Approximation in compact balls by convolution
operators of quaternion and paravector variable

Sorin G. Gal Irene Sabadini

Abstract

Attaching to a compact ball B, in the quaternion field H and to analytic
functions in Weierstrass sense (slice regular functions on BB,) some convolu-
tion operators, the exact orders of approximation in B, for these operators
are obtained. The results in this paper extend to quaternionic variables those
in the case of approximation of analytic functions of a complex variable in
disks by convolution operators of a complex variable, extensively studied
in the Chapter 3 of the book [5]. More in general, the results extend also to
the setting of analytic functions of paravector variable with coefficients in a
Clifford algebra.

1 Introduction and preliminaries

The noncommutative field IH of quaternions consists of elements of the form
g = x1+ x21 + x3] + x4k, x; € R, i =1,2,3,4, where the imaginary units i, j, k € R
satisfy

P=pP=kK=-1,ij=—ji=k jk=—kj =i, ki = —ik = |.

Since, obviously, C C H, it extends the class of complex numbers. On IH we

consider the norm ||g|| = \/x% + x5+ 23 + x2.
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Let us denote by S the unit sphere of purely imaginary quaternion, i.e.
S = {g = ixy + jxo + kx3, such that ¥ + x5 + x5 = 1}.

Note that if I € S, then [? = —1. For this reason the elements of S are also
called imaginary units. For any fixed I € S we define C; := {x+Iy; | x,y €
R}. It is immediate that C; can be identified with a complex plane, moreover
H = UjesC;. The real axis belongs to C; for every I € S and thus a real
quaternion can be associated to any imaginary unit I. Any non real quaternion
q is uniquely associated to the element I; € S defined by I, := (ixq + jxo +
kx3)/|lix1 + jx2 + kx3|| and g belongs to the complex plane Cj, .

For our purposes we need some suitable concepts of analyticity of functions
of a quaternion variable.

Definition 1.1. ([10, Definition 1.1]) Let U be an open setin Hand let f : U — H
be real differentiable. f is called left slice reqular if for every I € S, its restriction f;
to the complex plane C; = R + IR satisfies

= 1/09 d
orf (x + Iy) ::§<$+I@)fl(x+1y):0, onUNC.

In this case, the so called left (slice) [-derivative of f at a point ¢ = x + Iy is
givenby difi(x + 1y) = § (& filx + Iy) — I3 fix + Iy)

Analogously, one can give the notion of function right slice regular and its
right I-derivative, see [3]. Let us now introduce a suitable notion of derivative:

Definition 1.2. Let U be an open set in H, and let f : U — IH be a slice regular
function. The slice derivative dsf of f is defined by:

au(f)lq) fq=x+1y y#0,
AN =1 o
ox
The definition of slice derlvatlve is well posed because it is applied only to

slice regular functions and thus 2 f(x + Iy) = —Ia%f(x +1Iy), forallI € S, and

therefore, analogously to what happens in the complex case, ds(f)(x + Iy) =
r(f)(x + Iy) = ox(f)(x + Iy). If f is a slice regular function, then also its slice
derivative is slice regular, in fact 9;(dsf(x + Iy)) = 9s(d;f(x + Iy)) = 0, and
therefore

ifg=x¢cR.

”f
os f(x + Iy) = == (x + Iy).
We have the following result:

Theorem 1.3. ([10, Theorem 2.7]) Let Bx = {q € H;||q| < R}. A function
f : Br — I is left slice reqular on By if and only if it has a series representation of
the form

00 anf

; T n'ax” )

uniformly convergent on Bg.
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Analogously, f is right slice regular if and only if it has a series representation
with the coefficients written on the left.
The equivalence established in Theorem 1.3, i.e. the fact that slice regular func-
tions can be expanded into power series, holds just when the domain of a slice
regular function is a ball with center at a real point. Indeed, the function f(g) =
(g — g0)" is not slice regular when go € H \ R. However, on balls with center at
the origin, as an alternative to Definition 1.1, we can present the following.

Definition 1.4. (see [6], [7]) One says that f : B — H is left analytic in the
Weierstrass sense in By (shortly left W-analytic) if f(q) = Yoo cxq*, forall g € B,
where ¢y € H for all k = 0,1,2,...,. Also, f is called right W-analytic in By if
f(q) = X3 qFck, for all g € Bg.

Here the convergence of the partial sums Y_7_, cxg* and Y7 g%c; to f is un-
derstood uniformly in any closed ball B, = {q € H; ||q]| < r}, 0 < r < R, with
respect to the metric d(x,y) = [|[x — y||.

If f(q) = Yio cdt (f(q) = Yioo q*c;) then f is called left (respectively right)
polynomial of degree < n.

Remark 1.5. As we have already discussed, on balls with center at real points the
concept of right W-analytic function f coincides with that of left slice regular
function, and the concept of left W-analytic function coincides with that of right
slice regular function. Although there is this equivalence, for the purpose of this
paper, the terminology of W-analytic function is more suitable than that of slice
regular function. However, in our proofs we will use some general results on slice
regular functions. In the sequel, in order to avoid redundances, we will always
write slice regular, W-analytic and polynomial, instead of left slice regular, right
W-analytic, right polynomial, respectively.

Among the useful tools from the general theory on slice regular functions,
we recall the Cauchy theorem and the formula to compute the derivatives, see
[3, Theorems 4.5.3, 4.5.4] and the definition of axially symmetric s-domain, see
[3, Definitions 4.1.4, 4.3.1]. For our purposes, it is enough to know that balls in H
are examples of axially symmetric s-domains.

