
Integrability of homogeneous polynomials on

the unit ball

Piotr Kot

Abstract

We construct some measure Θα such that if 0 < α ≤ 2n − 2, β = n− 2+α
2

and E is a circular set of type Gδ such that E ⊂ ∂B
n and Θα(E) = 0 then

there exists f ∈ O(Bn) ∩ L2(Bn) such that

E = Eβ(f) :=

{

z ∈ ∂Bn :

∫

Dz
|f |2 χβdL

2 = ∞
}

where χs : B
n ∋ z −→ χs(z) = (1 − ‖z‖2)s and D denotes the unit disc in C.

1 Introduction

In the paper [6] a natural number K and a sequence {pn}∞n=0 of homogeneous poly-

nomials in Cd was constructed so that |pn(z)| ≤ 2 and
∑K(m+1)−1

j=Km |pn(z)| ≥ 0.5 for
all z belonging to the boundary of the unit ball ∂Bd. In the paper [1] we introduced
some additional arguments in such a way that for any circular set E ⊂ ∂Bd of type
Gδ and Fσ we could construct a holomorphic function f on the unit ball Bd such
that E2

Bd(f) = E.

Let χs : B
n ∋ z −→ χs(z) = (1 − ‖z‖2)s. In the paper [3, Lemma 2.6, Theorem

2.7] we showed that there exists a constant C > 0 such that

∫

Dz
|f |2 χn−1dL

2 ≤ C
∫

Bn
|f |2dL2n

Received by the editors August 2005.
Communicated by F. Brackx.
1991 Mathematics Subject Classification : 32A05, 32A35.
Key words and phrases : homogeneous polynomials, exceptional sets, highly nonintegrable

holomorphic functions.

Bull. Belg. Math. Soc. 13 (2006), 743–762



744 P. Kot

for a holomorphic, square integrable function f . In particular En−1(f) = ∅. Due
to the above inequality the following question can be posed: what additional con-
ditions have to be fulfilled for the set E of type Gδ from ∂Bn so that there exists
a holomorphic function f square integrable such that, for some 0 < s < n − 1,
E = Es(f) :=

{

z ∈ ∂Bn :
∫

Dz |f |2 χsdL
2 = ∞

}

. In this paper we investigate this
question.

1.1 Geometric notions.

Let X be a metric space with a pseudometric ρ. Assume that topology of X is given
by countable base of open sets.

The set E ⊂ X is ρ complete iff ρ(z, w) > 0 for z ∈ E and w ∈ X \ E. If
D, T ⊂ X then we denote ρ(D, T ) := infz∈D,w∈T ρ(z, w).

We say that τ is a premeasure on X iff 0 ≤ τ(D) ≤ ∞ for D ⊂ X. Moreover µ
is a measure defined from premeasure τ on (X, ρ) iff

dρ(E) := sup
z,w∈E

ρ(z, w),

µδ(E) := inf







∑

i∈N

τ(Ei) : E ⊂
⋃

i∈N

Ei, dρ(Ei) ≤ 2δ, Ei = Ei ⊂ X







,

µ(E) := sup
δ>0

µδ(E)

for E ⊂ X.
If ρ is a norm on Rn or Cn then we write symbol Y in place of Yρ.
Observe that if Hα is a measure from hα(◦) = (d(◦))α on R

n, then Hα is a
Hausdorff measure. We also denote L

n -n-dimensional Lebesgue measure on Rn.
We denote Kρ(D, ε) := {z ∈ X : infw∈D ρ(z, w) < ε} and Kρ(x, ε) = Kρ({x}, ε)

for x ∈ X. Now we define sρε index of D as

sρε(D) := inf

{

s : {xi}s

i=1 ⊂ D ⊂
s
∑

i=1

Kρ(xi, ε) ⊂ X

}

.

We say that X is (n, ρ, η)-regular if there exist constants κ1, κ2, ε0 > 0, measure η
constructed from some premeasure so that κ1ε

n ≤ η (Kρ(x, ε)) ≤ κ2ε
n for x ∈ X

and 0 < ε < ε0.
Now we can consider the following premeasure

τα
ρ (D) := lim sup

ε→0
2αεαsρε(D).

If additionally X is (n, ρ, η)-regular then we consider the premeasure

να
ρµ(D) := lim sup

ε→0
2αεα−nη (Kρ(D, ε)) .

We also define measure Qα
ρ from τα

ρ and Θα
ρµ from να

ρµ.

We use the pseudometric ρ(z, w) :=
√

1 − |〈z, w〉| and σ -(2n− 1)-dimensional,
natural measure on ∂Bn.
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Definition 1.1. Let T ⊂ ∂B
n and C > 0. If A = {ξ1, ..., ξs} ⊂ T and ρ(ξi, ξj) > β

for i 6= j then we say that A is β-separated subset of T . Let us define homogeneous
polynomials for the pair (C, T ) as:

pm(z) = pm,A(z) =
∑

ξ∈A

〈z, ξ〉m

where A ⊂ T , A is C√
N

-separated subset of T and N ≤ m ≤ 2N .

2 Qα
ρ and Θα

ρµ measure

In this section we describe some basic properties of measures Qα
ρ , Θα

ρµ. Let us define
relation y ∈ [x] iff ρ(x, y) = 0 and the metric space X∼ := {[x] : x ∈ X}.

Lemma 2.1. We have the following properties:

1. If D is a closed subset of X∼ then Hα
ρ (D) ≤ lim infε→0 2αεαsρε(D) ≤ τα

ρ (D).

2. If E is a Borel subset of X∼ then Hα
ρ (E) ≤ Qα

ρ (E).

3. If E is a Borel subset of X∼ then E is Hα
ρ , Qα

ρ and Θα
ρµ measurable.

Proof. Observe that Hα
ρε(D) ≤ 2αεαsρε(D) for ε > 0. Therefore property (1) is

clear.
Let E be a Borel subset of X∼ such that Qα

ρ (E) <∞. Let δ, ε > 0. There exists
a sequence {Ki}i∈N

of closed subsets of X∼ such that E ⊂ ⋃

i∈N Ki, dρ(Ki) ≤ 2δ and
∑

i∈N τ
α
ρ (Ki) ≤ Qα

ρδ(E) + ε. We may estimate

Hα
ρ (E) ≤ Hα

ρ





⋃

i∈N

Ki



 ≤
∑

i∈N

Hα
ρ (Ki) ≤

∑

i∈N

τα
ρ (Ki) ≤ Qα

ρδ(E) + ε.

We conclude that Hα
ρ (E) ≤ Qα

ρ (E).
Property (3) follows from [4, Theorem 19]. �

Lemma 2.2. Let X be (n, ρ, µ)-regular. There exists κ1, κ2, ε0 > 0 such that:

1. If D is a closed subset of X∼ then κ1sρε(D) ≤ ε−nµ(Kρ(D, ε)) ≤ κ2sρε(D) for
0 < 3ε < ε0.

2. If {Ki}i∈N
is a sequence of closed subsets of X∼ such that ρ(Ki, Kj) > 0 for

i 6= j then νn
ρµ (

⋃

i∈N Ki) =
∑

i∈N ν
n
ρµ (Ki).

3. If D is a closed subset of X∼ then κ1τ
α
ρ (D) ≤ να

ρµ(D) ≤ κ2τ
α
ρ (D) for α > 0.

4. If E is a Borel subset of X∼ then κ1Q
α
ρ (E) ≤ Θα

ρµ(E) ≤ κ2Q
α
ρ (E) for α > 0.

