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Automorphism groups of hyperelliptic modular curves

By Daeyeol JEON

Department of Mathematics Education, Kongju National University, Kongju, Chungnam 305-701, South Korea

(Communicated by Shigefumi MORI, M.J.A., June 12, 2015)

Abstract:

In this paper, we determine the automorphism groups of the hyperelliptic

modular curves X;(NN), and determine explicit forms for the actions of all automorphisms on

certain defining equations of X;(N).
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1. Introduction. Let I'(1) = SLy(Z) be the
full modular group. For any integer V > 1, we have
subgroups I'y(N) and T'o(N) of T'(1) defined by
matrices (? Z) that are congruent modulo N to

((1) 1) and (; ), respectively. We let X;(N) and
Xo(N) be the modular curves defined over Q
associated with I'1(N) and T'g(N), respectively.
There are some more modular curves Xa(N)
associated with the subgroups Ta(N) of T'o(NV)
defined by matrices (* Z) with a € A, where A is
a subgroup of (Z/NZ)" that contains —1. For
A = {£1}, this is X (N).

For an integer N > 2, the modular curve
X1 (N) (with cusps removed) parameterizes isomor-
phism classes of pairs (E, P), where E is an elliptic
curve and P a torsion point of order N on E.
Reichert [9], Sutherland [10], and Baaziz [1] derived
defining equations for X;(N). One can recover
explicit forms for the pairs (E, P) from the corre-
sponding points whose coordinates satisfy these
defining equations of X (V).

Let N(T'1(N)) be the normalizer of I'y(N) in
PSLy(R) = GL; (R)/R". Then, the quotient group
N(T'1(N))/£I'1(N) can be viewed as a subgroup
of the automorphism group Aut(X;(NV)) of X1(N)
consisting of all automorphisms of X;(N) defined
over C. Kim and Koo [4] and Lang [5] compute
N(T'1(N)) independently.

The main theorem of an unpublished paper by
Momose [8] is that, for any square-free integer N and
modular curve Xa(N) of genus g > 2, Aut(Xa(NV))
is equal to N(Ta(N))/Ta(N), except for X,(37).
However, the author with Kim and Schweizer [3]
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found a counterexample for the case of X (37)
where A = {£1,+6,+8,+10,£11, £14}. We do not
want to use Momose’s result in this paper.

In [2], the authors determined the group
structures of Aut(X;(N)) for N = 13,16, 18. In this
paper, we give a new proof for this result.

Let C be a smooth, projective curve over an
algebraically closed field k of genus g(C) > 2. Then
C is said to be hyperelliptic if it admits a map ¢ :
C — P! of degree 2 defined over k. If C is a
hyperelliptic curve, then there exists an involution
v, called a hyperelliptic involution, such that C/(v)
is a rational curve. Mestre [7] showed that the
modular curve X;(N) ®q C is hyperelliptic only for
N =13,16,18.

The main goal of this paper is to compute the
automorphism groups Aut(X;(N)) of the hyper-
elliptic modular curves X;(N) and derive explicit
forms of the actions of all automorphisms on the
defining equations of these X;(N). For this purpose,
we use the recent results of Baaziz [1], which enable
us to solve the moduli problems. In fact,
Aut(X1(N)) is equal to N(I'y(N))/£T'1(N) for the
hyperelliptic curves X;(N).

We concentrate on hyperelliptic cases for the
following reasons: First, the automorphism groups
of the curves X;(N) of genus g <1 are infinite;
second, the full classification of Aut(X;(N)) is not
yet known; and third, the method of calculating
explicit forms of all automorphisms from
N(T'1(N))/T1(N) can be applied to the other cases.