In Chapter 3 of the recent book [5], are introduced and studied the approxi-
mation properties of complex convolution operators acting on analytic functions
in compact disks with center at the origin. The operators considered are of the
form

b .
T(£)(2) = an [ fze")Kn(u)du, (here = -1), (1)
a
where usually a = —7m, b = 71 (or equivalently 2 = 0, b = 27) and K, (u) is a
positive, even, trigonometric kernel (i.e. a trigonometric polynomial), ora = —oo,

b = o0 and K, (u) is a positive, continuous kernel. Here a,, > 0 is a constant that
may depend on 7, but it is independent of f and it is chosen such that T, (eg)(z) =
1, for all z, where ey(z) = 1, for all z.

The main purpose of this paper is to make a similar study for the approxima-
tion of W-analytic functions by convolution operators of a quaternion variable.
We will show how to generalize some definitions and results that hold in the com-
plex case to the non commutative setting of quaternions and Clifford algebras.



484 S. G. Gal - I. Sabadini

The plan of the paper is the following: in section 2 we will introduce some prelim-
inaries and the convolutions operators of quaternion variable. In sections 3 and
4 we will discuss the case of approximation properties of the quaternionic con-
volution based on the de La Vallée Poussin kernel and of the Gauss-Weierstrass
kernel, respectively. Finally, in section 5 we discuss how to further generalize
these results to the setting of W-analytic functions of a paravector variable and
with values in a Clifford algebra.

2 Convolution operators of a quaternion variable

To introduce convolution operators of a quaternion variable, we need a suitable
exponential function of quaternion variable. For any I € 5, we choose the follow-
ing well-known definition for the exponential: e'! = cos(t) + Isin(t), t € R, see
[11]. The Euler’s kind formula holds : (cos(t) 4 I'sin(t))* = cos(kt) + Isin(kt),
and therefore we can write [e/f]¢ = ¢!k,

For any g € H\ R, let 7 := ||g]|; then, see [11], there exists a unique a € (0, 77)
such that cos(a) := ! and a unique I; € S, such that

X2 X3 X4

— olqa = = -
q=re, with Iy =iy +jo+ks, y= rsin(g)’v rsin(a)'S rsin(a)’

Now, if g € R, then we choose a = 0,if g > 0Oanda = mifq < 0, and as I,
we choose an arbitrary fixed I € S. So that if § € R\ {0}, then again we can
write ¢ = ||q]|(cos(a) + Isin(a)) (but with a non unique I). The above is called
the trigonometric form of the quaternion number g # 0. For ¢4 = 0 we do not
have a trigonometric form for g (exactly as in the complex case). Analogously to
the case of complex variable in the formula (1.1), we can introduce the following.

Definition 2.1. Let K, (1) and &, be under the hypothesis in the formula (1.1).
If f : Bk — H is W-analytic on By, then we can define the right convolution
operator of quaternion variable

TurlF)0) = [ flae ()i, g € H\R, g = el < By,

b
Tur(f)(q) = “”/u flge")Ku(w)du, g€ R\{0},q = [lqlle" € Bg,t =0or 7,
(2.1)

where I € S is fixed (arbitrary), and T, ,(f)(0) = a,, f(0 f Ky (u

If f: Br — H is left W-analytic on Bg, then we can defme in an analogous
way the left convolution operator of quaternion variable by taking f(er"q) in-
stead of f(ge'") in the integrals (2.1).

The integral in (2.1), for example, is understood to be in Riemann sense and it
is of the form

b b b b
T (@) = [ Pudu+i [ Quidu+j [ Rodu+k [ S,du,
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where P, Q,R,, S, are real valued functions of the variables x1, xo, x3, x4, u, at
least continuous and

[an(qelq”)Kn (u) = P”l (.X1, X2, X3, X4, u) + ZQYZ (xll X2, X3, X4, u)
+ ]Rn (x].l X2, X3, X4, 1/[) + kSn (xll X2, X3, X4, u)'

We have :
Theorem 2.2. Let K, (u) be a positive and even trigonometric kernel, a = —7m, b = 47
and f : Br — H. If f is W-analytic, that is f(q) = Y32, q"cy, then To,r(f)(q) isa

W-analytic function given by the formula

Tur(f)() = Y 4" ckArn, 9 € Br,
k=0

where A, = ay [7_cos(ku)K,(u)du € R, k = 0,1,...,. An analogous statement
holds when f is left W-analytic.

Proof. (i) Suppose first that g is not real. Since the kernel K, (u) is real valued, by
the trigonometric form q = r(cos(a) + I;sin(a)), we easily get

wn f(qel™)Ky, (u) = ay i [r(cos(a + u) + Iy sin(a + u))]*cx K, (1)
k=0

= ay, i ¥ cos(k(a + 1)) Ky (1) cr + Lyoey, i *sin(k(a + 1)) Ky (u)cy.
k=0 k=0

Since both of the last two series evidently are uniformly and absolutely conver-
gent with respect to the real variable u, they can be integrated term by term, so
that finally it easily follows

[ee]

Turl ) = X7 o |

k=0 -7

us

cos(k(a + u))Kn(u)du] Ck

+ 1 ]irk {zxn /_T; sin(k(a + 1)) Ky (u)du | c.

Since [”_sin(ku)K, (u)du = 0, we get

(0]

Tur(f)(q) = Y cos(ka) Ap e+ Ip Y ¥ sin(ka) Ay per = Y g5 ckAx s
k=0 k=0 k=0

which proves the formula in (i) for 4 not real.

If g = 0, then £(0) = co and Ty, (£)(0) = ancoAg, = anco [ Ky (u)du.

