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ABSTRACT. By using an elliptic analogue of the Drinfeld coproduct, we construct
the level-(k + 1) representation of the elliptic quantum group U, p(glz) from the
level-1 highest weight representation. The quantum Z-algebra of level-(k +1) is
realized. We also find the elliptic analogue of the condition of integrability for higher
level modules constructed by the Drinfeld coproduct. This also enables us to express
D (e(2) DK (e(207)) ... D4 e(zg®¥ D)) and A (F(2)AK(F(zg7)... AX (g2 VD))
as vertex operators of the level-(k + 1) bosons.

1. Introduction

Lepowsky and Primic [15] studied the condition of integrability of higher
level representation of the affine Lie algebra ;Iz. Ding and Feigin [1], Ding
and Miwa [3] studied the quantum integrable condition and the g-parafermion
of Uq(sAlz) by using the Drinfeld coproduct [1] for the Drinfeld realization of
Uq(sAIQ) [4]. The universal R matrix R, associated with the Drinfeld coproduct
is given in [2] for U,(g) for general untwisted affine Lie algebra g. In [11, 8],
Jimbo, Konno, Odake, Shiraishi gave an elliptic analogue U, ,(3) of the
Drinfeld realization of U,(g). In particular in [8], the authors introduced the
elliptic analogue of the Drinfeld coproduct for U, p(sAlz). Konno [13] defined
the H-Hopf algebroid structure [5, 6, 10] of UqJ,(sAIg) in term of the coproduct
of the L-operator of U, p(glz) and defined the associated elliptic quantum group
U, ,,(sAlz). Farghly, Konno and Oshima [16] gave a new definition of U, ,(g)
as a certain topological algebra over the ring of formal power series in p
and studied the dynamical quantum Z-algebra structure associated with the
level-k highest weight representation of U, ,(g). Also the authors constructed
the induced U, ,(g)-module from the dynamical quantum Z-module. The

level-1 standard representations of U, ,(g) for g = A;”,D;”,Eé”,E;”,Eé” and

B,(1> were also given. The purpose of tllis paper is to construct the higher level
realization of the elliptic algebra U, ,(sl,) from its standard level-1 realization
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[16] by using the elliptic Drinfeld coproduct [8, 14]. The higher level elliptic
currents are expressed in term of the level-1 currents. In particular, we obtain
the level-(k 4+ 1) Heisenberg algebra, then we introduce the vertex operators
Ei)(oc,z), E(i,;)(oc’,z) and we define the level-(k+ 1) quantum Z-operators
from the level-(k + 1) elliptic currents. Also, we give the elliptic analogue
of the quantum integrable condition for level-(k + 1) integrable module of
Uy.p(sh).

This paper is organized as follows. In section 2, we define the elliptic
algebra Uq,,,(sAIz) in term of the elliptic Drinfeld generators. We use the
Drinfeld coproduct to define the H-Hopf algebroid structure on U, p(sAIz) and
formulate it as an elliptic quantum group. Also we recall the level-1 realiza-
tion of U, p(glz) following [16]. In section 3, we show a construction of the
level-(k + 1) realization (k € Z~() of Uqﬁ,,(sAlz) using the level-1 realization of
Uq,p(glz). Also, we give a realization of the level-(k + 1) Z-algebra. In
section 4, we present the elliptic analogue of quantum integrable condition
for any level-(k + 1) integrable module of U, p(sAIz).

2. Elliptic quantum group Uq_,p(glz)

In this section we expose the definition of the elliptic quantum group
U, p(sly) and the level-1 realization of U, ,(sl) which we are going to use in
the following sections.

2.1. Definition of Uq,p(sAIz) ([16]). Let h=b @ Cd, h = Ch @ Cc be the Cartan
subalgebra of sl;. Define J, 4y, 2 € h* by

<Ot,h> = 2; <57d> =1= <A0,C>, (21)
the other pairings are 0. We also define A; e h* by
(Ayhy =1

We set h* = CA49 @ CAy, Q= Zo and B = ZA,.

We introduce another Heisenberg algebra generated by P and Q with the
pairing (P, 0> =1. Now let us set H = f) @ CP and denote its dual space by
H*=h* @ CQ. We define the paring by equation (2.1), and <Q,h> = <0, ¢)
=<0,d>=0=<a, Py ={,P)= Ay, P>. We define F = M- to be the field
of meromorphic functions on H*. We regard a function of P+ A4, P and c,
f:f(P+h,P, ¢), as an element in F by f(ﬂ) = f(Ku, P+ hy,{u, Py,{u,c))
for ue H*.

