J. DIFFERENTIAL GEOMETRY
35 (1992) 429-469

MODULI OF RANK-2 VECTOR BUNDLES,
THETA DIVISORS, AND THE GEOMETRY
OF CURVES IN PROJECTIVE SPACE

AARON BERTRAM

0. Introduction

Let C be a fixed curve (smooth, irreducible, projective) of genus g de-
fined over the complex numbers, let @, denote the canonical line bundle
of one-forms on C, and let L be a fixed line bundle. If E is a vector
bundle of rank n on C, define det(E) = A" E, deg(E) = deg(det(E)),
and u(E) = deg(E)/n. We say E is stable (resp. semistable) if for all
quotient vector bundles £ — F — 0, u(E) < u(F) (resp. u(E) < u(F)).

Let /Kn , be the moduli space of semistable vector bundles on C of
rank n and determinant L. Narasimhan and Seshadri [12] showed that
M, L canbe given the structure of a projective variety, with an open subset

Jlnsfaf C /in . corresponding to the stable bundles, and the complement
corresponding to certain equivalence classes of semistable bundles. More
recently, Drezet and Narasimhan [5] have shown that Pic(/#, ;) = Z
and further, that there are geometrically defined Cartier divisors 8 LC
M, WL ;. generating Pic(/#, 1) - For example, when deg(L) = n(g-1), then

X(E)=0 forall E€.#, ;, and 8, ; = {E € Pic(#, )|h0 ) > 0} is
naturally such a divisor.

There has been considerable interest recently in the space of sections
HO(JJH L @ (k®)). For example, these spaces arise in the theory of geo-
metric quantization, and have been used by Witten to recover the Jones
polynomials [13].

The primary goal of this paper is to use the (rational) “extension maps”
¢,: P, = P(Ext (L,O)) — M, ; 1o study 4, .. The idea of using
extensmn classes to study vector bundles dates back to the famous theorem
of Grothendieck that all vector bundles on P’ split as a direct sum of line
bundles. Atiyah [2] used extensions to analyze vector bundles on an elliptic
curve, and Newstead [9] used them to analyze /12’* in the case g = 2.
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Finally, if deg(L) = 2g — 1, then the birationality of the extension map is
the standard proof that .#, ; is a rational variety if deg(L) is odd.

The first observation about ¢, is that it is not everywhere defined.
Indeed, given an extension class (x): 0 - & — E — L — 0, then
E may have a quotient line bundle of any positive degree. However, if
E — M — 0 is such a quotient and deg(M) < deg(L), then M must have
a section. In particular, the “maximally unstable” such E are those with
quotient line bundles M = @ (p), p € C. It follows from the definitions
that if (%) gives rise to such an E, then in fact (x) € C, where C is
embedded in P; via the natural map. More generally, (+) lies in the
linear span D of D in P, if and only if () gives rise to an E with
quotient isomorphic to & (D). This observation suggests the following
theorem, whose proof will occupy the first three sections.

Theorem 1. A natural sequence o of blow-ups along smooth centers
(commencing with the blow-up of P, along C) resolves the extension map

¢, into a morphism @, : ﬁL — %,L-

PL > /)?2 L
Further, we can number the exceptional divisors as E,, --- , Ek(L)_l

with the following properties :
(1) E, dominates the secant variety Seck(C )= Udeg(D)=k +l(5) ..
(2) If x € D is not in the span of any proper subdivisor of D, then

~

there is a natural isomorphism o~ '(x) = P _apy and when restricted to
a'l(x), ®, coincides with the map

Q, _2p)®F(D): Pr_ypy = My 1(_2p) = -

(3) There is a Poincaré vector bundle é?L on C x 1~’L realizing the map
D, .
LParts (1) and (2) of Theorem 1 can be thought of as an analog of the
classical theory of complete quadrics (see [4] for details).

The main application of Theorem 1 states that, at least in rank 2, the
spaces HO(/[L 1> @(k®©)) have a particularly nice description.

Theorem 2. Let 7. be the ideal sheaf of C CP, .
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(a) If deg(L) = 2g, then there is a natural identification:
H A, ,,0(k8) = H'P,, O(kg) ® 7&7).
(b) If deg(L) =2g — 1, then there is a natural identification :
H'#, ,,0k8)) = H(P,, O(k(2g - 1) ® 77,

As additional applications, we will give a new and extremely simple
proof that Pic(#, ;) = Z if deg(L) is odd; we will similarly get a simple
proof that the class of © o, in Pic(4, , ) is irreducible, and we will
calculate the canonical divisors on .#, . All these results are already
known ([10], [3]), but the following addmonal applications seem to be
new.

Proposition 4.9. There are (singular) rational hypersurfaces in p¢?
dominating M, , with degree 2 if deg(L) is even.

Proposition 4.10. If C is not hyperelliptic, then © C /(2 . Iis bira-
tionally very ample for odd deg(L).

The author would like to thank Angelo Vistoli, Joe Harris, Mark Green,
David Gieseker, Dan Abramovich, James McKernan, Alexis Kuvidakis,
and especially Rob Lazarsfeld for all their help and helpful advice.

Notation. (1) If V' is a vector space, P(}') stands for the projective
space of one-dimensional quotients of V.

(2) E, F will stand for vector bundles, and L, M for line bundles.
If a: L — F, then Z(a) is the (scheme-theoretic) zero locus of «. If
Z(a)=9,wewrite a: L — F.

(3) (x) and (*x) will stand for short exact sequences, or for the exten-
sion class which they represent.

(4) If a morphism C — P’ is understood, then D stands for the linear
span of D, and U, C D stands for the open complement of the spans of
all proper subdivisors of D

(5) C, stands for the kth symmetric power of C.

1. Secant bundles, relative secant bundles,
and the natural maps among them

Definition. We say that M separates k points if M € Picd(C) has
the property that h°(C, M) = h°(C, M(-D)) + k forall D e C,.

Thus M separates one point if and only if M is base point free, and
M separates two points if and only if M is very ample.

Let I, ., = CxC, C CxC,,, bethe “universal” divisor, embedded via
(p,D)~ (p,p+D),andlet 7.:CxC,,, —»Cand 7 :CxC  —
Cy,, be the projections. If M separates k + 1 points, then the sequence
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of sheaves on C x C;

0- néM@ﬁ(—.@'kH) — TI*CM—> néM@ﬁgh -0,

1

remains exact when pushed down to C,,,. Following Schwarzenberger
[11] we define:

Definition. The secant bundle (with respect to M) of k-planes over
C,,, is B“(M) := Py, (neM ® 9, ), and the natural map to

PH'(C, M)) is ;
B,: B(M) — P(nc, (zeM)) = P(H'(C, M)) x C,,, — P(H(C, M)).

The image of Bk(M ) in P(HO(C, M)) is the usual secant variety
Seck(C) of k-planes through k + 1 points of C.

Note. Bk(M ) is well defined for any M, but if M does not separate
k + 1 points, then g, is only a rational map.

Similarly, let z, ne T, be the projections of CxC, ., xC,_,

to the various factors for m < k, and let n€ , Cme , n%-m be the projec-

tions to the complement of the indicated factors, so for example, 7€ Cx

Coi1XCi_pw — Ci1 xCy_,, - Finally, define the additionmap r,,: C, .,
X Crm = Crp -
Abusing notation, we define divisors <, _, = (an—M)_l(.@m 1) Diem

= (@)"Y(Z,_,), and 9, = (1,7,,.,)" " (Z,,,). Then it is easy to
check that as divisors, &, , + 9, _, s> and Z, N s
transverse, so we get an exact sequence of sheaveson C xC, ., x C,_,

0— nZM@(?gk_m(—.@mH) — néM@ﬁ_@kH — nZM@(?_@m - 0.

+1
This sequence remains exact when pushed down to C,, +1 X Ci_m TE

gardless of M (because the map #€ is finite on D, _,n)> and we define:

Definition. The relative secant bundle (with respect to M) over C,, %
Ci_p 18 P(n)f(néM ® I, I)) = B™(M) x Ci_,. » and the natural map
to BX(M) is

C, =* k
a,, :B"(M)xC,_,, —P(n, (n.M ®0, ) — B (M),

where the first map is the map on projective bundles, and the second is
the lift of r, .

We further define the relative secant variety of m-planes in Bk(M ) to
be the image of B”(M) x C,_, under the map O ke
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FIGURE 1

It is probably easier to think of this last definition on the level of fibers
over the symmetric products If wefix E€C +1 ,FeC._,,and D=
E + F, then the fiber of B (M) over D is P(H (C, M), and likewise
the fiber of B™ (M) x Ci_, over (E, F) is P(HO(C, Mg)) x {F}. The
map o, , on the fiber level is simply the inclusion of projective spaces:

P(H(C, M;))x{F} c P(H*(C, Mp)) dual to the restriction map M, —
M, . As an example, Figure 1 shows o, 2

As one can see from this description, the image of « , in Bk(M ) is

the collection of points in each fiber P(H 0(C M,))) corresponding to D
(with suitable multiplicity). The image of @, ; consists of lines through
pairs of these points, etc. Because of this, we call the i images of the «
the relative secant varieties.

The fact that, for all effective divisors F C E C D, the natural inclusion
maps

m,k

P(H'(C, M,)) 225 pHO(C, My)) 222,

o, p(H(C, M)

P(H'(C, My))

commute (i.e., ¢g Doq’)F E= ¢F p and ¢po0 ¢E p = ¢p) globalizes to
the following compatlblhty lemma.

Lemma 1.1 (Compatibility). For m < | < k, the following diagrams
commute:

B"(M) x C,_, =% B*(M) L p(H"(C, M)

(2) "BN ﬂn
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where T gm () IS the projection,

)1
B"(M)x C,_, x C,_, —=, B'(M) x C,_, 25 B*(M)
(b) (17 L
B"(M)xC,_,

Next, suppose that M separates d points. Then, by definition, an
effective divisor D of degree d spans a P! in P(HO(C , M)). But this
also means that for effective divisors E = Eepp and F =) j;p with
e+f =deg(E)+deg(F) < d, E and F together spana P**/~'"¢ where
g = deg(E N F). In exactly the same way, if £ and F are subeffective
divisors of an effective divisor D, and E, F together span a P¢*/~1¢
in P(HO(C, Mp)), then g =deg(E N F) regardless of M.