Now, suppose that g € R\ {0}. Then the proof follows as in the complex case.
Summarizing all the above cases, we get that the representation for T, ,(f)(q) is

valid for all g € Bgr. The proof in the case of left W-analytic functions is similar.
n

Remark 2.3. Similar formulas hold for the convolution operators of quaternion
variable, in the case when a = —o0, b = +c0 and K, (u) is a continuous, positive,
even and bounded kernel on (—oo, +00).
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3 Approximation by quaternion polynomial convolutions

It is well-known that the classical de la Vallée Poussin kernel

(n1)? (n1)? :
Ky(u) = 2n)! (2(:052) —1—22 n—] n+j)!cos(]u),u€R

and the de la Vallée Poussin convolution trigonometric polynomials of real vari-
able attached to a 27t-periodic real function g, defined by

V() (x) = % /_Zg(x — WKy (u)dtx € R,n € N,

were introduced in [13] in order to give a constructive solution to the second
approximation theorem of Weierstrass, by proving there that lim, . V. (f)(x) =
f(x), uniformly on R. A quantitative upper estimate of |V,,(f)(x) — f(x)| in terms
of the second order modulus of smoothness w,(f;1/+/n) was obtained in [2].

Replacing in the above integral the translation x — u € R by the rotation ze
or ze' € C, for an analytic function f in a disk D, the complex convolution
polynomials defined by

—iu

Vo(f)(z) = % / 7; F(ze"Kn(t)dt, z € Dg,n € N,

were firstly introduced and studied in [12], by proving that all V,,(f)(z), n € N
preserve the spirallikeness and convexity of f in the unit disk. These nice shape
preserving properties do not hold for the partial sums of the Taylor’s expansion
of f. We will come back to this issue in the following Remark 3.7. On the other
hand, it was also natural to study the approximation properties of the complex
de la Vallée Poussin polynomials, see [5], pp. 182-187 for the details. At this
point, we should point out that the approximation by the partial sums of the Tay-
lor expansion provides a better upper estimate (of geometrical order) than the
approximation given by the de la Vallée Poussin complex polynomials. How-
ever, for the latter one, the exact order of approximation and a Voronovskaja-type
result can be obtained

The first goal of this section is to extend the approximation properties of the
de la Vallée Poussin polynomials of complex Varlable to the case of quaternion
variable. Thus, taking in Definition 2.1 a, = 5 and K, (u) the above kernel and
taking into account Theorem 2.2, the de la Vallée-Poussin convolution operator
of a quaternion variable for a W-analytic function f : Bx — H, f(q) = Yt 7k,
will be

n 1 2
— k (n!)
Pur(f)(q) —I;Oq o o 1 € Br (3.1)
Here we used in Theorem 2.2, the formula Ay, = [ERaIEEa ,SZ '()n vy for0 < k < n,and

Ay = 0 for k > n, formulas obtained in the complex case in [5], p. 182.
Defining || fllz = sup{|lf(9)|; llg]] < d}, firstly upper estimates in approxi-
mation of f by P, .(f) with explicit constants are presented.
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Theorem 3.1. Let R > 1, Bx = {9 € H;||q|| < R} and let us suppose that
f : Br — H is W-analytic in By, that is we can write f(q) = Yoo oq*ck, for all
qe Br.

(i) Denoting My (f) = Y521 ||k l|k?d* < oo, for any d € [1, R) we have

1Pur ()~ flla < M e

(ii)lfl§d<r1<Randp€thhenwehave

[o2py (1) 3l < L e,

where 9% denotes the slice derivative of order p.

Proof. (i) Denote ex(q) = g*. Since we can write e;(q)cy = o q/cpa; with a, = 1
and a; = 0 for all j # k, by (3.1) it is immediate that

12
Py (exck)(q) = ex(q)ck = k()n!.()n T Py (ex)(q)ck, forall0 < k <mn,

and that P, ,(ex) = 0 for k > n. This implies P,,.(f)(q) = Y10 Pn,r(ex)(q)cx and
for all ||g|| < d we get

1P (£)(q) = f(@)I] < 1:21 el 1P,y (ex) (9) — ex(4)l

n
< ) leell 1Por(e)(q) — el + Z |CkH_dk
k=1

k=n+1

n!)? k
Par(e) ) = exl0) iy = ety (1- -5 ) itk <,
forall0 <k <mand ||g|| <dwe get

2 gk
dk kdk L<ﬂ.
+] n

IPuten(@) el < 111, (1- - 5)

Here we used the inequality 1 — Hf‘zlxi < Zi-‘:l(l —x;),for0<x; <1,i=1,..,k
In conclusion, for all ||g|| < d we have

k2
1P, () (q) — ex(q)|| < ;d", forallk,n € IN,

which implies the estimate in (i).

(ii) Let g be such that ||q|| < d. By Theorems 4.5.3, 4.5.4 in [3], we can write
the Cauchy formula and integrate on a specific complex plane C;. Thus we can
choose I = I;. Let 7y be the circle of radius r; > d and center 0 in the plane Cj,.
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For any v € -y, we have |v — q| > r; — d, and by the Cauchy’s formula it follows
that for all ||g|| < d and n € N, we have

192 Pur () (9) =05 f (q)l

- | [5 @ lg =91~ 0Vt (B ) ) - o)

and since v and g commute we have

S~ (0, (q =) P g o)) = (0 — )"0,

thus we obtain:

1982, (1)(0) = 5@ = L | [ (0= 0¥ Vo (o () 0) — )

< Mrl (f) p_' anl
- on 21 (r—d)PtV

which proves (ii) and the theorem. ]
We now present a Voronovskaja-type theorem for the quaternionic case.