We use the following notations.
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[n] = qqn__;;n , (g, = ﬁ(l - xq"),
(g, 0, = [T O =xq"t™), 0,(2) = (z0) (/7 0)on (05 D).
n,m=0

DErFINITION 2.1 ([16]).  The elliptic algebra U, p(glz) is a topological algebra
over F[[p]] generated by My -, ey, fon, on, (m€ Z,n € Zsg), K*, d and the central
element c¢. Let

= Z emz ", f(z)= Z fmz~

meZ meZ
_ Oy, 7
Yi(z) =K' exp| —(¢—¢ l)zl—ln(zqc/z)l
n>0 -7
><exp< Z p L/2 >’
n>0
N e ' —c/2
Y (z) =K exp Z
n>0
xexp(q q- Zl zq=%)" )
n>0

We call e(z), f(2), y*(z) the elliptic currents. They are formal Laurent series

in z. The defining relations are

9P+ Relz) = eg(P ), g(P)e(z) = e(2)g(P— <Q.PY), 22)
9P+ IS = fEuP+h— Py, oPE=/EeP (23
(P tn] = [g(P 4 ), 2] = O, 24
o(PIK* = K*(P — <Q.P), 5)
o(P+ KE = Kq(P+h— (0. PY), 2.6
[d,g(P+ h,P)] =0, (2.7)
o =no, (o)) = —zae@),  [df() =~z f(2), 28

0z 0z

K¥e(z) = qe(2)K*,  K*f(2) = ¢*f (2)K*, (2.9)
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2ellem] 1= p" on (2.10)

[anu an] = 5m+n,0

1 — p*"’l
o, €(2)] = % 11 - ;’; " 2e(2), (2.11)
[0t f(2)] = —%Z’"f(z), (2.12)

(%’z2/z1;07)., _ (¢z1/z2; 7)., o(s)els
Z] (p*q‘ZZz/Zl;p*)w6(21)6(22) = (p*q‘zzl/zz;P*)oo (z2)e(z1), (2.13)
4~2/21:0), ),
Mpatafmi ), OB = R ), T E D) @19
[e(z21), f(z2)] = #(5(47621/22)W(616/222) —(q°21/22¥ (g7 ), (2.15)
where p* = pq=* and (z) = ZZZ”.

2.2. Hopf algebroid structure of UM,(;I;). Here we follow [13, 12, 14] to
present the Hopf algebroid structure on U, ,(sl,) using the Drinfeld coproduct
of U, ,(sh) [8].

2.2.1. H-Hopf algebroid. Let A be a complex associative algebra, $ be
a finite dimensional commutative subalgebra of 2, and Mig- be the field of
meromorphic functions on $* the dual space of $.

DErINITION 2.2 ($-algebra). An H-algebra is an associative algebra N with

1, which is bigraded over $*, W= @ W, and equipped with two algebra
ofeH”
embeddings py, u, - Mg~ — Woo (the left and right moment maps), such that

w(fa=an(Tof),  w(fa=aw(Tpf),  aeWy, feMy,
where T, denotes the automorphism (T,f)(1) = f(A+a) of M.

DEFINITION 2.3.  An ©-algebra homomorphism is an algebra homomorphism
w: A — B between two $-algebras A and B such that for o,ff € H*

n(dw) € B, wlp' () =uf(f). 2(w(N) = uP ().

The tensor product A B= P (4QB),,= P ( D (4, O, By[g)>
% fedH” %feH  \redH”
is again an $H-algebra with the multiplication (¢ ® b)(c ® d) = ac ® bd. The

tensor product Q- refers to the usual tensor product modulo the
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following rule:
w(fla®b=a®uf(f)b, acd, beB, feMg-. (2.16)

The unit object © in the category of $H-algebras is an algebra of
automorphisms Mg« — NMig-

i zeH”
where D, = {fT_a |fe‘:m$*,oce§5*} etnd the moment maps u?,urb : Mg —
Do are defined by 1 (f) = 1> (f) = fTo.

DEerFINITION 2.4.  An H-Hopf algebroid is an H-algebra A equipped with two
$-algebra homomorphisms: coproduct N\ : A — A® A, counit ¢: A — D and a
C-linear map: antipode a: A — A. A, &, a satisfy the following

(A®id)o A = (id® N)o (2.18)
(e®id)o A= (id®¢&)o (2.19)
mo (id ® a) o A(x) = (e(x)1), Vxed (2.20)
mo (a®id) o A(x) = w.(Tu(e(x)1)),  Vxe Ay (2.21)

m:A® A — A refers the multiplication and &(x)1 (x € A) refers the action of
the operator &(x) on the constant function 1 e g-.
2.2.2. H-Hopf algebroid structure of U = Uq,p(sAlz).

ProposiTiON 2.5. U = U,, p(glz) is an H-algebra by

U= @ U.p,
o, feH*

Uoc)’ _ {X elU ‘ qP+hxq7(P+h) _ q<o:,1’+h>x7 ququ — q<ﬁ,P>x

VP+h PeH}
and p,p, - F — Uy defined by
w(f)=f(P+hp)eFlpll,  w(f)=r(P,p")eFp].
The tensor product U ® U = ﬁ(—D (U®U )xﬁ is an H* bigraded algebra.
o, BeH*

The H-algebra D of the shift operators is

D:{ZﬁTmJﬁegﬁH*,O{jeH*},

i

with the bigraded structure and the moments map as in Definition 2.2.