5. If E is a Borel subset of X∼ then Θn
ρµ(E) ≤ κ2H

n
ρ (E).
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Proof. Due to X is (n, ρ, µ)-regular, there exists κ1, κ2, ε0 > 0 such that 2nκ1 ≤
ε−nµ(Kρ(x, ε)) ≤ 3−nκ2 for x ∈ X and 0 < ε < ε0. We denote s = sρε(D). Let
r be a maximal natural number such that there exist points x1, ..., xr in D such
that ρ(xi, xj) ≥ ε for i 6= j. Observe that D ⊂ ⋃r

i=1Kρ(xi, ε). Therefore s ≤ r.
Moreover

⋃r
i=1Kρ(xi,

ε
2
) ⊂ Kρ(D, ε). If s = ∞ then r = ∞ and µ(Kρ(D, ε)) ≥

∑∞
i=1 µ(Kρ(xi,

ε
4
)) = ∞. Therefore we can assume that s, r <∞.

There exist points y1, ..., ys such that {yi}s
i=1 ⊂ D ⊂ ⋃s

i=1Kρ(yi, ε). We define
the sequence i(1), ..., i(t) such that i(1) = 1 and i(k + 1) is a minimal index such
that ρ(yi(k+1), yi(j)) > ε for j = 1, ..., k. Observe that t ≤ s. We prove that

D ⊂
t
⋃

k=1

Kρ(yi(k), 2ε).

Let z ∈ D. There exists m ∈ {1, ..., s} such that z ∈ Kρ(ym, ε). There exists
maximal k ≤ t such that i(k) ≤ m. If i(k) = m then y ∈ Kρ(yi(k), 2ε). If i(k) <
m, then there exists an index k1 ≤ k such that ρ(ym, yi(k1)) ≤ ε. In particular
ρ(z, yi(k1)) ≤ ρ(z, ym) + ρ(ym, yi(k1)) < 2ε. We conclude that z ∈ Kρ(yi(k1), 2ε). Now
we have

r
⋃

k=1

Kρ

(

xk,
ε

2

)

⊂ Kρ(D, ε) ⊂
t
⋃

k=1

Kρ(yi(k), 3ε).

Due to ρ(xi, xj) ≥ ε for i 6= j we can estimate

κ1sε
n ≤

r
∑

k=1

µ
(

Kρ

(

xk,
ε

2

))

≤ µ (Kρ(D, ε)) ≤
t
∑

k=1

µ
(

Kρ

(

yi(k), 3ε
))

≤ κ2sε
n.

Now we prove (2). Observe that

νn
ρµ(T ) = lim

ε→0
µ(Kρ(T, ε)) = µ(T ).

Moreover

∑

j<i⇒ρ(Ti,Tj)>2ε

µ (Kρ (Ti, ε)) ≤ µ



Kρ





⋃

i∈N

Ti, ε







 ≤
∑

i∈N

µ (Kρ (Ti, ε)) .

In particular

νn
ρµ





⋃

i∈N

Ti



 =
∑

i∈N

νn
ρµ (Ti) .

The properties (3)-(4) are consequences of (1).

We prove (5). Let E be a Borel subset of X∼ such that Hn
ρ (E) <∞. Let δ, ε > 0.

There exists a sequence {Ki}i∈N
of closed subsets of X∼ such that E ⊂ ⋃

i∈NKi,
ri := dρ(Ki) ≤ 2δ and

∑

i∈N r
n
i ≤ Hn

ρδ(E) + ε. There exists a sequence of points
{xi}i∈N

such that Ki ⊂ Kρ(xi, 2ri). In particular for δ small enough we may esti-

mate Θn
ρµ(8δ)(E) ≤ ∑

∈N ν
n
ρµ(Kρ(xi, 2ri)) ≤ ∑

∈N µ(Kρ(xi, 2ri)) ≤ ∑

i∈N 3−nκ22
nrn

i ≤
κ2H

n
ρδ(E) + κ2ε. Now we conclude that Θn

ρµ(E) ≤ κ2H
n
ρ (E). �
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Lemma 2.3. Let 0 < q < 1
2
, m ∈ N and α0 = −m log 2

log q
. If E0 := [0, 1]m ⊂ R

m,

Ej+1 := ([0, q] ∪ [1 − q, 1])Ej and E =
⋂

j∈NEj then Hα(E) = Qα (E) = 0 where
α0 < α. Moreover Hα(E) = Qα(E) = ∞ for 0 < α < α0 and 2−2m ≤ Hα0(E) ≤
Qα0(E) ≤

√
mα0q−α0. Additionally E is (α0, ‖◦‖ , Qα0) regular.

Proof. Let ε be such that
√
mqk < 2ε <

√
mqk−1 for some k. Since Ek can be covered

by 2mk cubes with the edge equal to qk therefore we may estimate: 2αεαsε(D) ≤
2αεα2mk ≤

√
mαq−α (qα2m)k.

If α0 < α ≤ m then 2mqα < 1 and τα(E) = lim infε→0 2αεαsε(D) = 0. In
particular Qα(E) = 0 for α0 < α ≤ m.

Observe that 2mqα0 = 1. Moreover Ek is the sum of 2mk disjoint cubes I1, ..., I2mk

with the edges equal to qk. Due to 2mkτα0(E ∩ Is) = τα0(E ∩ Ek) = τα0(E) ≤√
mα0q−α0 we conclude that Qα0(E) ≤

√
mα0q−α0 .

Let U be an open subset of Rm. Let fn(U) be a number of cubes from En

which intersects U . Let gn(U) = 2−nmfn(U). Observe that fn+1(U) ≤ 2mfn(U) and
gn+1(U) = 2−(n+1)mfn+1(U) ≤ 2−nmfn(U) = gn(U). Let g(U) = limn→∞ gn(U). If
[0, 1]m ⊂ U then g(U) = 1. Moreover g(U ∪ V ) ≤ g(U) + g(V ).

Let I be an open cube with the edges equal to r < q. There exists n ∈ N such
that qn+1 ≤ r < qn. Observe that fn(I) ≤ 2m. In particular

g(I) ≤ 2−nmfn(I) ≤ 2−nm2m ≤ qα0n2m ≤ q−α02mrα0 .

Let I1, ..., Is be a covering of E so that Ik is an open cube with the edges equal to
rk with rk < q. We can estimate

s
∑

k=1

rα0

k ≥ qα02−m
s
∑

k=1

g(Ik) ≥ qα02−mg(
s
⋃

k=1

Ik) ≥ qα02−m = 2−2m.

Therefore 2−2m ≤ Hα0(E) ≤ Qα0(E) and ∞ = Hα(E) ≤ Qα(E) for 0 < α < α0.
Let x ∈ E and ε > 0 be such that 0 < 2ε < q. There exist n, r ∈ N such that

qr < ε ≤ qr−1 and qn+1 ≤ 2ε < qn. The set Ek is the sum of 2mk disjoint, identical
cubes Ik

1 , ..., I
k
2mk with the edges equal to qk. In particular 2nmQα0(In

i(k) ∩ E) =
∑2nm

i=1 Q
α0(In

i ∩E) = Qα0(E) for k = 1, .., 2nm. Due to fn(K(x, ε)) ≤ 2m we conclude
that there exist In

i(1), ..., I
n
i(s) cubes such that K(x, ε) ∩ E ⊂ ⋃s

k=1 Ii(k) and s ≤ 2m.
Moreover there exists k0 such that Ir

k0
∩ E ⊂ K(x, ε) ∩E. We may estimate

qα0εα0 ≤ qα0r = 2−mr ≤ Qα0(K(x, ε) ∩E)

Qα0(E)
≤ 2m−nm = qα0(n−1) ≤ q−2α2α0εα0.