Theorem 3.2. Let R > 1, Bx = {g9 € H;||q|| < R} and let us suppose that
f : Br — H is W-analytic in Bg, that is we can write f(q) = Yoo, g ck, for all
q € Bg. Forany d € [1, R) we have

’ €za§f + €1asf

n n
where Ay(f) = Y52, [ cx|[kAdX < oo, ex(q) = qk-

Proof. Since the left slice derivatives of a power series representing a W-analytic
function coincide with its formal derivatives (see e.g. [9] , p. 127), we can write

0sf(q7) = Loq 4" exk and 02f (q) = Y2, 4" 2cxk(k — 1),

Therefore, denoting

Puy(f) = f+

kk o k
q°k(k 1)+ﬂ
n n

[Ein (DI = || Pur(ex)(q) — exlq) +

4

for all ||g|| < d we get

i

ex(q7)93f(q) n e1(q)9sf(q) H
n

Puy(f)(9) = £(q) +

n
< Y MEca@I el = Y IEga(@H lexll + Y- IExa(@)]] llek]
k=0 k=1 k=n+1

n

= Yl @l el + 3

kie(k —1 ki
k q ( ) q
k=1 k=n-+1 n

[lell-
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But for ||g]| < d we have

ad kk(k —1 ki ad k(k—1 k

> e '—qk+“n—>+% = ) el |14 HEZD K
k=n+1 k=n+1

o k? o ko k> 1 & 1 &

Y. ||Ck||dkz < ) ||Ck||5dkz =7 Y. [lex|[d* < ) Y. (Al
k=n+1 k=n+1 k=n+1 k=n+1

(3.2)

Therefore, it remains to estimate || Ey ,(g)| for ||g]] < dand 0 < k < n. Since it is
immediate that Eg ,(q) = 0, it suffices to consider 1 < k < n. We obtain

_ [ (nt)> ok Tk(k=1) g%k
HEk,n(q)H - q (n—k)!(n—l—k)! q + n + n
k (n!)? RS
I = o 1 % (33)
But by mathematical induction can be proved (see relationship (3.1), p. 184 in [5])
(n!)? Kkt
< — — < = = . .

0< CEICE! 1—i—n _nz,forallk 1,2,..,nandn € N (3.4)
Replacing this inequality in (3.3) and using (3.2) we obtain the theorem. n

Now we are in position to obtain the exact degree of approximation by
Py,(f)(q). Firstly, we present a lower estimate of the approximation error in The-
orem 3.1, (i).

Theorem 3.3. Let R > 1, Bx = {9 € H;||q|| < R} and let us suppose that
f : Br — H is W-analytic in By, that is we can write f(q) = Yo oq%ck, for all
q € Bg. If f is not a constant function, then for any d € [1, R) we have

Ca(f)

n

,n € 1NN,

1B, (f) = flla =

where the constant 0 < C4(f) < oo depends only on f and d.
Proof. For all g € Bg and n € IN we have

Pn,r - -
1 (f)q) —f(q) , qzaZf(q) q9sf(q)
n {_[qzaﬁf (9) +q9sf ()] + - {”Z (P”"(f @) = fla)+ 7= )} } '

n n n

We will apply to this identity the following obvious property :
IE+Glla = HIFlla = IGlla | = [I1Flla = 1Glla-
It follows

1P (f) = flla

2%{”’ezagf—|—6185f Py (f) — f 4 20 | @10

n n

-5

)
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Taking into account that by hypothesis f is not a constant function in Bg, we get
lle202 f + €195 f |4 > 0. Indeed, supposing the contrary it follows that g?02f(q) +
q9sf(q) = 0 for all g € B,. By using the uniqueness of the power series for f (see
e.g. [10], Theorem 2.7) and by identifying the coefficients in the above equation,
it easily follows that ¢, = 0 for all k > 1. This means that f(q) = ¢, for all g € By,
which contradicts the hypothesis. Theorem 3.2 implies that

|

Therefore, there exists an index 1y depending only on f and d, such that for all
n > ng we have
Lo
Hd n [n H ) d’

which immediately implies

Pur(f) = f+ 203 + Lo f

Hd < Ai(f).

||e222f + erdsf Purlf) — f + 28 + Lo | 2 %mezagf—l—masf

1
1P (F) = Flla = 5 [|e232f +erdsf || ¥ = mo.

‘d’

Forn € {1, ...,ng — 1} we obviously have ||P.,(f) — flls > Md” Man(f) w1th My, (f) =

1||Puy(f) — flla > 0, which finally implies ||Pn,(f) — fll4 > Ca) for all n, where
Ca(f) = min{Mg1(f), ..., Man,—1(f), 3 || 292 + e10sf |||, } ThlS completes the
proof. n

By Theorem 3.3 and Theorem 3.1, (i), we immediately get the following result,
in which the equivalence a, ~ b,, n € IN means that there exist two constants
c1,¢c2 > 0 independent of n, such that c1b, < a, < cpby, for alln € IN.

Theorem 3.4. Let R > 1, By = {9 € H;||q|| < R} and let us suppose that
f : Br — M is W-analytic in Br. If f is not a constant function in Bg, then for
any d € [1, R) we have

1
1Pr(f) = flla ~ - €N,
where the constants in the equivalence ~ depend only on f and d.

In the case of approximation by the slice derivatives of P, ,(f)(q) we have

Theorem 3.5. Let B = {q € H;||q|| < R} be with R > 1 and let us suppose that
f : Bx — H is W-analytic in Bg, i.e. f(q) = Yo oqtcy, for all g € Bg. Also, let
1 <d<r <Randp € N be fixed. If f is not a polynomial of degree < p — 1, then

we have .
192 Par () = 3 flla ~

where the constants in the equivalence ~ depend on f, d, r1 and p.

