Multiple bifurcation in the solution set of the von
Karman equations with S'-symmetries

Joanna Janczewska*

Abstract

In this work we study bifurcation of forms of equilibrium of a thin circular
elastic plate lying on an elastic base under the action of a compressive force
(see Picture 1). The forms of equilibrium may be found as solutions of the von
Karmén equations with two real positive parameters defined on the unit disk
in R? centered at the origin. These equations are equivalent to an operator
equation F(z,p) = 0 in the real Hélder spaces with a nonlinear S'-equivariant
Fredholm map of index 0. For the existence of bifurcation at a point (0,p) it
is necessary that dim Ker F.(0,p) > 0. The space Ker F.(0,p) can be at most
four-dimensional. We apply the Crandall-Rabinowitz theorem to prove that
if dim Ker F.(0,p) = 3 then there is bifurcation of radial solutions at (0, p).
What is more, using the Lyapunov-Schmidt finite-dimensional reduction we
investigate the number of branches of radial bifurcation at (0, p).

1 Introduction

Let 03;5‘ (Q) denote the subspace of such functions f : Q — R from the real Holder
space CH# (ﬁ) that satisfy the following boundary conditions:

floa = Aflaa =0,

where A is the Laplace operator, Q = {(u,v) € R? : u?+v? < 1} and pu € (0,1). The
operators A% : C* (ﬁ) - C (ﬁ) and [-,-] : C? (ﬁ) x C? (ﬁ) — C (ﬁ) are defined
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Our purpose is to investigate bifurcation of forms of equilibrium of a thin circular
elastic plate lying on an elastic base under the action of a compressive force. This
physical phenomenon is strictly connected with the von Kdrman equations (see [3])
given as follows:

A%w — [w, o] + 2aAw + fw — yw® = 0

A%0 + 3 [w,w] =0 in Q, (1)
Aw=w=0
Ac=0c=0 on 012,

where w, o € C’é‘:o (ﬁ), w(u,v) is a deflection function, o(u,v) is a stress function,
a > 0 is a value of the compressive force, 3 > 0 and v > 0 are parameters of the
elastic foundation. More precisely, the solutions (w, o) of the system (1) lying in a
small neighbourhood of the point (0, 0) are forms of equilibrium of the plate. In the
remainder of this paper we assume v to be constant.

In the last twenty years many authors have studied von Karman equations of
different types. The classical works on this subject are [1, 2, 4, 5, 6, 11, 17, 21, 23],
and modern ones are [3, 7, 9, 10, 16, 19].

The studies, including the elasticity of foundation, by the use of bifurcation
theory have been started by Yu. Morozov in [18]. Morozov investigated the forms
of equilibrium of a homogenous finite beam clamped at the edges to the foundation.
He proved that if we consider additional nonlinear terms corresponding to an elastic
foundation then subcritical branches of solutions at a bifurcation point will occur.
In [12] we came to the same conclusion for simple bifurcation points in the solution
set of (1).

This paper is a continuation of our earlier results in [12, 13, 15]. To study
bifurcation we apply methods of nonlinear analysis and representation theory.

w

Picture 1.
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Let X = o} (ﬁ) x Col (ﬁ) and Y = OO0 (ﬁ) x COH (ﬁ) The system (1) is
equivalent to an operator equation

F(z,p)=0 (2)
with the nonlinear map F : X x R — Y given by

1
F(x,p) = (Azw — [w, o] + 20Aw + fw — yw?, —A*c — §[w,w]> : (3)
where z = (w, o) and p = (o, 3).
In [12] we showed that F' is C*° and F.(0,p) : X — Y is a Fredholm map of
index 0 for each p € Ri. We also proved that F' is a variational gradient for the
energy functional F : X x R2 — R defined by

E(z,p) = % //Q ((Aw)2 — (A0)? — [w, w]a) dudv
—%//QQCE ((%) + <06_1,:> )dudv
+% //Q (ﬂwz - %711)4) dudv, (4)

with respect to the standard inner product in L? (2) x L? (Q). Let I' = {(0,p) : p €
R?2 } be a subset of X x R2. Every point in T' is said to be a trivial solution of the
equation (2). A point (z,p) € X x R2 such that F(z,p) = 0 and z # 0 is called
a nontrivial solution of (2). We say that (0,p) € I' is a bifurcation point of (2) (or
there is bifurcation at (0, p)) if in every neighbourhood of this point there exists a
nontrivial solution of (2). For (0,p) € T, set

N(p) = Ker I(0, p).