Let U“(M) = B*(M) - a,_, (B*"'(M)x C). Thatis, U*(M) is the
complement of the “largest” relative secant variety. Then the observations
above yield the following “intersection” lemma.

Lemma 1.2 (Intersection). (a) If M separates 2k + 2 points, then
Bulyman: U™ (M) — P(H(C, M)) is an injective map of sets for all
m<k, and

B, (U™(M)NBU(M)=@ ifm<I<k.

(b) For ail line bundles M , the map a,, ,: U™ (M) x C_,, — B*(M)
is injective on sets for all m < k, and

o (UMY x C,_ )Ny ((U'(M)xC,_)) =@ ifm<I<k.

Next, we turn to the differentials of the 8, and @, ; maps. Following
the lead of the intersection lemmas, we show that Uy g is an immersion
on U™(M) xC,_,,»and, if M separates 2k +2 points, then B, is anim-
mersion on U k(M ). When we projectivize the conormal bundles to these
restricted a and B maps, the resulting varieties are themselves secant
bundles and projective spaces associated to sub-line-bundles of M . Since
the constructions in §§2 and 3 will involve blowing-up, which naturally
introduces the projectivized conormal bundles, the following “Terracini”
lemmas are really the key to understanding the recursive proofs of the next
sections.

Lemma 1.3 (Relative Terracini). Let x € U" (M), and consider @y i

B™(M)x C,_, — B*(M). Then:
(a) da,, ;: a:n,kT*Bk(M) — T*(B™(M) x C,_,,) is surjective when
restricted to U™(M) x C

k—m’
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FIGURE 2. DEPICTION OF LEMMA 1.3 FOR a ,

(b) P(N,  (xxC,_ ) = BN (M(=2D)), where N, (xka_m)
is the restrlctzon of the conormal bundle N, = = ker(de,, ) to xka m

U"(M)x C,_ > and D, is the divisor of degree m + 1 obtained by pro-
jecting x € B"(M) to Cm+

From Lemma 1.1(b), we get an induced map Iy, Of conormal bundles
on C_,xC._;:

Mt (L ) Ny (X Cl) = N, (X €Ly X G ) -

Then:
(€) m,, ; is surjective,
(d) the followmg diagram commutes :

P(N,

om0 X Cim X G ) —— BN, (xx C,_,)

B™" Y M(-2D))x C,_, —%— B '(M(-2D,))

where the vertical identifications are from (b), i is the map derived from
U, ;» and o is the appropriate o-map associated to the line bundle
M(-2D).

Proof. From the definition, we saw that «,, is a composition of two
maps a,, , = Foi , where i: B"(M)xC,_, — r*B* (M) is the inclusion of
projective bundles, and #: r* B¥(M) — B*(M) is the lift of the addition
map. The proof of the lemma accordingly breaks up into three logical
parts:
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(i) An analysis of N, = ker(di),
(ii) an analysis of coker(d#), and
(iii) an analysis of how Nl.* and coker(d7) fit together to produce
N’ = ker(da,, ;).

Part (i). In general, given an exact sequence of vector bundles on
X:0-E - E—E'"—0,ifwelet m: P(E") - X be the projection
and i: P(E") — P(E) be the inclusion, then N = n"E’ ®Gpery(=1). In
our situation, X = C, ., x C,_,, and we are given an exact sequence of
vector bundles on X :

0—-H,, H H 0,
- Dk m( D’”'“) - MDk+l - MDm-H -
where H,,  =m, (nCM ® I, l) and the others are defined similarly.

This notatlon is meant to be more descriptive.  For example,
H,, is the bundle with fiber H° (C,M(-D,,.,)® ﬁDk_ ) over

Dk—m(_ m+l)
the pOint (Dm+l 4 Dk—m) € Cm+l x Ck—m

Thus N; = n*H,, (p,.,) ®C(=1). One last remark that will be

Dy _ m+

useful later is the following: H,, (=D,.) is naturally the quotient vector
k—m m+

bundle in the exact sequence

-0,

0= Hy, e = By -, = By 0,0

Dy—m
where the other two vector bundles are defined in the same manner. So
we get the exact sequence

*):0->m H

®F(-1)~n"Hy, (_, ®F(-1)— N —0.
k+1 +

D)

m

Part (ii). The map 7 fits into a fiber square:

P(H, ) —— B"M)

Dk+|

/| d

C x C, —-—r-—>C

m+1 k—m k+1

where the vertical maps are the (smooth) projections. Thus, coker(d7) =
P~ coker(dr), so it suffices to analyze coker(dr).
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But TC,,, = ncm‘ﬁ_@m(gk“) (see [1, p. 172]), so, in our notation,

* ik *
rT G, = H@DM(DM) J

T (Cpp1 % Com) =Hg p & Hg

m+1 m+1 Dk_m(Dk—m) :

Furthermore, one checks that the map H;D Do) H;D ) in-
k+1 + k—m -m

duced by dr is the natural one, hence surjective with kernel H;D D) *
m+1 +

Finally, the cokernel Q = coker(dr) is the quotient in the sequence

R * p" *
(*):0-Hy  p )~ Hg, (p

m+1 m+1 m+1)

- Q0-0,

where p” is dual to the pushdown of the line bundle inclusion &, (Z,,,,)
- ﬁ_@m“ C/ME

Note. Q is not a vector bundle. It is a coherent sheaf supported on
the points (D, ,,D,_,)€C, ., xC,_, ,where D ND,_  #J.
Thus, to answer our original question, coker(d7) = p*Q is the quotient

~

in the lift of (xx) by p*, which remains exact because j is smooth:

o e
0—=pHy p,) 7P Hg p

m+1 m1 s mtl

)_’ﬁ*Q_’()'

Part (iii). From the commuting diagram

r

B"(M)x C,_,, —— P(Hy, ) —— B*(M)

\ |5

¢ +1 X Ck—m

m

it follows that () remains exact after pulling back by poi = & (since =« is
smooth), so we have the following sequence of sheaves on B™ (M) x Coom:

0—a, T B*M)~i"T'P(H, )-"Q-0.

Dty

This exact sequence, together with the conormal sequence for i,

0— N —i"T'P(H,, )—T (B"(M)xC,_,)—0,

k+1
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fit into the following diagram:

0
l
0 ker(y)
L |
N’ = N;

~.
-.

! Ly

* * nk i* dF o *
0 —a, TB M —5 zTP(HMDkH) - n°'Q -0

I 1

* d m *
0N —al T BM) 25T (B™(M)x C,_,)

|

0

An easy diagram chase shows that ker(y) = N i and coker(y) &

coker(da,, ,). It should be emphasized that these are coherent sheaves
but not vector bundles, since «,, , is not globally an immersion.
The natural multiplication maps

0
M, H(C, M, (=Dy.)) ® H(C, &, (D)= H(C, M, ),

1
0 0 0
M,: H(C, M, (=D, )®H'(C,E, (D, )—H(C,M, )

m+1)

induce maps of sheaves on B"(M)x C,_, =P(H,, ):

Dy

m:mn HMD,,,H(—D"“) RCF(-1)—=n HﬁDmH(Dkﬂ),

* P
m,:n H,, (_Dmﬂ)@@’(—l)—»n H% D

X
Dyt ma1 s m+l
Finally, (*x) and (xx) fit into the following commuting diagram:

* * *
00— =« HMDmH(_DkH)@ﬁ(—l)—v n HMDk“(_DmH)@ﬁ(—l) — N, — 0

R b

* * * * *
0 — T Hy ) —  TH, —7'Q — 0

m+1 Y
The fact that the left square commutes follows immediately from the
definitions. The commutativity of the right square follows from the ex-
plicit identification of H 0(C , @’Dk .(Dk +1)) with the tangent space to C, _,
at D, (see[7, Lecture 22]). '
The claims of Lemma 1.3 now follow from this last diagram. In the
first place, m, and m, are both surjective when restricted to U™ (M) x
Ci_m - One can see this by looking at the M, and M, maps. But if
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m, is surjective on U (M) x C,_,.» then y is also surjective, and since
coker(y) coker(dam’k) , we get (a). Next, m, is an isomorphism when
restricted to U™ (M) x C,_,, since it is a surjective map of vector bundles
of the same rank, so, on this set, ker(m,) = ker(y). But m, factors as
m, =mo p below:

nHMm l®ﬁ( l)-—»nH (=D, ])®@’( 1)——>7t HD D)
where p is the natural restriction and m is an isomorphism on U™ (M) x
Ci_,, Just as m, was. Thus, ker(m,) = ker(p).

But ker(p) ”*HMnk_ (2p,.)® (1), so, for x € U™(M),

(-D

m+

P(N, (xxCp_,)) = P(ker(y)) 2 P(Hy, (o)) B \(M(-2D,)).

This is part (b) of the lemma.

The proofs of (c) and (d) are more of the same. The point is that if the
induced map B & is pulled back through all the various isomorphisms
described above, it becomes the restriction map of bundles on U™ (M) x
Crom % Cry?

n*HMDk_m(_ZDm-H) ®C(-1)— ”*HMD,_,,,(—ZDMH) ®C(-1),
which gives the desired results when restricted to x x C,_, x C,_,. This
concludes the proof of the lemma. q.e.d.

There is an exact analog of Lemma 1.3 for the map dg,, :

Lemma 1.4 (Terracini). If M separates 2m + 2 points, let x € U™ (M)
and consider B,,: B" (M) — P(H’(C, M)). Then:

(a) dB,,: B,, T*P(HO(C M)) — T*B™(M) is surjective,

(b) P(N; (x)) = P(H'(C, M(-2D,))), where, as usual, N,  (x) =

ker(dp,, (x)) is the fiber of the conormal sheaf at x, and D, is the projec-
tionof x to C,

Furthermore, from Lemma 1. l(a) we get the induced map
B * Tminn) ﬂ (x) — N XX Gy

Then:
(€) Uy, i Us surjective.
(d) The following diagram commutes :

P(N, (xxC_,) —t— PV, ()

U H

B*"""(M(-2D,)) —— P(H'(C, M(-2D,)))
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where the vertical identifications come from (b) of Lemmas 1.3 and 1.4,
and B is the appropriate B-map for M(-2D,).