Proof. Reasoning as in the proof of Theorem 3.1, let g4 # 0 be such that ||g|| < d
and consider the complex plane C;. Let 7y be the circle of radius r; > d > 1 and
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center 0 in the plane C Iy For any v € v, we have |[v — g| > r; —d, and by the
Cauchy’s formula it follows that for all ||| < d and n € IN, we have

O P (f)(q)—9Ef(q) =
_ 2%/[ Uo,9)(q — )71 (g — 3) PV dog (P () (0) — f(0)),

where [7 := I, for g not real, and I; = I arbitrary in S for g € R\ {0}.
Taking into account Theorem 3.1, (ii), we just have to prove the lower estimate
for ||0Y P, (f) — oL f||4. For this purpose, as in the proof of Theorem 3.3, for all

v € yand n € IN we have
Po,(f)(0) = f(v) =
1

w0 + 1)+ 2 [ (Bt )o) - 50 + St + L |

n

which can be replaced in the above Cauchy’s formula. Since v and g belong to the
same complex plane we have:

B (1)) =0 f0) = 3 { 2o [ ~(o = @) oy 2 (o) + 002 o)

+o 2 / (v = q)"*doy, {"2 (P”’r(f o) = fo) + %2a§f o)+ 55f (U)H }

n2mw
= {af —%32(9) — 405f(9)|
12 [ =g oy [ (Bus(9)0) - f0) + Sf0) + Zaus@) | .

n27 Jy

By taking the norm || - || it follows

108 Py (F) — O fla > { [ezazf + elan} H’
P [ o=y [ (Puf)0) - o)+ Zoks0) + o) |

S

and using Theorem 2.2 we obtain

|2 [ w-araoy [ (utre) - f0) + Saiso) + ) | |
< Anf)p'in

1 o (1’1 —d)p+1

[ 27rn?
gp_ 1

ZHW’

e e
Pur(f) = f+ 0if + —aif

The hypothesis on f implies that |0} [e202f + e19sf][| ; > 0. Indeed, suppos-
ing the contrary it follows that ?02f(q) + q0sf(9) = Qp-1(q), for all g € B,
where Q,_1(9) = Z;:ll A necessarily is a polynomial of degree < p — 1, van-
ishing at 4 = 0. Denoting d;f(q) = g(q) the above differential equation becomes
7°9s8(q) +498(q) = Qp-1(q), for all ¢ € B,. Let us now look for a W-analytic
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solution of the form g(q) = Y2, q/aj: by replacing in the differential equation,
and by the identification of coefficients we easily obtain that g(q) necessarily is a
polynomial of degree < p — 2. Thus f(q) necessarily is a polynomial of degree
< p — 1, in contradiction with the hypothesis. Finally, reasoning exactly as in the
proof of Theorem 3.3, we immediately get the desired conclusion. m

Remark 3.6. Similar results could be easily adapted for the left convolution oper-
ator of the de la Vallée-Poussin type, P, ;(f)(q) attached to left W-analytic func-
tions. Also, in a similar way, approximation results for other choices of the trigono-
metric kernel K, (#) can be obtained, like for those of Fejér, Riesz-Zygmund, Jack-
son and Beatson (see them in e.g. Chapter 3 of the book [5], where the correspond-
ing complex convolutions were studied).

Remark 3.7. Using Lemma 4.1.7, p. 117 (Splitting Lemma), Corollary 4.3.4, p. 121
and Corollary 4.3.6, p. 121, all in [3], it is not difficult to prove that for quater-
nionic W-analytic functions with all the coefficients real (this subclass is denoted
by N), the de la Vallée Poussin polynomials of quaternion variable given by
(3.1) preserve some geometric properties, like what happens in the complex case.
More precisely, the de la Vallée Poussin quaternion polynomials given by (3.1)
preserve the starlikeness and the convexity of f € A/, where for f : B; — H nor-
malized by f(0) = 0and ds(f)(0) # 0, the starlikeness (convexity) is understood
in the sense that for all 0 < r < 1, f(IB,) are starlike (convex, respectively) sets in
IR*. We recall here that A C IR* is called starlike with respect to the origin 0, if for
any point p € A, the Euclidean segment determined by 0 and p entirely belongs
to A and that A C RR* is called convex if for all p,q € A, the Euclidean seg-
ment joining p and g entirely belongs to A. In other words, because we can easily
find many examples of starlike (or convex) functions f € N by simply replacing
z € C with g € H in the Taylor’s expansion with all the coefficients real numbers,
of a starlike (convex, respectively) function of complex variable, by (3.1) we can
easily construct polynomials of quaternion variable with nice geometric proper-
ties, if these polynomials are interpreted as transformations from R* to IR*. More
details on these geometrical aspects will be given in the forthcoming paper [8].

4 Approximation by nonpolynomial quaternion convolutions

In this section we deal in details with the approximation properties of the convo-
lution based on the classical Gauss-Weierstrass kernel given by K;(u) = e/ (),
u € R. Note that here t > 0 is a real parameter which replaces the natural param-
eter n € IN in the definition of the trigonometric kernels.

Replacing in the formula (2.1) for the convolution operator in Definition 2.1,
a = —oo, b = +oo, ay by ay = ﬁ, and K, (u) by Ki(u) = e /() for a
W-analytic function f : Bx — H, Bgr = {g € H; ||q|| < R}, we obtain the right

Gauss-Weierstrass convolution operator of quaternion variable

]' oo u —uz a
Wi (f)(q) = \/ﬁ /_oo f(flelq Je /2 gy, gceH\R,qg= rel’" € By,
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Wi, (f)(q) = \/_/ f(ge™ e /2y, g€ R\{0},g=re!" € Bg,a=0o0rm,
4.1
Wi, (£)(0) = f(0),

where I € S is fixed (but arbitrary).
Reasoning exactly as in the proof of Theorem 2.2, for f(q) = Y5>, 7"cx and

taking into account that Ay ; = \/L— f_+;° o2/ (2t) cos(ku)du = e~Ft/2 we have

Wi (f) Zq kAt = che Bt/2 . g eBp t>0.  (42)
k=0

Theorem 4.1. Let R > 1, Bx = {9 € H;||q|| < R} and let us suppose that
f : Br — H is W-analytic in By, that is we can write f(q) = Yoo oq%ck, for all
qc Br.

