Non-isomorphism of some algebras of
holomorphic functions
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Abstract

Suppose that X is a family of spaces of holomorphic functions such that
each X = X (D) € X can be defined on a domain D belonging to some class D
of domains. Then for any two concrete domains D; and Dy € D and X € X
one can ask the following natural question if corresponding spaces X (Dy)
and X (D9) are isomorphic as topological vector spaces. Similarly, for a fixed
D € D and two different spaces X7, X9 € X one can consider the existence of
an isomorphism between X;(D) and Xo(D). We answer these questions when
X consists of Hardy N¥(D), maximal Hardy M N (D), Bergman NP(D), and
Lumer’s Hardy LNY(D) algebras, p > 1, and D = {B,,U" n € N} is the
family of the unit balls and the unit polydiscs in C".

1 Introduction

In the paper we use standard notation like in [R]. Moreover, we assume that D =
B,, x ... x B,, is the product of k open unit balls B,,, in C%, j = 1,... k. In
particular, if k =n and ny = ...n, = 1 than D is the unit polydisk in C".

For each j, o; is the rotation-invariant probability Borel measure on the unit
sphere S,,; in C". Moreover, let S =§,, x...xS,, andlet 0 =01 ® ... ® 0} be
the corresponding product measure on S.

Let us first recall definitions of spaces which are the subject of our consideration.
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The Hardy algebra NP(D), p > 1, is defined as the space of all holomorphic
functions f on D =B, x ... x B, such that

1/p
Hf” = Sup (/Slogp(l‘i‘|f(7"1C1,...,Tka)DdU(Cl,...,Ck)) < 00.

(Ti)E(O,l)k

For p > 1 the mazimal Hardy algebra M NP (D) consists of all holomorphic func-
tions on D such that

£ = [ 1og"(1+ MF(Q)) do(¢) < o

where

Mf() = sup [f(r¢)| for (€S

0<r<1

is the maximal radial function of f. Contrary to the case of the classical Hardy
space HP(D), which coincides with the corresponding space defined by the maximal
function, M NP?(D) is a proper subspace of NP(D).

Let A; be the normalized Lebesgue measure on B,,, and A = A; ® ... ® Ay be
the product measure on D. For p > 1, we define the Bergman algebra N?(D) as the
space of all holomorphic functions in D such that

ik I/Dlogp(1+|f(z)|)dA(z) < o.

We recall that a holomorphic function f on D belongs to the Lumer’s Hardy
algebra LNP?(D) if log’(1 + |f|) < u for some pluriharmonic function v on D. It
is known that LNP?(D) endowed with the metric d(f, g) = || f — g||, where

| fII” = inf{w(0) : u pluriharmonic, log”(1+ |f|) < u}

is a topological group. For multi-dimensional domains D the space of polynomials
P(D) is not dense in LN?(D). We denote LNJ (D) the closure of P(D) in LN?(D).
The group topology on LN (D) is linear.

Let us recall, that if D is the unit disc in C, then LN{ (D) coincides with the
standard Hardy algebra NP(D). For more information on Lumer-Hardy spaces see
R, N2, N3J.

All the spaces NP(D), MNP(D), N*(D), LN{(D), p > 1, equipped with the
topology induced by the corresponding metric d(f, g) = ||f — g|| are complete topo-
logical vector spaces (F-spaces). In the present note we are showing that these
spaces are not isomorphic to each other.

Theorem. (a) Let D € {B,,U",n € N}. Moreover, let X?(D) be one of the
spaces NP(D), MNF(D), N?(D), and LN§ (D), p > 1, and X9(D) the correspond-
ing space defined by the parameter ¢ > 1,q # p. Then X?(D) is not isomorphic to
X1D,).

(b) Let D € {B,,,U",n € N} and p > 1. Then the spaces NP(D), N?(D), and
LNE(D) are pair-wisely non-isomorphic.
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(c) Let D, = {B,,U"},n € N, D,, € D,, D,, € D,,. Moreover, let X(D,) be
one of the spaces NP(D,,), MNP?(D,), N?(D,,), LNJ(D,,), and X(D,,) the corre-
sponding space defined on the domain D,,, m € N,m # n. Then X(D,,) is not
isomorphic to X (D,,).

(d) Let X(B,,) be one of the spaces NP, MNP, NP, n > 1, defined on the unit
ball B,,, and X (U") the corresponding space defined on the unit polydisc U". Then
X (B,,) is not isomorphic to X (U").

2 Proof of Theorem

All the spaces NP(D), MN?(D), N?(D), LNJ(D), p > 1, are not locally convex.
However, the corresponding locally convex structures of these spaces play a crucial
role in the study of their isomorphisms.

Let us recall that if X = (X, 7) is an F—space whose topological dual X’ separates
the points of X, then its Fréchet envelope X is defined to be the completion of the
space (X, 7¢), where 7€ is the strongest locally convex topology on X which is weaker
than 7. If U is a base of neighborhoods of zero for 7, then the family {coU : U € U}
of convex hulls is a base of neighborhoods of zero for 7¢. This immediately implies
the following lemma:

Lemma 1. If two F-spaces Xj,j = 1,2, are isomorphic, then their Fréchet en-
velopes X, j = 1,2, are also isomorphic.

It turns out that the Fréchet envelopes of the spaces NP(D), MNP(D), N?(D),
LNE(D), p > 1, can be identify with appropriate weighted space of holomorphic
functions.