We conclude that E is (α0, ‖◦‖ , Qα0) regular. �

Lemma 2.4. Assume that Hα
ρ (U) = ∞ for 0 < α < m and all the open U non

empty subsets of X. There exists a set G ⊂ X of type Gδ such that 0 = Hα
ρ (G) <

Qα
ρ (G) = ∞ for 0 < α < m.

Proof. Let A = {xi}i∈N
be a countable and dense subset of X such that x⌊i,j⌋ = x⌊i,1⌋

for all i, j ∈ N. Let Ui :=
⋃∞

j=iKρ

(

xj , 2
−j2
)

andG =
⋂

i∈N Ui. Let α > 0 and δ, ε > 0.

Let j0 be such that α(j2 − 1) ≥ j, 2−j2

< δ, 2−j+1 ≤ ε for j ≥ j0. We may estimate

Hα
ρδ(G) ≤

∑

j=j0

2−αj2+α ≤
∑

j=j0

2−j = 2−j0+1 ≤ ε.
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We now conclude that Hα
ρ (G) = 0 for α > 0.

Observe that A ⊂ G. Therefore G = X. Suppose that τα0

ρ (G) < ∞ for some
0 < α0 < m. There exists a sequence {Fi}i∈N

of closed subsets of X such that
G ⊂ ⋃

i∈N Fi and
∑

i∈N τ
α0

ρ (Fi) < ∞. Moreover because G is of type Gδ there exists
a sequence of closed sets {Hi}i∈N

with empty interiors such that X \ G =
⋃

i∈N Hi.
Observe that:

X ⊂ X \G ∪G ⊂
⋃

i∈N

Hi ∪
⋃

i∈N

Fi.

Due to Bair’s Theorem we conclude that there exists k such that interior of Fk is non
empty. In particular due to Lemma 2.1 we conclude a contradiction ∞ = Hα0

ρ (Fk) ≤
τα0

ρ (Fk).

Therefore Qα
ρ (G) = ∞ for 0 < α < m. �

Lemma 2.5. There exists a compact E subset of Rm which is uncountable and
Qα(E) = τα(E) = 0 for α > 0.

Proof. Let E0 := [0, 1]m ⊂ R
m, Ej+1 := ([0, 4−j−1] ∪ [1 − 4−j−1, 1])Ej and E =

⋂

j∈NEj. Let α > 0 and
√
m2−k(k+1) < 2ε ≤ √

m2−(k−1)k. Since Ek has 2mk cubes
with the edges equal to

∏k
j=1 4−j = 2−k(k+1) therefore we may estimate: 2αεαsε(E) ≤

2αεαsε(Ek) ≤ 2αεα2mk ≤
√
mα2mk−αk(k−1). Due to limk→∞mk − αk(k − 1) = −∞

we have τα(E) = 0. In particular Qα(E) = 0.

We prove that the set E is uncountable. Let U be an open set such that U∩E 6= ∅.
Observe that there exists k ∈ N such that U ∩ Ek 6= ∅. Therefore there exists a
sequence {xn}n∈N

⊂ U ∩ E such that xi 6= xj for i 6= j. We may conclude that if
x ∈ E then {x} is a not open subset of E. Suppose that E is countable and there
exists a sequence {wn}n∈N

= E. Due to Bair’s Theorem the interior of {wn0
} in E is

not empty for some n0. Therefore {wn0
} is an open subset of E which is impossible.

�

Lemma 2.6. Let X be a metric space with pseudometric ρ and X̃ - metric space with
the pseudometric ρ̃. Let f : X → X̃ be a continuous function such that c1ρ(x, y) ≤
ρ̃(f(x), f(y)) ≤ c2ρ(x, y) for x, y ∈ X and some constants c1, c2 > 0. Then

1. cα1 τ
α
ρ (D) ≤ τα

ρ̃ (f(D)) ≤ cα2 τ
α
ρ (D) for α > 0 and D ⊂ X.

2. cα1Q
α
ρ (D) ≤ Qα

ρ̃ (f(D)) ≤ cα2Q
α
ρ (D) for α > 0 and D ⊂ X.

Proof. Let {xi}s
i=1 ⊂ D be such that D ⊂ ⋃s

i=1Kρ(xi, ε). Observe that f(D) ⊂
⋃s

i=1 f(Kρ(xi, ε)) ⊂
⋃s

i=1Kρ̃(f(xi), c2ε). In particular τα
ρ̃ (f(D)) ≤ cα2 τ

α
ρ (D).

Let {yi}s
i=1 ⊂ D be such that f(D) ⊂ ⋃s

i=1Kρ̃(f(yi), c1ε). Observe that D ⊂
⋃s

i=1 f
−1 (Kρ̃(f(yi), c1ε)) ⊂

⋃s
i=1Kρ(yi, ε). In particular cα1 τ

α
ρ (D) ≤ τα

ρ̃ (f(D)).

The property (2) follows directly from (1). �

Lemma 2.7. Let M be k-dimensional, C1class submanifold of Rm. Then Qα(M) =
0 for k < α and Qα(M) = ∞ for 0 < α < k.
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Proof. Observe that M is a local graph of class C1 function. Let x ∈ M . There
exists an open, convex set U and C1 function f ∈ C1(U) such that ψ : Rk ⊃ U ∋
x → (x, f(x)) ∈ M ⊂ Rm and x ∈ ψ(U) ⊂ M . We can assume that f ′ is bounded
on U . Observe that

‖x− y‖ ≤ ‖ψ(x) − ψ(y)‖ ≤
√

1 + ‖f ′‖ ‖x− y‖ .

Due toHα(U) = ∞ for 0 < α < k and Lemma 2.1 we may conclude thatQα(U) = ∞
for 0 < α < k. Now due to Lemma 2.6 we have ∞ = Qα(ψ(U)) ≤ Qα(M) for
0 < α < k. Moreover due to Lemma 2.2 Qk(U) < ∞ and therefore Qk(ψ(U)) < ∞
and Qα(M) = 0 for k < α. �

3 Homogeneous polynomials

In this section we consider ρ(z, w) :=
√

1 − |〈z, w〉| and a natural (2n−1)-dimensional

measure σ on ∂Bn. Observe that ∂Bn is (2n−2, ρ, σ)-regular. In fact there exist con-
stants κ1, κ2 such that κ1ε

2n−2 ≤ σ(Kρ(x, ε)) ≤ κ2ε
2n−2 for x ∈ ∂Bn and 0 < ε < 1.

In particular να
ρσ(∂B

n) = 0 for α > 2n− 2.

Definition. Let us denote χs : Bn ∋ z −→ χs(z) = (1 − ‖z‖2)s and

Es(f) :=
{

z ∈ ∂Bn :
∫

Dz
|f |2 χsdL

2 = ∞
}

.

Definition 3.1. Let α > 0. A subset A ⊂ ∂B
n is called α-separated iff ρ(z1, z2) > α

for different elements z1, z2 ∈ A.

Definition. Let a sequence of the pairs (i, j) be ordered according to the formula

⌊i, j⌋ < ⌊k, l⌋ ⇔
{

i+ j < k + l gdy i+ j 6= k + l
i < k gdy i+ j = k + l

.