A bifurcation point (0,p) € I' is called either simple if dim N(p) = 1 or multiple
if dim N(p) > 2. Applying the implicit function theorem we conclude that for
bifurcation at a point (0,p) € I it is necessary that dim N(p) > 0. In [12] we proved
that dim N(p) is no greater than 4. We showed that if dim N(p) = 1 then there
exists bifurcation of the Crandall-Rabinowitz type at (0,p). The proof was based
on the Crandall-Rabinowitz theorem (see [8, 20]). In [13] we proved that a sufficient
condition for bifurcation at (0, p) is dim N(p) > 0. In [15] we described the solution
set of (1) in a small neighbourhood of a simple bifurcation point.

In this paper we discuss the case dim N(p) = 3. Our investigations are based
on S'-symmetries. We notice that the subspace of S'-equivariant functions in N(p)
is one-dimensional. It implies that (0,p) € I' is a simple degeneracy point of the
restriction of F' to the subspace of S'-equivariant functions in X. By the use of the
Crandall-Rabinowitz theorem we prove that there is bifurcation of radial solutions at
(0,p). Next, applying the Lyapunov-Schmidt finite-dimensional reduction we study
the number of branches of radial bifurcation at (0, p).

In case dim N(p) is 2 or 4 this method breaks down, because the subspace of
S'-equivariant functions in N(p) is not one-dimensional.
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2 Sl-invariant subspaces in the space N(p)

At the beginning we introduce some notations. We will denote by S* the set {e© :
0 < © < 27}. Obviously, S with the multiplication of complex numbers is an
abelian group. Define G = {Tg : 0 < © < 27}, where Ty : R? — R? is a rotation
through ©. The group G is a linear representation of S* in GL (R?).

Definition 2.1. A set U C R? is called S*-invariant if Te(u,v) € U for all (u,v) €
U and © € [0, 2m).

Definition 2.2. Let U C R? be S*-invariant. A map f: U — R" is said to be
St-equivariant if f (To(u,v)) = f(u,v) for all © € [0,27) and (u,v) € U.

Property 2.1. Let U C R? be an S*-invariant set. The following conditions are
equivalent.

(i) f:U — R"™ is an S'-equivariant map.
(i1) There exists a map g : R — R™ such that f(u,v) = g(v/u?+v?) for each
(u,v) € U.
Let Z C {f : U — R"} be a linear space, where U C R? is S'-invariant. We will
denote by Z°" the subspace of all S'-equivariant functions in Z, i.e.
75 ={feZ:foTe=f for each © € [0,27)}.
Clearly, the unit ball €2, its boundary 9 and closure Q are S*-invariant sets. Define

Cg (Q) = {f € ™ (Q) : flan = 0}

Let (r, ) denote the polar coordinates of a point (u,v) € Q. It is well known that
A is an eigenvalue of A : Cg"" (ﬁ) — Om=2p (ﬁ), m > 2, iff A < 0and v/—\ is zero
of one of the Bessel functions
1 ™
Jy (s) = —/ cos (ssint — kt)dt, k€ NU{0}.
0

™

If Jo(v/=A) = 0 then dim Ker(A — AI) = 1 and Ker(A — \I) = span{Jy(v/—=r)}.
If J,(vV/=X) = 0 and k # 0 then dimKer(A — M) = 2 and Ker(A — XI) =
span{J,(v/=Ar) cos(kyp), J.(v/—Ar)sin(ke)}. Here and subsequently, I stands for
the natural embedding of C"™* (ﬁ) into C™ 2K (ﬁ) for m > 2, ie. I(z) = x.

We now turn our attention to the space N(p). It was computed in [12] that

Fi(x,p)(z,m) = (A% = [z,0] = [w,n] + 204z + Bz — 3yw’z, —A% — [w, 2]) , (5)

and so
F.(0,p)(z,n) = (Azz + 2aAz + Bz, —Azn) (6)

for z,n € Cy(R). One knows that A: C7"*(Q) — C™ 21(Q), m > 2, is an
isomorphism. Hence A2: Cg(2) — C*#(Q) is an isomorphism and, in consequence,
N(p) = Ker(A? 4 2aA + BI) x {0}, (7)

where A? +2aA + BI : Cyt(Q) — CO*(Q). Fix p = (o, B) € RZ. Set § = a? — j.
If 6 > 0 then a and b are defined as follows: a = —a — V3, b = —a + V0.