(i) For any d € [1, R) we have

IWer () = flla < 5MalF), £>0,

where My(f) = L2y i [R2d < oo
(ii) If1 <d < Rand p € IN, then for all I € S we have

t
19£We,(f) = 0 flla < 5Map(f), >0,

where My, (f) = X, AP ||| (k —1).(k —p+1) < oo
Proof. (i) By (4.2), for all ||g|| < d we have (since || - || is a multiplicative norm)

[Wer (F)(g) — F@)]] < iuqkn el |42 1] < ki & g o472 -1

Now, denoting h(t) = —kt/2 and since h(0) = 1, by the mean value theorem,

there exists a point ¢ € (0, t) such that

‘e—kzt/2 . 1‘ _ |h/((:)|t _ ékze—kzg/z S k2,

!
2
which replaced above implies

W (F)@) ~ F@)] < 5 3 el

k=0

Passing to supremum after ||g|| < d, the estimate in the statement follows.
(ii) Taking into account the formula for the slice derivative of the quaternion
power series (see e.g. [9], p. 127) by (4.2), reasoning as above we get

105 Wi (f)(q) — o5 fF(@)]l = |l ki FPerk(k —1)...(k — p+1) (e F2 — 1))
=p

Z AP (k—1)..(k—p+1),

I\JI"'-

which proves the theorem. ]
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Also, the following exact estimate holds.

Theorem 4.2. Let R > 1, B = {q € H;||q|| < R} and let us suppose that
f : Bx — H is W-analytic in B, that is we can write f(q) = Yoo g ck, for all
q € Bg. If f is not constant function for j = 0 and not a polynomial of degree < j — 1
for j € N, then forall I € S we have

l10sWer (f) = 9sflla ~t,

where the constants in the equivalence depend only on f, d and j. Here the equivalence
a(t) ~ b(t) means that there exists two absolute constants C; > 0 and Cp > 0 such that
0 < Cia(t) <b(t) < Cpa(t), forallt > 0.

Proof. Taking into account the upper estimate in Theorem 4.1, (i), it remains to

prove a lower estimate for |9 W; ,(f) — dLf4-
For this goal, consider the trigonometric form of g # 0, ¢ = ||q||e"? (see the
Introduction) and choose a g := des? and p € N {J{0}. Let j € N U{0}. We get

—e P2 (3l £ (q) — ALWL,(F) ()]

27T

P Y- A il k=i=Pee(k — 1)...(k — j+1)[1 — e—kzt/z]'
=

Integrating from — 7t to 71, with some computations, we obtain

1 /n e PP[ALf (q) — AW, () (9)ldg

27
Zd" [ e Pdgek(k ~ 1.k~ j+ 1)[1 — e 2]

=dPei,(j+p)j+p—1)..(p+ 11— e~ (+pP1/2),

Taking into account that ||e%?|| = 1 and passing above to || - ||, we easily obtain

lajpll G+ )G+ p = 1)ec(p + VP [1 — e 2] < JJalf — 3L (f) .

First consider j = 0 and denote V; = infj<,(1 — e PH/2) We get V; = 1 — ¢ 1/2
and by the mean value theorem applied to h(x) = e~*/2 on [0,] there exists
n € (0,t) such that for all t € (0,1] we have

Vi = h(0) —h(t) = (=)l () = (t/2)e” 1% > (t/2)e" /2 > _;/215 > t/4.

By the above lower estimate for ||[W;,(f) — f||4, forall p > 1 and t € (0,1] it
follows

AWerlf) = flla o IWer(f) = flla o [Werlf) — flla o llepldP.

t - Vi T 1—e P2
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This implies that if there exists a subsequence (f ) in (0, 1] with limy .ty = 0

IWer (F)=flla _ 0, thenc, = 0 forall p > 1, thatis f is

and such that limy_,, fk

constant on B,.
Therefore, if f is not a constant then inf;¢ g | w > 0, which implies

that there exists a constant C4(f) > 0 such that w > Cy4(f), for all
€ (0,1], that is

[Wer (f) = flla = Ca(f)t, forall t € (0,1].

Now, consider j > 1 and denote V;; = inf,>0(1 — e~ (pTiyt/2), Evidently that we

have Vj; > inf,>q (1 — e 7"1/2) > t/4.
Reasoning as in the case of j = 0 we obtain

allosWer(f) — aflla - |||3éWt,r(f)—3éf!Hd>||C, (2P
t - Vit AL T

forallp > 0and t € (0,1].

This implies that if there exists a subsequence (t)x in (0,1] with limy 0ty = 0

195 Wiy, (f) =04 lla
e

polynomial of degree < j —1 on Bj.

Therefore, infc (g1 w > 0 when f is not a polynomial of de-

gree < j— 1, which implies that there exists a constant C4;(f) > 0 such that
W 1)=0flla > ¢, (f), for all t € (0,1], that is

and such that limy_, = Othencj,, =0forall p > 0, thatis f isa

I92W,(f) — 8Lflla > Ca ()1, forall t € (0,1],
which proves the theorem. n

Let A, (Bg) be the quaternionic right Banach space of the W-analytic functions
on Bg, continuous on Bg. The space A,(Bg) is endowed with the uniform norm
given by || f|lr = max{||f(u)|;u € Br}. To conclude this section we prove that
the right Gauss-Weierstrass convolution of quaternion variable defines a contrac-
tion semigroup on the quaternionic right Banach space with respect to the uni-
form norm on A, (Bg).

Theorem 4.3. Let f € A,(BRr), f(q) = L3 q*ck, g € Br.
(i) Forall t > 0, Wi, (f) € A,(Bgr) and

Wi (F)(q) = Y gfcre ™42, forall g € Bg.
k=0
(ii) For all ¢ € Bg, t > 0, the following estimate holds :

IWer (F)(9) = F@)| < Cren(f; Vg,

where
wi(f;0)g; = sup{||f(u) — f()|; llu — 0| <6, u,v € Br}.
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and Cr > 0 is a constant independent of t and f.
(iii) We have :

Wi (£) () = Wer(F)(@)]] < Cs|Vt = Vs, forall g € B, t € Vs C (0, +00),

where Cs > 0 is a constant depending on f, independent of q and t and Vs is any neigh-
borhood of s.