2. Preliminaries. The Tate normal form of
an elliptic curve with a point P = (0,0) is

E=Eb,c):Y*+ (1 -c)XY —bY = X° - bX?,

and this is nonsingular if and only if b # 0. On the
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curve E(b, ¢), we can use the chord-tangent method
to derive the following

(1) P=(00)
P = (b, be),
3P = (c, b—c),
4P = (r(r—1), r*(c—r+1)); b=cr,
5P = (rs(s—1), rs’(r—s)); c=s(r—1),
~(slr=1)( r—s)
GP_( s—l ’
s2(r—1)? (rs—2r+1))
(5— 1) |
7P — ( s(s—1)( 7”—1)(527*—27'—&—1)7
(r—s)
(s—1*(r—1)72(r—s>+s—1)
(r—s)° )

The condition NP =0 in E(b,c) gives a
defining equation for X;(N). For example, 13P =
O implies 6P = —7P, so

Xop = X_7p = X7p,
where X,,p denotes the X-coordinate of the n-multi-
ple nP of P. Eq. (1) implies that
@) s(r—1)(r—s) rs(s—1)(r—1)(sr—2r+1)
(s— 1) (r— sy |
Without loss of generality, the cases s =0,1, r =
1, s may be excluded. Then, Eq. (2) becomes

Fis(r,s) :== 3 — 2% + 5537 — sr? — 95292 4 4sr?

— 3 r—3sr+65°r+r—5°=0,

which is one of the equations for X;(13), called the
raw form of X;(13). By the coordinate changes r =

l—zyand s=1 _ﬁ’ we have that

fis(xy) =y + @+ + )y—a® —z=0.

This solves the moduli problem of X;(13). If we
pick o =1, and set yy = —%—i— @, then (xg,yo) is
a K-rational point on X;(13) satisfying fi3(zo,y0) =
0, where K = Q(v/17) is a quadratic number field. If
we apply the formulas in Table II and Eq. (1) with
x = xy and y = yy, we obtain

3  3V17
—
4 4

T V1T
-

8 8

bo := b(zo, y0) = —

Co = C($o7yo) = -
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Table I. Defining equations of X;(N) : fx(z,y) =0
N fj\,"(x,l/)
13 v+ +?+Dy—a2—2
16 v+ (2P + 2% — 2+ 1)y + 2?
18 (@ =224+ 1)y + (-2 +a— Dy +2° — 2?2
Table II. Birational maps ¢ for X;(N) from fx(z,y) =0 to
Fy(r,s) =0
N ¢
13 r=1-—uxy, s=1-4%
— oyt ty a—y
16 =TTt S=
— 2’4y 22 +y—my
18 r= 2?2 +y+zy—y*? s = mzjﬁ;,yi/

Then, the elliptic curve E(bg,cy) over K contains
the point (0,0) of order 13, and in fact its torsion
subgroup is Z/13Z.

From [9] and [10], we obtain the defining
equations of X;(N) in Table I and birational maps
¢ for X;(N) from fy(z,y) =0 to Fy(r,s) =0 in
Table IT for N = 13,16, 18, where Fy(r,s) =0 de-
notes the raw form of Xj(N).

Let H be the complex upper half plane and
H* =HUP!Q). Then, T';(N) acts on H* under
and X;(N)(C)
can be viewed as a Riemann surface I'y (N)\H".

The points of I't(N)\H have a one-to-one
correspondence with the equivalence classes of
elliptic curves E, together with a specified point P
of exact order N. Let L. = [, 1] be the lattice in C
with basis 7 and 1. Then, [r] € I'1(N)\H corre-
sponds to the pair [C/L;,+ + L;]. Thus, I''(N)\H
is a moduli space for the moduli problem of
determining equivalence classes of pairs (FE,P),
where E is an elliptic curve defined over C, and
P € E is a point of exact order N. Two pairs (E, P)
and (E', P') are equivalent if there is an isomor-
phism E ~ E' that takes P to P'.

Note that

C/L ! +L
Ty N T

linear fractional transformations,

= {Z/Q = 42® — gy (1) — g3(7),

() (57))]

=[y* + (1 = c(r)zy — b(r)y = «* — b(7)2?

