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0. Introduction

This paper is motivated by previous work of the authors [18] and its
application to the study of the structure of complete Kihler manifolds in
a subsequent work of the first author [16]. Roughly speaking the main
theorem in [18] relates the infinity geometric structure of a certain class of
manifolds to the theory of harmonic functions. Let us recall the precise
setting.

Let M be a complete noncompact manifold without boundary. Sup-
pose the sectional curvature K,, of M is nonnegative outside some com-
pact subset of M . Without loss of generality, we may assume that the
compact subset is contained in a geodesic ball of radius 1. By using the
argument of Cheeger-Gromoll [5], one concludes rather easily that A has
finite topological type. In particular, M has finitely many ends and each
end is homeomorphic to the product of a compact manifold with the half-
line. In fact, Abresch [1] (also see [2]) proved that a slightly more general
assumption on the sectional curvature, which he referred to as asymp-
totically nonnegatively curved, is sufficient to imply that A has finite
topological type. Moreover, the number of ends of M can be estimated
by a quantity computable by the pointwise lower bound of the sectional
curvature.

In the case when M has nonnegative sectional curvature on M\B(1),
the ends of M are given by the connected components of M\B(1). The
notions of large and small ends were defined by the authors [18] depending
on the volume growth of the end. With these definitions, we may assume
the ends of M are given by s small ends {e,,--- , e} and / large ends
{E,,--- ,E}, forsome 0 <s <oo and 0 </ < oo with s+/2>1.
The main result of [18] was to show that the numbers s and / have

Received October 5, 1990. The first author’s research was partially supported by a Na-
tional Science Foundation grant and a John Simon Guggenheim Fellowship.



360 PETER LI & LUEN-FAI TAM

function theoretic meaning. To elaborate on this, let us first introduce
various spaces of harmonic functions defined on M . '

Definition 0.1. The space #°°(M) is the linear space of all bounded
harmonic functions defined on M .

Definition 0.2. The space # (M) is the linear space spanned by the
set of all positive harmonic functions on M .

The theorem of [18] asserts that if M\B(1) has nonnegative sectional
curvature, and if / = 0, then dim#* = dim#> = 1. However, if
[>1,then dim#™ =/ and dim#Z*(M)=s5+1.

By constructing a metric at infinity (see [13]) of the asymptotically non-
negatively curved manifolds, Kasue later [14] generalized this theorem
to that situation. A complete manifold is asymptotically nonnegatively
curved means that the sectional curvature K, of M satisfies

Ky (x) 2 —k(r(x))

for some nonnegative monotonically nonincreasing continuous function of
the distance r to a fixed point, with the property that

/ tk(t)dt < .
1

These theorems give rise to a natural question. Can the assumption on
the sectional curvature be weakened to an assumption on the Ricci cur-
vature instead? Other than just a technical improvement, there are two
main practical reasons for this question. Let us first recall Yau’s theorem
[31] which asserts that a complete manifold with nonnegative Ricci cur-
vature does not admit a nonconstant positive harmonic function. If we,
for a moment, ignore the fact that the assumption is on the Ricci curva-
ture instead, one could consider the theorem of Li-Tam as a generalization
of Yau’s theorem. This can be seen by applying the splitting theorem of
Cheeger-Gromoll [4], which asserts that M either has one end or it has
two small ends. Hence, if Li-Tam’s theorem is valid for nonnegative Ricci
curvature, then Yau’s theorem would be a corollary. However, it is unfor-
tunate that the argument in [18] and [14] used the infinity structure rather
heavily, which in general is not true for manifolds with nonnegative Ricci
curvature outside a compact set. Retrospectively, Yau’s theorem is rather
amazing now that we know of examples by Sha-Yang [27], [28] of posi-
tively Ricci curved manifolds with infinite topological type. In any event,
Yau’s theorem and the subsequent work of Li-Yau [22] on the heat equa-
tion indicatc that the analysis is still not so complicated even though the
topology could be. This philosophy is encouraged by the work of Donnelly
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and Cheng. Donnelly [10] first observed that the space of bounded har-
monic functions on a manifold with nonnegative Ricci curvature outside
a compact set is finite dimensional. Cheng [8] showed that the space of
positive harmonic functions is of finite dimension on the same class of
manifolds. In the same paper, he also gave an estimate on the dimension
of #°°(M) by a constant depending only on the dimension on M , the
diameter of the set where M has negative Ricci curvature, and the lower
bound of the Ricci curvature on M .

Another motivation for relaxing the curvature assumption on Li-Tam’s
theorem is given by the work of the first author [16]. Using the harmonic
functions constructed in [18], he studied the structure of complete Kéhler
manifolds with nonnegative sectional curvature outside a compact set. For
the purpose of possible applications in algebraic geometry, it is quite desir-
able to generalize this structural theorem or even a part of this theorem to
curvature, in particular, the Ricci curvature or the holomorphic bisectional
curvature.

The purpose of this paper is to show that for most practical purposes,
a more general version of Li-Tam’s theorem is valid with an inequality.
In particular, this answers some of the questions posted above. Through-
out this paper, the Riemannian manifold M is assumed to be complete,
noncompact, and without boundary. Let us first consider the following
definitions.

Definition 0.3. A manifold is said to be parabolic if it does not admit
a positive Green’s function. Conversely, a nonparabolic manifold is one
which admits a positive Green’s function.

Definition 0.4. An end E of a manifold M is an unbounded compo-
nent of the complement of some compact subset D of M . In this case,
we say that E is an end corresponding to D.

It is also easy to see [19] that parabolicity of a manifold depends only
on its infinity behavior. Hence, it makes sense to speak of whether an end
is parabolic or not.

Definition 0.5. An end E is said to be parabolic if it is the only end
of some complete parabolic manifold without boundary. This is the same
as saying that E could be extended to a complete parabolic manifold
by attaching a compact set to its boundary. Conversely, an end E is
nonparabolic if it is nonparabolic after extending to a complete manifold
without boundary by attaching a compact set to its boundary.