168 Rasha MOHAMED FARGHLY

n [13], Konno defined the Hopf algebroid structure on U, p(glz) by the
coproduct of L-operator. Here we define the Hopf algebroid structure on
U,.p(sl») by the Drinfeld coproduct [8, 14].

TueoreM 2.6 ([14]).  The elliptic algebra qu(slz) has an elliptic analogue
of the Drinfeld coproduct A : U, ,(sh) — qu(slz)® U, ,(sh), the counit

o~

¢: Uy (sh) — D and the antipode a: U, ,(sh) — U, ,(sh)

AG)=q'®q, A" =¢"®4" (222)
AWER) = (g2 @ yt(gT ) (2.23)
AP =1@u(f),  Alw(f) =m()®1 (2.24)
Ale(z)) =e(g ") @y (¢ ") +1& e(z) (2.25)
Af()=fE @1+ (") & f(zg™") (2.26)
) =1, e (@) =e((2) =1 (2.27)
e(u(f)) = e(wy () = /T (228)
ee(2) =e(f(2) =0, e(o) =0 (2.29)
alq)=q~,  a((2) =y )" (2.30)
a(w () =w(f),  alw(f) =u(f) (2.31)
ale(2)) = =Y (zq%) e(q*2) (2.32)
a(f(z) = —f(g W (zq") " (2.33)

Namely, the maps A\, ¢ are algebra homomorphism and a is an anti-algebra
homomorphism satisfying the relations (2.18)—(2.21) in Definition 2.4.  Therefore
the H-algebra U, ,(sly) with A, ¢, a is an H-Hopf algebroid.

Proor. Let’s check (2.19)

o (e®id) o Ae(z)) =m(e @ id) o (e(q™"2) @Y~ (¢~ "?2) + 1 @ e(2))
=mo(e(e(qg™"2) @Y (g7 22) + 1@ e(2))
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For (2.20)
mo (id ® a) o Ae(z)) =mo (id ®a) o (e(g™"2) @ Y (g"2) + 1 ® e(2))
=mo (e(alg™")2) @ a(y~(a(g™"")z)) + 1 @ ale(z)))
= el (g2 =y (g ) Te(q* T s) =0
= py(e(e()1).

We call the H-Hopf algebroid (Uq’p(glz),H,‘JJ?H*,ﬂl,u”A7£, a) the elliptic
quantum group U, p(sAIZ).

From (2.24), a straight forward calculation shows the following
relation

A(m(f}) _ulf) g ulh) (234)
w(f))  wlf) ()
2.3. Level-1 highest weight representation of U, p(sAlz).

DEeFINITION 2.7 ([16]). Let 9, M., N_ be the subalgebras of qu,,(glz)
generated by ¢, d, K%, by o, (n€Z-), e, (n€Zxy), fn (n€Zy) and by
oy (n€Zsy), ey (N€Zsy), f-n (n€Zsp), respectively.

The Heisenberg algebra Uy, ,($) is a subalgebra of qup(glz) generated by
%, (m #0) and c. From defining relations of U, ,(sl), we have

[2m][em] 1 p"

_ —cm

[(Xm, OCn] = m 1= p*m q (Sern‘Oa (235)
2ml[em] 1 — p*"

o] = & r]i ] 1 f; — S0, (2.36)
2ml[cm

[O(m; 06,2] = %51774'”.07 (2'37)

1— p*m

-
where o, = =

g0, (m#0).

DEFINITION 2.8. For ke C, a U, p(glz)-module V (A, 1) is called the level-k
highest weight module with the highest weight (1,p), if there exists a highest
weight vector ve V(A,u) such that

V(;“wu) = Ul],p(;\b) "0, m-‘r U= 07
c-v=kv, f(P)-v=f(Ku, P))v, f(P+h)-v=f({LP+h))v.
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DErFINITION 2.9. Define A,(a =0,1)ebh* by
{Aa, by = da,1, {Aa, €Y = b0,
and the other pairings are 0.

THEOREM 2.10 ([16]). For a=0,1. Define

V(dg+u,p) = @ (FQc(Fi ®e "“)@eQ”“)

P, KEQ

Let p: U,“,(g[z) — End(V (A, + u, 1)) by

() =g e e exp((q )N <zq1/2>ﬂ>

X exp( Zp gl OC" zq'?)” > (2.38)

n>0

P (z >>—qe29exp< Z”p o ‘/2>">

n>0
X exp( Z pa zq V)~ ) (2.39)
n>0
p(e( exp( ,0 —n) - 0%z h+1
n#0
p P I —h+1
p(f( exp( ) z , (2.40)
n#0

where F, | is the polynomial ring Clo_,, (m >0)]. For ue Clo_, (m>0)]

p(c) - u=u, plo—y) - u=o_,u,

[27/[“”] 1_pn —n J
p, l—p*”q E (n>0).

p(on) - u =

Then V (A, + p, 1) is the level-1 irreducible highest weight module of qup(glz)
with the highest weight (A, + w, 1) and the highest weight vector vp =1® 1 ®
el ® e?.