Multiple bifurcation in the solution set of von Karman equations

113

Assumptions Results
) a and b dim N (p) base of N (p) dim N (p)
1. | — not defined 0 0 0
2. | + | Viso Ji(v—a)£0 0 0 0
or 0 gy E\/—_bg #0
3.1 0 Jo (\/—_a) =0 1 er (u,v) = (JO (\/—_ar) ,0) 1
4 + | Veso  Jk (\/—_bg #0 1 er (u,v) = (JO (\/—_ar) ,0) 1
Jo (V=a) =0
50 + | Viso  Ji EJ—_a) £ 0 1 er (u,v) = (\/—_b ) 0) 1
Jo (V=b) =0
6. | 0 | Jeso i (\/—_a) =0 2 er (u,v) = E E —ar% cos ( 0 0
es (u,v) = —ar ) sin ( O
7. + Jo (\/—_a) =0 2 ey (u,v) = EJO E cw’) O 2
JO(\/—_b):O es (u,v) = (Jo ) O
8 | + | Vo J(VD)#0 2 e1 (u,v) = (Jp cos (k) ,0) 0
Tiso Ik E\/—_a) =0 es (u,v) = EJ E —ar% sin (k) O
9. | + | Yeso Jk \/—_a) #0 2 e1 (u,v) = (J; (vV/=br) cos (l) O) 0
Js0 E\/—_b) =0 es (u,v) = (J; (v/=br)sin (l 0)
10. | + | Feso Ju(V—a)=0 3 er (u,v) = —ar cos (k) 0 1
Jo E\/—_b§ =0 es (u,v) = E g —ar) sin (k) , O
es (u,v) = O
11. | 4+ | Teso Tk (\/—_b =0 3 er (u,v) = —ar 1
Jo (\/—_ag =0 es (u,v) = EJ;Q é\/_rg cos (k) , 0
es (u,v) = (Ji (V=br)sin (kp), 0
12. | 4+ | Jeiso Ik \/—_a) =0 4 er (u,v) = —ar cos (k) , 0 0
J; E\/—_b) =0 es (u,v) = E —ar ) sin (k) , O
es (u,v) = E br% cos (ly) , O)
eq (u,v) = V=br)sin (lp), 0)

Table 1.
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Lemma 2.2 (see [12]). Let A —al, A — bl : C3* (ﬁ) — OO (ﬁ) The following
implications hold.

() If 6 < 0 then Ker(A? + 2aA + 5I) = {0}.
(¢¢) If 6 = 0 then Ker(A? + 2aA + I) = Ker(A — al).
(¢ii) If § > 0 then Ker(A? 4+ 2aA + 5I) = Ker(A — al) & Ker(A — bI).

Applying Lemma 2.2 and the description of eigenspaces of A on ) we receive
the dimension and the base of N(p). The results are announced in Table 1.

In Table 1 the character '+’ means positive and the character ’—’ means negative.
Combilning the results of Table 1 with Property 2.1 we can determine the base of
N(p)®.

3 The properties of F" and F\Xslfoi

Let U C R? be S'-invariant. Assume that A C R* and Ey, F, C {f : U — R"}
are real linear subspaces such that if f € E; and © € [0,27) then foTg € E; for
1 =1,2. We will say that

(i) P: Ey — By is S'-equivariant if P (f oTg) = P (f) o Te for © € [0,27) and
[ € Ex;

(it) T : By x A — Ey is S'-equivariant if T' (-, \) : E; — FEy is S'-equivariant for
each \ € A.

Let IS denote the restriction of F given by (3) to the space X' x R2. In this

section we will look more closely at the operators F' and F*° ', Let us remark that if
f belongs to a Holder space then for each © € [0, 27) a function f o Tg lies in this
space, too. It follows from the fact that Q and 92 are S'-invariant sets.

Theorem 3.1. The operator F': X x RZ — Y defined by (3) is S*-equivariant, i.e.
F(zoTe,p) = F(x,p)oTe
forallz € X, pe R and © € [0, 27).

Proof. It is known that the Laplace operator on € is S'-equivariant. Therefore
it suffices to show that [wo Tg,00Tg] = [w,0] 0 T for all w, o € 03;5‘ (ﬁ) and
© € [0,2m).

