An Existence Theorem of Solutions for
Degenerate Semilinear Elliptic Equations
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Abstract

In this paper we study existence of solutions to a class of semilinear de-
generate elliptic equations in Weighted Sobolev spaces.

1 Introduction

In this paper we prove the existence of a solution in Hy(€2) (see definition in section
2) for the semilinear Dirichlet problem

(P) {%L} el ) + M) = (0). i

where L is an elliptic operator in divergence form

Lu(x) = — zn: D; (aij(x)Diu(x)), with D; = aix] (1.1)

1,j=1

where the coefficients a;; are measurable, real-valued functions whose coefficient
matrix A = (a;;) is symmetric and satisfies the degenerate ellipticity condition

(o) 3 ay@eg il ote), (1.2
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for all £€R™ and almost everywhere x€€), QCR" is bounded and open, w and v are
weight functions (locally integrable, nonnegative functions on R") and p€eR.

The following will be proved in section 3.

THEOREM 1. Suppose that: (H1) The function h : R—R is continuous and
bounded (|h(t)|<M, for all teR); (H2) (v,w)€Ay; (H3) g1 /vEL®(Q), go/wEL?(Q, w)
and f/weL?(Q,w); (H4) > 0 is not an eigenvalue of the linearized problem

(LP) {Lu(:c — pu(x)gi(x) =0, %n Q
u(xr) =0, in 00.

Then the problem (P) has a solution u€Hy(€2).
Simple example. Let Q = {(z,y)eR? : 2% + y?> < 1}. By theorem 1, with

h(t) = te™, f(z,y) = @, gi(w,y) = (a2 + y*) " Peos(xy), galr,y) = (2 +
y?) "V 2sen(zy), w(z,y) = (2 + y*) "% and v(z,y) = (2% + y*)~'/3 the problem

Lu(z,y) — pu(x,y)g1(z,y) + h(u(z,y))g2(z,y) = f(z,y), inQ
u(z,y) =0, in 00

where 5 5 5 5
_ u _ U
Lu(z,y) = o <(5€2 +v°) 1/23—1,) o <(5€2 +v°) 1/36_y>’

has solution u€ Hy(€2) if i > 0 is not an eigenvalue of the linearized problem (LP).

2 Definitions and basic results

Let w be a locally integrable nonnegative function in R and assume that 0 < w < oo
almost everywhere. We say that w belongs to a Muckenhoupt class 4,, 1 < p < oo,
or that w is an A,-weight, if there is a constant C) = C,,,, such that

) o) s

for all balls B in R", where |.| denotes the n-dimensional Lebesgue measure in R". If
1 < ¢<p then A,CA, (see [HKM] or [GR] for more information about A,-weights).
As an example of A,-weights, if z€R™, the function w(z) = |z|" is A, if and only if
—n < a<n(p—1). Let QCR" be a bounded open set. We shall denote by LP(Q, w)
(1<p < o0) the Banach space of all measurable functions, f, defined in Q) for which

1/p
Hf”LP(QM) = </Q |f(£L’)|pW($)dx> < Q.

For p>1 and k a nonnegative integer, the Weighted Sobolev spaces W*?(Q,w) is
defined by

WHhP(Q,w) = {uel?(Q,w) : DwelP(Qw), 1<|al<k}
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with norm
1/p
il = ( [ lu@Potoiies ¥ [Du@Patois) - 21
1<]a|<k

If weA, then W*P(Q,w) is a closure of C*(§) with respect to the norm (2.1) (see
proposition 3.5 in [CS]). The space Wy * (€, w) is the closure of C5°(€2) with respect

to the norm
1/p
||u||W’”’(Q ( > /|Da )d$> :

1<|a|<k

When k = 1 and p = 2 the spaces W"2(Q,w) and W, *(,w) are Hilbert spaces.
The space H () is defined to be the completion of C*°(Q) with respect to the norm

1/2
lull ey = </Qu2vd:c—|—/ﬂ < AVu, Vu > d:c)

where A = (a;;) is the coeflicient matrix of operator L defined in (1.1) , < .,. >
denotes the usual inner product in R™ and the symbol V indicates the gradient. The
space Hy(€2) is defined to be the completion of C§°(§2) with respect to the norm

1/2
lall o) = (/Q < AVu, Vu > da:) .