For convention, we will drop p to refer the elements in End(V (A, + p, 1t)).

ProposiTioN 2.11.  The level-1 elliptic operators satisfy the following
relations
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(a2p %p%), (a2%:9%),

e(z)e(w) = @ i), (@Liq). ce(z)e(w) : (2.41)
- (q—2 c/2w. pq—2c> o .
v (z)e(w) = (q 7 'f e 2¢) Y (2)e(w) : (2.42)
2w 2w.
@750 W20)s iy (2.43)

J@Iw) = (®%59%), (¢72%p),,

ST (w) = — L) (2.44)

_ (a*%pg7), (¢°%:ip),,
(22 pg72), (¢72%5p),

YT EW) -, (2.45)

where ¢ acts on V(A, + 1) by 1.

3. Higher level representation of U, p(sAIQ)

In this section we show a construction of the higher level realization
of U, ,(sl,) by using the Drinfeld coproduct of the elliptic quantum group
U, p(s). Also, we will present the associated Z-operators.

3.1. Higher level representation of U, ,(sh). For k>0, % eb*, ul)eH*
(ie{0,1,...,k+1}). Let’s consider a tensor product of k + 1 copies of the
level-1 highest weight modules V' (A4, + u,u) (a=0,1)

Vi Gis ) = V(g + 1M ) @ - @ V(Ao + 1, 1)
® V(Aa(i+‘) +:u(i+1)7:u(i+l))
® - ® V(A Jrﬂ(kﬂ),ﬂ(kH))a (3.1)

such that aV ... a®**D e {0,1} and take i of a’s as 0 and k+1—i of a’s
as 1.

THEOREM 3.1.  The space Vi1 (4, 1) is the level-(k 4+ 1) module of Uq,p(glz)
with the highest weight

k+1 k+1
(/L,, ) (l/lo—l—(k-i—l—l/ll—i-Z/x Z'u )

J=1

by the action
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e(2)=1® - 1@ e(zg "+
®lp ( l+l /2+C I+2+ +C(k+l)))

@y (zg T Y @ @y, (32)

Kl
=> '
i=1
i —c —(cW4c@
i) =9 (2" ) @ Yt (zg~ "+

® - ®lﬂ+(zq (eW gDl 12) ) ®f(zq*(‘f(l)+"'+c("2)+f(i’l)>)

®l---®1, (3.3)
Ak(l//i(z)) — lﬂi(Zqi<"(2)+"(3)+"‘+"(k+”>/2) ® lﬂi(Zq%m/zi("O)“’M)+‘“+"(k“))/2)

® lpi(Zq¥((‘(l)+c(2))/Zi(c<4)+c(5)+m+c(k+l))/2>

® @yt (zg T, (3.4)
where ¢V =1® - ®@c®---®1 and ¢\ acts on V(A +p, 1) as 1.

In order to show the proof of Theorem 3.1, we need the following OPE
relations for e’(z) and f?(z) in the expansion of AX(e(z)) and A*(f(z))
respectively.

LEMMA 3.2. Set i < j. For €'(z)

((]72 »:1 : pq72Ak(c))

i J — X . i J : 3.5
) = @) (3.5)
A A —2+42¢U) w. 2¢W) 2w —20F(¢) ) )
e/(z)e! (w) = ( z’ >°O (4% )°° cel(z)el (w) (3.6)

(2+2<7 %;qzcm)w (ng,pq—mk(c))oo

k k.,
q—Z—ZA (c)p%;pq—ZA (c))OO

YN w. o ,—2A0F
(q2 2N (c)p?7pq 2N (C))ao

el(2)e'(w) = ( el (z)e'(w) : . (3.7)

For f'(z)
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2w
110 = LED 0
o ?%p), (@72%57),
0~ g )

Proor. This follows from Proposition 2.11.

173

(3.9)

(3.10)

PROOF. Proof of Theorem 3.1. We can check directly that AF(e(2)),
AF(f(z)) and AF(YE(z)) satisfy the defining relations of the elliptic algebra

Uq‘p(SIQ).

Let’s show that A(e(z)) satisfies (2.13). By using the tensor product

rules, relations (3.5)—(3.7) and (2.16), we have

(q = quimkm)oo

AF AF
a2 pg2t ) eE)Eedz)

z

k+1 k+1

—2A%(c)
2 pq . . :
=z (4 21 )“, E e'(z1) g e!(z2)
=1

(q72pq 2010 25 pg=204)) 4

|22 , —2/%(¢) k+1
= 21612( . 2:?1) (‘1 Y Pf‘] ) k Zel 22)e
(1=a>2) (¢72pg 22O 2 pg220) 4
.. (@22 pg 220
! (q—zpq_ZA (e >57Pq_2AA(C))oo
00 O ), @ e
S (1 =g722) (¢ 2520 (g2 25q20)