Fix w, o € 05*;5‘ (ﬁ) and © € [0,27). Applying twice the theorem on the derivative
of superposition we get

0? (woTe) _ Q*w 9 0w
T (U,’U) = w (T@ (U,U)) cos” © + 28u8’u
0w .
+ 507 (To (u,v)) sin® O,

(To (u,v))sinO®cos O  (8)
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0? (woTe) _ Q*w .y 0w ,
o (u,v) = ) (To (u,v))sin” © — 28u81) (To (u,v))sinOcos®  (9)
0w
+ 507 (To (u,v)) cos® ©
and
0% (wo Te)  Qw , 0w )
~oude (u,v) = 9 (To (u,v))sin © cos © + 28u8@ (To (u,v))cos”© (10)
0w 9 0w )
— 28u8@ (To (u,v))sin® © + 502 (To (u,v)) sin © cos ©
for (u,v) € Q. Combining (8), (9) and (10) we have [w o Ty, o o Te| (u,v) = [w, o] o
To (u,v). ]

It is clear that subspaces of S'-equivariant functions in the Holder spaces are
closed linear ones. Furthermore, they are mapped into spaces of S'-equivariant func-
tions by any S'-equivariant operator. Since F is S'-equivariant, we have FS': X5 x
R2 — V5"

The remainder of this section is devoted to the study of the Fréchet derivative
of I with respect to = at a point (0,p) € X x R3.

Theorem 3.2. The map F5': X5 x R2 — Y5 given by (3) is C™ with respect
to all variables. Moreover, for each p € R2, (F5').(0,p) : X5 — YS' is a linear
Fredholm map of index 0.

The proof of Theorem 3.2 is similar in spirit to the proof of Theorem 2.2 of [12].

Proof. Since F is C*°, its restriction F°' is also C°°. The task is now to check the
second part of the claim. Fix p € R2. We can write F(0, p) in the form

Fé(O,P)(zaﬁ) :A(Z’n)ﬂLB(Z’??)’ (11)

where the operators A, B : X — Y are given as follows:
A(z,n) = (Azz, —A2n) , B(z,n) = (2aAz + (2,0).

Define A" = Al st and BS = B|ys. In the proof of Theorem 2.2 of [12] we
showed that A is a linear Fredholm map of index 0 and B is completely continuous.
Since A% : C’é’(‘f (ﬁ) — COH (ﬁ) is an S'-equivariant isomorphism, we receive that

. Sl . Sl
A% 03;5‘ (Q) — OO (Q) is one-to-one. We show that the restriction of A? to
1 pR—

1 1
Colb (ﬁ * is onto CO# (Q)S . Take f € C% (Q)S . There exists g € Cy} (ﬁ) such
that A%2g = f. We have

A?g = (Azg) 0Te = A%(goTp)

_\ St
for each © € [0, 27) and, in consequence, g = g o Tg. From this g € 03;5‘ (Q)

Summarizing, we have just proved that A : X ' Y5 is an isomorphism. Thus
A: X5 — Y5 is a Fredholm map of index 0. Additionally, B : X5 S v g
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completely continuous, which follows immediately from two facts: (1) B: X — Y
is completely continuous; (2) V5" is a closed linear subspace of Y. From the above
we deduce that

(F5),(0,p) = A% + BY". (12)

Therefore (F5')’.(0, p) is a linear Fredholm map of index 0. ]

4 Theorems on existence of radial bifurcation

We say that there is radial bifurcation at (0,p) € T" if in every neighbourhood of
this point there is a nontrivial radial solution of (2). A curve of nontrivial solutions
starting with a bifurcation point is said to be a branch of bifurcation.

In Section 4 we formulate a sufficient condition for radial bifurcation at a point
(0,p) € I' such that dim N(p) = 3. We also investigate the number of branches
of nontrivial radial solutions bifurcating from such a point. Our proof is based on
the Crandall-Rabinowitz theorem on simple bifurcation points (see [8, 20]) and the
Lyapunov-Schmidt finite-dimensional reduction (see [20]).

Here and subsequently, M, (x) denotes an open ball of radius € centered at z
in a metric space M. For simplicity of notation, in general theorems we use the
same letters F, £ and X,Y for maps and spaces, respectively, as in von Karman’s
problem.