It is clear that if D, C D, are compact subsets of M, then the number
of ends corresponding to D, is less than or equal to the number of ends
corresponding to D,. Hence we say that M has finitely many ends if
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there exists b < oo such that the number of ends corresponding to D
is less than or equal to b for any compact subset D C M. One also
observes that in this case there exist an integer b, < oo and a compact
subset D, C M such that the number of ends corresponding to D is b0
for all compact subsets D containing D,. We say that b, is the number
of ends of M . Moreover, it is known that if M has a nonparabolic end,
then M is itself nonparabolic.

In the case when M satisfies the hypothesis of Li-Tam’s theorem or
Kasue’s theorem, it was shown that an end is large if and only if it is
nonparabolic. It is also known [29] (also see [22]) that if a complete man-
ifold has nonnegative Ricci curvature everywhere, then the notion of a
large end is also equivalent to that of a nonparabolic end. However, due
to technical reasons, it is still not known for manifolds with nonnegative
Ricci curvature outside a cocompact set whether the notion of large end
and nonparabolic end are equivalent. On the other hand, it was shown by
the authors [20] that if an end is nonparabolic then it must be a large end.
We shall also point out that Varopoulos [30] has an example of a large end
which is parabolic.

Let us now define the following spaces of harmonic functions on a com-
plete manifold.

Definition 0.6. The space #,° (M) is the space of bounded harmonic
functions on M which has finite Dirichlet integral.

Definition 0.7. The space # 0(M ) is the linear space spanned by the
set of harmonic functions on M which are bounded on one side at each
end. More precisely, # 0(M ) is spanned by those harmonic functions f
which have the property that there is a compact subset D C M, such that
f is bounded from above or below on each of the ends corresponding to
D.

Clearly, we have the monotonic relations

{constants} C Z°(M)C #™(M)c #* (M) c #°'(M).

The key result of this paper (Theorem 2.1) is to construct a subspace
#'(M) of #°(M) such that the number of ends of M is bounded
by dim#'(M). When the manifold is nonparabolic, this upper bound
can be sharpened so that the number of ends is bounded from above by
dim # " (M), and the number of nonparabolic ends is bounded from above
by dim#,°(M). In both cases, we construct subspaces of #* (M) and
/T’b°°(M ), respectively, whose dimension gives precisely the number of
ends being considered. The surprising part about this theorem is that
there are no curvature assumptions imposed on M at all.
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We would like to remark that the notion of Martin boundary is directly
related to the boundary of the space #*(M). However, if the manifold
is parabolic, then one can conclude that #* (M) = {constant} . Hence,
in view of Theorem 2.1, perhaps one should consider the boundary which
is related to the space # 0(M ) instead. Another interesting point is that
Grigor'yan [12] has shown that the condition dim Z,°(M) > 1 is a quasi-
isometric invariant. It is also true that the notion of parabolicity is a quasi-
isometric invariant. On the other hand, an example of Lyons [25] showed
that the condition dim#" (M) > 1 is, in general, not a quasi-isometric
invariant. This leads us to speculate that there should be a subspace of
Z* (M) which is quasi-isometrically stable for the purpose of detacting
the number of ends.

In the last two sections of this paper we will give some applications of
Theorem 2.1 to Riemannian geometry (§3) and Kahler geometry (§4). In
Theorem 3.1 we show that if the Ricci curvature of M”" satisfies

Ric, (x) > —k(r(x))

for some monotonically nonincreasing continuous function k(r) of the
distance r(x) =d(p, x) to a fixed point p € M such that

/ r"_lk(r) dr < oo,
0

then there exists a constant C(n, k) > 0 depending on »n and the func-
tion k alone so that dim#'(M) < C(n, k). In particular, the number
of ends of M is not greater than C(n, k). In the special case when the
Ricci curvature is nonnegative on M\B(1), the argument can be simpli-
fied substantially and one can estimate the dimension of the larger space
4 0(M ) in terms of a constant depending on n and the lower bound of
the Ricci curvature on B(1). Of course, by Theorem 2.1, this implies that
the number of ends has the same upper bound.

We would like to point out that Liu has independently proven a ball-
covering lemma for manifolds with nonnegative Ricci curvature on
M\B(1) and with the additional assumption that the sectional curvature
is bounded from below on M . As a consequence, the number of ends
can be estimated in terms of the dimension and the lower bound of the
sectional curvature. At the same time, Cai [3] has also proved an estimate
on the number of ends (similar to ours) without the assumption on the
sectional curvature. After reading Cai’s preprint, Liu [24] has been able
to modify his argument so that the assumption on the lower bound of the
sectional curvature is deleted. In the work of Liu and Cai the methods
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of proof are purely Riemannian geometric and are completely different in
approach in comparison to ours.

In §4, we assume that M is a complete Kdhler manifold. Then by
using an argument of [16] and a vanishing theorem of [23], we will show
in Theorem 4.2 that if M™ has Ricci curvature bounded from below by

Ric,,(x) > —6(m)r~

for a sufficiently small (m) > 0 depending only on m, and if M is
nonparabolic, then M must have only one end. By imposing a much
weaker curvature assumption in terms of some L? integral on the Kihler
manifold M, we will also show (Theorem 4.1) that M can only have
one nonparabolic end. This integral curvature assumption was first con-
sidered by Yau and the first author in their work [23] where they proved
a generalization of Huber’s theorem in higher dimensions.

1. Green’s function and parabolicity

In this section we will recall some of the fact about green’s functions on
complete Riemannian manifolds. The authors considered the question of
whether any complete manifold admits a symmetric Green’s function. It
turned out that the answer is affirmative and its existence was first proved
by Malgrange [26]. A construction procedure was recently developed by
the authors [19], and as a consequence these Green’s functions satisfy some
nice properties which are useful for the purpose of constructing harmonic
functions in §2. Let us first outline our construction procedure.