(1-4*2) (P25pg 20y &l
+21972 = 3 e’z
T (1= 472) (¢ 2pg 2O 2 pg 2 @; 2Je
_ ., @),

(q qum (¢) 2L 2 quzak(c))oo

l_q—Z’z k+1
X _612(22) Ze z)e

‘7 i<j
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242¢0 zy . 2c0
W7 250 e iteyei(a)
2520 21 260 2 1
(4 L"),
2A ket
) 21 q 2 + j
—q _21 g e'(z)e .
22 n i>j

The factor

_(Z_1> (1-q2) % (a7 247", (P 2547,

gz
(1 _ q—z %) 52 (q2+2c( 2 ’q2c l))w (q72+2c<") %;q%(”)w

k+1 -2z 242¢@ 21, ,2c0
- ﬂ> (a72256%"), (¢#2"2:4>")
(5) 2

2/ 55 (q2+2c )z Z;qzcm))OC (q_zg_;;qgcm)w
becomes 1 on account of the notation @qz(w (z1/22) = —(z1/ Zz)qu (z2/21).

Similarly, we can show that A¥(f(z)) realizes (2.14).
Also, we can prove that A¥(e(z)) and AX(f(z)) satisfy (2.15)

(2" (e(z1)), &5 (f(22))]

@ Y (zrg (/2 )®---®w‘(z1q‘“’””/2)

+ l//+(2261 /2) ® l704»(2 q ()+c(2 /2) ) R-® l// (qu e g eli= /2>)

® — — (5(q2“””+ak<c> Z_l)w (q <ALy — 5(qm‘” Z—l)
q9—4q ) %)
« tﬁ*(q‘(M)/Z(C(])+”'+C(k))zz)).

Then use the property of the delta function and (3.4).

Denote by v *1) e 7., (4, 1) the tensor product of the highest weight
vectors in the tensor factors in relation (3.1). We calculate the highest weight
by using the action of M- (2.34) on v+ as follows
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A i R Y ) D)
S do+ (k+1—=D)A +uW +p@ 4o gkt Py By '

We also obtain the comultiplication formula A* of boson operator
a, (n#0) from AF(E(2)).

COROLLARY 3.3. For k=1, n#0. The boson operator is

(1=p")g "

1— prg=2tn ®u®l-®l

Ao =0, @1...101+

(1 p")g="+<

1— pnq72(5(1)+c(2))n ® 1 ® Oy ® 1--- ® 1

+

(1- p,,)q,(C(1>+C<2>+‘..+C<f—1))n

® 1.-- ® oy, ® 1--- ® 1

1 — p”q_2("(l>+C(2)+'“+CU’1>)n

(1 — p)g Vet

+ot @1 @ oy, (3.11)

1= p”q—z(fm+C(2)+~-+c<1"))n

where ¢V =1Q - ®c® - ® 1.

Proor. Based on the relations (2.16), (2.38)—(2.39) and (3.4) in Theorem
3.1, we can write

k
Ak(¢+(2)) _ Ak(q—hefZQ) exp <—((] _ q—l) ZM(Zqu(C)/z)">

n>0 1_pn

X exp <(q —-q7") ZFIA_—IC%") (Zqﬁk“’)/z)‘”> : (3.12)

n>0 p

n Ak .
DAY (2) = B (g"e ) exp<‘<q —q7") Z%ﬂ,) (24" <‘”2>">

n>0

X exp <(fl -4 ) &7 () (quc)/z)_n> ’ (3.13)

where AF(gt1e22) = (¢7he29) ® --- ® (¢*"¢"22). These imply Corollary
3.3.

The operators AF(x,) (n#0) give a level-(k+ 1) realization of the
Heisenberg algebra U, ,(9).
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PROPOSITION 3.4. The operators N¥(a,) (n#0) and AN¥(¢) satisfy

. 2m][AF (c)m 1-p" —A*(m
(85 (an), 4] = I gm0, (14
k k [2m] l_pm —A*(eym _m Ak
(8 (an), 4] = o e O (), (19
2ml 1 = p™ —20F(e)m v m
(84 o) 241 (2))] = - B L P g aman k(). (310

3.2. Z-algebra. Here we give a realization of the level-(k + 1) Z-algebra.
The form of the vertex operators in [16] section 3 led us to introduce Eﬁ()(oc,z)
and Ej(«,z) in the following definition.

DEFINITION 3.1. By using the level-(k + 1) elliptic bosons N (x,) (n # 0),
we define the vertex operators

+ Ak Otn Fn
E@(a,z) = exp <iz [Ak(( + )z >,

which are formal Laurent series in z with coefficient in End Vi (4;, 1t).

The following proposition is a consequence of the commutation relations
(3.14)-(3.16) in Proposition 3.4 with AX(c) acts as the scalar k + 1.