Proof. The proof of this lemma follows exactly the same pattern as the
proof of Lemma 1.3, and is left to the reader. In fact, it is easier since,
in this case, B, = @ o i, where i is an inclusion of projective bundles,
and 7: P(H(C, M)) x C,,,, — P(H(C, M)) is the projection, hence
smooth (unlike 7 of the previous lemma).

Corollary. If M separates 2m + 2 points, then Sec” (C) is smooth
away from Sec™ ' (C).

Proof. In fact, by Lemma 1.2(a), B,,: U™ (M) — P(HO(C, M)) is in-
jective, with image Sec™(C) — Sec™ '(C). Further, by the same lemma,
B,,(B™(M)—U™(M)) C Sec” '(C). By Lemma 1.5(a), f, isan immer-
sionon U™(M),so U™(M) = Sec™(C)—Sec™ ' (C) and since U™ (M) C
B™(M) is obviously smooth, the corollary follows. (One should note,
though, that Sec”(C) is singular at all points of Sec” '(C).) q.e.d.

Along the same lines, we have:

Corollary 1.6. For any M and integers 0 < m <k, a,, (B"(M) x
C

—m) IS smooth away from am_l)k(Bm_'(M) X Cy_ppyy) (ie., the mth

relative secant variety is smooth away from the (m — 1)st).
Proof. Exactly as above. By Lemmas 1.2(b) and 1.4, o, ,: U™ (M) x

Ceem ™ Bk(M ) is an embedding, with the desired image.

Warning. Although we have just shown that the relative secant variety
is smooth away from the smaller secant varieties, one must keep in mind
that the map to C,, is not smooth.

For example, by the corollary, o ,: CxC, — Bk(M ) is an embedding.
But the composition with the projéction C x C, — C, results in the
addition map r, +1o which is not smooth.

2. The blow-up constructions
We start this section with a series of definitions which will be needed
in the proof of Theorem 1.
Let X be a projective variety.
Definition. A chain of k + 1 maps to X is a sequence of morphisms
{fir X, = X }f=0 from projective varieties X; with the property that for
each | < j, the induced morphism fNJ in the fibered square below is
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/

X]

Equivalently, {f;} is a chain of maps is a chain of maps if there are
projective varieties Y, and morphisms g, NE 1 Y, i~ X; and h
X; foreach i <j so that g;,; is surjective, and f °g; ;= fio h

In addition, we say that {f;} is a proper chain if the f, above are not
surjective.

Examples. (0) X, C X, C --- C X, C X is a chain of maps. It is
proper if all the inclusions are proper.

(1)If M separates k+1 points, then {8, : B"(M)—P(H"(C, M))}* _,
is a chain of k+1 maps because of the compatibility Lemma 1.1(a) and the
fact that the projection map is surjective. Moreover, since ,Bm(Bm(M )) C
,B,(BI(M )) is proper for m </, this is a proper chain.

(2) For arbitrary M, {a,, ,: B"(M)xC,_, — Bk(M)}'fn;l0 is a chain
of k maps, again by the compatibility Lemma 1.1(b), and the fact that the
addition map is surjective. It is also a proper chain, as is easily verified.

Notation. The k+1 chain P(H 0(C , M)) will be understood to mean
Example (1). Similarly, the chain B* (M) will be understood to mean
Example (2). Moreover, if S is any variety, then the chain Bk(M ) x S
will signify the chain {(e,, ,, 1)}k _10 , .., the collection of maps that are
a,, , on the first factors and the identity on S. Finally, the m-chain

Bk(M ) will signify the chain Bk(M ) truncated after the first m maps.

Suppose {f;: X; — X }i'{:o is a proper chain.

(Inductive) Definition. If f, is injective, we identify X, with its im-
age, and we define:

bl,(X) := the blow-up of X along X, ,

bl,(X,) := the blow-up of X, along fi_l(XO) , and

bl,(f,) := the (unique) lift of f; to a map b/ (X,) — b/, (X).
If bl (X), bl (X,),and bl (f,) are all defined (forall i > n), and bl (f,)
is injective, then we identify b/, (X,) with its image, and define

bl (X) := the blow-up of b/ (X) along b/ (X,), etc.

Definition. If {f: X, —» X }i.;o is a proper chain and b/ (X) is
defined, then we say {f;} is a chain of k + 1 centers.

surjective:

AZ

—
[ J
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If, in addition, X and b/ (X,) are all smooth, then we say that {f;}
is a chain of smooth centers (and of course it follows that b/, _,(X) is
smooth).

Now, suppose that {f;: X, — X }f.;o and {g;: Y, — Y}f;o are two
chains of centers.

Definition. We say that a map ¢: X — Y is a map of chains of centers
if it satisfies:

0) ¢7'(Yy) = X,, 50 bl,(¢): bl,(X) — bl,(Y) is defined, and

(n) forall 0 <n <k, bl ()" (bl (Y,) = bl (X,), so bl (¢) is
defined.

We say the map ¢ is an injective map of chains of centers (or just an
injective map of centers) if, in addition, b/,_,(¢) is injective.

Note. If ¢ is an injective map of centers, it does not follow that ¢ is
itself injective!

Before we get to the main propositions of the section, we prove a general
lemma, which guarantees that, under certain conditions, the exceptional
divisor in the blow-up b/, ,(X) has normal crossings.

Lemma 2.1. Suppose that X, X I and X, ; are smooth projective va-
rieties for 0< j < k and 0< i < j, and that {¢j: X, - X}f=0 and, for
each j, { f, it X N X j}{:ol are all chains of smooth centers. Suppose
finally that each ¢ ;IS an injective map of smooth centers.

Let U, = X; —fj_l’j(Xj_l,j) and U = X — ¢,(X,). Then there are
natural inclusions U, c blj(X ;) and U C bl (X). If each exceptional
divisor bl (X)) -U; has j components and normal crossings, then the ex-
ceptional divisor bl (X)~U has k+1 components and normal crossings.

Proof. First, recall that if Z C Y is a proper inclusion of projective
varieties and é: bl,(Y) — Y is the blow-up, then & is an isomorphism
over the open set ¥ — Z C Y, so we may consider Y — Z as a subset of
bl,(Y). By the definition of a chain of centers, the open subsets U . and
U are consistently in the complement of the centers of blowings-up, so we
may consider them as open subsets of b/ (X;) and bl ,,(X) respectively.

The proof of the normal crossings is by induction on k. If £k = 0,
then ¢,: X, — X is an embedding of smooth projective varieties, and
U C bl,(X) is the complement of the (smooth, irreducible) exceptional
divisor.

Before we attack the case k > 1, recall the following facts about
blowing-up (which we state here only in the generality we will use).

Fact A (Functoriality). If Y is a smooth projective variety, Z Cc Y
a smooth projective subvariety, and f: W — Y a morphism such that
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[ ! (Z) is smooth, properly contained in W, then the lift of f to bl,(f):

bl (f)
bl (W) 222 b1, ()
lsf_l(l) lsz
w L. vy

has the propef'ty that blZ(f)_l(EZ) = Ef-1(z), where E, and E - )
are the exceptional divisors.

Proof of Fact A. bl (f)"'(E,) = bl,(f) ' oe;'(Z) = e/ z0f (Z)
=E 2) -

Corollary If bl,(f) (though not necessarily f itself) is injective, then

nblf 2) ( ) = E iz

Fact B (Transversality). Suppose W C Y in Fact A is an embedding of
smooth, projective varieties, and Z N W is transverse. Then the diagram
from Fact A:

bl w (W) C bl,(Y)

L

w c Y

is a fiber square.

Proof of Fact B. This is just a local coordinate computation.

Returning to the lemma, suppose k > 1 and let V' = X — ¢, (X,_,).
By induction, we may write b/, (X)—V = E;UE,U---UE,_,, where the
E ; are smooth, with transverse intersections. By repeated application of
Facts A and B, if we let b/, (X,)-U, =E; ,U---U E,_, x,then (fora
suitable ordering of the E’s), bl (X, )NE i =E; ¢ Hence the intersection
is transverse.

Now, we blow up b/, (X) along bl (X,) to get bl (X). One com-
ponent of the complement of U is therefore the exceptional divisor in
this blow-up, which we call E, . The others are all derived from the E D
0 < j < k. In fact, by Fact B, the preimage of E; in bl (X) is the
blow-up of E i along Ej’ « » Which is smooth and irreducible, and is called
E,.

To sum up, bl (X)-U= Eo U.-- UEk_l UE, is a union of smooth,
irreducible components. A similar argument shows that the divisors inter-
sect transversely. q.e.d.

The rest of this section is devoted to the following propositions.
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Proposition 2.2. If M is any line bundle, and 0 < m < k, then
@y it B"(M)x C,_,, — Bk(M) is an injective map of chains of smooth
centers. (Hence, in particular, bl +1(Bk(M )) is smooth.)

Proposition 2.3. If M separates 2k + 2 points, then P, : Bk(M) —
P(HO(C , M)) is an injective map of chains of smooth centers. (Hence, in
particular, bl, +l(P(HO(C , M))) is smooth.)

Let B™(M) = bl_(B™(M)). Recall the definition of U™(M) and in
addition define U* = P(H"(C, M)) — f,(B*(M)) when M separates
2k + 2 points. Then Lemma 2.1 gives the following corollaries to the
propositions.

Corollary 2.4. (a) There is a natural inclusion Uk(M ) C §k(M ), and
B* M)-U k(M ) is a divisor with k components and normal crossings.

(b) If M separates 2k + 2 points, then there is a natural inclusion
U* c b, (P(H(C, M))), and bl (P(H(C, M))) - U* is a divisor
with k + 1 components and normal crossings.