Theorem 4.1 (Crandall, Rabinowitz). Let X,Y be real Banach spaces and F' be a
C? map from a neighbourhood of (xg, \g) € X x R into Y, where ¢ > 2. Assume
that

(Z (Io,)\o) = 0,

) F
) FX(z0,X0) =0,
(7ii) dim Ker F)(xg, \o) = 1, FL.(z0,X0)e =0, e # 0,
)
)

(id
(1v) codim Im F!(zg, \g) = 1,

(’U F;\/)\(ZL'Q, )\0) € Im F;/,([L’(), )\0),
(vi) F\(xo, No)e & Im F(xg, A\o).

Then the solution set of the equation F(xz,\) = 0 in a certain neighbourhood of
(w0, No) is the union of two C12 curves 'y and Ty that intersect at (zg,\o) only.
Moreover, if ¢ > 3 then

Fl = {(I1(>\), )\) . )\ € Re()\0>}7 Il()\(]) = Xy, I/l()\(]) = 0,

and

Ty = {(22(t), (1)) : t € R(0)}, 22(0) = o, 75(0) = e, A(0) = Ao

Theorem 4.2. Let X, Y be real Banach spaces continuously embedded in a real
Hilbert space H with scalar product (,-)y : H x H — R and let E : X,(xy) X
R,(Ao) — R be a CT functional, where ¢ > 2. Consider the equation

F(z,\) =0 (13)
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with a real parameter X, where F : X,(x0) X R,(Ag) — Y belongs to the class C1.
Assume that

C1) F(zo,A) =0 for every A € Ry(\o),

(1)
(Cg) dim Ker F” (I0,>\0> = 1 F’ (Io,)\o)e = 0 ( )H = 1,
(C3) codimIm F)(xg, Ao) = 1,

(Ca)

Cy) El(x,\)h = (F(z,\), h)g for all (z,\) € X,(xg) x R,(Ao) and for each
helX,

(C5) Ejppy (w0, Ao) ee # 0.
Then the solution set of (13) in a small neighbourhood of (xg, Ag) is the union of
[y ={(z0,A) : A € Ry(Mo) }

and the C1=% curve T'y. Ty and Ty intersect at (xo, No) only. Moreover, if ¢ > 3 then
[y is parametrized as follows:

Py = {(z(t), M) - t € R(0)},
where x(0) = xg, A(0) = A\g and 2/(0) = e.

Proof. 1t is sufficient to show that conditions (C) — (C5) imply conditions ()-(vi).
First we prove that
Ker F(z,\) LIm F/.(z,\) (14)

for all (z,\) € X, () x R,(Ao). From (Cy) it follows that
Ey (2, Mhg = (Fi(z, Mh, g)u = (Fy(x, A)g, h)u

for all h,g € X. Hence for h € X and g € Ker F/(z,\) we get (F.(x,\)h,g)y =
(Fl(x,N)g,h)g = (0, h)g = 0. Differentiating E” (x, \) with respect to A we receive

EY (x,\)hg = (F\(z,\)h,g9)u

TTA
for all h,g € X. Thus EY ,(xo, No)ee = (Fi\(xo,\o)e,e)u. By (C5) we have
(EFV\(xo, Ao)e,e)y # 0. From this and (14) we get FJ\(zo, Ao)e ¢ Im Fl(xq, Ao).
Finally, (C}) implies (), (27) and (v). ]

Let H = L*(Q) x L? (Q). The function (-,-),; : H x H — R given by the formula

((z,m), (z21,m)) g = —// zz1 + nm ) dudv (15)

is an inner product in H. Furthermore, the pair (H, (-,-),) is a Hilbert space. The
Banach spaces X = Cy (ﬁ) x Coly (ﬁ) and Y = OO+ (ﬁ) x OO (ﬁ) are easily
checked to be continuously embedded in H. Hence their closed linear subspaces X* '

and Y5' are also Banach spaces continuously embedded in H. In [12] we showed
that for each p € R% the map F (-,p) : X — Y defined by (3) is a variational
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gradient of the functional E(-,p) : X — R defined by (4) with respect to the scalar
product in H, i.e.

Ey(z,p)h = (F(z,p),h)y (16)

for z, h € X (see Theorem 2.4 of [12]). From now on, we will denote by E*" the
restriction of F to the space X St x R?. Let us note the important consequence of
the above fact.

