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200. The Multipliers for Vanishing Algebras
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Let G be a locally compact Abelian group with Haar measure m.
Let I be the dual group of G. We denote by L}(G) the group algebra
of G. For any measurable subset S of G, define L(S) to be the sub-
space of LY(G) consisting of all functions which vanish locally almost
everywhere on the complement of S. When L(S) forms a subalgebra
of L&), we call it a vanishing algebra. If L(S)is a vanishing algebra,
then we may assume S is a measurable semigroup [2]. In this paper
we shall assume L(S)+{0} to avoid triviality. Let M(G) be the Banach
algebra consisting of all bounded regular Borel measures on G. For
any Borel set A, put M(4)={p e M(G): p is concentrated on A}.

If A is a Banach algebra, then a mapping T': A—A is called a
multiplier of A if x(Ty)=T2)y(x, y c A).

In this short note, we shall show the characterization of the multi-
pliers for certain vanishing algebras.

Theorem. If S is an open semigroup, then the space MM of all
multipliers for L(S) is M(S,), where S,={te G: SDS+t lL.a.e.®}.

Proof. At first, we shall show that for any T € I there is a meas-
ure A e M(G) such that Tf=2x f for each f ¢ L(S) and ||T|=||4)]. For

each f, g € L(S) we have (fl/’})gz f (1/’5). Since L(S) is contained in no
proper colsed ideal of L'(G) [3], for each y € I" we can choose a function
g€ L(S) such that §(y)#0. Define go(r):(.’l/’;])(r) /§(y). The equa-
tion (f‘}”)g: f (fl/’?]) shows that the definition of ¢ is independent of the
choice of g. For ¢ so defined it is apparent that (fl/‘})sgof . Let y be
a second function on /" such that (f’}):«}rf for each f e L(S). Then
since for each y € I" there is a function g € L(S) such that §(y)+0, the
equation (¢ —+) f =0 for each f e L(S) reveals that ¢=+. Evidently,
¢ is continuous. Lety,,---,7,€l anda,, ---,a, be any complex num-
bers. Let ¢, be a point of S. If {x,} is an approximate identity of
LY(G), then we can assume (x,),, € L(S), where (x,),(H)=2x,(t+t). Put
bi=a,(t, y)(¢=1,2, .- -, n) and y,=T((x,);,). We have that

Cw B‘yA—D*B lua;,vwe mean that g{A is ][)&ﬂly negligible.
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Since lim z,(y)=1 for each y € I', we can get

\z 00t 70

=171 S0 =70

Appealing now to a well known characterization of Fourier-Stieltjes
transforms ([1], p. 32) we conclude there exists a measure pe M(G)
such that fr=(¢, )¢ and || ¢||Z||T|. Define A(E)=pu(E—t,) for any
Borel set of G, then }1:90, Thus, Tf=A* f for each f e L(S). Since
ITFI=l14* <A1 f| for each f e L(S), we have || T'||<||4]. It follows
that | T||=||4]. Therefore, we may suppose I is the closed subalgebra
of M(G).

Next, we shall prove that S, is a closed semigroup. It is evident
that S, is a semigroup. Given any ge S\S,. Since (S+¢)\S is non
locally negligible, there is a compact subset C of (S+¢)\S such that
m(C)>0. Let y. be a characteristic function of C, then there is a
neighborhood V, of 0 such that

jGI Lero®) — x| dm(t) =m(((C +v)\C) U (C\(C+2)))
<m(C)/2.

for any veV, ([11, p. 32). Thus, m(C+v)NC)=m(C)/2>0. Since
S+g+\SD(C+v)NC for each v e V,, we have that (V,+9)CG\S,.
Thus S, is closed. Now, we shall show I=M(S,). It is evident
M(Spyc M. Suppose that there is a measure ¢ € I such that 2 M(S,).
Then we can assume that p is a positive measure concentrated on G\S,.
Let K be a support of p. Since (S+k)\S is non locally negligible for
any ke KN(G\S)), there is a non empty compact subset A of (S+k)\S
with density property [8]. Put B=A—Fk, then (B+ K)\S is non locally
negligible. Let V be an open subset of S such that 0 <m(V)<co and
BNV=0. Since (BNV)+KNSDANV +k)#0, (BNV)+K}\S is non
locally negligible. If xe(BNV)+K, then since (x—V)NK=+0, 0< ¢
((x—V)NK)<oco. Let y be a characteristic function of V, then y € L(S).
We see that
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2% () = j A@—pdp)

=L{x(x—y)dp(y)

=p((x—V)NK)>0
for each xze(V+K)\S. Since (V+K)\S is non locally negligible,
x*p e L(S). This completes the proof.
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