, (0,0)],
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where ¢2(7) = 60G4(7), g3(7) = 140Ge(7) for the
Eisenstein series Gop(7) of weight 2k, p(z,7):=
p(z,L;) is the Weierstrass elliptic function, and
b(1), c(r) are the coefficients of the Tate normal
form contained in [C/L,, &+ L,]. Note that each
equivalence class of pairs (F, P) contains a unique
Tate normal form [1,Proposition 1.3], and hence
b(t) and ¢(7) induce well-defined functions on
I'y(N)\H. From [1], it follows that

are modular functions on I'1(N) and generate the
function field of X;(N), where ¢’ is the derivative
with respect to z.

3. Automorphism groups. In this section,
we determine the full automorphism groups of
X1(N) with N = 13,16, 18.

Since T'g(N)/{£1l} is contained in N(I'1(N)),
every v €Iy(N) induces an automorphism of
Xi(N). For an integer a that is prime to N, let [a]
denote the automorphism of X;(N) represented by
v € Ig(N) such that v =(j ) mod N. In some
instances, we regard [a] as a matrix.

For each divisor d|N with (d,N/d) =1, con-

( v ) with
z,y,z,w € Z and determinant d. Such matrices
define a unique involution on Xy(N) that is called
the Atkin—Lehner involution. However, this is not
true for X;(N). Furthermore, W,; does not, in
general, give an involution on X;(N).

We now fix a matrix W; that belongs to the
normalizer N(I'y(V)), and define an automorphism
of X;(N). Kim and Koo [4] and Lang [5] proved that
N(T'1(N)) is generated by I'g(N) and the W, when
N # 4.

First, we compute N(T';(N))/£[1(N) with
N =13,16,18. For each N =13,16, or 18, we
consider the following exact sequence:

(4) 1 —=To(N)/£T1(N) — N(I'((N))/£T1(N)
— NI (N))/To(N) — 1.
If N=13,16, then N(I'1\(N))/To(N) is a cyclic

group of order 2 that is generated by Wy. One can
easily check that

sider matrices of the form W,; =
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(5) [a]Wy = Wx[a"!] mod £T';(N)

for all a prime to N, and hence Wy is of order 2
in N(IT'1(N))/£I'1(N). Thus, the exact sequence in
Eq. (4) can be split, and so N(I'1(N))/£I'1(N) is
a semidirect product of To(N)/£I(N) and
N(I'1(N))/To(N). Note that T'o(N)/+y(N) is iso-
morphic to (Z/NZ)"/{£1}. From Eq. (5), we can
conclude that N(I'y(N))/£I1(N) are ([2], Wi3) and
([3], Wig), which are isomorphic to the dihedral
groups Dg, Dy for N = 13,16 respectively.
Let us now consider N = 18. Choose a matrix
4 -1
W2=118 -4
(1,1)-entry Wsla]W51[1,1] of the matrix Wa[a]W;!
satisfies the following

Wala]Wy ' [1,1] =a ' =a (mod 2),
Wala]Wy H1,1] = a (mod 9).

). For any a prime to 18, the

Thus, W5 commutes with [a] for any a prime to 18.

Choose Wy = <198 :g . Then,

N———

WolaW, ' [1,1]=a=a" (mod 2),
Wyla]Wy ' [1,1] = a" (mod 9),

for any a prime to N. Thus

(6) [a]Wy = Wy[a™!] mod £T;(18).

One can easily check that WyolWy = WyWs mod +
I'1(18). Note that N(I'1(18))/I'y(18) is the Klein 4-
group, and the matrices Wy, Wy generate a sub-
group of N(I'1(18))/+T";(18) that is also the Klein 4-
group. Thus, the exact sequence in Eq. (4) can be
split when N = 18, and hence N(T';(18))/+T1(18) is
the semidirect product of Tz(18)/+T'1(18) and
N(T'1(18))/T¢(18). Since I'y(18)/£T"1(18) is a cyclic
group of order 3 and W5 commutes with [a] for any a
prime to 18, I'y(18)/£I'1(18) and W, generate a
cyclic group of order 6. From Eq. (6), we can
conclude that N(I'1(18))/4I'1(18) = ([5]Wa, Wy) is
isomorphic to the dihedral group Dg.