Proof of the corollary. (a) The statement is vacuously true if k = 0.
If k > 0, we apply Lemma 2.1 to the varieties B*(M), B™(M) x Com
(m<k),and B"(M)xC,_,xC,_, (n<m),and the chains of smooth

centers:
m—1

{(ay s 1): B" (M) x C,,_, xC,_,, = B"(M)x C,_,.}ry »
k k—
{1 B"(M) x C,_,, — B*(M)}iy.

By induction, we may assume that B”(M)— U™ (M) are all divisors with
normal crossings for m < k, so the lemma applies.

(b) This time, we apply Lemma 2.1 to the varieties P(HO(C , M),
B"(M) (m < k), and B"(M) x C,,_, (n < m), and the chains of
smooth centers:

{a, i B"(M)x C,,_, —» B" (M)},
{B,: B"(M) > P(H’(C, M)}, .

By (a), B™ (M) — U™(M) are all divisors with normal crossings, so again
Lemma 2.1 applies.

Proof of Proposition 2.2. We need to prove two statements: first,
B™(M) and Bk(M ) are chains of m smooth centers, and then, o, .
is an injective map of smooth centers. These follow from the definitions
once we show that for all k and m < k, bl (a, ,): B"(M)x C,_, —

blm(Bk(M )) is an embedding, and, if we identify B" (M) x C_, With its
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. . k
image in bl (B"(M)), then

bl (e, ) (B"(M)x C,_,)=B"(M)xC,_, xC,_,

By Corollary 1.6, we already know that blm(am’k) is an embedding
when restricted to U™ (M) x Ci_,, - The problem is to understand what is
going on over the complement. This is accomplished using the Terracini
Lemma 1.3 and induction. Again by Corollary 1.6, B* (M) is covered
by U k(M ) , together with the locally closed subvarieties U”" (M) x Cen>
(n<k). Ifwelet ¢,: blm(Bk (M)) — Bk(M ) be the (multiple) blow-up,

then we will show that the induced maps

noe,: e, (U'(M)xC,_,)— U'(M)xC,_, — U"(M)

are all smooth, and that, for each x € U"(M),
(moe,) " (x) 2 bl, ,(B*""'(M(-2D,)).
(The notation here is as in Lemma 1.3.)

The description of (m osm)'1 (x) will not only be an essential ingredient
of this proof, but will be used extensively in the next section.

The proposition is proved by induction on m for each fixed k. In order
to demonstrate the ideas in the proof, we start by proving the proposition
for the first few values of m.

Case m=0. We only need to show that o, , is an embedding.

Proof. Since, in this case, U°(M ) = BO(M ), this is Corollary 1.6.

Case m =1. We need to show that:

(0) a4 ; is an embedding,

(1) of k(BO(M) x C,) =B (M)x CxC,_,,and

(2) bl (0‘1, ) is an embedding.

Proof. (0) has been shown already. (This is case m =0.) (1) is some-
thing new, but also follows immediately from §1. First, by Corollary 1.6,
oy Y (U' (M)x C,_)N(B° (M)xCxC,_,) = @, s0, at least set-theoretically,
(1) holds. In order to get a scheme-theoretic equality, we need to show
that the induced map on conormal bundles da; ,: al ko, . N(’;O L1
is surjective. But this is precisely the content of Lemma 1 3( ) '

By Lemma 1.3(d), the exceptional divisor in b/, (B (M )), which is
just P(N;‘0 k), is smooth over C, with fibers Bk_l(M (—=2p)) over each
p € C. Furthermore, by the same lemma, the map on exceptional di-
visors induced by b/, (a, &) is a map of varieties over C, which is just
@y oyt BO(M(—2p)) xCo_, — Bk_l(M(—Zp)) on the fiber over each
peC.
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B'on xc, | bl (BX(M))
vl xc
E k-1 bl1(°‘1,k) v,
0,1 —— 0, k
e,| B'wm)xc &| B*M)

FIGURE 3

Finally, we need to prove (2). As remarked earlier, b/,(e,; ;) is an

embedding along U l(M ) x C,_, , so we need to focus on points in the
exceptional divisor. As in Figure 3, let E;, ; and E, , denote the two
exceptional divisors, and let &, , denote bl 1(@; ;). Then we get the
following commuting diagram of conormal sequences for the exceptional
divisors:

~k * * * k ~* *
O_'al,kNEo,k—’al,kT (bl,(B (M)))|E0‘k—>a1,kT (Ey 1 )— 0

z . 1

0— Np —»T*(EI(M)ka_l)|Eo,l—> T*(Ey,) — 0

The isomorphism on the left follows from the surjectivity of the map
dal ¢ on conormal bundles. The map on the right is surjective by Case
m = 0 since the map on exceptlonal divisors is a C-map which is oy o
on the fibers. So & 1Lk is an immersion along the exceptional divisor. We
only need to show that & 1Lk is injective as a map of sets, but this, too,
follows from Case m = 0.

Case m = 2. In addition to the items already proved, we have to
show:

(1) 05 (CxC)=CxCyx C_ 2

(2) bly(a, k)“( (M)xC,_,) = ( )x CxC,_,,and

(3) bly(ey 4): B? (M)yxC,_, - blz(B (M)) is an embedding.

Proof. The proof of (1) runs exactly as in the previous case. For (2),
we refer to Figure 4.
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2
bl (B*(M))x C, _, bl (B (M)

bll(azy k)

By, Q — Eox /
Tal,Z T&I,k

B'M)xC)xC,_, B'myxc,_,

FIGURE 4

B2
B xc,_, bl (B (M)

2,k

o)
\.—>
(3]
[}

U*(M) x C, >
L S

FIGURE 5

On the complement of E, , and E, ,, (2) is easily checked by Lemma
1.3. We just have to show that for all y in E, , N (B'(M) x C,_)), it
follows that bl (e, )™ () € B'(M)x C x C;_, and if y = bl (e, ,)(x),
then d(bl\(a, ;)): Ngl,k(y) — Ngl,z(x) is surjective.

By Fact A, E; , N (B'(M) x C,_;) = (C x C) x C,_, , the exceptional
divisorin B'(M)xC,_, , and similarly, E, ,n(B'(M)xC)xC,_, = (Cx
C x C) x C, _, . These intersections are transverse, o, in fact, N (y) =
N(CxCka VEq 4 (») and similarly for N (x) But now, as before when
we restrict bl (az ©) to E0 ,» the resultmg map of C-varieties is oy 4y
on the fibers. By the identification of the intersections and normal bundles,
we can reduce the problem to the previous case. N

Finally, for (3), consider Figure 5, where E; , and E, , are the blown-
up divisors E,, and E; ; from Figure 4, and E, , and E; , are the
new exceptional divisors over B l(M ). The crucial observation here is
that Eo,z is a C-variety, with fibers isomorphic to ﬁl(M (=2p)) x C,_,
and induced map @, , , to the fibers of Eo,k , while E , — Eo,z is a
U' (M)-variety with fibers B’(M(~2D,))xC,_, and induced map a ,_,
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bl (B"M)XC, bl _ (B*(M))

B"~ (M) xC

k-n+1

B"" M)y xcC Y% C

m-n+1 k—-m
FIGURE 6

to the fibers of E, , over U’ (M) . But once we make these observations,
the proof 1mmed1ately follows from Cases m =0 and m=1.
Case m arbitrary. Let &, , = bl (a, ;). We have to show:

(1) 0, (Cx C)=(CxC,)x C_,,»

(m) bl,_ (0, )~ (B" (M) x
and

(m+1) &, , isan embedding.

Proof. To prove (n), 1 < n < m, we assume by induction that
bl,_\(a,, ) bl,_ (B"(M)) x C,_,, — bl,_,(B*(M)) exists (see Figure

D=B"'M)xC)xC,_,

km+

6).
Further, if E; , and E; , arethe exceptional divisors as pictured, then
bl,_,(a)(E; UN ) CE, ,— UK, E; ,, and the induced map is
a morphism of U’ (M)-varieties which is bln_i_l(am_[_l’k_i_l) on the
fibers.
By repeated use of Facts A and B and induction, we have
B 'M)yxC,_,_ xC,_)NE, ,
-1
= bl,,_l(a) ((Bn (M) x Ck n+1) nEi,k)’

andNbecause the intersections are transverse, (n) holds. But, in addition,
if E, , is the blown-up excep’uonal divisor in b/, (B™"(M))x C, _ _m > then

,m
E; . -U; i< ] m isa U’ (M )-variety with appropriate fibers and induced

map.
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Finally, (m + 1) is proved in the same way, reducing to the excep-
tional divisors and arguing by induction. This completes the proof of the
proposition. q.e.d.

The proof of Proposition 2.3 follows the same pattern by using Lemma
1.4 instead of Lemma 1.3. The only difference is that one has to keep track
of the fact that if M separates 2k + 2 points, then M (=2D,) separates
2k +2 —2deg(D,) points.

As mentioned earlier, the proofs of Propositions 2.2 and 2.3 give use-
ful information about the structure of the embeddings a&, , and Em =
bl (B,) which we collect in the following corollary.

Corollary 2.5. (a) The m smooth exceptional divisors of blm(Bk(M ),
which we denote by Eo, A Em’ x> come equipped with maps Tk

E?’k =E ;- Uj<i E, ,— Ui(M) with the property that

m; (x)=bl, . (M(-2D,))).

Further, &,  induces morphisms E?’ m = E?’ © over Ui(M) which are
the appropriate & map on each fiber.

(b) The k + 1 smooth exceptional divisors of bl, +1(P(H0 (C, M))),
which we denote by E,--- , E_, come equipped with maps =;: E? —
U'(M) with the property that n;'(x) = bl,_,_,(P(H(C, M(-2D))))).
Furthermore, B, induces morphisms E?’ . — E) over U'(M) which are
the appropriate ﬁk_,._l maps on the fibers.

3. Blowing up the extension map

For the rest of this paper, suppose L is a line bundle of nonnegative
degree on C and M = L ® w,. Then we define P, := P(HO(C, M)).
Now suppose deg(L) = 2k + 1 or deg(L) = 2k + 2. Then the work in
§2 allows us to construct ﬁL := bl (P,). We will see that this blow-up is
“stable” in the sense that we can naturally assign to each point in 1~’L a
semistable rank 2 vector bundle with determinant L . This assignment will
extend the extension map mentioned in the introduction to a morphism
D, : ﬁL — ./[2 . and will be seen to satisfy the requirements of Theorem
1. But first, we need to rigorously define the extension map ¢, .