Let Q; be a monotonic increasing sequence of compact subdomains of
M , which gives an exhaustion of the manifold. Consider the symmetric
Green’s function G;(x, y) with Dirichlet boundary condition on ;. For
a fixed point p € M and a compact subset D of bounded as functions in
the y-variable. It was also shown (see Remark 1 of [19]) that the existence
of a geodesic ball B,(R) and a corresponding end which admits a positive
harmonic function with its infimum achieved at infinity is equivalent to
the condition that M admits a positive Green’s function. In particular,
the end which supports the positive harmonic function is a nonparabolic
end. Moreover, if f is a nonconstant harmonic function mentioned above
defined on a nonparabolic end e with —oo < inf, f = min,, f, then by the
maximum principle by taking e, to be e\{an open neighborhood of de},
S will satisfy —oo < inf, f < min, e f. Hence such an f does not exist.
This proves the followmg proposmon
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Proposition 1.1. E is a nonparabolic end of M if and only if there
exists a nonconstant harmonic function f defined on E with the property
that —oco < inf, f < miny f.

In fact, by using f as a barrier, one could prescribe boundary condition
on OF.

Lemma 1.1. If E is a nonparabolic end, then there exists a harmonic
Sfunction ¢ defined on E with the following properties:

(1) 1>2¢>0o0n E;

(2) ¢=1 on OF,;

(3) é(p;) — O for some sequence of points in E such that p, — oo
(4) ¢ has finite Dirichlet integral over E .

Proof. Let E be a nonparabolic end corresponding to Bp(R). For
r > R, let us consider the harmonic function ¢, on EN B, (r) with the
boundary conditions that ¢, =1 on 0F and ¢, =0 on E NoB,(r). By
Proposition 1.1 there exists a harmenic function on E such that —oo <
inf, f < min,, f. By translation, we may assume that inf, f = 0 and
that there exists a sequence of points p, € E with p, — oo such that

(L.1) f(p;) — 0.

By the maximum principle and the boundary conditions, clearly
<¢ < i
0<¢,<f/minf

on ENB,(r). Hence, the gradient estimate implies that the family of
functions ¢, converges uniformly to a harmonic function ¢ on compact
subsets of E satisfying

0<¢<f/minf onE

and
¢=1 ondE.

Clearly, by (1.1), ¢ satisfies condition (3). The fact that ¢ has finite
Dirichlet integral follows from the argument of Theorem 1.1 in [16] or
Lemma 1.4 below. q.e.d.

In the case when M does not admit one of the barriers mentioned
above, it was shown that for any fixed compact subset D of M\{p}, by
passing through a subsequence the sequence of functions

g()=G,p,y) - r;leig G,(p, x)

converges to a Green’s function on a compact subset. Observe that since
the oscillations of G,(p, y) are uniformly bounded on D, the sequence
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of functions
(1.2) h,(y)=Gp,y) - max G,(p, x)

also has a convergent subsequence which converges to 4(y) defined on
M\{p}. However, h; is defined so that 2, < 0 on Q)\D, hence & is
a nonpositive harmonic function on M\D. In fact, inf M\ ph = —oo,
otherwise M would have a positive Green’s function. This construction
implies the following lemma.

Lemma 1.2. Let e be the only parabolic end corresponding to a compact
subset B, (R) of M . Then there exists a harmonic function y defined on
e with the following properties

(1) w>0one;
(2) w=0 on de;and
(3) w(g;) » oo for some sequence of points in e such that g; — 0.

Proof. From the construction described, the Green’s function is ob-
tained by taking the limit of the sequence (1.2). In particular, if we take
Q, = Bp (R;) for a sequence of R; — oo, then there exists a sequence of
positive harmonic functions f; defined on e given by

) = ma G:(p,x)-Gp,
AY xe(Bp(R)\gp(R/Z)) 0, x)=G(p,y)

such that f; — f. In particular, f; has boundary condition f; = C; for
G,(p, x).

i max
X€(B,(R)\B,(R/2))

Let us now consider the harmonic function y; on e N B,(R)) with

boundary conditions ¥ =0 on de and ¥ = C; on eﬂaBp(Ri). Clearly,
by the maximum principle, we have

) - gg;ﬂ(x) <y < f,00)

forall y € enB,(R,). Since f; — f, we conclude that there is a positive
harmonic function y defined on e such that y;, — w. The function y
clearly satisfies the desired properties. q.e.d.

We will also give some estimates on the growth of the Dirichlet integral
of the barriers constructed in Lemmas 1.1 and 1.2, which will be used in
the later sections.

Lemma 1.3. Let M be a complete noncompact manifold and let f be
a harmonic function on M \Bp(l) , Where p is a fixed point. Suppose there
are C; >0, R, — oo, and harmonic functions f; on B,(R)\B,(1) with
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filaBp(l) =0 and fi'aBp(R,.) = C; such that f =1lim,_ __ f,. Then, given any
a>0,

1 of
(1.3) / Viog(f + a)|’ < —/ 9f
M\Bp(l)I ( )| a aB,(1) or
and
(1.4) / IVf <4 sup fx/ of
B,(R\B,(1) 9B, (R) aB,(1) 97

Proof. For simplicity, let us denote B(r) = B,(r). f R, >R>1,
then

/ IV log(f; + a)? 5/ Vlog(f, + a))’
B(R)\B(1)

B(R)\B(1)

1 af; 9f;
=- Alog(f, +a / + = /
/B(R,.)\B(l) Vita)= " C,+a 9B(R,) or aB(1) OF

<[ o
~a dB(1) or

where we have used the facts that f; >0, df,/0r > 0 on dB(R;), and
fi =0 on B(1). By letting i — oo, and then R — oo, inequality (1.3)
follows. By observing that (1.3) implies

2
(sup f+a) 8
/ v < B(R\B(1) 9 / of ’
B(R\B(1) a aB(1) Or

and by setting a = sup, B(R) f= SUD )\ B(1) f, we obtain inequality (1.4).

Lemma 1.4. Let M be a complete noncompact manifold and f a har-
monic function on M \Bp(l) , Where p is a fixed point. Suppose there exist
R; — oo and harmonic functions f; on B (R,)\B,(1) with filaBp(l) =
f|aB (1) and f}l,p  (R) =0 such that f—hml_,oof Then

9
[ wnts[ 9L
M\B,(1) aB,(1) °F

Proof. Since f; is harmonicon B, (R;)\B,(1) and f; =0 on 0B,(R)),

we have
L,,(R»\B,,(l) / ' 3’

The estimate follows by letting i — co.