PropPoSITION 3.5. EZ (2,z) and E(Ji)(oc’,z) satisfy the following rela-

, )
tions:
+ . _ (g2 /22 E) (g 2wz pg ),
E oy (2 2) Eqgy (o, w) = (@726 0y [z 20D (q2w]z; pg—20+D))

x By (o, w)E g (01, 2), (3.17)

(aw/z.4° ) (a*w/zp).,
(q*w/z¢**0) (g 72w/z5 p),

X gy (o, w)E g (o, 2), (3.18)

Ejy (' 2)Egy (o, w) =

+
Eg,

(q2+(k+1)w/z; qz(k+l)) B
By (o, w)E (2, 2), (3.19)

E (o =
(o1, 2) Ego (o', w) (g~ ")z 20D
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(q2+(k+1)w/z; qz(k+1))

+ ! - _ 0 — + /
Eqpy (e 2) Ey (3 w) = vy P Egy (o, w)E (o', 2), (3.20)
+242(k+1) *1, 2(k+1)
EZ (e, 2) A% (e(w)) =~ Ww/z)ia " Do
(k) (q+2+2(k+1)(w/z)i1;qz(k+1))oo
+2 1, —2(k+1)
O PAT " e k(o)) B (), (321)

EZ (o2 AN (f(w)) = (qﬁ(w/z)il§qz<k+1))3@(‘1i2(“’/z)il§P)oc
L arin) g2y (g2 (w/2)F s p),,

x D(f(W)ES (o', 2), (3.22)
F24(k+1) 7 +1. 2(k+1)
B o 2 eto) = (e e AN B (4 2), (323)
+ (‘ﬁH(kH)(W/Z)il?qz(kﬂ))oo +
E@>(a,Z)Ak(f(w)) = (qi2+(k+1)(w/z)il;q2(k+1))oo Ak(f(w))E(;)(ot,Z). (3.24)

DerNITION 3.2 ([16]). For k € Z~o. We define the level-(k + 1) quantum
Z-operators by

AF(e(2)) = E(k,u,2)Z*(2)
N(f(2) = E(k,o/,2)Z(2)
where

E(k,0,z) = Eg(—o,2)Ejy (2, 2)

_ Ak(“”ﬂ) (- ED) z-"> 3.25
p( won” ) =\ Limkn ) G

n>0

Ak 1 Ak li .
:exp(—Zﬁz") exp(Zﬁz >, (3.26)

n>0
ZE(z) = Z ZE(2). (3.27)

Since A¥(e(z)) and AF(f(z)) satisfy the defining relations of U, ,,(glz), we
find that Z*(z) satisfy the following relations [16]:
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THEOREM 3.6 ([16]).

GP+IZ() = Z (P +h),  g(PIZHE) = ZF()g(P— <O, PY), (3.28)
g(P+MZ (z)=Z (2)g(P+ h— o, P+ 1)),

9(P)Z~(z) = Z~(:)g(P) (3.29)
4, 24()] =~ 2 Z%(2), (3.30)
(A (o), ZE(w)] = 0, (3.31)

AK®)ZT(2) = PN ZH (2) AN (KF),
AK®)Z(2) = ¢V Z (2) AN (KF), (3.32)

(g~2w/z D),
(g2 D)y [z g20k+1))

0

(g72z/w; g2+ D) . .
= W gy 2 N2, (3.33)

(q2+(k+l)w/z; qz(kﬂ))oo
(q*”(k*l)W/z; qz(kﬂ))oc
(q2+ (k+1) Z/W q k+1)) B

T kD) S (W)Z7(z)
(q Jz/w; g2 kD)
_ 1
q—q"

Proor. Let us show the relation (3.31). For m >0, we have

ZH(2)Z (w)

(LMK )a(g~ " z/w) = A5 (K)(g "Dz /w)). (3.34)

(A5 (o), ZF(0)] = [ (o), Ey (e )| 5 (e () Eqfy (2, )
+ Egy (o, w) [ (04), A (e(w)] Ey (01, w).
This vanishes because of (3.15) and

[2m] 1-p

k — —
[A (an1)7E(k)(OC7w)] - m 1 _pmq—Z(k+l)m

q’(kﬂ)mme@) (o, w).

By the same way, from relation (3.16) and

m ,—2(k+1)m

i 2m| 1 - p"q
[Al( )E(k)(OC W)] [m] l_pm q(k+1)1n mE(k)(O( W)

we get [A(a,),Z~(w)] = 0.
Similarly, the case m < 0 can be proved.
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To prove the relation (3.33), we use equations (3.17) and (3.21) and obtain
ZH(2)Z % (w)
= E (o, z)Ak(e(z))E&) (o, 2) E g (o, w)Ak(e(w))E&) (o, W)
(q72+2 (k+1) W/Z q k+1))90(q—2w/z;pq—z(kﬂ))oo
(q2+2 (k+1) W/Z’ q kH))w(qzw/z; quz(kﬂ))oo

X E) (o0, 2) N (e(2)) E gy (ot W) E (o1, 2) A (e(w)) Bl (, w)

_ (P w/z ) (gPw/zpg ),
(g Dw/z 2R (q 72w/ z; pg2EED)

X E g (2, 2) Eggy (o W)Ak(e(z))Ak(e(w))E(k)(oc 2)E (o, w).