Recall that Ext' (L, &) is defined to be the set of short exact sequences
(*): 0 » @, = E —» L — 0 modulo the equivalence (x) ~ (xx) if there is
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a commuting diagram:

(*): 0 » O E » L > 0

e

(xx): 0 » O, > E/ L 0

Thus there are maps of sets:
{Sequences (*) } — Ext'(L, ) e, {rank 2 bundles E }.

Recall also that:
(1) Ext'(L, 8. ) = H'(C, L") 2 H(C, M)",
(2) if k € C*, then for all x € Extl(L, Oc), fr(x) = frlkx),
(3) fi(x)=O.o L ifand only if x =0.

Putting all this together, we get a well-defined extension map

¢ P _’“[2,1,-

Indeed, if we let 7. and 7, be the two projections on C x P, , then we
have
Definition-Claim 3.1. There is a natural Poincaré extension on CxP, :

(*):0-n,0(1)> & —n.L—0

with the property that if x € P, , then the restriction of (x) to C x {x}
yields x.
Proof. The extension space

H'(CxP, ,n.L'®n,0(1)2H (C,L")oH'(C, L")

has the natural identity element. One checks that the Poincaré property
holds for this extension.
Thus, ¢, is a rational map with domain:

dom(¢,) = {(x): 0 > &, — E —» L — 0| E is semistable}.

Observation 0. If deg(L) <0, then dom(¢,) =J.

Observation 1. If deg(L) =0, 1, or 2, then dom(¢,) =P, .

Proof. If (¥):0 -6, - E — L — 0 and E is not semistable, then
there is a quotient E — L' — 0 where deg(L’) < deg(E)/2 . Consider the
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following diagram:

0@ —>E—-L—-0
N,/
L/
|
0

If deg(L) =0, then deg(L') <0,s0 a=0, B is defined, and =0,
a contradiction. If deg(L) = 1, then the same reasoning shows that
deg(L') = 0. But then a is an isomorphism, and () is split, a con-
tradiction. Similarly for deg(L)=2.

Remark. By definition of .#, ; , ¢, is the constant map if deg(L) =
0.

If deg(L) > 2, then there is the usual linear series morphism C —
PH'(C, M)).

Observation 2. If d = deg(L) > 2, and (*): 0, - E - L — 0
determines x € P, , then E is not semistable (resp. semistable but not
stable) if and only if x € D with deg(D) < d/2 (resp. deg(D) =d/2).

Proof. Asin Observation 1, we see that E is not semistable if and only
if there is a quotient £ — &.(D) — 0 with deg(D) <d/2, and a: &, —
O.(D) is not the zero map. But via the identification Ext'(L, Oc) =
H°(C, M)", this exactly means that x € D.

Let k(L) be the largest integer less than d/2. We have just seen that
Seck(L)_l(C) C P, is precisely the locus of extensions which determine
bundles that are not semistable. In addition, though, if L is effective,
then k(L) has the property that M separates 2k(L) points, so, as men-
tioned above, we can define ﬁL = blk(L)(PL) . In addition, let U, =
P, — Sec*™~!(C), so, by Corollary 2.4(b), P, = U, UE,U---UE,;, |,
where the E; are all smooth divisors, intersecting transversely.

Using Corollary 2.5(b), we can construct the map @, : ﬁL — /[2 L as
follows:

(0) If k(L) =0 (i.e., deg(L) =1 or 2), then by Observation 1, ¢, is
defined on all of P, , and ﬁL =P, ,s0let &, =¢,.

(k) If k(L)y=k and y € U, , let ®,(y) = ¢,(») as in (0). Otherwise,
let i be minimal so that y € E;. Then, by definition, y € E? ,S80 y €
b, _ i—l(PL(—ZDx)) for a unique x € U'(M). (Notation and result are from
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Corollary 2.5(b).) But k —i— 1= k(L(-2D,)),so bl,_, (P, _,p )) =
ﬁL(—sz) , and, by induction, we let ®, (y) = <I>L(_2Dx)(y) ®.(D,).

This map is well defined everywhere on P, and satisfies (2) of Theorem
1 by definition. Thus, to complete the proof of Theorem 1, we only need

to prove:
Proposition 3.2. There is a rank-2 vector bundle 8’ on C x P with

the property that for each y € PL, ng cxpy = = @, (y). In particular, by the
universal property of % 1» O, is a morphism.
As usual, we start the proof with a construction living on the secant
bundles. Recall the universal divisor C x C, = &, C C x (. Let
= B*(M) - U*(M) = UE, , and let & B*(M) — B“(M) be the
(multiple) blow-down.

Let 7c, m3 M) and p,,, be the natural maps in the following dia-
gram:
CxB*(M) ——21, CxC,,,
n C/ W‘
C B (M)

(Note. p, ., is not, in general, a smooth map.)
Finally, let @, (1) = é*ﬁBk(M)( ).

Definition. We define the following line bundle on C x B (M):
k * *
2L = mpan(@ (1) @F(=4,)) © & (Dyyy) -

Example. The fiber I' of EZ(M ) over p+ g+ r is isomorphic to P’
blown up at three points. Let Ep , E 27 and E, denote the three exceptional
divisors (see Figure 7).
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If we restrict f/f to I', then we get
%2|er§”*cﬁ(1’+4+")
®7zr( (D®F(—(E,+E, +E)- (I, ,+1, ,+1 ).

Now recall from Corollary 2.5(a) that E?’ x C Bk(M ) are fibered over
U'(M) with fibers E""'“( M(-2D, )) over each x € U'(M). Consider

=k Sk—i— 1
B(M) - UE,k—U U B (=2D,)),
=0 xeU'(M)
where all the unions are disjoint.
Lemma 33. %

~ k— l 1
|Cx§"“‘_'(M(—2DX)) Z ® ncﬁ(D ).
Remarks.

1) In the example above, we 1dent1fy E » with the fiber Fq’r

(
of B'(M(-2p)) over p+gq. Then
2 * *
"CZ}‘ leEp = 7zCé’(p + qp+q+r) ® n:Ep(é’E‘l7 ®ﬁEP(_Ep - lp,q - lp,r))

1@ (R)®F(q+7)) ® TC;‘“(@’(I) ®F(-q—r))

IR

~ o .
= fll(-:f.;;)'erq,, ®n.I(p).

(2) This lemmg tells us that _S’ik has the same sort of recursive property
which we want & to have. (Compare the lemma with the definition of
D, .

LPZoof of the lemma. The proof works exactly as the example did. Let
B= Ek'i_l(M(—ZDX)) . Then we observe that 7.&.|. 5= 7.0, . Since
B = B*""'(M(-2D,)), we observe that eBclcui = MO - Further,
from the inclusions C x {x} xC,_, C CxU'(M)x C,_, C C x B*(M), it
follows that pkHﬁ(.@kH)lcw = pk_i@’(.@k_i) ®n.@(D,). Next, because
ﬁB"(M)(l)l{x}XCk_,- is trivial by Lemma 1.1(a), ﬁ~k(M)(1)|§ is trivial, and

B
finally, by the proof of Corollary 2.4(a), we get

T3 if j<1i,

e on"E; lF =y F5(1) lfJ = ,

ﬁg(_Ej—i—l,k——i-—l) ifj>i.

From all this, it follows that
“C/ |Cx3—”§(ﬁ(l)®ﬁ( A ) @ pr_i(@(Z,_) @ ne(@(D,))
= o) @ Te(@(D,)),

as desired. q.e.d.
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Now, recall that U, = P, ~(UpZy ' E,,) - If o P, — P, is the multiple
blow-down, then & factors through B'"(M ) when restricted to E, . Let
Yt Epp — B™(M) be the induced maps shown in Figure 8.

Abusing notation, we will let 5’2"' denote not only the line bundle on
C x EM(M ) defined earlier, but also its pullback to the smooth divisors
C x E,, . Thus, any surjective map from a vector bundle & of rank »n on
C x ﬁL to .?1"’ yields a kernel which is also locally free of rank »n.

This observation motivates the following inductive definitions and
claims which start with the Poincaré bundle from Definition 3.1 and end
by proving Proposition 3.2.

Definition-Claim 3.4. (0) Let &’ = (1, 9)*&, . Then

k(L)-1
g?° 7o = PL(X) forallxePL—( U Em) )
=0

(k) If 0 < k < k(L), there is a natural surjective map of sheaves on
C x P, from 8’2‘ -t _‘Zik_l . Let ng be the kernel of this map. Then

k(L)1
é’ lexixy = PL(X) forallxePL—( U Em) .
m=k

Note that this sequence of claims and definitions parallels the sequence
of claims and definitions implicit in Proposition 2.3. Just as in that case,
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we rely on a fundamental lemma, analogous to the Terracini lemmas of
§1.

Suppose x € Sec”(C) — Secm_l(Cl m < k(L). Then, by Terracini,
we may regard x € U™ (M), and 2D  c P, is the (projective) tangent
plane to Sec”(C) at x. By the proof of Observation 2, there is a natural
lift A of bundles on C x {x}:

0O —— @@ E, L 0

L A
)

& (D,

Let H C P, be a plane of codimension 2m + 1, meeting Sec™(C)
transversely at x . Let &: H — H be the blow-up at x, and let E, C H
be the exceptional divisor. Let &, = gPJCx g and let 8’;2 be the pullback

to C x H. Then we construct a new vector bundle gf} via:

0 & v & —— (1,8 Oy (D) — 0
p
(1,8)%4
(1,e)E,

where p is the restriction map to E,, .
Lemma 3.5. The natural identification E, = | ST obtained by

projecting, identifies 8’;}|Cx en With & _,p ) ® n.0(D,).
Proof. We construct a new vector bundle 5%? on C x H by pushing
forward the extension which gives gfg :

0 — (1) — & neL —— 0
| | H
0 —— 7.0 (D,)®n50(1) F npL —— 0

The extension giving 9%0 splits when restricted to C x E,, and we
form 9}{1 as the kernel

1

0 F — F7 = (1,8 Gy (D,) = 0.

But ,9%1 can also be thought of as the pullback of extensions, dividing by
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the equation for C x E;:

(+#): 0 = 1o0(D,) @ 15(@(1) @ F(-Ey)) —» F5 = meL — 0

! ll

0— n.@(D,) ® n50(1) ~FZ L -0
Now, 8’3 , 8’;} , and 3%1 all fit into the following diagram:
0 0

- (1,e)’@(D,) -0

0—-» F -  F o (l,e@D,) -0

=%

0— gg} -

from which it follows that é’;%le E, fits into the following pullback of
extensions:

(#): 0 = ne(D,) @ my O(1) — géchE,, — n.L(-D,) — 0

H | l

0—ne@(D,)en; O(1) = Flewg, = Tl —0

But this extension is the twist by nZﬁ (D,) of the extension giving
%(_2 D) is easily checked, and the lemma is proved. q.e.d.