Lemma 3.2. Let C > 2. Assume that a set A is C√
N

-separated. For z ∈ ∂Bn we
define

Am(z) :=

{

ξ ∈ A :
mC

2
√
N

≤ ρ(z, ξ) ≤ (m+ 1)C

2
√
N

}

.

Therefore for m = 1, 2, ... a set Am(z) has up to 2n−1(m + 2)2n−2 elements. A set
A0(z) has up to one element. Additionally s ≤ Nn−1.

Proof. First part of the Lemma it is in fact the [6, Lemma 1]. To prove that s ≤ Nn−1

we can estimate

s
C2n−2

22n−2Nn−1
≤

s
∑

j=1

σ(Kρ(ζj;
C

2
√
N

)) ≤ 1

since the balls B(ζj;C/(2
√
N)) are disjoint. Therefore we get s ≤ Nn−1. �
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Lemma 3.3. [6, Lemma 2] If A ⊂ ∂B
n is α/

√
N-separated then for each β > α

there exists an integer K = K(α, β) such that A can be partitioned into K disjoint
β/

√
N-separated sets.

Proposition 3.4. We can estimate
(

1 + 1
x

)x
< e <

(

1 + 1
x

)x+1
for x ≥ 1.

Proof. For 0 < y < 1 we have the following inequality y − y2

2
≤ ln(1 + y) < y.

Let f(x) = x ln
(

1 + 1
x

)

and g(x) = (x + 1) ln
(

1 + 1
x

)

. We may estimate f ′(x) =

ln
(

1 + 1
x

)

− 1
x+1

≥ 1
x
− 1

2x2 − 1
x+1

= x2−x
2x3(x+1)

> 0 for x > 1. Moreover g′(x) =

ln
(

1 + 1
x

)

− 1
x
< 0 for x > 1. In particular f(x) < f(∞) = 1 = g(∞) < g(x) for

x ≥ 1. �

Theorem 3.5. There exists a constant C0 such that C0 > 2 and for all C > C0,
δ ∈ (0, 1), 0 < α ≤ 2n − 2 there exists a natural number K = K(C) such that if
T,D are compact, circular, disjoint subsets of ∂Bn, such that να(T ) <∞ then there
exists m0 ∈ N such that homogeneous polynomials for (C, T ) fulfills properties:

1. |pm(z)| ≤ 2 for z ∈ ∂B
n and m ∈ N.

2.
∫

∂Bn
|pm|2 dσ ≤

6C2n
(

να
ρσ(T ) + δ

)

mn− 2+α
2

for m ≥ m0.

3. |pm(z)| ≤ 2−
√

Km for all z ∈ D, m ≥ m0.

4. For α ≥ 0, Km ≥ m0 and z ∈ T we have
∑K(m+1)−1

j=Km jα |pj(z)|2 ≥ (Km)α

4
.

Proof. Let β = n − 2+α
2

. There exist M, ε0 > 0 such that M − δ ≤ να
ρσ(T ) and

σ(Kρ(T, ε)) ≤ Mε2β for ε ∈ (0, 2ε0). Denote S := ∂Bn \K(T, ε0). We may assume
that ε0 is so small that D ⊂ S.

Let A = {ξ1, ..., ξs} be C√
N

-separated subset of T . Let

Aj(z) =

{

ξ ∈ A :
jC

2
√
N

≤ ρ(z, ξ) <
(j + 1)C

2
√
N

}

.

There exists C0 > 0 such that

exp

(

−
(

jC

2

)2
)

(j + 2)2n−2 ≤ 1

(j + 2)2n2j+n

for C > C0 and j ≥ 1.
Let N be so large that C√

N
≤ ε0 and ρ(z, w) > 1

N0.1 for ξ ∈ A, w ∈ S.
Due to Lemma 3.2 we can estimate

|pm(z)| ≤
∑

ξ∈A

|〈z, ξj〉|m ≤
∑

ξ∈A

(

1 − 1

N0.2

)N

≤ (2N)n−1
(

1 −N0.2
)N0.2N0.8

≤ 2−N0.8 ≤ 2−
√

Km ≤ δ

2mβ
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for z ∈ S, N high enough and N ≤ m ≤ 2N . We have proved the property (3).
Moreover we may estimate

∫

S
|pm(z)|2 ≤

∫

S

δ

2mβ
≤ δ

2mβ
≤ MC2n

mβ
.

Let us denote

B0 := Kρ

(

T,
C

2
√
N

)

Bk+1 := Kρ

(

T,
(k + 2)C

2
√
N

)

\Bk.

If z ∈ Bk+1 then ρ(z, w) ≥ (k+1)C

2
√

N
for w ∈ T . In particular Aj(z) = ∅ for j ≤ k.

There exists N1 ∈ N such that K(T, ε0) ⊂
⋃N1

k=0Bk ⊂ K(T, 2ε0). We may estimate

|pm(z)| ≤
∑

ξ∈A

|〈z, ξ〉|m ≤
∞
∑

j=0

∑

ξ∈Aj(z)

|〈z, ξ〉|m

≤
∞
∑

j=0

∑

ξ∈Aj(z)

(

1 − j2C2

4N

)N

≤
∞
∑

j=0

∑

ξ∈Aj(z)

exp

(

−j
2C2

4

)

≤
∞
∑

j=0

#Aj(z) exp

(

−j
2C2

4

)

≤ 1 +
∞
∑

j=1

2n−1(j + 2)2n−2 exp

(

−j
2C2

4

)

≤ 1 +
∞
∑

j=1

2−j−1 ≤ 2

for z ∈ ∂B
n and now we have the property (1). Moreover

|pm(z)| ≤
∞
∑

j=k

2n−1(j + 2)2n−2 exp

(

−j
2C2

4

)

≤
∞
∑

j=k

(j + 2)−2n2−j−1 ≤ 1

(k + 2)2n2k

for z ∈ Bk and k ≥ 1. Observe that

σ(Bk) ≤M

(

(k + 1)C

2
√
N

)2β

≤M
(k + 1)2nC2n

22βNβ
≤M

(k + 1)2nC2n

2βmβ

for k ≥ 0, N ≤ m ≤ 2N . We can estimate

∫

Kρ(T,ε0)
|pm|2 dσ ≤

N1
∑

k=0

∫

Bk

|pm|2 dσ ≤ 4σ(B0) +
N1
∑

k=1

σ(Bk)(k + 2)−2n2−2k

≤ 4MC2n

mβ
+

∞
∑

k=1

MC2n

mβ22k
≤ 5MC2n

mβ
.

In particular we may prove the property (2):

∫

∂Bn
|pm|2 dσ ≤

∫

Kρ(T,ε0)
|pm|2 σ +

∫

S
|pm|2 σ ≤ 6MC2n

mβ

≤ 6C2n (να(T ) + δ)

mβ
.
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Now we prove the property (4).
Let K = K(α, β) be from Lemma 3.3 for α = 0.25 and β = C. For N = Km fix

a maximal 1/(4
√
N)-separated subset B ⊂ T . Using Lemma 3.3 we can divide B

into at least K disjoint C/
√
N -separated subsets B0, B1, ..., BK−1. We define

pKm+j(z) :=
∑

ξ∈Bj

〈z, ξ〉Km+j

for j = 0, 1, ..., K − 1. There exists C0 > 0 such that

exp



−
(

kC

2

)2


 k2n23n ≤ 1

2k+3

for C > C0 and k ≥ 1.
Let

Ai,j(z) =

{

ξ ∈ Bi :
jC

2
√
N

≤ ρ(z, ξ) <
(j + 1)C

2
√
N

}

.