Conclusion 4.3. For cach p € R? the map F5'(-,p) : X% — Y is a variational

gradient of the functional Esl(-,p) : X5 5 R with respect to the inner product in
H, ie.
(ES)o(w,p)h = (F¥ (2,p),h) . (17)

forz, he X5
Theorem 4.4. Let py = (ap, fo) € R2 satisfy the following condition
dim N(po) =3, (F¥),(0,po)e =0, (e,e)u =1, e=(e1,0). (18)
Then (0, a0) € X' x R, is a bifurcation point of the equation
F5 (2, a, By) = 0. (19)

The solution set of (19) in a small neighbourhood of (0, ) is the union of the curve

of trivial solutions
T —{(0,0)  a R}

and the C* curve I'y . T'1 4 and 'y, intersect at (0,a9) only. Moreover, 'y, is
parametrized as follows:

Poo = {(2(t),a(t)) : t € R(0)},
where (0) = 0, a(0) = ag and 2'(0) = e.
From (7) it follows that if e € N(pg) then e = (e1,0) and e; € Ker(A+2apA+5y1).

Proof. As o is positive, there exists o > 0 such that R, (o) C Ry. We verify
that the operator F'5' (-, -, By) : X5 (0) x R,(a) — Y5' satisfies the assumptions
of Theorem 4.2. Substituting p = (a, fy) and z = 0 into (3) we get

F(0, 00, By) =0

for each o € R,(ap). By Theorem 3.2, the map FS'(, ag, Bo) : XSt 5 vSt s 0e°
and (F5")(0, a0, B) : X5 — Y5" is a Fredholm map of index 0. Therefore

dim N (po)®" = codim Im(F5").(0, a, 3o)- (20)

From Table 1 it follows that
dim N (py)®" = 1. (21)

Combining (21) with (20) we have

codim Im(F5"). (0, i, o) = 1.
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Conclusion 4.3 says that for each o € R, and for all z, h € X5
(E% (@, o, Bo)h = (F (w, 0, 50), ). (22)

Notice that we have just proved that assumptions (C) — (C,) of Theorem 4.2 are
fulfilled. To finish the proof we have to show that assumption (C5) of Theorem 4.2
holds. Since the spaces X', Y5" are continuously embedded in H, differentiating
both sides of the equality (22) with respect to z we obtain

(E% )5 (w, 0, Bo)hg = ((F), (0, Bo)h, g) (23)

for z, h, g € X5 and a € Ry. Applying (5), (15) and (23) we have

(B! (2, , Bo)hg = // (A2z — [z,0] = [w,n] + 20Az + foz — 3yw z) 21 dudv

+ - //Q (—A2n — |w, z]) mdudv,

where = = (w,0), h = (2,71), g = (21,m1). Hence

(ES )/” (ZL’, a, /50)hg - l/ 2 (AZ) zldudv.
m™JIQ

T

Taking x =0, « = ap and h = g = e, we get

1
(ESH)™ (0, o, Bo)ee = - /92 (Aeq) erdudv.
By the assumption dy = a2 — 3y > 0 (see Table 1). From Lemma 2.2

Ker (A% + 200A + 1) = Ker (A — agl) & Ker (A — bol),
where A%+ 200A + By : Cyh(R) — CO*(Q), A —agl, A—byl : C3"(Q) — CO*(Q),

agp = —ap — /0 and by = —o + v/dy. We can choose e so that Ae; — age; = 0 or
Aey — bpey = 0 (see Table 1). If Ae; — age; = 0 then

(BN (0, o, Bo)ee = 2a0 // fdudv = 2aq (e, €)= 2ag < 0. (24)

If Aey — bge; = 0 then
(B2 (0, a0, Bo)ee = 2by < 0, (25)
which completes the proof. [ |

Let (0, po) € I satisfy (18). From Theorem 4.4 it follows that (0, py) is a bifurca-
tion point of the equation (2). What is more, at least two C'* branches of nontrivial
radial solutions bifurcate from this point. The union of this branches is the curve
[oq.