Now, we prove Claim 3.4 by induction on k. As in the proof of Propo-
sition 2.2, we will demonstrate the first few cases first to illustrate the
general proof.

Case k =0. This is covered by Observation 2 and Definition 3.1.

Case k = 1. We need to prove:

(1a) There is a natural surjective map Z’LO — .?”LO .
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(1b) The kernel 3’ satisfies &' Lloxiyy & Pp(x) forall x € E; -

Um>0 E
Proof (la) The surjective map is the pullback from C x P, of the lift
A, below:

(9):0 —— Thoun@(1) —— &lerpopy —— TeLl —— 0

B

5-/10

Ay

From the exact sequence

H'(A, 6)) —» H'(C x B'(M), nzL" ® Ty, @ (1))

- H'(CxB' (M), L' ® %)

and the fact that (x) is by definition the image of the first map, it fol-
lows that A, exists (and is easily seen to be unique), and moreover,
Aol It E, — &(D,) is the map A in the remarks leading up to Lemma
3.5, hence A, is surjective, since each A is. It is important to remark that
since A, is defined on C x P, , it follows that ZLI is the pullback of a
bundle on C x bl;(P,) defined in the same way. Abusing notation, we
will refer to that bundle, too, as ZLI .

(1b) Pick a hyperplane H transverse to C at p, and apply Lemma
3.5. The restriction of the exact sequence of sheaves on C x b/, (P,),

0-&' -8 % -0,

. . 77 1 ~ ’\1’ .
remains exact when restricted to C x H, 50 & |, -1, = &5lcx E, 18

naturally identified with é?o( 2p) ® T (p) by the lemma.
By the proof of Proposition 2.3, we may regard U _2p C PL( ) =

¢'(p) as a subset of Ey—U,50 E,, - Indeed, it follows from the proof
that E, —U,,.0 E,, = Upec Up(-2p) But now, Case (1b) follows from the

~ 0 *
case k =0 since gL lCXUL(—Zp) = é’fL(_zp)lch(_zp) ®n.O(p).

Case k = 2. Again, we need to show:
(2a) There is a natural surjective map & ' Z . !

(2b) The kernel g satisfies &~ Llexpy = PW) forall y € E| -U

m>1
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Proof of (2a). We define the lift A; on C x EI(M ) as before:

(+): 0 —— 7%

0 *
#on?) — &l iy — "l — 0

For x e U l(M ), the restriction A, |-, =} E_— &(D,) is surjective.
Butif xe 4, =2CxC,say x = (p, q), then A]'Cx{x}: E . —-O(p+9q)
factors through &(p), and so A, fails to be surjective at points of the
form (g, p, q) € C x 4, . However, A, lifts to a map 1~\l :

1 A 1
gL 'ch‘(M) %

lwl leAl

0 A 1
gLICxE‘(M) — 2 (4)

To see this, we only need to show that A, oy, is zero, when restricted
to C x A,. But pz'l(.@l) N(Cx4,)=A ,UA ; where A, ; is the
I,j diagonalin C x C x C, and AlleAl factors into (A, 1) followed
by multiplication by C x A, ;. By construction of ZLI , it follows that
AIICxA, o(Ay,1)=0.

Finally, we need to show that A is surjective. We only need to consider
the restriction to C x 4, . But, by Lemma 3.3, if we consider the natural

~ o0 .
o) = L2 ® TP (p), and by

~ 0 * . . L.
Case k=1, gLIICer_.(p) = gL(_zp) ® n-(p). Finally, the restriction of

projection ¢,: A, — C, then -%,llcxf'
1

Kl to C x e[_'(p) is just A,, and hence is surjective by Case k = 1.

(2b) If x € Sec'(C) — C, apply the reasoning of Case kK = 1 to a
plane transverse to Sec'(C) at x to conclude that if &,: bL,(P,) — P, ,
then g,?]CXBZ_I(X) = gl?(—sz) ®@(D,). So we only have to worry about
V€ (EO r-]El) - Um>l Em :

: 2 ~ 1 *

For this, we observe that by (2a), &, |Cx£2_|(p) =&y ® (D), SO
the result follows by Case k = 1 applied to the fibers.

General Case. We prove the two statements:

(a) There is a natural surjection A,_,: g,f‘ - .?Lk -

(b) The kernel cfka restricts to ®(y) foreach ye E,_, —U E

m>k “m*
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Proof. (a) We first remark that ng ~! is pulled back from the bundle
defined the same way on b/, _ (P,). Then we construct the lift:

(*)Z 00— n;’;’k—l(M)ﬁ(l) — g£|cx§k—l

lgk—l Ak—l

Z N4,y

an n.L—0

Then, exactly as in Case 2, we lift A, | to Xk_l :

~

Ay k—1
|CxE"—‘(M) ’ Z

l'//k_l \[C)(Ak_I

A
— ‘glk_l(Ak—l)

k-1
&

0
& |Cx§"—'(M)

This time, 4, _, consists of k—1 components, but y, _, is a composi-
tion of k—1 maps, and each of the factors in the composition y, _,0A, _,
vanishes on the corresponding component of 4, _, .

Finally, Kk_l is directly seen to be surjective on C x U k'l(M ), while
on C x A, _,, one reasons by induction. We conclude in particular that if
x € U/(M) (j <k - 1), then the newly constructed kernel satisfies:

(¥) g |_.(x)_g" boy @ T(D,).

b If x e Sec* ™! (C )—Seck_z(C ), on applies Lemma 3.5 to a transverse
plane to conclude that ng leek"(x) = gLo(—sz) ® n.Z(D,). Thus, Zk

agrees with @, on Cx{y} forall y € E)_;~U,,5; E,, - Butby (x) above

and induction, ng agrees with @, on C x {y} forall y € (U

j<k—1 j) -
(Upmsk—1 E,n) » which concludes the proof.

4. Fibers of the extension map and applications
We start this section by proving that the fibers of the extension map @,
are connected. By the projection formula, this will imply that as soon as
deg(L) > 2g — 1, there is a canonical identification HO(/IZ, L, O(k8)) =
HO(ﬁL , ;@ (k©)). We will then use Theorem 1 to calculate ®;&(k©)
from which we will obtain Theorem 2 and the additional results mentioned
in the introduction.
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Lemma 4.1 (stable fibers). Suppose E € %sff. Then there is a natural
rational map e: P(H0 (C, E)*) — P, satisfying the following:

(a) The domain dom(e) 2 {a € H(C, E)|deg(Z(a)) < 1}.

(b) The map e is injective on U = {a: 0, — E}, and the image
e(U) = ¢1'(E).

(c) Suppose there is an a: &, — E. For each D C C, if there is an
a€ H(C, E) with Z(a) =D, then DN ¢; (E) £ 2.

Proof. We start by defining ¢ . By linearity of ® and the functor H ! R
we get a linear map

A: H(C, E) » Hom(H'(C, L"), H'(C, L" ® E)).

If a € U, then there is some short exact sequence (x): 0 » &, — E —
L — 0, so the long exact sequence on the cohomology of (x) ® L* yields

= HY(C,0) L H (C, LY 2L H' (C,L"9E) -

Since E is stable, d # 0, so dim(ker(A(a))) =1.
On the other hand, suppose a ¢ U. Let D = Z(c), and let o’: (D)
— E be the induced map. Then A(a) factors:

Aa): H'(C, L") — H'(C, L'(D)) 2L H'(C, L' ® E).

But from the long exact sequences on cohomology associated to 0 —
6.D) - E - L(-D) - 0 and 0 —» &, — &.(D) = F,(D) - 0,
one immediately checks that A(a’) is injective and so, by Serre duality,
ker(A(a)) = HO(C , M® ﬁ’D)* . Notice that if deg(D) = 1, then this is
one-dimensional.

Let X = {y € P(Hom(H'(C, L*), H'(C, L* ® E))*)|rank(y) < r},
where r = h'(C, L*). Then the natural rational map

k:X > PH'(C,L)") =P, y—ker(y),

is defined on {y € X|rank(y) = r — 1}. Further, there is a universal
blow-up X of X resolving k. Set-thcoretically,j? = {(v, A)|dim(A) =
1, A cker(y)}, and the induced morphism k:X - P, maps (v, 4) to
A.

Now, by the analysis above and a dimension count, 4 is injective and
defines a morphism A: P(HO(C, E)) - X. Let e = koA. From the
description of k, we get (a).

Suppose a,a’: @, — E and e(a) = e(a). Then by definition, there
are short exact sequences (x) and (x+) containing o and o' and defining
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the same extension class e(a) € P, . But since E is stable, Aut(E) = c,
and it follows that a = o' € P(H(C, E)*). This gives the first part of
(b). For the second part, if x € d>zl(E ), then x comes from some exact
sequence (*): 0 — O, -~ E — L — 0, and, by definition, e(a) = x.

Finally, for (c), we consider the strict transform Y of the image of 1
in X. This is an irreducible variety mapping to P, . Further, if a €
HO(C, E) with Z(a) = D, then ker(i(a)) = HO(C, M®ﬁD)* , S0 there
isaye Y lying over A(a), and y gets sent to a point in D . This proves
(c). q.e.d.