2. Existence of harmonic functions

Let us now consider the set of ends corresponding to the compact set

Bp(R) . Suppose {e,, -, ey R)} are the set of parabolic ends for some



368 PETER LI & LUEN-FAI TAM

0<s(R)<oo,and {E, -, EI(R)} are the set of nonparabolic ends for
some 0 < /(R) < oo with s(R)+/(R) > 1. Clearly the counting functions
s(R) and [(R) are monotonically nondecreasing functions of R. If M
has finitely many ends, then s(R) — s and /(R) — [/ for some integers
s < oo and / < co. We will now construct harmonic functions on M,
which are adopted to the parabolicities of the ends.

Theorem 2.1. Let M be a complete manifold. If dim%o(M) < 0,
then M must have finitely many ends. In particular, if s and | denote the
number of parabolic ends and the number of nonparabolic ends, respectively,
then

(2.1) s+1<dim#Z°(M).
Moreover, if | > 1, then

(2.2) s+1<dim#Z" (M)
and

(2.3) [ < dim#Z,°(M).

Proof. To prove the theorem it suffices to show that s(R) and /(R)
satisfy the estimate stated in the theorem for all values of R. Let R >0
be arbitrary. For simplicity, let us denote s(R) = s and /(R) = /. Let
us consider the ends corresponding to B, (R) as denoted above. For each
nonparabolic end E; there is a harmonic function ¢; defined on E; and
a sequence of points {p,’c},;";l € E, satisfying the properties of Lemma 1.1.
Also, for each parabolic end e; there is a harmonic function v; defined
on e; and a sequence of points {q,{},‘f;l €e; satisfying the properties of
Lemma 1.2.

To prove (2.3), let us first assume that / > 2. In this case, for any
nonparabolic end, say E;, by an argument of the authors [18, Theorem
6.1] one can construct a bounded harmonic function f; on M with the
following properties:

(1) fip) =1 as p; — o0;
(2) fipi)— 0 as p] — co forand j #i;and
(3) 0<f,<1.
By the construction and Lemma 1.4, the functions f; have finite Dirichlet
integrals. Moreover, { f,.}ﬁ=1 forms a linearly independent set. In fact, if
we have the identity
0=> a,,

J=1
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for a set of constants {a,,---, a,}, then by evaluating on the sequence
of points p, and letting k — oo, we have

i

Z hm (pk

Hence, dim#,°(M) > I. Since the constant functions are in %,;°(M),
the estimate is automatic when [/ =1.

To prove (2.2), we will construct positive harmonic functions which
distinguish the parabolic ends. Let e; be a fixed parabolic end. Let us
consider the harmonic function 4, deﬁned on B,(r) such that h;
on dB,(r)\e; and h;, , =y, on ¢, naB ,(r). We cla1m that 4;  is bounded
uniformly on Jde; for all r. To see lhlS let us denote a(r) maxae‘ h; .
Clearly a(r) > 0 by the maximum principle. If a(r) — oo, then let us
consider the function

H = hi,r/a(r).

This nonnegative harmonic function satisfies max,, H, = 1. By passing

through a subsequence, the gradient estimate implies that H — H , which
is a nonnegative harmonic function on AM with the following properties:

(1) max,, H=1;
(2) H<1 on M\e and
(3) H(pk)—->0 forall 0<j</.

The last property follows from the fact that H, < ¢ ; on E;. Moreover,
since H, <1< y,/a(r)+1 on de;U(e;N0B,(r)), the maximum principle
yields

H <y/a(r)+1 one; an(r).

Hence by taking the limit as r — oo and using the fact that a(r) — oo,
we have H < 1 on e¢;. Together with properties (1) and (2) of H,
the strong maximum principle gives that H = 1 on M. However, this
is a contradiction to property (3). Therefore, we conclude that a(r) is
bounded from above also. Let us denote the upper bound by «. The
functions y; + o and y; can now be used as upper and lower barriers to
show that the sequence of functions 4, , must converge to some harmonic
function h; defined on M which has the following properties:

(1) hg;) — oo;

(2) h(p])—0 forall 1<;<I/;and
(3) 0<h;<a on e forall j#iand 1<j<s.
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In fact, the difference 7, = hi’r — y, is a harmonic function defined on
e;,NB,(r) with boundary conditions 7, = hi’, >0 on J¢; and 7, =0
on ¢;N aBp(r). Since hm — h;, the function 7, — h;, — y,, which is a
bounded harmonic function on e;.

To see that the set of functions {f, --- , f;, &, --- , h;} forms alinear
independent set, we consider the linear combination

l /
0=) a,f;+) bh;.
i=1 J=1

By evaluating the sequence of points {p,’c} and letting k — oo, we con-
clude that a; = 0. Evaluating at the sequence of points {q,’c} and letting
k — oo, we conclude that bj = 0 by properties (1) and (3) of the #4,’s.
Hence estimate (2.2) is valid.
To prove (2.1) we may assume that / = 0. The estimate is obvious if
s =1, so let us assume that s > 2. We will construct harmonic functions
on M such that it is bounded on one side at each end. For values of
R <r<t<oo and a constant a > 0, let us define the harmonic function
g,, on Bp(t)\(el\Bp(r)) with the following properties:
(1) g, = —ay, on e ﬂaBp(r);
(2) g,=y, on e, N aBp(t); and
(3) &,=0 on Uj_;(e;ndB,(1).
For a fixed r, clearly minae2 g, >—a max, ., B,(r) w,=—-4 for 4>0.
We claim that M, = max, e, & is bounded from above for all ¢t > r.

t
Suppose there is a sequence #; — oo such that 0 < M, = M, — oco. Let us

define the function G, = Mi_lgrt_ . Clearly, G; satisfies —4/M; < G; <1
on de, and 0 < G, = y,/M; on e,NIB,(¢). Hence, by the maximum

principle,

—A V.
H<Gi§ 1+ﬁ2 one,NB,(t).

l 1
Moreover, by the boundary conditions of G;, we have —4/M; < G, < 1
on B, (7)\(e, U (e,\B,(r))) . Therefore, by passing through a subsequence,
G, — G, which is a harmonic function defined on M \(e;\B,(r)) satisfy-
ing 0<G<1,with G=0on ¢ N 6Bp(r) and max,, G = 1. This im-
plies that G is a nonconstant harmonic function defined on Af\(e, \B,(r))
which achieves an interior maximum on de,. This is a contradiction.