Theorem 4.4 refers to bifurcation with respect to a. Our purpose now is to prove
an analogical theorem on bifurcation with respect to .
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Theorem 4.5. Let py = (oo, o) € R% satisfy the condition (18). Then (0, 5) €
X5 x Ry is a bifurcation point of the equation

F¥ (2, a9, 3) = 0. (26)

The solution set of (26) in a small neighbourhood of (0, 5y) is the union of the curve
of trivial solutions

Ty s={(0,8): B € Ry}

and the C® curve Ta3. Ty and Ty intersect at (0,3) only. Moreover, Ty 4 is
parametrized as follows:

Dop = {(2(1), B(t)) : t € R(0)},
where (0) = 0, 5(0) = By and Z'(0) = e.
Proof. The proof is also based on Theorem 4.2. Take ¢ > 0 such that R,(5,) C R..
Considerations similar to those in the proof of Theorem 4.4 show that the map
FS'(-, ap,-) : Xg?l(O) x R,(B) — Y5 satisfies assumptions (C;) — (Cy) of Theorem

4.2. The details are left to the reader. The task is now to check assumption (Cs).
From Conclusion 4.3 we get that for each g € R, and for all x, h € xS

(ES),(x, 00, B)h = (F¥ (2, a0, 8), D)

s

Hence

(ES)is(x, 00, B)hg = ((F¥' ) (x, 00, B)h, g) - (27)
Using (5), (15) and (27) we obtain

(Esl)” (z, a0, B)hg = %//Q (Azz —[z,0] = [w,n] + 200A2z + Bz — 37w2z) z1dudv
+ % //Q (—AQn — [w, z]) N dudv, (28)

where z = (w,0), h = (2,7n), g = (21, ). Differentiating (28) with respect to  we
have

I\ 1
(ES )xxﬁ(x7a0a/6)h'g = ;//Q ZZldUdU.

In particular,

(Esl)g;ﬁ((] ap, fo)ee = — // dudv e,e)y=1>0, (29)

which completes the proof. [ |

Fix (0,pg) € I' such that dim N(pg) = 3, po = (a0, Fo). Let us remark that if
[y NTss = {(0,p0)} then at least four C™ branches of nontrivial radial solutions
bifurcate from (0,pg). Therefore the next question is whether the curves I's,, and
Ty 5 intersect at (0, pg) only.

In order to answer this question we apply a finite-dimensional reduction of the
Lyapunov-Schmidt type with the key function due to Sapronov (see [14, 22]).
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Let G: X5 xR x Ry — Y5 be given by

G(x,g,oz) = FSl(xvavﬁ()) + (5 - (xve)H) €.

It is easy to check that G(0,0, o) : X 5" V5" is an isomorphism. By the implicit
function theorem there exist € > 0 and a map & : R.(0) x R.(ap) — X5 (0) such that
#(0, ap) = 0 and for every (z, &, a) € X5'(0) x R.(0) x Re(a) we have G(z, &, o) = 0
iff = 2(¢,«). Hence

G(z(&, ), a)=0. (30)

Furthermore, 7¢(0, ) = e and (0, ) = 0 for all [ — ap| < . Thus

F(€,a) = Ee + o(\/€ + (a — ap)?). (31)
Let us define ¢, ® : R.(0) X R.(cg) — R as follows:

go(&,oz) ={ - (i(&O‘)ve)H

and )
(g, 0) = —E%(3(¢, ), 0 o) + 5¢°(€. ).
®(¢, ) is called a key function. Both ® and ¢ are C*°-smooth. We also have

G(E(E, ), & a) = FS'(Z(£, ), o, o) + (&, a)e. (32)
Differentiating ¢ and ® with respect to ¢ we receive
902(57 Oé) =1- (j/g(gv Oé), e)H
and
Di(6,0) = ~(E5V,(0(E 0), 00 f)EL(E @) + 96 )i(€ 0)

= — (FF(E(E ). o) (€ 0)) , + 06, 0) = (0(€ a)e T(€ 0)),

= — (G ). &), 56 @), +0l&a)

= ¢(§a),

by (17) and (30). From (30) and (32) we conclude that all solutions of the equation
(19) in a small neighbourhood of (0, ap) in X5 x Ry are of the form (&(&,a), a)
and

FS(#E ). 0. 0) =0 = ®6,0)=0 <= pEa)=0.  (33)
We describe now the solution set of the equation

p(,a)=0

in a small neighbourhood of (0,a) in R x R,. For this purpose we use the Taylor
formula of ¢ at (0, ap). From (32) it follows that

(FS(#(€ a), o, Bo) + (&, a)ee) =0,
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hence
(&, 0) = = (FF(#(& ), Bo) e)
and by (17)
P& ) = —(B%),(¥(€ ), . o)e. (34)

Applying (4) and (34) we get

Cy = (0, 09) = —(ES")2,(0, p)ee = 0,

C1y = @e(0, 09) = —(E5")2, (0, po)eee = 0,

Cra = 0¢, (0, ) = — (B (0, po)ee,

Cin = 90,5/25(07 ) = _(E51)§c?m(07p0)6666 - B(Esl)g;x(o,po)yee,

where y = (y1,y2) = T¢(0, ap) is a solution of the equation

(FSlxn/m(O?pO)ee + (FSI);(Ova)y = 0.