Due to Lemma 2.2 #Ai,0 = 0 and #Ai,j ≤ 2n−1(j + 2)2n−2.

Due to Proposition 3.4 we have
(

1 − 1
x+1

)x
> e−1 >

(

1 − 1
x+1

)x+1
for x ≥ 1.

Let ξ ∈ Bj . Let kN be a maximal possible natural number such that
k2

N
C2

4N
≤ 1

2
. If

z ∈ Kρ

(

ξ, 1
4
√

N

)

then we may estimate:

|pKm+j(z)| ≥ |〈z, ξ〉|Km+j −
∑

η∈Bj\{ξ}
|〈z, η〉|Km+j

≥
(

1 − 1

16N

)Km+j

−
kN
∑

k=1

(

1 − k2C2

4N

)N

2n(k + 2)2n − 2−NNn

≥
(

1 − 1

16N

)2N

−
∞
∑

k=1

exp



−
(

kC

2

)2


 k2n23n − 2−NNn

≥ exp
( −2N

16N − 1

)

− 2−NNn −
∞
∑

k=1

2−k−3 ≥ 1

2

for m0 ≤ N ≤ m ≤ 2N and m0 high enough.
Since B =

⋃K−1
l=0 Bl is a maximal 1/(4

√
N)-separated subset of T we conclude

that
K−1
⋃

j=0

⋃

ξ∈Bj

Kρ

(

ξ;
1

4
√
N

)

=
⋃

ξ∈B

Kρ

(

ξ;
1

4
√
N

)

⊃ T

and from this follows that

K(m+1)−1
∑

j=Km

jα |pj(z)|2 ≥
(Km)α

4
for all z ∈ T, m > m0.

�

Now we are ready to prove our first, main result.
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Theorem 3.6. Let 0 < α ≤ 2n − 2. Let T be a compact, circular subset of ∂B
n

such that να
ρσ(T ) = 0. There exists f ∈ O(Bn) ∩ L2(Bn) such that T = Eβ(f) and

Eβ+ε(f) = ∅ for β = n− 2+α
2

, ε > 0

Proof. LetDj be a sequence of compact, circular subsets of ∂Bn such thatDj∩T = ∅,
Dj ⊂ Dj+1 and T =

⋃

j∈N Dj. Due to Theorem 3.5 there exist numbers C,M > 0, a
sequence of natural number {mj}j∈N

and s sequence of polynomials {pm}m∈N
such

that

1. mj ≥ 2j and K(mj + 1) ≤ Kmj+1

2. pm is a homogeneous polynomial of degree m.

3.
∑

k∈I(i) |pk(z)|2 ≥ 1
4

for z ∈ T and

I(i) := {m ∈ N : Kmi ≤ m ≤ K(mi + 1) − 1} .

4. |pm(z)| ≤ 2 for z ∈ ∂Bn and m ∈ N.

5.
∫

∂Bn |pm|2 dσ ≤MC2n2−jm−β for m ∈ I(j).

6. |pm(z)| ≤ 2−j for all z ∈ Dj, m ∈ I(j)

Let

f :=
∞
∑

j=1

∑

k∈I(j)

√
k1+βpk.

There exists a constant c1 such that

c1

∫

Bn
|f |2 dL2n ≤

∞
∑

j=1

∑

k∈I(j)

k1+β
∫

∂Bn

1

k + 1

∫ 1

0
|pk(tw)|2 dtdσ(w)

≤
∞
∑

j=1

∑

k∈I(j)

k1+β

2k + 1

∫

∂Bn
|pk|2 dσ

≤
∞
∑

j=1

∑

k∈I(j)

kβMC2n2−j

2kβ
=

∞
∑

j=1

KMC2n2−j−1 <∞.

There exist constants c2, c3 > 0 such that

c2
(k + 1)β+1.

≤
∫ 1

0
t2k+1(1 − t2)β = 2

(k + 1)!(k + 1)β

(k + 1)(k + 1)β
∏k+1

j=1(β + j)
≤ c3

(k + 1)β+1.

Therefore we can estimate

∫

Dz
|f |2 χβdL

2 ≥ π
∞
∑

j=1

∑

k∈I(j)

k1+β
∫ 1

0
|pk(tz)|2 t(1 − t2)βdt

≥ πc2
∞
∑

j=1

∑

k∈I(j)

k1+β

(k + 1)β+1
|pk(z)|2 = ∞
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for z ∈ T . Moreover if z ∈ ∂B
n \ T then there exists a constant c4 = c4(z) <∞ and

j0 such that z ∈ Dj for j ≥ j0 and:

∫

Dz
|f |2 χβdL

2 ≤ πc2
∞
∑

j=1

∑

k∈I(j)

k1+β

(k + 1)β+1
|pk(z)|2

≤ c4(z) + πc2
∞
∑

j=j0

∑

k=∈I(j)

2−j <∞.

We have proved that T = Eβ(f). Now let ε > 0. Then

∫

Dz
|f |2 χβ+εdL

2 ≤ πc2
∞
∑

j=1

∑

k∈I(j)

k1+β

(k + 1)β+ε+1
|pk(z)|2

≤ πc2
∞
∑

j=1

∑

k=∈I(j)

4

(K2j)ε <∞.

for all z ∈ ∂B
n. From this follows that Eβ+ε(f) = ∅ for ε > 0. �

Lemma 3.7. Let U be an open, circular set and K be a compact, circular set such
that να

ρσ(K) < ∞, U,K ⊂ ∂Bn . Then there exists a sequence {Ti}i∈N
of compact,

circular sets such that

1. U ∩K =
⋃

i∈N Ti.

2. If Ti ∩ Tj 6= ∅ then |i− j| < 2.

3.
∑∞

i=1 ν
s
ρσ(Ti) = 0 for s > α.

Proof. Let

T−1 :=
{

z ∈ K ∩ U : inf
w∈∂U

ρ(z, w) ≥ 1
}

Ti :=
{

z ∈ K ∩ U : 2−i−1 ≤ inf
w∈∂U

ρ(z, w) ≤ 2−i

}

.

Observe that U ∩K =
⋃

i∈N Ti and Ti ∩Tj = ∅ when |i− j| ≥ 2. Moreover να
ρσ(Ti) ≤

να
ρσ(K) and therefore νs(Ti) = 0 for s > α. �

Theorem 3.8. Let 0 < α < 2n−2 and β = n− 2+α
2

. Let E be a circular set of type
Gδ such that E ⊂ ∂Bn and Θs

ρσ(E) = 0 for s > α. There exists f ∈ O(Bn)∩L2(Bn)
such that Eβ(f) = ∅ and E = Es(f) for 0 ≤ s < β.

Proof. Let αi = α + 1
i+2

(2n− 2 − α) and βi = n − 2+αi

2
. There exists a sequence

{Ui}i∈N
of open, circular subsets of ∂Bn such that E =

⋂∞
i=1 Ui and Ui+1 ⊂ Ui.

There exists a sequence {Si}i∈N
of compact, circular subsets of ∂Bn such that E ⊂

⋃

j∈N S⌊i,j⌋ and
∑

j∈N ν
α⌊i,j⌋−1

ρσ (S⌊i,j⌋) ≤ 2−i. We denote ⌊i, j, k⌋ := ⌊⌊i, j⌋ , k⌋. Due to
Lemma 3.7 there exists a sequence {Ti}i∈N

of compact, circular subsets of ∂B
n such

that

1. T⌊i,j,k⌋ ⊂ U⌊i,j⌋.
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2. S⌊i,j⌋ ∩ U⌊i,j⌋ =
⋃

k∈N T⌊i,j,k⌋.