(iv) The operator Wi, = A,(Br) — A, (BBRr) is contractive, that is

IWer (F)llx < I fllr, forallt >0, f € A (Bg).

(v) Wiy, t > 0) is a (Co)-contraction semigroup of linear operators on the real Ba-
nach space (Ay(Bgr), || - ||r) and the unique solution u(t,q) (that belongs to A,(Bg),
for each fixed t > 0) of the Cauchy problem (for a kind of heat equation in t and @)

ou 1 0%u
o) = Ea—@z(t/q)f (t,q) € (0,+00) x Bg, g =he1?, g #0,h = ||q]|,

u(0,q9) = f(q),  q€Bg, f € A(Bg),

is given by u(t,q) = Wi, (f)(q).

Proof. (i) The fact that W;,(f) is W-analytic in Bg follows from the relationship
(4.2). It remains to prove the continuity in Bg. For this purpose, let 9,9, € Br
be such that nlgxc}o qn = qo, that is lim, e ||g» — q0]| = 0.

Suppose first that gg is not a real quaternion. Then, without loss of generality,
we may suppose that g, are not real quaternions, for all # € IN. In this case,
denoting g, = r,e!m™ and qo = roe'™, by the definition of trigonometric form it
easily follows that as n — co, we get a, — ag and ||I;, — I,|| — 0.

Now, since

gne'* — qoe'so"|| = || (qn — qo) cos(u) + (qulg, — Golg,) sin(u)]
< llgn = goll + lgn1g, = qolgoll = llgn — qoll + llgn1g, — qnlgy + Gnlgo — qolg |
< 1190 = goll + gnllllLg, — Igoll + 1141 — g0l | Lgo
= 2[l9n = qoll + 191114, — Iqoll,

we easily get

[Wer (£)(@n) = Wer (£)(q0)]
+o0
—/ | £(gue) = £(goeo*)lle=/ 2 du

< [ (et = qoc e
_uZ T
(520190 — gl + 1all 115, — Igo Dgse ™/ ™ d

= w1(f;2[1gn = qoll + l|gnlll g, = Igo D,

—m/
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Passing to limit with n — oo and taking into account that it is easy to show that
w1(f;6)p, keeps all the usual properties of a modulus of continuity for a real-
valuied functions of real variable, including the property that if f is continuous
on its compact domain of definition then lims\ o w1 (f; 0 )E = 0, it follows that

Wi, (f)(gn) converges to Wi, (f)(q0), as n — oo.
Now, let us suppose that g0 € R\ {0} and assume firstly g9 > 0.

If all g, are real quaternions, then clearly we can suppose that g, > 0 for all
n € IN and writing g0 = ||q0/(cos(0) + I'sin(0)), g» = ||gn||(cos(0) + I'sin(0)),
with arbitrary I € S, we immediately obtain

1gne™ = goe™ | = Il(qn — g0) cos(u)l| = Iqu — qol,

which implies

W) (a) =~ Wor) )|
< F [ 1™ — Flaoe™) /2
< ¢T7 | @i llane™ — g e 0

12
= \/—/ 13 lan — qolDgee ™ ™ du = wi (£ 14w — 0l )5

This again implies limy,, 00 Wer(f) (1) = Wer(f)(g0)-

If all the g, are not real quaternions, we can write g, = rpelm® and
go = go(cos(0) + Isin(0)), with arbitrary I € S. Therefore, we can choose
I = I, and write g9 = go(cos(0) + I, sin(0)) = goe'” and in the definition
of Wi, (f)(q0) we can choose I = I,,, which implies

lgne’s" — qoe'"|| = llgn — goll lle"*|| = llgn — q0ll,

and reasoning as above, it follows

[Wer (f)(dn) = Wer(f) (90|

IN

1 e Lo, I 2/(2t)
nt) _ n du
o [ (@™ ) = Flauel) e
< w(fi ln ~ qollmg:

Therefore, in this case too we obtain lim,,—eo Wi, (f)(9n) = Wer(f)(90)-

If g0 < 0, we reason exactly as above, with the only difference that we can
write qo = ||qo0||(cos(7t) + I sin(7r)), with arbitrary I € S.

In conclusion, W;,(f) is continuous at any gg € Bg, since f is continuous on Bg.
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(i) For ||g]| < R, g non real quaternion, we easily obtain

1Wir (F)(a) = F@I < o= [ 1 aeh™) = )o@

wr(fiRIL — e )oe ™/ 21 du

«/—/
u 2
= w ;2R |sin — e /() gy
V2 / ' <f ZDE
2R+1 _
< \/_ 1(f; |u|)me u?/(2t) du

< 2R+1 [+ (f \/_) <u ) —u2/(2t) du

wlf\/_]BR/z—u /(2t) ]

Since [, Due—/ 2 dy = 2t Jo e ?dvo = 2t, we infer

Wer (f)(9) = £(@)

(q
< 2R +1) [wl (F: VD + (r(Fi VD) %_n] < Crwr(f; VD).

Now, for |||l < R, g € R\ {0}, we fix an arbitrary I € S and we can write

W ()@ = F@I < <= [ "I = e/ au

and reasoning exactly as in the case of 4 non real, we arrive at the same upper
estimate. Finally, for g = 0 we get ||W.,(f)(q) — f(q)|| = 0, which all together
imply the estimate in (ii) for all 4 € Bg.

(iii) From the definition of W;,(f)(g) in (4.1), for all 4 € Br we easily get

|WMM%mwxwwwzm

e—uz/t e—uz/s
Vi Vs

First, let us denote v/t = 4, Vs = b. Applying now the mean value theorem,
there exists a value ¢ € (a,b), such that

du.

2742 2712
eu/u eu/b

a b

— o — ble/® {2”2 1}

A 2|’

which together with the fact that fj;o e—W/(20) < oo, fj;o u2e= 1/ (20) < oo, it
immediately imphes the desired inequality for W;,.