Hence the M, are bounded for all ¢.
Let #; — oo be a sequence such that M, = M, — B < co. The same

argument as above shows that the sequence of functions g, — &, which
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is a harmonic function on M\(e, \B,(r)) satisfying

—A+t//23g,snggzxg,+w2 one,,

and has boundary condition g, = —ay, on e N 0B,(r). Also B =
max,, &, . In fact, we can say more about g, . The harmonic function
g, — min, e, 8~ V> is bounded on e, and is nonnegative on de, . Since
e, is parabolic, we have

. o _ i o B S
3 (- =) =in (5 -mins =) 20
Therefore g, — minae2 g&>¥,>0one,.
Let us also analyze the behavior of g, at the other ends e, for j =

3,---,s. Since g;=0 on ejnaBp(ti) and g, — g, , the above argument
shows that g is bounded at €. Again, Proposition 1.1 implies that

min g < g < max
de; £&=8&= de; &

on éj for j=3,---,5s.

We will now consider the set of all g, for r > R and all a > 0.
Since we are now allowing the constant a > 0 to vary, we denote the
harmonic functions constructed on M\ (e, \Bp(r)) by gf . Clearly, if we
take a = 0, then gf’ is nonnegative. If we define mian(ZR) g =m’,
maxy o,p & = M, ,and o] = M ~m] for a >0 and r > 3R, then

p

m?>0 forall r > 3R. Let us now denote W = {(a, r)|m; >0}. W is
nonempty, since it contains (0, ). In particular, W N {(a, r)} # O for
any fixed r > 3R. We claim that for (a, r) € W, the oscillations w‘: of
g, are uniformly bounded on B, (2R). If there is a sequence of a; and
a sequence of r; such that w, = cof_" — 00, let us consider the functions
defined by '
F,' = (gi - mi)/w,'a

where g, = g:: " and m; = mfi" . Then F; have the following properties:

(1) 0= mian(ZR) F;;

2) 1= mapr(ZR)Fi;

(3) 0<F,<lone forall j=3,---,5;

(4) F;=(y,+0,—m,;)/w,, where 0, is a harmonic function on e,
bounded by m; < 60, < M, ; and

(5) F;<(-ay,—m)/w;+1<1 on e NB,|r;), because F; <1 on
de, and F; = (—a;y; —m;)/w; <0 on e NIB,(r;).
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Hence, by passing through a subsequence and using the fact that w, —

oo, we have F, — F, which is a harmonic function satisfying:

(1) 0= mlan(ZR)F;

2) 1= mapr(ZR)F;

(3) 0<F,<lone forall j=3,---,5;

(4) F = h, where h is a harmonic function on e, bounded by 0 <
h<1;and

(5) FL1.
If the sequence r; — oo, then F will be a nonconstant harmonic function
on M, which is bounded by above by 1. This is a contradiction to the
fact that M has no nonparabolic end. If the sequence r; is bounded,
say limsup,r, = r > 3R, then F is only defined on M \(el\Bp(r)) with
boundary condition F <0 on e, N9B,(r). Thus by Proposition 1.1 we
conclude that F is a nonconstant harmonic function which achieves an
interior maximum on B, (2R). Again, this is a contradiction. Hence the
wf are bounded for all (a, r) € W . Let us denote this bound by w.

We now claim that for each fixed r > 3R, we can find a value a, =a > 0
such that mf = 0. By continuity, it suffices to show that for a fixed r,
mf < 0 for some value of a > 0. If this is not the case, then mf >0 for
all a > 0. Similar to the argument above, as a sequence of functions in
a, the functions K* = g* — m/ satisfy:

(1) 0= mian(ZR) K%

2) w= Maxp ;) K?;

(3) 0<K?<w on e, forall j=3,..-,s;

(4) K° =y, +h"—m; , where h®—m] is abounded harmonic function
bounded by 0 and w; and

(5) K*<-ay,-m/+w<-ay +w on e NB,r).

In particular, 0 < K? < —ay, + w on e N B (2R). This gives a con-
tradiction by taking a — oo. In fact, this argument shows that a <
o/ max ¢NB,(2R) ¥, , which is independent of r.

Take a sequence of r; — oo with g, = a, such that m' =0 and
a; — a < oo. The same argument as before 1mphes that g, — g which is
bounded on e; forall 3<j<s,and g = w,+h on e, for some bounded
harmonic function h . Morever, if we set 1, = g, + a,y; on ¢, N B,(r;),
then #; is harmonic with boundary conditions #, = 0 on e,NdB,(r;) and
n; = & on de . Hence, by taking the limit, lim,_,__ 7, = n = g + ay,
for some harmonic function 1 which is bounded on e, . This proves the
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existence of a harmonic function g on M which is bounded on e, for
3<j<s.Also g—vy, isbounded on ¢,, and g+ ay, is bounded on
e, for some a>0.

Clearly, for any end e for 2 < j <s we can find a harmonic function
g; such that g — v is bounded on ¢, g +ay; is bounded on e for
some a; > 0, and g; is bounded on both sides on all the other ends. We

now claim that the set {1, g,,--- , g,} forms a linearly independent set.
In fact, let us consider the identity
s
b= Z bg;.
j=2

Evaluating at the sequence of points {q,’c} and letting k£ — oo we see that
ba; = 0. Since a; > 0, this implies that b, = 0. Hence b = 0. This
establishes (2.1).