3. T⌊i,j,k⌋ ∩ T⌊i,j,l⌋ = ∅ when |l − k| ≥ 2.

4. ν
α⌊i,j,k⌋
ρσ (T⌊i,j,k⌋) = 0.

Let T−1 = ∅ and

D⌊i,j,k⌋ = ∂Bn \
(

T⌊i,j,k−1⌋ ∪ T⌊i,j,k⌋ ∪ T⌊i,j,k+1⌋
)

for i, j, k ∈ N. Observe that D⌊i,j,k⌋ ∩ T⌊i,j,k⌋ = ∅. Therefore due to Theorem 3.5
there exists a number C > 0, a sequence of natural number {mj}j∈N

and a sequence
of polynomials {pm}m∈N

such that

1. m
β−βj

j ≥ 2j and K(mj + 1) ≤ Kmj+1

2. pm is a homogeneous polynomial of degree m.

3.
∑

m∈I(i,j,k) |pm(z)|2 ≥ 1
4

for z ∈ T⌊i,j,k⌋ and

I(i, j, k) :=
{

l ∈ N : Km⌊i,j,k⌋ ≤ l ≤ K(m⌊i,j,k⌋ + 1) − 1
}

.

4. |pm(z)| ≤ 2 for z ∈ ∂Bn and m ∈ N.

5.
∫

∂Bn |pm|2 dσ ≤ 6C2n2−⌊i,j,k⌋m−β⌊i,j,k⌋ for m ∈ I(i, j, k).

6. |pm(z)| ≤ 2−
√

m for all z ∈ D⌊i,j,k⌋, m ∈ I(i, j, k)

Let

f :=
∑

i,j∈N

∑

m∈I(i,j,k)

√

m1+β⌊i,j,k⌋pm.

We denote
φ(f, z, s) :=

∫

Dz
|f |2 χsdL

2.

There exists a constant c1 > 0 such that

c1

∫

Bn
|f |2 dL2n ≤

∑

i,j,k∈N

∑

m∈I(i,j,k)

m1+β⌊i,j,k⌋

∫

∂Bn

1

m+ 1

∫ 1

0
|pm(tw)|2 dtdσ(w)

≤
∑

i,j,k∈N

∑

m∈I(i,j,k)

m1+β⌊i,j,k⌋

2m+ 1

∫

∂Bn
|pm|2 dσ

≤
∑

i,j.k∈N

∑

m∈I(i,j,k)

mβ⌊i,j,k⌋6C2n2−⌊i,j,k⌋

2mβ⌊i,j,k⌋
≤ 3C2n

∑

i∈N

2−i <∞.

Let 0 ≤ s < β. We can use the similar arguments as in [3, Lemma 2.1,2.3] to
conclude that there exist constants c2, c3 > 0 such that

c2
π(k + 1)r+1.

≤
∫ 1

0
t2k+1(1 − t2)r = 2

(k + 1)!(k + 1)r

(k + 1)(k + 1)r
∏k+1

j=1(r + j)
≤ c3
π(k + 1)r+1
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for 0 ≤ r < β. Moreover

∑

i, j, k ∈ N

z ∈ T⌊i,j,k⌋

1 ≥
∑

i, j ∈ N

β⌊i,j,k⌋ > s
z ∈ S⌊i,j⌋ ∩ U⌊i,j⌋

1 = ∞.

We may estimate

φ(f, z, s) ≥ π
∑

i,j,k∈N

∑

m∈I(i,j,k)

m1+β⌊i,j,k⌋

∫ 1

0
|pm(tz)|2 t(1 − t2)sdt

≥ c2
∑

i, j, k ∈ N

β⌊i,j,k⌋ > s
z ∈ T⌊i,j,k⌋

∑

m∈I(i,j,k)

m1+β⌊i,j,k⌋

(m+ 1)1+s
|pm(z)|2 = ∞

for z ∈ E. Let now z ∈ ∂Bn \ E. There exists a minimal η(z) ∈ N such that
z ∈ ∂Bn \U⌊i,j⌋ for ⌊i, j⌋ ≥ η(z). Observe that z ∈ U⌊i,j⌋ for ⌊i, j⌋ < η. In particular
there exists ki,j such that z ∈ T⌊i,j,ki,j⌋ for ⌊i, j⌋ < η(z). Let

J(η(z)) := {(i, j, l) : ⌊i, j⌋ < η(z), |l − ki,j| ≤ 1} .

Observe that #J(η(z)) ≤ 3η(z). If (i, j, k) /∈ J(η(z)) then z ∈ D⌊i,j,k⌋. Therefore we
may estimate:

c−1
3 φ(f, z, s) ≤

∑

i,j,k∈N

∑

m∈I(i,j,k)

mβ⌊i,j,k⌋+1

(m+ 1)s+1
|pm(z)|2

≤
∑

(i, j, k) ∈ J(η(z))
m ∈ I(i, j, k)

mβ |pm(z)|2 +
∑

(i, j, k) /∈ J(η(z))
m ∈ I(i, j, k)

mβ |pm(z)|2

≤
∑

(i, j, k) ∈ J(η(z))
m ∈ I(i, j, k)

4mβ +
∑

(i, j, k) /∈ J(η(z))
m ∈ I(i, j, k)

Kmβ2−2
√

m <∞.

We have proved that E = Es(f). Moreover

φ(f, z, β) ≤ c3
∑

i, j, k ∈ N

m ∈ I(i, j, k)

mβ⌊i,j,k⌋−β |pm(z)|2

≤ 4c3
∑

i, j, k ∈ N

m ∈ I(i, j, k)

1
(

Km⌊i,j,k⌋
)β−β⌊i,j,k⌋

≤ 4Kc3
∑

i,j,k∈N

2−⌊i,j,k⌋ <∞.

for all z ∈ ∂Bn. We conclude that Eβ(f) = ∅. �
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Lemma 3.9. Let U be an open, circular subset of ∂B
n. Let M be a compact, circular

subset of ∂Bn and η a probability measure on M , such that M is (α, ρ, η)-regular.
There exists a constant c > 0 such that if K is a compact, circular set such that
να

ρσ(K) <∞, K ⊂M then there exists a sequence {Ti}i∈N
of compact, circular sets

such that

1. U ∩K =
⋃

i∈N Ti.

2. If Ti ∩ Tj 6= ∅ then |i− j| < 2.

3.
∑∞

i=1 ν
α
ρσ(Ti) ≤ cνα

ρσ(K).

Proof. Observe that ∂B
n is (2n − 2, ρ, σ)-regular. Due to Lemma 2.2 there exist

constants c1, c2 > 0 such that c−1
1 να

ρσ(K) ≤ να
ρη(K) ≤ c2ν

α
ρσ(K) for a closed, circular

K subset of M . We denote

T0 :=
{

z ∈ K ∩ U : inf
w∈∂U

ρ(z, w) ≥ 1
}

Ti+1 :=
{

z ∈ K ∩ U : 2−i−1 ≤ inf
w∈∂U

ρ(z, w) ≤ 2−i

}

.