Note that for N =13,16,18, X (V) are hyper-
elliptic curves of genus 2. The computer algebra
system MAGMA can compute the full automor-
phism group of hyperelliptic curves of genus 2 or 3.
Using MAGMA, we can compute that Aut(X;(N))
is isomorphic to Dg, Dy, Dg for N = 13,16, 18, re-
spectively. Therefore, we conclude that Aut(X;(N))
are the same as N(I'1(N))/£I1(N) for N =
13,16, 18.
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Theorem 3.1. For N =13,16,18, the full
automorphism groups Aut(X1(N)) are the same as
N(T1(N))/£I1(N), which are the dihedral groups
Dg, Dy, D respectively.

4. Explicit forms. In this section, we derive
explicit forms of the actions of all automorphisms
on the defining equations of the hyperelliptic curves
Xi(N) in Table I. For this purpose, it suffices to
know the forms of the generators of N(I'1(N))/
+T'1(N).

Let wus consider N =13. The group
Aut(X;(13)) is generated by [2] and Ws. If we take
[2] = (123 ;), then [2] acts on X (13) as [2]7 = F=%.
In this case, we have the following

p(ll?) , [2}7) — (137 + 7)%(1371; 7 T)

7
=(1 2ol —
(137 +7) @(13,7),

1 . 137+ 7
N 9 - (1 3
o (35 r) = s+ 0 (P )

. 7
=(1 3o —, 7).
(37+7)p<13,7>

Similarly, we have the following

p(% 7 [2]7) = (137 + 7)29(%,7),

2 1
"(=,207) =137+ 7 —,7).
o (35002 = ar 1 (357
Thus, from Eq. (3), we obtain the following

(o(F.7) ~0(5.7)’

and

(7) b([2]T) = - 5 :
¢'(5.7)
o — 25 T)
(1m == ZE

From Eq. (1) and Table 7 of [10], we have that
the generators z,y of the function field of X;(13)
satisfying fis(x,y) =0 can be expressed as the
following functions of b, c:

(b—c*—c)(b—rc)

8 p—
) . b2 —bc—c3
B b? —be— 3
V= clb—ct—c)’

From the formulas in Proposition 3 of [6, p. 46],
we can determine the g-expansions for p(z,7) and
¢ (z,7), where q = e*™7. Using these g-expansions
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and Egs. (3), (7), and (8), we arrive at the following
g-expansions of z(7), y(7), =([2]7), and y([2]7):

4

4 b 7 9

(1) = (-2 —w? - —w —w —w
—w!?— ') +0(q),
y(1) = (10 + 10w* + * + 8w + 3w° + 6w’ + 6w’
+ 3w® 4+ 8w + W' + 10w™) + O(g),
z([2]7) = (-1 +w* + o’ + " + %) + O(q),
y([2)7) = (—20* — 4w — Tw! — 9u° — 100° — 9u®
— 10w — 7w’ — 40" — 20" + O(q),

where w is a 13th primitive root of 1.

Using the computer algebra system Maple, we
can express z o [2] and y o [2] as functions of z and y
from their g-expansions as follows:

1
zo2]=— )
1+
r—y
N=-—-"Y
yol[2] PRy

which is the explicit form of the action of [2] on the
defining equation fi3(x,y) =0 of X;(13).
If we take Wiz = (° 701), then Wi3 acts on

13
X1(13) as Wigr = —#. In this case, we have the
following

p(%,ngT) = (137)2@(617', 1371),

© (1@—3 , W137> = (137)%¢/(ar, 137),

where a = 1,2. Thus, it follows that:
(p(7,137) — p(27, 137))°

9)  b(WisT) = - (7137 :
_ @(21,137)
W) == Tan)

Using Egs. (8) and (9), we obtain the following
g-expansions of x(Wi37) and y(Wis7):
a(Wir) =—14+49—¢ +¢ +0(),
y(WisT) = — g+ 2¢* — 3¢> + 5¢* — 8¢° + O(¢%).
Using Maple, again, we can express x o Wi3 and
yo Wis as the following functions of x and y from
their g-expansions:
14w+ +S+ -
14 (W + b+ + )z
k1 + kgl‘ + k3132 + k4y
ks + kex + krx? + kgy’