Remark 2.1. Let #'(M) be the space spanned by constant functions
and all the harmonic functions constructed in the proof of the theorem for
the ends of M\B,(R) for any R>0. Then #'(M) c #°(M), and the

number of ends of M is less than or equal to the dimension of #'(M).
Remark 2.2. Let us point out that for a fixed R > 0, because of the

behavior of the harmonic functions hi and g constructed in the theorem,

their linear combinations are also bounded on one side on each end.

3. Applications to Riemannian geometry

In this section we will consider the manifold M" whose Ricci cur-
vature has a lower bound given by —k(r), where k(r) is a nonnegative
nonincreasing continuous function of the distance r to a fixed point which
satisfies the integrability condition

* n—1
/ rk(rydr<oo.
0

We will give an estimate on the dimension of the space /#' (M) in terms
of k and n, which implies an upper bound for the number of ends of
M . For the definition of /#'(M), see Remark 2.1. Let us first derive
some estimates concerning the Jacobi equation on such manifolds. The
integrability conditions on k for these estimates are weaker than that
which is required for the upper bound of #’'(M). The following fact was
proved by Abresch in [1]. However, an outline of the argument is included
for the sake of completeness.
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Proposition 3.1. Let k: [0, co) — [0, o) be a continuous nonincreas-
ing function such that f0°° rk(r)dr < co. For R> 0, let g be the solution
of the equation

g'(r) =k(R~r)g(r)
on [0, R] with initial conditions g(0) = 0 and g'(0) = 1. Then there
exists a constant 8 >0 depending only on k such that

< 8N
,B R ( R) < <1.

Proof. Define k,(r) = [ k(s)ds. By the assumption on k it is easy
to see that k, is well defined and [;° k,(r)dr = [° rk(r)dr is finite. Let
up be the solution of

¢ =¢" —k(r)

on [0, R] with boundary condition uyz(R) =0. Since ¢ =0 is a subso-
lution and k, is a supersolution, it can be shown that 0 < u, < k; on
[0, R]. Therefore u = limy_, u, exists and satisfies ¥ =u*—k on
[0, ), and 0 < u(r) <k (r) forall r>0. In particular,

/Ooou(r)drgfoookl(r)<oo

If we define z(r) = exp(— for u(s)ds), then one checks that z(0) = 1,
z(r) > 0, and z” = kz. Now let R > 0 be fixed and let g be the
solution of

g"(r)=k(R-r)g(r)
on [0, R], with initial conditions g(0) =0 and g'(0) = 1. Note that g
is increasing and g(r)/g(R) < 1. To prove the lower bound, let us define
h(r)=g(R—-r)/g(R). Then h satisfies

K" (r) = k(r)h(r)
on [0, R], with boundary conditions 4(0) = 1 and A(R) = 0. By the
maximum principle, z > 4 on [0, R], and hence z—# is convex. There-

fore if r € [0, R], we have
r

2(r) = h(r) < Z(2(R) = h(R) + (1 = %) (2(0) - h(0)) < £ Z(R)
and r r r
h(r) 2 2(r) - £2(R) > z(R) (1 - E) > B (1 - ﬁ)

where S = exp(— fo (s)ds) > 0. By the definition of 4, we conclude
that

&(r) _

x|~
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for all r € [0, R]. This completes the proof of the proposition.
Lemma 3.1. Let M" be a complete noncompact manifold. Suppose the
Ricci curvature of M satisfies

Ric,, (x) > —k(r(x)),

where k: [0, co) — [0, o) is a continuous nonincreasing function of the
distance r(x) = d(p, x) to a fixed point p € M, such that [;° rk(r)dr <
oo. Given 0 < 6 < 1, there exists a constant C, > 0 such that for all
R>0 and x € 0B,(R),

V.(6R) > C,R.

Proof. For x € 6Bp(R) with R > 4,let y be a minimal geodesic from
p to x, parametrized by arclength with y(x) = R. Denote g = p(1).
For y € B (R) and d(x,y) = t, the triangle inequality implies that
d(p,y) > R—t. Hence Ric,(y) > —k(R—t), because k is nonincreasing.
Let g:[0, R] — R be the solution of

g1 ="R=D o,

n—1
with initial conditions g(0) =0 and g'(0) = 1. Using the same argument
as in [6] and applying Proposition 3.1, we have

V() VR -V(R-2) _ [y ,&" (ndt

ViR=2) = V(R-2) 7 [R2gmlnyay

Jno(8(t)/g(R)"" dt
= TR pray < GR
o (g(t)/g(R))" " dt
where C, is a constant depending only on 7 and k.
Hence

-1

y€OB,(1

(3.1) V.(R) >C;! ( inf )Vy(l)) R.

On the other hand, using a similar argument, we have

VR _ Jy g mdr _
V.OR) = (3R gnl(pygy = 7%

where C, is a constant depending only on 7, J, and k. Combining this
with (3.1), the result follows. g.e.d.

We will now give an estimate for the gradient of the barriers constructed
in §1. Let us recall a localized version of Yau’s gradient estimate for
harmonic functions which was proved by Cheng-Yau [9] (see also [22]).
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Lemma 3.2. Let M be an n-dimensional complete Riemannian mani-
Jfold which may have boundary. Suppose B, (2R) is a geodesic ball centered
at x € M with radius 2R. Let us assume that B (2R)NOM =2 . If f is
a positive harmonic function defined on B, (2R) and if the Ricci curvature
of M satisfies Ric,, > —k on B _(2R) for some constant k > 0, then
there exists a constant C > 0 depending only on n such that

IVTP) < CR + k) 1)

forall y € B (R).