Observe that U ∩K =
⋃

i∈N Ti and ρ(Ti, Tj) > 0 when |i− j| ≥ 2. We may estimate

∞
∑

i=0

να
ρη(T2i) +

∞
∑

i=0

να
ρη(T2i+1) = να

ρη

( ∞
⋃

i=0

T2i

)

+ να
ρη

( ∞
⋃

i=0

T2i+1

)

≤ 2να
ρη

( ∞
⋃

i=0

Ti

)

.

In particular

∞
∑

i=1

να
ρσ(Ti) ≤ c1

∞
∑

i=1

να
ρη(Ti) ≤ 2c1ν

α
ρη

( ∞
⋃

i=0

Ti

)

≤ 2c1ν
α
ρη

( ∞
⋃

i=0

Ti

)

≤ 2c1c2ν
α
ρσ

( ∞
⋃

i=0

Ti

)

≤ 2c1c2ν
α
ρσ (K) .

�

Theorem 3.10. Let 0 < α ≤ 2n − 2 and β = n − 2+α
2

. Let E be a circular set
of type Gδ such that E ⊂ ∂Bn and Θα

ρσ(E) = 0. Assume that there exists M - a
compact, circular subset of ∂Bn and η a probability measure on M , such that M is
(α, ρ, η)-regular and E ⊂ M . There exists f ∈ O(Bn)∩L2(Bn) such that Eβ(f) = E
and Es(f) = ∅ for s > β.

Proof. Let c > 0 be a constant from Lemma 3.9. There exists a sequence {Ui}i∈N
of

open, circular subsets of ∂Bn such that E =
⋂∞

i=1 Ui and Ui+1 ⊂ Ui. There exists a
sequence {Si}i∈N

of compact, circular subsets of ∂Bn such that E ⊂ ⋃

j∈N S⌊i,j⌋ and
∑

j∈N ν
α
ρσ(S⌊i,j⌋) ≤ 2−i. We denote ⌊i, j, k⌋ := ⌊⌊i, j⌋ , k⌋. Due to Lemma 3.9 there

exists a sequence {Ti}i∈N
of compact, circular subsets of ∂Bn such that

1. T⌊i,j,k⌋ ⊂ U⌊i,j⌋.

2. S⌊i,j⌋ ∩ U⌊i,j⌋ =
⋃

k∈N T⌊i,j,k⌋.
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3. T⌊i,j,k⌋ ∩ T⌊i,j,l⌋ = ∅ when |l − k| ≥ 2.

4.
∑

k∈N ν
α
ρσ(T⌊i,j,k⌋) ≤ cνα

ρσ(S⌊i,j⌋).

Let T−1 = ∅ and

D⌊i,j,k⌋ = ∂Bn \
(

T⌊i,j,k−1⌋ ∪ T⌊i,j,k⌋ ∪ T⌊i,j,k+1⌋
)

for i, j, k ∈ N. Observe that D⌊i,j,k⌋ ∩ T⌊i,j,k⌋ = ∅. Therefore due to Theorem 3.5
there exists a number C > 0, a sequence of natural number {mj}j∈N

and a sequence
of polynomials {pm}m∈N

such that

1. mj ≥ 2j and K(mj + 1) ≤ Kmj+1

2. pm is a homogeneous polynomial of degree m.

3.
∑

m∈I(i,j,k) |pm(z)|2 ≥ 1
4

for z ∈ T⌊i,j,k⌋ and

I(i, j, k) :=
{

l ∈ N : Km⌊i,j,k⌋ ≤ l ≤ K(m⌊i,j,k⌋ + 1) − 1
}

.

4. |pm(z)| ≤ 2 for z ∈ ∂Bn and m ∈ N.

5.
∫

∂Bn |pm|2 dσ ≤ 6C2n
(

να
ρσ(T⌊i,j,k⌋) + 2−⌊i,j,k⌋

)

m−β for m ∈ I(i, j, k).

6. |pm(z)| ≤ 2−
√

m for all z ∈ D⌊i,j,k⌋, m ∈ I(i, j, k)

Let

f :=
∑

i,j∈N

∑

m∈I(i,j,k)

√
m1+βpm.

We denote

φ(f, z, s) :=
∫

Dz
|f |2 χsdL

2.

There exists a constant c1 > 0 such that

c1

∫

Bn
|f |2 dL2n ≤

∑

i,j,k∈N

∑

m∈I(i,j,k)

m1+β
∫

∂Bn

1

m+ 1

∫ 1

0
|pm(tw)|2 dtdσ(w)

≤
∑

i,j,k∈N

∑

m∈I(i,j,k)

m1+β

2m+ 1

∫

∂Bn
|pm|2 dσ

≤
∑

i,j.k∈N

∑

m∈I(i,j,k)

mβ6C2n
(

να
ρσ(T⌊i,j,k⌋) + 2−⌊i,j,k⌋

)

2mβ

≤ 3C2n(1 + c)
∑

i∈N

2−i <∞.

Due to [3, Lemma 2.1,2.3] there exist constants c2, c3 > 0 such that

c2
π(k + 1)r+1.

≤
∫ 1

0
t2k+1(1 − t2)β = 2

(k + 1)!(k + 1)β

(k + 1)(k + 1)r
∏k+1

j=1(β + j)
≤ c3
π(k + 1)β+1

.
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Moreover
∑

i, j, k ∈ N

z ∈ T⌊i,j,k⌋

1 ≥
∑

i, j ∈ N

z ∈ S⌊i,j⌋ ∩ U⌊i,j⌋

1 = ∞.

We may estimate

φ(f, z, β) ≥ π
∑

i,j,k∈N

∑

m∈I(i,j,k)

m1+β
∫ 1

0
|pm(tz)|2 t(1 − t2)sdt

≥ c2
∑

i, j, k ∈ N

z ∈ T⌊i,j,k⌋

∑

m∈I(i,j,k)

m1+β

(m+ 1)1+β
|pm(z)|2 = ∞

for z ∈ E. Let now z ∈ ∂Bn \ E and 0 ≤ s. There exists a minimal η(z) ∈ N such
that z ∈ ∂Bn \ U⌊i,j⌋ for ⌊i, j⌋ ≥ η(z). Observe that z ∈ U⌊i,j⌋ for ⌊i, j⌋ < η. In
particular there exists ki,j such that z ∈ T⌊i,j,ki,j⌋ for ⌊i, j⌋ < η(z). Let

J(η(z)) := {(i, j, l) : ⌊i, j⌋ < η(z), |l − ki,j| ≤ 1} .

Observe that #J(η(z)) ≤ 3η(z). If (i, j, k) /∈ J(η(z)) then z ∈ D⌊i,j,k⌋. Therefore we
may estimate:

c−1
3 φ(f, z, s) ≤

∑

i,j,k∈N

∑

m∈I(i,j,k)

mβ+1

(m+ 1)s+1
|pm(z)|2

≤
∑

(i, j, k) ∈ J(η(z))
m ∈ I(i, j, k)

mβ |pm(z)|2 +
∑

(i, j, k) /∈ J(η(z))
m ∈ I(i, j, k)

mβ |pm(z)|2

≤
∑

(i, j, k) ∈ J(η(z))
m ∈ I(i, j, k)

4mβ +
∑

(i, j, k) /∈ J(η(z))
m ∈ I(i, j, k)

Kmβ2−2
√

m <∞.

