

for (k,—j) = (4i1,i2) mod (p — 1), which complete the proof of Theorem 0.1. O
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7. The structure of Y.

THEOREM 7.1. Let 11 and iy be integers modulo p— 1. Then there is an element
GUr2)(T), Ty) of A which generates the same ideal in I [[T1,T2]] as 42 (Ty, Ty).
Moreover, Y™ is isomorphic to H02) |GULE2) (T Ty) H1072)

Proof.  The proof is similar to Theorem 30 of Yager[18], only notice that the
power series 4 (“’”)(Tl, T5) here interpolates the primitive complex L-functions. We
recall that in Section 5 we defined H("%2) to be the image of W(1%2) and that this
is A unless (i1,42) = (1,1) mod (p -1, (p - 1)/ro), in which case #("%) is generated
by Th +1-w and (T + 1)pM —up™

The projection map py m : Uﬁf}”’z) - Usylm’m has as its image those elements
of US}m’i” for which the local norm to K, of each component is 1. It is clear that

N ker p, . =1. As we have already observed
n,m=0

(19) Prm (D)) = G,
Let jnm be the composition of p,, ,, with the canonical surjection of Ugfm’h)
onto US};F) / C’,(Lflr,f?). The image of j, , is precisely the image of Y1) ynder the

projection onto U%lm’m / C_’y(Z}JF). In view of equation (19), it is plain that the kernel
of jp,m is DUiri2) ey Dn,m, and that j, », is a A-homomorphism. Thus

Y i) o lim U2 /Dl ker p
oo S e oo n,m:-

But N kerpy, ., =1 and so it follows that yli) o Ugil’iz)/D(“’i?). The theorem

n,m=0
is now clear from Theorems 5.4 and 6.3. O

Proof of Theorem 0.2. We see from the the above theorem that we have the
following exact sequence of A-modules:

EVIGREY A A

0> A— Girsi2) (T, Ty) H (i i) - GGni) (Ty, Ty) - Hrviz) 4 Glrsiz) (Ty, Ty) A —

0,

where

o HO NGER(T, Ty A
= G(ilvi2)(T1,T2)H(i1’i2)

Clearly A injects into A/H %) and H(1:%2) and H(11:12) 1 GU1%2) (T Ty) A are clearly
contained in no proper principal ideal of A, and so Yo(oil’m is pseudo-isomorphic to
A/GU12) (T Ty) A, which means G(1:%2) (T}, T) is a characteristic power series of
v&#2)  Theorem 7.1 also tells us that G(1i2) (T, Ty) generates the same ideal with
plivi2) = (i) () Ty). This proves Theorem 0.2. O
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