Lemma 3.3. Let M" be a complete noncompact manifold and p a
fixed point. Suppose there is a constant C, > 0, such that the Ricci curva-
ture of M satisfies Ric, (x) > —C4r—2(x), where r(x) = d(p, x) is the
distance function to p. Let Ry, > 0, and let f be a harmonic function
on M\B,(R,) such that [ =lim,_ __ f;, where f; is the harmonic func-
tion on B,(R)\B,(R,) satisfying filaBp(Ro) =0, fi|aB(R,.) =C; >0, with
R; — 0o. Then there is a constant C depending only on n and C, such
that for R > R,

2 C of
sup |Vf]° < - 6 sup f / -
oot S Ry o V.RTS) (as,,(m o8 (kg 97

Proof. For simplicity of notation, let us assume that R, = 1. By
Lemma 1.4, we have

/ VI <4 sup f / of
B (R)-B,(1) B,(R)—B,(1) aB,(1) or

(3.2) ? ?
of
=4/ sup / ==
(BBF(R)f) aB,(1) or

The Bochner formula implies that, for all x € 9B,(R) and R>1,
AlVS] 2 —a(R)|V f]

on B (R/5), where —a = —a(R) is the lower bound of the Ricci curva-
ture of Bp(6R/5)\Bp(4R/5) . In particular, a < 2C4R_2 . Since u(y, t) =
exp(—at)[Vf|(y) is a subsolution of the heat equation on B _(R/5) x
[0, 00), we can apply the mean value inequality in [21] to u(y, f) on
B_(R/5) x [0, R*/100] and obtain

2 Cs 2
VS g [T



HARMONIC FUNCTIONS AND COMPLETE MANIFOLDS 377

where Cj is a constant depending only on n and C,. Hence, by (3.2),
there exists a constant C; depending only on n and k such that

2 C
sup |Vf]" < - 3 /
oB,,<R)| | inf, cop (r) Vx(R/5) i, (6Rs5)
C of
< - 3 sup / -
lnfxeaBp(R) V.(R/S) (aBp(sx/s)f) aB,(1) 97

C of
< 6 sup / e,
infieop (r) Vx(R/5) (aB,,(R)f) aB,(1) OF

where we have used Lemma 3.2 and the curvature assumption. q.e.d.

We will now apply this result to some particular cases.

Corollary 3.1. Let M" be a complete noncompact manifold satisfying
the curvature assumption of Lemma 3.1, and let f be a harmonic function
as in Lemma 3.3. Then [ has bounded gradient. In particular, every
harmonic function in #'(M) has bounded gradient.

Proof. Since [;°rk(r)dr < oo and k is nonincreasing, k must satisfy

k(r)= o(r"z) . Following the same notation as in the proof of Lemma 3.3,
suppose |V f]| is not bounded. Then there exists R; — oo such that

2

IV /]

limsup sup |Vf]=o0.
R;—co B,(R)\B,(1)

We may also assume that supg .\ p (1) VS| = supyp (R) [Vf]. By Lem-
p 1 P p 1
mas 3.1 and 3.3, there is a constant C, independent of i such that

2 0
sup |[Vf]"<C, sup [|Vf] 5I
9B,(R;) B,(R)\B,(1) aB,(1) 97
=C,; sup |Vf] ?j’
9B (R) aB,(1) OF
(AN 14

which implies that sup, B,(R,) |V f] are uniformly bounded; this is a con-
tradiction. q.e.d.

A similar argument will also prove the following corollary.

Corollary 3.2. Let M and f be as in Lemma 3.3. Suppose that
lim _ V. (r(x)/5)=oc. Then |Vf|(x) = o(r(x)).

Theorem 3.1. Let M" be a complete noncompact manifold and p €
M a fixed point such that Ric,,(x) > —k(r(x)), where r(x) =d(p, x).
Suppose that k: [0, co) — [0, c0) is a nonincreasing continuous function
such that [;° " 'k(r)dr < co. Then dim#'(M) < C(n, k) for some
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constant C depending only on n and k. In particular, the number of
ends of M is less than or equal to C(n, k).

Proof. If n =2, the theorem follows from [1], hence we may assume
that n > 3. Let M be the Ricci model of dimension 7 (see [7]) which has
Ricci curvature in the radial direction given by —k(d(P, X)), where P is
the pole of M and d is the distance function of M . Let us denote A(r)
to be the area of 0B(r). By the assumption on k we see that A(r)/r" !
is bounded from above and below by some positive constants. In fact this
is true if [° rk(r)dr < oo (see [11]). Hence the function

#(r) = / ~ ﬁ ( /S ~ A(Dk(t) dt) ds

is well defined on (0, oo) . Clearly, ¢ is positive and satisfies lim,_,__ ¢(r)
=0 and ¢ < 0. Let g be the function on M such that g(x) =
¢(r(x)). Then

"
dg=dar+d' 224 +¢" =k

in the sense of distribution. This follows from the fact that ¢' < 0 and
that Ar < 4’4 in the sense of distribution. Let R, > 0 be such that
A(R,) < %, and note that R, depends only on n and k. If f is a
nonconstant harmonic function in /#' (M), then f has bounded gradient
by Corollary 3.1. We now claim that

sup |V f] <2 sup |Vf].
M B

p\T0

Without loss of generality, we may assume that sup,, [V f| = 1. Then
(3.3) A(IVflI+8) 2 —kIVSfl+k=>0.

By the definition of #’'(M), there exists R, > R, such that f = E;’;] v,
where each v; is bounded on one side of each end of M \Bp(Rl) .Let E
be anend of M \Bp (R,). If v is a harmonic function defined on M which
is positive on E and if x is a point in E with r(p, x) > 2R, , then by
applying Lemma 3.2 to the ball B, (r(p, x)/2) and using the curvature
assumption there is a constant C; independent of v such that

(3.4) IVo|(x) < Cgr™' (p, x)v(x).

Since all the v,’s are bounded on one side on E, there are constants
a;, -+ ,a, and g = *1 such that the harmonic functions u, = a; +
g;v; are positive on E . Hence, by applying (3.4) to Uy, -+, U, Wecan
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estimate the gradient of f by

(3.5) VA< IVl =31Vl < Cor ™' (0, %) Y uy(x).

i=1 i=1 i=1
For any given ¢ > 0, inequality (3.3), the fact that lim,___ g(x) =0, and
the maximum principle imply

[V £I(x)+ g(x) - <s;1§(|Vf| + g)) < Cge (,X:; u,(x) + 1)

m

for all x € E. Letting ¢ — 0, we conclude that
sup(|[Vf]+g) <sup(|Vfl+g).
E 9E
Since E is any end of M\B,(R,), we have
(3.6) up (VS +g) < sup (IVfl+8).