We say that the pair (v,w) of nonnegative locally integrable functions v and w
satisfies the condition A,, 1 < p < oo, and we write (v, w)€A,, if there is a constant
Cy = Cp 4 such that

) oo

for all balls B in R".

Remark 2. If (v,w)€A, and w<v then veA, and weA,. In this cases, for p = 2
and using condition (1.2) we obtain

/ |Vu\2wd:c§/ < AVu,Vu > dxg/ \Vu|*vdz.
0 0 0

Therefore Wy*(Q,v)CHo(Q)CWy*(Q,w). u

We make the following basic assumption on the weights w and v.

The Weighted Sobolev Inequality (WSI). Let Q be a bounded open set in R™.
There is an index ¢ = 20, o > 1, such that for every ball B and every f€Lipy(B)
(i.e., feLip(B) and whose support is contained in the interior of B),

<v(1B) /B|f|qu1‘>1/q§CRB <w(1B) /B|Vf|2wdx>1/2
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with the constant C' independent of f and B, Rp is the radius of B, v(B) = [z v(x)dx
and w(B) = [gw(x)dx. Thus, we can write

11| o (5.0 SCs IV Il 2.0

where Cy is called the Sobolev constant and

C[v(B)]"Rg

O =T Lme

For instance, the WSI holds if w and v are as in Theorem 4.8, chapter X of [T] or if
w and v are as in Theorem 1.5 of [CW]. n

Lemma 3. If we€A, then W,?(Q,w)—Ly(Q,w) is compact and

HuHLQ(Q,w)SCQHuHW(}’Q(Q,w)'

Proof. The proof of this lemma follows the lines of theorem 4.6 in [F'S]. u

Remark 4. Let ¢ = 20, 0 > 1 be as in (WSI). We have that: (i) If ueL9(2, v) then
ueL?(,v) and HuHLQ(Qw)S[U(Q)]l/Z”/HuHLq(Qw). (i) If ue Hy(©2) then

/Q |Vu|2ouda:§/Q < AVu,Vu > dz < oo.

Using (WSI) we obtain

1/2
2
||u||Lq(Q,U>scs< [ v wdx> |
that is, u€L(2,v). Hence, using (i),we get u€L*(Q, v). Therefore Hy(Q)CL*(Q2,v)
and

HUHH(Q,U)SCS[U(Q)]U% ”U”HO(Q)-

Definition 5. We say that an element u€ Hy(2) is a (weak) solution of problem
(P) if

/. (azj<x>Diu<x>Djw<x>—ﬂu<x>gl<a:>go<x>)dx+ [ hu(@)gel@)p(@)ds = [ f@)e(a)da

for every peHy(92).
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3 Proof of theorem 1

The basic idea is to reduce (P) to an operator equation Bu + Nu = T and apply
the following theorem.

Theorem A. Let B, N : X— X" be forms on the real separable reflexive Banach
space X. Assume:

(a) The operator B : X —X* is linear and continuous;

(b) The operator N : X — X* is demicontinuous and bounded;

(¢) B+ N is asymptotically linear;

(d) For each Te X* and each t€[0, 1] the operator A;(u) = Bu+t(Nu —T) satisfies
condition (S) in X.

If Bu = 0 implies v = 0, then for each T'€ X* the operator equation Bu + Nu =T
has a solution in X.

Proof. See [H] or theorem 29.C in [EZ]. u

Remark 6. Let X be a real separable reflexive Banach space.
(i) The operator N : X — X* is said to be demicontinuous if

u,—u implies Nu,—Nu, as n—00.
(ii) The operator N is strongly continuous if

u,—u implies Nu,— Nu, as n— oo.
(iii) B4+ N : X— X" is asymptotically linear if B is linear and

[Vl
]

—0 as ||Ju||—o0.