By (24) and (25) we have Ci5 > 0. An easy calculation shows that

Cin = o // yetdudy — §// (Ay)? dudv.
mJJa 7w JJa

Crip = wé’éa(O, ap),
Crap = 90,5/&(1(07 ap).

Since ¢(0, ) = 0 for all | — | < €, we have

e®) (0,a0) =0

Set

for every k£ € N. In consequence,

p(& a) = C’lgf(a—ao)+%

+o <\/§2 + (a — a0)23>

= Cpéla—ag) + %011153 + 3011252(04 — o) + %Cmg{(a — a0)2
+£f(§ @)

where f: R.(0) xR.(ag) — R is a C* function such that f(0,ap) =0, f/(0,a9) =0
and f£(0,0) = f{(0,a0) = 0. Let g : R.(0) x R.(ap) — R be given by

1 1
Ci11€* + 5011252(04 — ) + 501225(04 — ap)?

g(é-’ Oé) = 012(05 — Oé()) -+ 2011152 —+ 20112£(OZ — Oé(]) —+ %Cl22(0é _ 060)2 + f(£7 Oé)
Then
p§a)=0 <= (=0 V g(a)=0.

We check at once that ¢(0,ap) = 0, g;(0,ap) = 0 and g/,(0, ap) = C12 > 0. By the
implicit function theorem there exists a C*° function & : R,(0) — R, (), 0 < p < ¢
such that &(0) = ap and for all (§, ) € R,(0) x R,(cg) we have

9(§,0) =0 <= a=a().
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X5

/
S~ &

Figure 1: The scheme of postcritical bifurcation

Differentiating the equality g(&, &(€)) = 0 with respect to £ we get

and

Remark that

Jla(Ayz)?dudv
2 [[g etdudv

d"0)#£0 <= Cin#0 = ~#

If C111 < 0 then &”(0) > 0 and & achieves the minimum at 0. Moreover, there
exists 0 < p; < p such that & is strictly decreasing for & € (—p1, 0] and it is strictly
increasing for £ € [0, p1). Hence there is 0 < ps < p and there are C*° functions
& ¢ oo, a0 + p2) — (=p1,0] and & : [ag, a0 + pa) — [0,p1) such that & = a!
for i = 1,2. From this, (31) and (33) we conclude that if Cj;; < 0 then there is
postcritical bifurcation in the solution set of (19) at the point (0, ag) (see Figure 1).
All nontrivial solutions of (19) in a small neighbourhood of (0, ap) lie on the curve

r=7(&(a),q), ac€ ay,ap+ p).

If Ci11 > 0 then @”(0) < 0 and & achieves the maximum at 0. Moreover, there
exists 0 < p; < p such that & is strictly increasing for £ € (—pq,0] and it is strictly
decreasing for £ € [0, p;). Hence there is 0 < py < p and there are C* functions
& : (ao — p2, 0] — (—p1,0] and & = (a9 — pa, 9] — [0,p1) such that & = o™
for i = 1,2. Consequently, if C;; > 0 then there is subcritical bifurcation in the
solution set of (19) at the point (0,aq) (see Figure 2). All nontrivial solutions of
(19) in a small neighbourhood of (0, ) lie on the curve

r=1z(&(a),q), o€ (ayg— p2, .

Similarly, we can prove that if C11; > 0 (resp. Cy11 < 0) then there is postcritical
bifurcation (resp. subcritical bifurcation) in the solution set of (26) at the point
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1

T
/0 .

Figure 2: The scheme of subcritical bifurcation

(0, Bo). It is sufficient to make a finite-dimensional reduction with G': X% x R x
R, — Y defined by

Gx,€.0) = F (x.00,0) + (€ ~ (x.0)n) ¢
and check that Cyy 1= —(ESl)g;ﬁ(O,po)ee < 0 (see (29)).

Summarizing, we have just proved the following result.

Theorem 4.6. If Cyyy # 0 then Ty o NTo5 = {(0,p0)}. Another words, at (0,py) at
least four C*° branches of nontrivial radial solutions of (2) meet, causing the plate
to choose between different forms of equilibrium.
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