(R, 0B,(R,

We now claim that in fact

sup (|[Vfl+g)< sup (IVfl+g8).

M\B,(R,) (R,

Assuming the contrary, by the maximum principle and the fact the |V f|+g
is subharmonic on M\B,(R,), sup M\B,( RO)(W fl+ g) must be attained at
infinity and so

sup (|[Vf|+g)> sup ([Vf]+g).

\ 4 1 14 Rl

However, this violates (3.6). In particular, this implies that
sup (|[Vf]+g)< sup ([Vfl+g)< sup IVSl+3

M\B,(Ry) dB,(Ry) 0B, (Ry)
= sup |Vf]+jsup|VSf].
p\0 M
Therefore
(3.7) sup|Vf] <2 sup |[Vf].
M (R,

Let us now consider the codimension-1 subspace )?;,'(M ) of #'(M)
defined by / /
Z (M) ={feZ (M)|f(p)=0}.

p
For any f € Zf,'(M ), the fundamental theorem of calculus gives

sup f* < 16R. sup |Vf|’,

B,(4R,) (4R,
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which together with (3.7), implies

sup f <64R sup |Vf|
B( )

B,(4Ry) (R,

Applying Lemma 3.2 to the function f + sup, (2R;) |f| we conclude that
)4

sup f <32R sup |Vf|
B,(4R,) Og , (7o)

2
(3.8) < Cy(1 + Rok(0)) sup (f + sup |f|>
B B,(2R))

/] 0

< 4C,(1+ RKk(0)) sup f°,

13 0

where C, is a constant depending only on n. However, the mean value
inequality of Li-Schoen [17] when applied to the nonnegative subharmonic
function |f]| asserts that there exists a constant C,,(n) > 0 depending only
on n such that

) 2
%(41{0) Bs(ggo)f < CXP(CIO(n)(l + RO k(0))) /Bp(4R0) U

14

where V) (4R;) denotes the volume of B, (4R,). Hence, combining with
(3.8), we have

(3.9) V(4R0) sup f < Cy,exp(Cp, Ry /K ( )/ ) ,

with C,,, C,, depending only on 7. On the other hand, a lemma of the
first author [15, Lemma] implies that there exists a function f; in Z;'(M )
such that

dlm% M)/ < v,(4R,) sup fo
(4R0 B,(4R))

Hence applying (3.9) to f; yields the estimate
dim Z/ (M) < C,, exp(C,Rg1\/K(0)).
Therefore,
dim#'(M) < C,, exp(C,,R,1/k(0)) + 1

as to be proven. The estimate on the number of ends follows from Theo-
rem 2.1. q.e.d.
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When the Ricci curvature is nonnegative outside a compact set, say
Bp(l) , then one can actually estimate the dimension of a larger space,

V4 0(M ), by a much simpler argument. In that case, we can take g to be
0 and R, = 1 in the proof of Theorem 3.1 and we do not need to use
Lemma 3.3. Let us just state the theorem without proof.

Theorem 3.2. Let M be an n-dimensional complete noncompact man-
ifold which has nonnegative Ricci curvature outside a unit geodesic ball
B, (1) centered at p € M. If k > 0 is a constant such that the Ricci cur-
vature on B (1) is bounded from below by —k , then there exist constants
C,3, C,, >0 depending only on n, such that

dim#°(M) < C,, exp(C,,VEk) + 1.

In particular, the number of ends of M is not greater than C,exp(C, 4(\/E)
+1.

We would like to remark that wher M has nonnegative Ricci curvature
everywhere, we may take the ball B,(1) = {p} in (3.7) and obtain the
estimate

sup [Vf] < |Vf](p).
M

However, since |Vf| is a subharmonic function on M, the maximum
principle implies that |V f] must be identically constant. Applying the
Bochner formula to the constant function |V f| again, one concludes that
V[ is a parallel vector field on M . This recovers the consequence of the
splitting theorem of Cheeger-Gromoll asserting that if M has more than
one end, then it must be the product of a compact manifold and the real
line.

4. Applications to Kihler geometry

Throughout this section, we will consider complete Kihler manifolds
which are noncompact without boundary. We will apply Theorem 2.1 to
study function-theoretic properties of the ends.

Theorem 4.1. Let M be a Kdhler manifold of complex dimension m .
Suppose R(x) is a pointwise lower bound of the Ricci curvature of M , i.e.,
Ric;;(x) 2 R(x)g;; for x e M. Let R_(x) =max{—R(x), 0} denote the
negative part of R. If [,,R_dV < oo, and the L%-norm of R_ over the
geodesic ball of radius r centered at some fixed point p € M satisfies

/ R av = o(rﬁ(q_l))
B,(n
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forsome q > m and B < 2/(m-2), then M has at most one nonparabolic
end.

Proof. If M has more than one nonparabolic end, then by Theorem
2.1 there exists a nonconstant bounded harmonic function f on M with
finite Dirichlet integral. However, by a lemma of the first author [16,
Lemma 3.1], the function f must be pluriharmonic. On the other hand,
it was shown by Li-Yau [23] (also see [16]) that under the curvature hy-
potheses there are no nonconstant positive pluriharmonic functions. This
contradicts the assumption that M has more than one nonparabolic end.

Theorem 4.2. There exists a constant (m) > 0 depending only on m
such that if M is a nonparabolic Kihler manifold of complex dimension
m with Ricci curvature satisfying Ric, (x) > —J(r(x))"z, where r(x) =
d(p, x) is the distance function to a fixed point p € M, then M has only
one end.

Proof. Let us assume that M\B,(1) has more than one end. The
nonparabolicity and Theorem 2.1 imply that there exists a nonconstant
positive harmonic function f by using the construction in §2. It is clear
that if we can establish that the Dirichlet integral of f satisfies

2 2
(4.1) /B VT =00

for each end E, then the argument in the proof of Theorem 4.1 applies to
this case. However, Corollary 3.2, the proof of Theorem 2.5 in [17], and
the construction of f imply that f(x) = o((r(x))z). Property (4.1) now
follows from Lemmas 1.3 and 1.4.
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