Since A*(e(z)) satisfy the defining relations of U, 1,(512) and again use (3.21),
we get the desired relation.
We also derive (3.34) as follows.

(q2+(k+l W/Z q k+l))
(q72+(k+1 W/Z,q k+1))

ZH(2)Z (w)
0

B (q2+ (k+1) W/Z q k+1)) \

- (q72+ (k+1) w/z,q k+1))

X E(gy (2,2) A (e(2)) E (o0, 2) E o (!, w) A (f (W) E (o, w)
= B (o0, 2) Eqy (o', w) " (e(2) A (f () Egfy (o, 2) Effy (o' w)
= E(jc)(oc,z)E@)(oc', w)

1
q—q!

| BN A4 (@) + a4 D) kg )

1
q9—9

o (a0 2 ) AR 0| (12 ()

In the second equality, we used the relation (3.19). In the third equality we
used the defining relation of U, p(slz) between AF(e(z)) and AF(f(w)).
By using

Ak(wi)(qi(k-s-l)ﬂw) = Ak(K+)E( )(oc q (k+1)w) E@)(O(,,qu]/zw)_l
% E+(a’ qi(kﬂ)w)flE/j(a/’q;l/zw)q

and the property of the delta function, we obtain relation (3.34).
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From Definition 3.2, Theorem 3.1 and Theorem 2.10 with ¢! =1 ® --- ®
c®---® 1, we express the level-(k + 1) Z-operators as follows

k+1
ZH) = Y By (o 2)ey (m2)ef (2 2) Ejy (0,2)
i=1

><(1®~--®e°‘®e’2Q®--~®e’2Q)

1) oo (kD)

x(1® - @®zq "®d® - ®q")

(D) po g (kD)
X zq (¢ +-te )

k+1
Z7(2) =Y Egy (o, 2)i; (%2)i] (2, 2) E (o, 2)
i=1
% (6_2Q®~--®e_2Q®e_“®1--~®1)
x(@"® - @g @ g 1. @1)

— () b))

X zq
where
_ -1 a—nqcmn 7((¢(i+|)+u.+(¢(’€+1))n
¢; (u,2) =exp| (¢ —Q)Z 1®-~-®wq ®I1---®1
n>0
1R ® ip O{"; q—(c(’*z)w‘-“ﬂ“‘*”)" ®R1---®1
-p
na_n
g l@e e LT
l—p

e?(avz) _ eXp((q _ q—l) Z{l R ® l_oi%q(c(i)+...+c(k+l>)n ® 1--- ® 1

n>0
On
n

l—p

On _
+ - +1I® - ® }z")
1—pn

fi (o,2) =exp (—(q —qh Z{%qcmn ®1--®l

_ png—2cn
n>0 pq

S N q*(c(i+2)+"'+c(k+l))" R1---®1

OC/

e TMCJ‘(‘“)“(Z))"@1-~-®1+---
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/

= —(eMW4e@ g eli=Dyy

! . -
F1@- @ g g @ 1}2n>
— g

3 pna/ ey
f7(a,2) = exp| (g — ¢ I)Z{n el el
o \L—p"q
p"o,

P g @]t
1 — pnq72c(2)nq

+1®

p"o(/ ) g i=2) (-1,

qZC(f)n

+ 1 ® . ® : all1 q(c(l)+(f(2)+<-~+c(i")+c'(1))n ® 1... ® 1}2n>

4. Integrable condition of U, p(sAIZ) module

In this section we show that the products €y (z) = AX(e(z))AK(e(zq?)) ...
AMe(zg? ™)) and Fy(2) = A FE)AM(f(zg72)). .. A*(f(zq2VD)) give
the integrable condition for the level-(k + 1) U, p(sAIz) module at N =k +2,
namely the nilpotent condition. Then at the same time we show that the
products €y (z) and §,(z) at N =k + 1 give certain vertex operators associated
with the level-(k + 1) module of U, p(sAlz).

Tueorem 4.1. For k>1. On the level-(k+1) integrable module
Vi1 (Ais ) of Uy p(shh), we obtain a quantum analogue of the condition of
integrability (an elliptic analogue of the Wheel condition) as

Cria(2) = A (e(2) A (e(z4%)) - .. A (e(z24** D)) = 0 (4.1)
B2 (2) = D)L (S (2g7) .. A (f (zg72FD)) = 0, (4.2)
On the other hand, € \(z) and &, . ,(z) give the following vertex operators
Cri1(2) = S(p.9), : exp(;—%q‘k”fﬁ (1K ®K ®---®K")
X - ® ea)(zhﬂ ® - @Zhﬂ)

x (" ® . @ l)qk(kﬂ)/z, (4.3)
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k(/