We have proved that E = Es(f) for 0 ≤ s ≤ β. Moreover

φ(f, z, β + ε) ≤ c3
∑

i, j, k ∈ N

m ∈ I(i, j, k)

m−ε |pm(z)|2

≤ 4c3
∑

i, j, k ∈ N

m ∈ I(i, j, k)

1
(

Km⌊i,j,k⌋
)ε ≤ 4Kc3

∑

i,j,k∈N

2−ε⌊i,j,k⌋ <∞.

for all z ∈ ∂Bn. We conclude that Eβ+ε(f) = ∅ for ε > 0. �
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4 Examples

We consider a pseudometric ρ(z, w) =
√

1 − |〈z, w〉| and a natural measure σ on

∂Bn. Let us define φ : Cn−1 × R ∋ (z, θ) → φ(z, θ) ∈ Ω = ∂Bn \ Cn−1 × {0} ⊂ Cn:

φ(z, θ) = exp(2πiθ)





z1
√

1 + ‖z‖2
, ...,

zn−1
√

1 + ‖z‖2
,

1
√

1 + ‖z‖2



 .

Let M ⊂ Cn−1 be such that ℑ〈z, w〉 = 0 for z, w ∈ M . Let z, w ∈ M be such
that ‖φ(z) − φ(w)‖ < 2. Observe that ‖φ(z) − φ(w)‖2 = 2 − 2ℜ〈φ(z), φ(w)〉 < 2.
In particular

2ρ(φ(z), φ(w))2 = 2 − 2 |〈φ(z), φ(w)〉| = ‖φ(z) − φ(w)‖2 (4.1)

for z, w ∈M such that ‖φ(z) − φ(w)‖ < 2.
We prove the following fact:

Lemma 4.1. Let us consider the maximum norm ‖◦‖ on Rm. We have the property:
να

Lm(T ) = να
Lm+1(T × [0, 1]).

Proof. Let ε > 0. Observe that K(T, ε) × [0, 1] ⊂ K(T × [0, 1], ε) ⊂ K(T, ε) ×
[−ε, 1 + ε]. We may estimate

L
m(K(T, ε))

εm−α
=

L
m+1(K(T, ε) × [0, 1])

εm−α
≤ L

m+1(K(T × [0, 1], ε))

εm+1−(α+1)

≤ L
m+1(K(T, ε) × [−ε, 1 − ε])

εm+1−(α+1)
=

L
m(K(T, ε))

εm−α
(1 + 2ε).

This proves the required property. �

Example 4.2. Let 0 < α < 2n− 2 and β = n − 1 − α
2
. Let E be a set of type Gδ

such that E ⊂ M and Qs(E) = 0 for s > α. There exists f ∈ O(Bn) ∩ L2(Bn) such
that Eβ(f) = ∅ and φ(E × [0, 1]) = Es(f) for 0 ≤ s < β.

Proof. Due to Lemma 4.1 and Lemma 2.2 we conclude that Qs(E × [0, 1]) = 0 for
s > α+ 1.

Let K be a compact subset of M . There exist constants r1 = r1(K), r2 =
r2(K) > 0 such that

r1 ‖ξ1 − ξ2‖ ≤ ‖φ(ξ1) − φ(ξ2)‖ ≤ r2 ‖ξ1 − ξ2‖ .
In particular due to Lemma 2.6 we have Qs(φ(E × [0, 1])) = 0 for s > α + 1. Due
to (4.1) we conclude that Qs

ρ(φ(E × [0, 1])) = 0 for s > α + 1. In particular due to
Lemma 2.2 we have Θs

ρσ(φ(E × [0, 1])) = 0 for s > α + 1. Now due to Theorem 3.8
there exists a function f with the required properties. �

Example 4.3. There exists E - a compact, uncountable, circular set of type Gδ in
∂Bn, a function f ∈ O(Bn) ∩ L2(Bn) such that En−1(f) = ∅ and E = Es(f) for
0 ≤ s < n− 1.

Proof. Due to Lemma 2.5 there exists a compact, uncountable set K such that
K ⊂ [0, 1] and Qs(K) = 0 for s > 0. Now it is enough to use the Example 4.2 for
α = 0. �
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Example 4.4. There exists E - a set of type Gδ and a holomorphic function f ∈
O(Bn)∩L2(Bn) such that En−1(f) = ∅ and E = Es(f) for 0 ≤ s < n− 1. Moreover
Θα

ρσ(E) = ∞ for 0 ≤ α < 2n− 2.

Proof. We denote χs(z) =
(

1 − ‖z‖2
)s

. Let e1 = (1, 0, ..., 0) and

g(z1, ..., zn) =
∞
∑

m=2

2mn

m
z22m

1 .

First we show that g ∈ O(Bn) ∩ L2(Bn) and e1 ∈ Es(g) for 0 ≤ s < n− 1.
Using [3, Theorem 2.2] we may estimate

∫

Bn
|g|2 dL2n =

∞
∑

m=2

22mnπn(22m)!

m2(22m + n)!
≤

∞
∑

m=2

1

m2
<∞.

Let 0 < ε < n − 1 and s = n − 1 − ε. Due to [3, Theorem 2.2, Lemma 2.3] there
exists c > 0 such that

∫

De1

|g|2 χsdL
2 =

∞
∑

m=2

22mnπ(22m)!

m2 (s+ 22m + 1)
∏22m

i=1 (s+ i)!

≥ c
∞
∑

m=2

22mn(22m)!

m2 (n+ 22m) 22ms (22m)!

≥ c
∞
∑

m=2

22mn

m2n22m(s+1)
= cn−1

∞
∑

m=2

22mεm−2 = ∞.

There exists a sequence T = {ξi}i∈N
dense in ∂B

n and such that ξ⌊i,j⌋ = ξ⌊i,1⌋ for
i, j ∈ N. Let now

fk(z) :=
∞
∑

m=k+1

2mn

m
〈z, ξk〉2

2m+22k

and Ak :=
{

22m + 22k
}∞

m=k+1
. Observe that

∫

Bn |fk|2 dL2n ≤ ∫

Bn |g|2 dL2n and ξk ∈
Es(fk) for 0 ≤ s < n− 1. Moreover Ai ∩ Aj = ∅ for i 6= j. Let

f =
∑

k∈N

2−kfk.

We can estimate
∫

Bn
|f |2 dL2n =

∑

k∈N

2−2k
∫

Bn
|fk|2 dL2n ≤

∫

Bn
|g|2 dL2n.

In particular due to [3, Theorem 2.7] we conclude that En−1(f) = ∅.
We may estimate

∫

Dξk
|f |2 χsdL

2 =
∑

m∈N

∫

Dξk
|fm|2 χsdL

2 ≥ ∫

Dξk
|fk|2 χsdL

2 = ∞
for 0 ≤ s < n− 1. In particular T ⊂ Es(f) for 0 ≤ s < n− 1.

Let 0 < α < 2n − 2. It is known that Es(f) is a circular set of type Gδ in
∂Bn. Let δ > 0 and {Ki}i∈N

be a sequence of compact, circular sets such that
T ⊂ Es(f) ⊂ ⋃

i∈NKi ⊂ ∂Bn and dρ(Ki) ≤ 2δ. Due to Bair’s Theorem we conclude
that there exists Ki0 with a non empty interior in ∂Bn. In particular due to 0 <
H2n−2

ρ (∂Bn) < ∞ we have Hα
ρ (Ki0) = ∞ and

∑

i∈N τ
α
ρ (Ki) ≥ τα

ρ (Ki0) ≥ Hα
ρ (Ki0) =

∞. Therefore Qα
ρ (Es(f)) = ∞ and Θα

ρσ(E
s(f)) = ∞ for 0 ≤ α < 2n− 2. �
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