As an immediate corollary, we obtain:

Corollary 4.2. If deg(L) =1, then ¢, is injective.

Proof. If det(F) @ L and hO(C, E) > 1, then there is an a €
H%(C, E) with Z(a) # @ and E is not stable, So h°(C, E) = 1 for
all stable E, and the corollary follows from the lemma. q.e.d.

In contrast to the previous lemma, we have:

Lemma 4.3 (Semistable fibers). Suppose that deg(L) > 2, and [E] €
le’ ;. does not represent a stable point, so that there is an extension 0 —
L, — E — L,— 0 with deg(L,) =deg(L,) and L, ® L, = L. Then there
are three possibilities for the fiber ¢zl([E 1). Either:

(a) H(C, L,) = H%(C, L,) =0, in which case ¢]'([E]) =D, or

(b) HO(C, L;) # 0 for exactly one of i = 1,2, in which case if L; =
Gc(Dy), then ¢7'([ED) = Upe;p, {Up}, o

(c) HO(C, L) #0 forboth i = 1,2, in which case if L, = &.(D,),
then ¢1"'(IET) = Uy ,»Upein, {Up}-

Proof. Recall from [12] that [E'] = [E] if and only if E’' has either
L, or L, as a quotient line bundle. Now, suppose ¢Zl([E 1) # 9. Then
there must be some E' with [E'] = [E] and some map a: &, — E’. So
a induces a nonzero element of HO(C , L;) for some i. This gives (a).

Next, by symmetry we may suppose that HO(C , L;)#0but H 0(C, L,)
=0. Then {(x): 0 > &, — E' - L — 0} € ¢; ' ([E]) implies that E’ has
L, as a quotient, and (b) follows from Observation 2. Similarly, we get
(c).

Corollary 4.4. If deg(L) = 2, then ¢, is injective.

Proof. By the argument in Corollary 4.2, ¢, is injective at the stable
points of P, . On the other hand, if E is not stable, then, by Observation
2, x € ¢Zl([E]) corresponds to a point in the image of C — P(HO(C, L®
w.)), and there is an exact sequence (x): 0 — L(—p) — E' — O.(p)—0.
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Now, by Lemma 4.3, there are two possibilities. Either H 0(C ,L(-p))=0
and (by (b)), ¢;'(E]) =P or (by (c)), L(-p) = F.(q) and ¢ (IE]) =
pU7. Butin that case, p and ¢ have the same image in P, . q.e.d.
We use Theorem 1 to prove:
Proposition 4.5. If deg(L) > 2g — 1, then &, &5 =& v,
hd L B
Proof. Since #, , is always normal (see [5]), it suffices by Zariski’s

main theorem to show that ®, is onto and that the fibers CDZI([E ]) are
connected for all [E] € ‘/ZZ,L .
Surjectivity is an easy consequence of the theorem as follows. If deg(L)

> 2g—1, then by Riemann-Roch, HO(C, E)#0 forall E € ‘%,L . Now,
if there is an a: &, — E, then, as we have seen, E € im(¢ ) . Otherwise,
suppose a € HO(C , E) and o factors through «': O-(D) — E, deg(D) =
k+ 1. Then [E] € im(¢L(_2D) ® ?(D)), so [E] is in the image of @,
restricted to the fiber of E, over any x € U, .

The same argument shows that if deg(L) < 2g —1, then [E] € im(®,)
if and only if HO(C, E) # 0 (or, if E is not stable, if and only if
H°(C, E')#0 for some E' ~ E).

We will prove that <I>Zl([E]) is connected for all L by induction on
deg(L) . First note that we have already shown in Corollaries 4.2 and 4.4
that if deg(L) =1 or 2, then ®, = ¢, and ¢, is injective, so of course
the fibers are connected.

If [E]€ /1?2 . With deg(L) > 2, then we should think of CI)ZI([E]) as
a union of various “pieces.” The first piece (which may be empty!) is the
fiber ¢Zl([E]) , which we have already described in the two lemmas.

To define the other pieces, suppose a € HO(C, E) and Z(a) = D.
Then, by the surjectivity argument, (CIDL(_2 D) ®C (D'))_l([E 1) # @ for all
D' c D, so, by Theorem 1(2) and induction, ®;'([E]) N o~ ' (Uy) is a
connected fiber bundle over U, for all D' cD. But U, is dense in D,
S0 <I>zl([E]) Nno~'(D) is connected, as well.

Thus, the decomposition @, '([E]) = ¢, '([E]) U UﬁC(D)HE(cp;‘([E]) n
a-'(ﬁ)) consists of qbzl([E]) and a collection of connected sets.

We finish the proof by considering various cases.

Case 1. E is stable and d)Zl(E) #J.

By Lemma 4.1(b), ¢ZI(E) = e({a: G, — E}) so ¢ZI(E) is itself
connected. Moreover, by (c) of the same lemma, if Z(a) = D, then there
isan x € Enqﬁzl(E ) (closure in P, ). But this means that ¢ZI(E ) (closure
in ﬁL) meets every <DZI(E) n a_l(ﬁ). Thus ¢ZI(E) is connected.
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Case 2. E is stable and q&zl(E) =

In other words, for all a € HO(C, E), Z(a) # <. But in this case, it is
easy to see that there must be a (maximal) line bundle L with the property
that every section a factors through L. Now unless HO(C ,L)=10, in
which case CDZI (E) =@, we can write L =0&.(D,), and then

o, (E)= J @'Ene ' @Nu | @' (EDne (D).

D'e|D,| Oc(D)—E

But, just as in Case 1, the first term is connected (it maps to the con-
nected base |D,| with connected fibers) and meets all the components of
the rest.

Suppose [E] € /412 ., and E is not stable. Then there is an exact
sequence (x):0 - L, - E — L, — 0 with deg(L,) = deg(L,) and
L ®L,= L. Thus by the surjectivity argument, CIDLI([E]) # @ if and
only if there is an E' ~ E, and &.(D) — E' for some D c C. But then
either HO(C, L)#0 or HO(C, L,) # 0, so by Lemma 4.3(a), we have
¢Z’([E]) # . This leaves only:

Case 3. [E] is not stable and d)Zl([E]) #J.

First, we observe that if Lemma 4.3(b) applies, then as in Case 1,
¢; ' (LE]) is connected and, for all o’:8.(D')—~E' and E'~E, ¢} ([E])
Nno '(D') # D, so ®;'([E]) is connected.

Next, if Lemma 4.3(c) applies, then either ¢L (EY]) = (UDel D |
Up 'eip,| Up) has one connected component, in which case we reason
as before, or else there are two @nnected components. But since L 2
@.(D, +D,) it follows that D, ND, # @, so if U,NU,, = &, there must
be a nonempty D, C DN D'. But then ¢zl([E]) is connected through
@Zl([E]) n a'l(ﬁo) , 80, once again, the connectedness of all of <I>zl([E])
follows. gq.e.d.

For the rest of this section, we will be particularly interested in three
degrees for L:

deg(L) = 2g — 1. In this case, ®, is surjective by Theorem 1. Since
dim(P;) = 3g—-3 = dim(4, ;), the map ®, is birational. Also remark by
Theorem 1 that there are g exceptional divisors in I~’L , which we number
Ey, -, E,_,.

deg(L) = 2g. In this case ®, is again surjective, but this time the
generic fiber is of dimension one, and again there are g exceptional divi-
SOTS.
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deg(L) = 2g — 2. Here, ®, maps birationally to a subvariety of codi-
mension one, and there are g — 1 exceptional divisors.

Using the Poincaré extension from Definition 3.1, we define two hyper-
surfaces in P, .

Definition-Claim 4.6. The variety

I,:={(x:0-8>E—-L—-0hC,E)>1}CP,

is a hypersurface of degree g if either deg(L)=2g—1 or L = Oc .
Proof. Pushing down the Poincaré extension to P, , we get

0 A 1
0= () ~n,,& —~H(C,L)®0, = H(C,0)ed0()
~R'n,,& > H(C,L)88 —0.

If deg(L)=2g~—1 or L =w,,thenthe map 4 isa g x g matrix of
linear forms on P, which degenerates exactly along I', , so I', C P, is
the hypersurface of degree g defined by det(4).

Example. If g = 2, then w?z maps C to a conic in P’. On the
other hand, if deg(L) =3, then w.® L embeds C as a curve of degree
5in P* and the image is contained in a unique quadric surface.

As a first application of Theorem 1, we obtain a special case of the
theorem of [5] mentioned in the Introduction. The result in this form is
also proved, for example, in Ramanan [10].

Application 1.  Pic(#, ;)= Z if deg(L) is odd.

Proof. Since @, : ﬁL — M, ; is birational for deg(L) =2g -1, it
follows that the map on Chow groups ®,: CHI(~ P) — CHI(/lz’L) is

surjective. Further, by Theorem 1(1), PlC(P )= ZHo( i;(; ZE,), where
H is the pullback of the hyperplane class from P, . Now,

(i) ®,,E, =0if £>0.
By Theorem 1(2), E, dominates Sec (C) and is a fiber bundle over
U, c D for each D of degree k + 1. Thus, the fibers of the induced
map ®,: E, — /l,_ L have dimension at least k, so, if k > 0, then the
cod1mens1on of the image is at least 2, and we get (1)

(i1) Let F be the strict transform of I'; - in P Then F ~ gH -
(§—-1DEy—---— E, , and @ *1" =0.
The second part is as in (i) since by Lemma 4.1 and the definition of r,,
the fibers of the map to /lz . are positive dimensional.

Let D C C be a general divisor of degree k + 1 < g. Then because of
Theorem 1(4), for each x € U,,, there is an equality:
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I, no™'(x)={(x):0-&D)— E - L(-D) - 0| k°(C, E) > 1}.

Since h%(C, L(-D)) = g —k — 1 = h'(C,#(D)) (remember, D was
chosen to be general), we see that ﬁEk rp)= é’Ek(g—k— 1)®(degree 0 over
Sec(C)), which gives the formula for T, .