8ri1(2) = S(p,q); : exp <ZA—°‘”)qk"z"> (KTQK'T®--@Kt®1)

el
X(E® @)z ® .. @)
x (q*HDh @ gl @ .. @ gh)g~ k122, (4.4)
where

(q72pq72(A(C)>;quz(A(c)))oo
(quq—z(ﬂ(c)); pq—z(A((’)))w

j _ _ (/) i _ (/)
k (g 2pg 2BV @+2I=), pa-280(0))

X - - -
111111 (ququ(ﬁﬁ(c)ﬂzzq));quz(AW(c)))w

S(p,q), =

0

26 () YNNG (C))

y Pq ©
242) 1y =20 (). 3 =200 ()
(¢**¥pq ;g ) oo

NG ) o AliH-1)
y (q2+2qu 2N (c);pq 2N (c))oc

_ YN Ay Al
((1 2+2JP(1 2N (¢) Pq 2N (c))oO

)

)

2-2i=2(cW+4-gc)) P4

b

_2(5(])+A4A+C(./)> )
0

(pq7272i72(c(1)+"'+C‘(/))) : pq72(c(1>+~-»+c(/)) )

o0

20D (), 2 Al (c))

~ (g ¥pq : pq
(q2+2qu72A(i+/)(c'); quzA““)(c))

o0

j<i=1i=1 o

: _ (i+1-1) o).
. (4 pg 28T pg v

(q_2+2qu YN G (c) pq_ZA(iJr/*l) ((‘))

) o0

_ZA(HI—I)(C))

Proor. Let us show the proof of (4.1). From the comultiplication (3.2)
in Theorem 3.1, we have the following product on V. (4;, 1) for some positive
integer N over all possible decompositions

> e (z;)e(z) ... e (ziy), (4.5)

itpiy €41, k1)

where ¢() = 1.

From the relations (3.5)—(3.7) in Lemma 3.2, one can show that for
Zi /7, = ¢* all terms in (4.5) are zero except for those with indices i > --- >
irr1. Suppose N =k+2 and z;,, /z; = ¢, then for m #n there is iy = i,.
Thus we get the first condition of integrability. Similarly one can prove the
rio(2z) case.
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For the vertex operator €, (z), since the term with i; > --- > i in (4.5)
is not zero, we have

Crr1(2) = e(24") @ e(zg" (24" %) @ e(zg" 2 (zg" )~ (24")
R ® e(z)lp*(zq.’)/Q) o Ip*(q2k—l/2).

We used relations (2.42) and (2.45) in Proposition 2.11 to write each factor of
the tensor product in a normal order form. Then we get

Cr1(2) = S(p, 9).(e(24") @ : e(zg" )~ (z¢*'?) :
®: e(zg" ) (24" ) (24" -
@ ®:e(2W (zg?) ...y (g% 12) ). (4.6)

Substitute (2.39) and (2.40) from Theorem 2.10 into the above relation and use
(3.11), we get the desired relation (4.3). Relation (4.4) can be proved in a
similar way.

PROPOSITION 4.2. On Viey1(Zi, 1), the vertex operators €yy1(z) and &, (z)
satisfy the following difference equations

Crr1(zq?) = A (g") exp< Z A (o k+1z)n>
n>0
x G (2) A5 (g™ exp< D DAICAICIE ) (47)
n>0
’{gk+l(zq ) Ak( h+l)) CXp( ZAk 7’1 k-HZ)n)
n>0
X Fr (205 (g~ eXp< 3T AR (g ) (4.8)
n>0

By means of an elliptic analogue of the Drinfeld coproduct, we have found
the higher level module of the elliptic quantum group U, p(glz).

A highest weight sl-module is called integrable if the Chevally generators
are locally nilpotent on this module [9]. Proposition VL.5 in Ref. [15] shows
that on the level-k standard sl,-module, the currents X44(z) are nilpotent
operators at k + 1, xﬂ(z)k+1 = 0. The authors in [1, 3] found the nilpotent
condition for Uq(sAlz) integrable module. Here we obtained the elliptic ana-
logue of the nilpotent condition for Uw(sAIg) module. In quantum case, the
vertex operators xTX(z) in [1] satisfy certain g-difference equations
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xt(zq?) = &5 2"V (2) A Y (247D,
xfk(zqz) — Ak¢(zq73(m+l)/2)x7k(Z)Aklpfl (qu(m+1)/2)7

where ¢(z) and Y(z) are the generating functions of the bosons a_,,a,
(n € Z-y) respectively. We found the elliptic analogue of these g-difference
relations. It is clear that the operators A*(1*(z)) do not appear on the both
sides of €11(z) and &, ,(z) in (4.7) and (4.8) respectively unlikely in quantum
case because the operators AX(y*(z)) (3.12)—(3.13) are exponential functions
of both annihilation operator A*(x,) and creation operator A*(a_,) with p
factors.

The authors in [7] compute the correlation function of Uq(sAIZ) perfect
vertex operators using the wheel condition. We expect that we can make a
similar application in the elliptic case.
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