(iv) Since \/— [*e e~/ (2t gy = 1, we deduce

1 +oo k1 2 —
W@ < o [ gl P < I/l g € B,
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where I := I if g is not real, and [; := I-arbitrary in Sif ¢ € R\ {0}. Together
with Wi, (f)(0) = f(0) all these easily imply [|[Wi,(f)[[r < [|fll-

(v) Let f € A,(Bg), thatis, f(q) = Y5> .9 ax, ¢ € Bgr. If g € Bg, q = dels?,
0 < d < R, then by (i), we can write W;.(f)(q) = Yo dkekla9ce=Ft/2 Tt eas-
ily follows that Wiis,(f)(q) = Ws,[We,(f)](g), for all t, s > 0. If q is on the
boundary of Bg, then we may take a sequence (g,),en of points in Bg such that
limy,qn = q and we apply the above relationship and the continuity property
from (i). Furthermore, denoting W ,(f)(gq) by T(t)(f)(g), it is easy to check that
the property limy o T(t)(f) = f, the continuity of T (-) and its contraction prop-
erty follow from (ii), (iii) and (iv), respectively. Finally, all these facts together
show that (W;,,t > 0) is a (Cp)-contraction semigroup of linear operators on
A (Bgr).

Consequently, since the above series representation for W; ,(f)(g) is uniformly
and absolutely convergent in any compact ball included in Bg, it can be differen-
tiated term by term, with respect to t and ¢. We then easily obtain that

Wi (f)(q) _ 1°Wir(f)(g)
ot 2 dg? )

Finally, from the same series representation, it is easy to check that

Wo,(f)(q) = f(9),  q € Bg.

We also note that in the differential equation we must take g # 0 simply because
g = 0 has not polar representation, that is, § = 0 cannot be represented as a
function of ¢. This completes the proof of the theorem. n

Remark 4.4. Similar results can easily be adapted for the left convolution operator
of Gauss-Weierstrass type, W, ;(f)(q) attached to left W-analytic functions.

Moreover, one may obtain similar results by choosing different kernels, like
the Picard kernel K;(1) = e~ "lf, the Poisson-Cauchy kernel K;(u) = #w’ and
many others (see them in e.g. Chapter 3 of the book [5], where the corresponding
complex convolutions were studied).

5 Approximation by convolution operators of a paravector vari-
able

We now discuss how the results obtained in the preceding sections can be ex-
tended to a more general setting. Let us consider the real Clifford algebra R,
over 1 imaginary units ey, ..., e, satisfying the relations ¢;e; + eje; = —20;;. An
element in the Clifford algebra will be denoted by ) 4 esx4 where A = i;...17,,
ip € {1,2,...,n},i; < ... < i isamulti-indexand ey = e;e;,...¢;, 0 = 1. As
it is well known, Ry = C, R, = H; for n > 3, R,, contains zero divisors. In the
Clifford algebra R,;, we can identify the element (xo, x1,...,x,) € R*"*! with a
so called paravector in the Clifford algebra x = xo + xje1 + ... + x,¢,. Given an
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elementa = Y 4axe4 € R, we define its norm as ||a|| = (X ai\)%. The norm is
not multiplicative, in fact for any two elements 4,b € R;, we have

lab]] < Callal [/b] (5.1)

where C, is a constant depending only on the dimension of the Clifford alge-
bra R,,. Moreover, we have C,, < 21/2 The norm is however multiplicative for
example when 4 is a paravector or, in particular, a real number.

One can extend a notion generalizing holomorphy to functions defined on
open sets U C R 1 (with the above identification) and with values in a Clifford
algebra. The most studied notion of (hyper)holomorphy in this setting leads to
the so-called monogenic functions, see [1]. However, the set of monogenic func-
tions does not contain the power of the paravector variable x”* not even for m = 1.
The set of slice monogenic functions, see [4, Definition 2.1] and [3], includes
power  series. Roughly speaking, a real differentiable function
f:uc R"*! — R, is slice monogenic if its restriction complex plane Cj is in
the kernel of the corresponding Cauchy-Riemann operator. Here I is an element
in the sphere of unit 1-vectors. For the class of slice monogenic functions we can
repeat, with suitable modifications, the results mentioned in section 1 on slice
regular functions. Let Bx = {x € R"™! | ||x|| < R}. We say that f : Bx — R,
is (right) W-analytic in By if f(x) = Y5> ,x"ct, where ¢, € Ry, for all k, for all
x € Bg. Such a function f is slice monogenic in Byg.

Given a W-analytic function f on Bg, we can define the right convolution
operator of paravector variable by mimicking Definition 2.1. Then we can con-
sider the de la Vallée-Poussin convolution operator of a paravector variable for a
W-analytic function f as above.

One can prove the generalization of Theorem 3.1 to this setting by noting that
it is based on the validity of the Cauchy formula, on inequalities on norms and
(56.1). Similarly, we can state and prove also the following Voronovskaja-type
theorem, see Theorem 3.2, in which, as a consequence of (5.1), the inequality we
obtain is:

where C, is a constant depending on the dimension of IR,,. Most importantly, we
can obtain the analogue of Theorem 3.5. It is crucial to note that its proof is based
on lower estimates. Thus one has to verify that the fact the norm in R, is not
multiplicative has no influence.

€ agf 4 €1asf
m m

- CnAd(f)

d m2

,m e N,

Pur(f) = f +

One may also consider the approximation properties of the convolution ob-
tained by using the Gauss-Weierstrass kernel. With the techniques illustrated in
section 4, it is possible to show that the analogues of Theorem 4.2 and 4.3 hold
also in this setting. Note, once more, that the fact that in the Clifford algebra IR,
n > 3 one has lesser properties than IH does not hinder the extension of the proofs
given in the quaternion case. This is not assured, in general.
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