Now, let ¥ be the span of T, and the E, k >0, in CH'(P,). Then
V C ker(®,,) . But

Pic(P,)/V 2 ZH ® ZE,/gH — (g — 1)E, = Z,

S0 Pic(xlz, 1) 1is a quotient of Z. But /Zz L 1s a projective variety, so
V =ker(®,,) and Pic(#, ;)= Z.

Notes. (1) The group Plc(/t?2 ) is not generated by @, +H . In fact,
H pushes down to (g—1) times the generator. Two d1v1sors that do push
down to generators are (g—1)H —(g—2)E, and (2g—1)H—-(2g-3)E,.

(2) An argument of Beauville’s [3] concludes from Pic(/lz, L) = Z for
deg(L) odd that Pic(/lz, L(_p)) 2 Z. It should be possible to show this
directly by a close analysis of the map ®,, for deg(L) =2g.

Definition. If L is a line bundle of degree 2¢ — 2, define 6, C .4, ;
to be the image ® L(ﬁL) with the reduced scheme structure.

As a second application of the extension map, we obtain a result first
shown in [3].

Application 2.  Pic(#, C) is generated by (a translate of) Gwc

Proof. 1t suffices to show that the class of 8, i 1rredu01ble in
Pic(A, ) We will do even better. We will show that Pic(8,, ) =
and is generated by g (6 )

Step 1. Pic(ew ) & Z Slnce 6, isnormal (see Laszlo [6]), it suffices

to show that CH l(Owc) > Z. But exactly as in the previous application,
we see that:

(i) @, E, =0 forall k>0,
i) o, T,)=9, (¢H-(g-1DE)=0.
Step 2. <I>;C@‘ewc 6, )=0(g-1)H-(g-2)E;—- - E, ;). Let
TE PicO(C) be a two-torsion point. Then & (Gwc o) £ . On the

wc wc
other hand, we can explicitly describe

¢;l(6wc®r)={(*):0—>1_+E®1.~)wc®z_+o},

and as before we get the expression for the pullback.
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But now, as observed in the Note above, the image of (g — 1)H—
(g — 2)E, generates the quotient of ZH ® ZE, by gH — (¢ — 1)E,, and
we get the result.

Notation. Since /Zz,* always has Picard group isomorphic to Z, we
will let © stand for the ample generator. We have just seen that there is
a canonical choice for © in the case .#, , . There is no such obvious
canonical generator for deg(L) odd. However, we do have:

Definition. If deg(L)=2g -1, let

=, ={E € #, ,|there is an s € H'(C, E) with Z(s) #@}.

Application 3. E, ~ g6.
Proof. On the Chow group level, E;, = ®, (E;). But using Application
1, we see that the image of E, is g times the generator of ZH © ZE,
modulo gH — (g - 1)E,. q.ed.
As a final illustration of these methods, we show:
Application 4. If deg(L) = 2g, then the image of ®,,: CH 1(}~’L) —
CHO(/ZZ’ 1) 1s generated by twice the class [#, ,].
Proof. Just as before,
(i) @, (E)=0 for k>0, and
(i) ®,,(eH—-(g-1)E;) =0.
To see (ii), we show that ®;(8) = gH — (g — 1)E, — --- . For this, we
may as well assume that L = w(2p), in which case we can represent ©

as the translate Gwc(zp) of Gwc by @& (p). In this case,

61 (8, o) = {(x): 0— &(=p) = E(-p) — 0¢(p) - 0}

is a hypersurface of degree g, and we finish as before. q.e.d.

Thus, the image of ®,, in CH®(4, ;) is isomorphic to Z. But his
time, ®,, is not surjective. Indeed, if E € /[2 . 1s general, then the
preimage <I>_1( E) = P' and meets E, in exactly deg(E) = 2g points.
So @,: E, — /12 . 1s generically finite of degree 2g. Thus @, (E,) =
2g[/l 1l and it follows immediately that the image im(®,,)= 2[./[ 5.1 1Z.

Further, the class ®,,.((g—-1)H - (g —2)E)) = 2[#, ;]. We will see
that (g—1)H — (g — 2)E0 is effective, so there are rational hypersurfaces
n P32 mapping to /Zz , With generic degree 2.

Proposition 4.7. (a) If deg(L) = 2g — 2, then <I>2(8) ~(g-1)H -
(g—2)E0—~~—Eg_2.

(b) If deg(L) =2g, then ®;(©) = gH - (g~ 1)Ey—---—E

) =

(c) If deg(L) = 2g—1, then ®;,(©) = (2g—1)H—(2g~ 3)Eo—fg._.l-b L

4
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Proof. We have already proved (a) in Application 2 and (b) in Applica-
tion 4. In both cases, we used the fact that © has a geometric realization.
We will similarly use the geometric realization of Z; to prove (c).

From the expressions derived in the Applications: Z, ~ g6 and l~"L ~
gH —(g—1)E,~ (g —2)E, -, it follows that we may write

@ (E,) ~nel + Z nEy ,

where np. and n, are integers.

Claim. n.=2g-1,and n, =k+1.

Proof. Since E; = @, (E;) and @, is birational to its image when
restricted to E;, we get n, = 1 for free. In order to calculate n. and the
other n, , we need to understand how E, intersects a general fiber of ®,
restricted to the corresponding divisors.

If E € ®,(T,) is a general point, then ® '(E) = P', and nx =
L

deg(E,N @] '(E)) = deg(E) = 2g — 1. On the other hand, if E € ®,(E,)
is general, then there is a unique D € C,,, with a unique &(D) — E,
and the preimage of E in E,_ is a connected set containing an open subset
isomorphic to U, and connected but mutually disjoint divisors over each
peDc CcP,. These k+1 divisors in (I)ZI(E) comprise EOO(DZI(E).
By generic smoothness, then, n, = deg(D) =k +1.

Finally, substituting for Z;, and 1~"L , we get the theorem. q.e.d.

As a quick corollary, we recover the formulas for the canonical line
bundles (see, for example [3] or [5]):

Corollary 4.8. The canonical divisors K ., . e

(a) K "~ —20 if deg(L) is odd. ’

(b) K, ~ —40 if deg(L) is even.

Proof Compute the canonical line bundle in two different ways using
the maps o: P — P, and @, : P — /Zz ;. for line bundles for degree
2g —2 (odd case) and O (even case) q.e.d.

Suppose S C P, is a hypersurface of degree d. Then S pulls back
to a section of @’};«L (dH — a,E,) if and only if S contains Seck(C) and

the tangent cone to S at all points of Seck(C) had degree (at least) q,
(i.e., if and only if S € H° (P,,2(d) ®‘7s::" ( C)) . But suppose S vanishes
along C and the tangent cone has order a, at all points of C . Since every
secant line in Secl(C) meets C at two points, it follows immediately that
as soon as 2a, > d, then S contains Secl(C), and, taking derivatives, it
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follows that in fact, if a, = 2a,—d, then Ho(ﬁL ,O(dH-a,E —a,E,)) =
H O(ﬁL , @(dH —a,E)) . Similarly, a 3-secant P’ must be contained in S
as soon as 3a, > d , which happens as soon as 3a, > 2d . More generally,
one sees that H'(P,, &(dH —ayEy—---—a,E,)) = H(P,0(dH - a,E,))
if @ =(k+1)a,—kd.

Now let us take another look at the pullbacks of © in Proposition 4.7.
In all three cases, we find that a, =d — (k + 1)(d —a,) = (k+ 1)a,—kd .
As we just saw, this means that the higher g, are extraneous and in each
case HO(ﬁL, ®;(9)) = HO(ﬁL, dH — a,E,), where dH — a\E, are the
first two terms in the expansion of ®;(8).

Putting thxs all together, by Proposition 4.5 and the projection formula,
we have H(#, , , @ (k®)) = H'(P,®, (& (k®)). By Proposition 4.7 and
the remarks above we get Theorem 2. As an added bonus, we even see
that

Ho(ewc ) ﬁe )) ~H ( g k(g - 1)) ®J,Ck(g-2)) .

Suppose deg(L) = 2g, M = L® w,., and C — P, = P(H'(C, M))
is the embedding by the complete linear series. Let n: P, — PL(_p
be the projection from p, so n(C) — PL(_ 2 is also embedded by the

complete linear series. Now, if § € HO(PL(_p) ,0(d) ®@ F7 7)) » then
n*S e H (P, , O(d) ® 70).

Recall that since deg(L( —p)) =2g—1, we saw in Application 1 that we
can regard F eH° (PL( ,O(8 )®J§fc_ ). Then the partial derivatives
of T . give sections of H° ( L(—p)> c(g-1) ®Jffg)2) , and therefore, by
pulling back, we see that in particular, H 0(P ., 0(g-1)® ‘fcg _2) # 0.
This, together with Application 4, gives:

Proposition 4.9. There exist rational singular hypersurfaces S € P
and dominant maps of degree 2 from S to #, ; if deg(L) is even.

Note. One sees that these hypersurfaces are rational by projecting from
a general point g € C.

Finally, suppose deg(L) = 2g — 1, and consider m,: P, — PL(_p) for
any p € C. Via the map d)L(_p): ﬁL —p /lz L(=p) and Application 3,
one readily sees that CDZ(_p)(ﬁ’(GL(_p)) O(g-1)H—-(g—-2)E,—---).
Now, a theorem of Beauville (Theorem II(b) of [3]) states that if C
is not hyperelliptic, then the line bundle &(© L(_p)) determines a map of
degree one from /fz L(—p) 10 its image. Thus, on projective space PL( _p)

the linear series H'(P,_,, #(g—1)®.5%5 %) c H'(P,_,, @(g-1)) de-

3g—-2
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termines a map birational to its image. Now, if S € H O(PL(_p) s
&(g-1)85F %), then (n;S)(T,) € H'(P,, #(2g-1)®.77**), and one
checks that via all the possible projections m,, this gives enough sections
of H'(P,, ®,9(8,)) 1o get:

Proposition 4.10.  The line bundle &(©,) determines a map birational
to its image if deg(L) is odd and C is not hyperelliptic.

Question. In this case, is &(0,) in fact very ample?
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