(iv) The operator B : X — X* satisfies condition (S) if
up—u and nliIEO(Bun — Bul|u, —u) =0 implies u,—u,

where (f|x) denotes the value of linear functional f at the point x. n

Step 1. We define the operators By, By : Hy(2)x Hy(2)—R through

Bi(u,) = | aij(2) D) Dyela)da — p [ u(@)p(@)g()da,
Bau,) = [ hlu(x))ga(e)e()da.

and T : Hy(2)—R through
T(g) = [ f(@)p(a)dr.
We have that ue Hy(§2) solves problem (P) if

Bi(u, p) + Bay(u, ) = T(p), for all o€ Hy(£2).
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Using Holder inequality, condition (H3) and remark 4(ii) we get

Bi(w,9)|< [ | < AVu, Vi > [da + |u] [ Jullgllgrlde

S/Q < AVu, Vu >12< AV, Vi >12 dz + |l /Q \u\|g0|‘% vdx
1/2 1/2
S(/ﬂ < AVu,Vu > d:c) (/Q < AVp, Vo > da:) +
+lulllgr /ol ey [ lullplode
§||U||H0(Q)||<P||HO(Q) + |#|||91/U||Loo(n)||u||L2(Q,v)||SO||L2(Q,v)
< (14 Clullon /ol ) Wl el
= CHUHHO(Q)HSOHHO(Q)-
By conditions (H1) and (H3), Lemma 3 and remark 2, we obtain
[Bau,0)|< [ |a(w)][ellgalda
SM/ }gwp\wdaz
Qlw
SM”%/“”H(Q,@H@Hm(g,w)
<M go el 1 Call P
<CoM || g2/l 2@, 1€l 1o () (3.1)

Moreover, we also have

T(p)I< | Ifllplda

-/ (%)de

<IIf/wllrz@w llell 20w
SC?”f/wHLQ(Q,w) HSOHWS’Q(Q,UJ)
<Collf /w2l o e)-

Step 2. Since Hy(2) is a real Hilbert space with inner product
ag(u, ) = /Q < AVu,Vy > dz

using the Identification Principle (theorem 21.18 in [EZ]) we set Hy(2) = [Ho(Q2)]*
and agp(u, ) = (u|e) (if feX* and ueX, then (flu) = f(u)).
We define the operators B, N : Hy(2)— H(2) through

(Buly) = Bi(u, ¢);
(Nu|§0) = BZ(uv 90)’ Vu, QOEHO(Q)'
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Since T'€[Hy(2)]*, the problem (P) is equivalent to the operator equation
Bu+ Nu=T, ucHy(f).

Step 3: Using that Hy(2)— Lo(Q2,v) is compact (see Lemma 3 and remark 4(ii)),
we have that By (.,.) is a regular Garding form. In fact: since u > 0 and by condition
(1.2) we obtain

Bi(u,u) = | ay;DuDjudr — p | u’gidx
Q Q

:/ <AVU,Vu>dx—u/u2<2>vd:p
Q Q v

Z/Q < AVY, Vu > dx — pl|g1/v|| oo o /Qu2vdx
2 2
= ”U”HO(Q) - MHgl/U”LO"(Q)HuHLg(Q,U)'

Hence, there exist a decomposition of the form B = T} + 15, where 177 and 75 are
bilinear and bounded, T} (.,.) is strongly positive and T5(.,.) is compact (see lemma
22.38 in [EZ]). Thus, B is Fredholm of index zero (see definition 8.13 and theorem
21.F in [EZ]) and B satisfies condition (S) (see proposition 27.12, [EZ]).

Step 4: By (3.1) we get

|(Nu, )| = |Ba(u, ¢)]
SCoM||g2/w|| oo 0 9]l 110 ) -

Hence, | Nu||<C, for all ue Hy(2). Therefore,

—0, as [|ul| @ —00,

that is, B + N is asymptotically linear and the operator N is strongly continuous
(see corollary 26.14 in [EZ]).

Step 5. For each t€[0, 1], the operator A;(u) = Bu+t(Nu—T) is a strongly conti-
nuous perturbation of the operator B. Thus, the operator A; also satisfies condition
(S) (see proposition 27.12, [EZ]).

If 1 is not an eigenvalue of the linearized problem (LP), Bu = 0 implies u = 0.
Therefore, by theorem A, the operator equation Bu + Nu = T has a solution
ueHy(2) and w is solution for the problem (P). u
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