(10) T o W13 =

)

yo Wiz =
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where
(11) ky = 12 4 3w® — 50 + 20! — 20° — 40 — 407
— 208 4+ 207 — 5w 4 3w,
ky = —8 — 2w% — W’ + 3w — 3W° — 6w — 607
— 3w 4+ 3w — Wt — 2w11,
ky = —16 — 4w® + 11w + 6w* + 7w’ + W + W'
+ 7w® + 6w + 1110 — 40
ky =13,
ks = —14 + 3w? 4 8w’ + 2w — 20° — 405 — 407
— 2% + 207 + 8w + 3w,
ke =5+ 110? + 120° + 160" + 100 + 20u°
+ 200" + 10w® 4+ 160" + 120! + 110!,
k7 =10 + 9w? — 2u® + 6w* — 6w° + W® + W
— 6w 4 607 — 2w 4 9w,
ks = —26 — 13w® — 13w* — 130° —
— 13uw® — 13w — 13w'.

260° — 260"

Eq. (10) is the explicit form of the action of Wi3
on the defining equation fi3(z,y) = 0 of X;(13). In
fact, the defining field of W3 is Q(w).

Using exactly the same method, we can derive
explicit forms of the actions of the generators of
Aut(X;(N)) on the defining equations fy(z,y) =0
of X1(N) for N = 16, 18.

Theorem 4.1. The explicit forms of the
actions of the automorphisms on the defining
equations fy(z,y) =0 in Table I for the hyper-
elliptic curves X,(N) can be written as follows:

(i) The case N =13:

1
a:o[2]:—1+x,
r—y
o2]=—-——5—-,
yol[2] P —y
14w+ +u 4+ -
xo Wiz = ; 9 ’
I+ (W b+ + )z
k1—|—k2u—|—k:3u2+k‘4y
yo Wiz =

ks + keu + kyu? + kgy
(ii) The case N = 16:

1
"EO[?’]:777
X

1+y

3] =— ,

yo[3] 21y
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(1+w? =1 —w?+ b —2)
14w —uwb—2

I+ lyx + I32® + Ly + lsxy

le + lzx + lgz? + loy + Loy

SL'OWH;:

)

yo Wi =

The case N = 18:
1
1—2’
__*r"y
S l—yH4ay’

x o [5|Wy =
yo [5]W,

1-w+®)1-w—-w?+uwt—2)
l—w+u®—2

yoWy = (2+ 2w+ 2 —w! - )

zoWy=

)

2—w—w 2 - —y
X .
242w42w? —wt —Wd —y

For each case, w is a primitive N-th root of unity,
the k; are as given in Eq. (11), and

h=-1l4w—uw’4+u® -,

ly = —4 + 5w — 40® + 2w — 2w° + 4 — 57,

Iy = =5 + 4w — 3w? + 2w° — 2° + 3w’ — 407,

I = —w+ 2w — 2 4 20° — 208 + W7,

Iy = w— 2w + 2° — 2u° + 205 — W',

lg =9 — 8w+ 6w? — 3w’ + 3w’ — 6w’ + 87,

l; = —4+42w—u® +u° — 207,

ls=1,

lg = 8 — 6w + 4w® — 3w® + 3w’ — 4w’ 4 6w,

lip =4 — 4w + 4 — 30 4+ 3u® — 4% + 407 .

Corollary 4.2. The hyperelliptic involutions
of the hyperelliptic curves X1(N) are [5],[7], W2 for
N = 13,16, 18, respectively. The explicit forms of
the hyperelliptic involutions on the defining equation

fn(z,y) =0 in Table I for the hyperelliptic modular
curves X1(N) are as follows:

N | explicit form

13| zofs) =z, yols] = Y,
16 | zo[7] =z, yom:%

I8 | zoWy=w, yoWy= Eﬂ%
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