Let (s) = (s1,...,5%) be a fixed sequence of positive numbers. For each holo-
morphic function f on D =B,,, x ... x B, and m € N we define

[ fllm = sup If(zl,---,zk)lexp(—H(l—lzil)_sﬂ'/m)-

(zi)€D i=1

The weighted space F5)(D) consists of all holomorphic functions f on D such
that || f||m < oo for each m € N. If for a fixed number s > 0 and m € N we define

| fllm = sup |f(z1,...,zk)|exp<—<1 —iirllaxk|zi|>_s /m) ,

(Zi)ED """
then we get another weighted space LF,(D) of holomorphic functions on D.

Lemma 2. Let D=DB, x...xB,,.

(a) The Fréchet envelopes of N?(D) and MNP(D) are isomorphic to F4 (D)
where s = (s;), s; =n;/p,j =1,...,k (cf. [N5, Theorem 5.1, Theorem 6.2]).

(b) The Fréchet envelope of N?(D) is isomorphic to F(s)(D) where s = (s;),
si=(n;+1)/p,j=1,....k (cf. [N5, Theorem 7.1]).
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(¢) The Fréchet envelope of LN{ (D) is isomorphic to LF,(D) where s = 1/p (cf.
[N5, Theorem 9.1]).

The above lemma suggests that one can try to distinguish F-spaces by looking
for a topological vector invariant in the class of Fréchet spaces. In our case the
A-nuclearity type is the suitable one.

Let E be a Fréchet space and let U be a base of neighbourhoods of zero in F.
For every U,V € U, U DO V, and j € N, the j-th Kolmogorov diameter of V' with
respect to U is defined by

8;(V,U) =inf{6(V,U, F) : F is a linear subspace of E,dim F' < j},

where 6(V,U, F') =inf{0 > 0:V C6U + F}.

Let us suppose that p = {p;} is a given non-decreasing sequence of positive
numbers. Then a Fréchet space E is said to be Aj(p)-nuclear if for every U € U
there are V € U and R > 1 such that lim; R?§;(V,U) = 0.

The power series space Aq(p) consisting of all complex sequences x = {z;} such
that

| @ [l =sup |z;]exp(—p;/m) < oo forallmeN
j

is a standard Fréchet space which is A;(p)-nuclear. It is well known that a power se-
ries space A1 (p') is Aj(p)-nuclear if and only if sup; p/;/p; < oo (see [RO, Proposition
3.4]).

Lemma 3. Letp>0,n € N.

(a) F,./p(B,,) is isomorphic to the power series space Ay (jY®+™).

(b) F5(U™), where s = (s;),s; = 1/p,j = 1,...,n, is A1(j°)-nuclear for each
c < 1/(p+n) but is not Ay(j'/®*™))-nuclear if n > 1.

(c) The spaces LFy,,(B,), LFi,,(U") are isomorphic to the power series space
Ay (jl/(anrn))'

Proof. (a). The weighted space F,,(B,) is isomorphic to the nuclear power series
space (Kothe space) consisting of all sequences = {z(a)) : @ € Z" } such that

la o = sup |z(a)] exp(—|a|"®* /m) < oo

for each m € N (see [N4, Corollary 1]). If we rearrange Z in a sequence (p;) =
(Pi(a)) such that pja) < pi if |a] < ||, then p; ~ 7%/ (cf. [RO, p. 362]). Thus
F,/»(B,,) is isomorphic to A;(j1/®+M).

(b). This assertion follows from [N4, Corrolary 3, Theorem 3| and from (a).

(c) By [N5, Theorem 8.1] the spaces LF},(B,), LFi,,(U") are isomorphic to the

Kothe space consisting of all sequences = {z(a)) : @« € Z" } such that

la I = sup |z(a)] exp(—|al/®* /m) < oo

for each m € N. However, this space is isomorphic to A;(j1/("P+™) (cf. (a)). ]
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Lemma 4. (a) NY ( n) is isomorphic to A1(j¢) where ¢ =1/(p + n).

(b) Nf(U") is not A;(jY/®*™)-nuclear if n > 1, but it is A;(j¢)-nuclear for any
c<1/(p+n).

(c) m) is isomorphic to A{(j¢), where ¢ = 1/( —P- 4 n).

(d) /\m) is not Ay(j%/Gt)-nuclear if n > 1, but it is A (j¢)-nuclear for any
c<1/(5+n).

(e) Lmn) and Lm“) are isomorphic to Aj(j1/ (),

Proof. (a), (b) and (e) immediately follow from Lemma 2 and Lemma 3. For

the proof of (¢) it is enough to apply Lemma 2 (b) and observe that @) =

Fint1)/p) (Br) = Flnjg(By), where ¢ = np/(n 4+ 1). Now, (c) is a consequence of
Lemma 3 (a). The assertion (d) follows from Lemma 2 (b) and Lemma 3 (b), since
NE(U) = Fiafp,..2m(U") = Fjg,0.1/(Bn), where g = p/2. =

Now the proof of the Theorem follows from Lemma 1 and Lemma, 4.

Remark: Since the Fréchet envelopes of NP(D) and M NP (D) coincide, in The-
orem (b) one can replace NP(D) by M NP(D).

Open problems: 1. Is N?(D) isomorphic to MNP?(D) ?

The answer is not known even in the one dimensional case, i.e. if D is the unit

disk in the plane.
2. Is LN{(B,,) isomorphic to LNJ(U") if n > 17
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