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Abstract. In this article, we deal with the uniqueness problems of meromorphic

functions concerning di¤erential polynomials and prove the following result: Let f and

g be two nonconstant meromorphic functions and let nðb 14Þ be an integer such that

nþ 1 is not divisible by 3. If f nð f 3 � 1Þ f 0 and gnðg3 � 1Þg 0 share ð1; 2Þ or ‘‘ð1; 2Þ’’,
then f 1 g. If E4Þð1; f nð f 3 � 1Þ f 0Þ ¼ E4Þð1; gnðg3 � 1Þg 0Þ and E2Þð1; f nð f 3 � 1Þ f 0Þ ¼
E2Þð1; gnðg3 � 1Þg 0Þ, then f 1 g.

1. Introduction, definitions and results

By a meromorphic function we shall always mean a meromorphic function

in the complex plane. Set Eða; f Þ ¼ fz : f ðzÞ � a ¼ 0g, where a zero point

with multiplicity m is counted m times in the set. If these zero points are only

counted once, then we denote the set by Eða; f Þ. Let f and g be two

nonconstant meromorphic functions. If Eða; f Þ ¼ Eða; gÞ, then we say that f

and g share the value a CM; if Eða; f Þ ¼ Eða; gÞ, then we say that f and g

share the value a IM. Let m be a positive integer or infinity and a A
CU fyg. We denote by EmÞða; f Þ the set of all a-points of f with multi-

plicities not exceeding m, where an a-point is counted according to its

multiplicity. Also we denote by EmÞða; f Þ the set of distinct a-points of

f with multiplicities not greater than m. We denote by NkÞðr; 1=ð f � aÞÞ
the counting function for zeros of f � a with multiplicitya k, and by

NkÞðr; 1=ð f � aÞÞ the corresponding one for which multiplicity is not counted.

Let Nðkðr; 1=ð f � aÞÞ be the counting function for zeros of f � a with mul-

tiplicity at least k and Nðkðr; 1=ð f � aÞÞ the corresponding one for which

multiplicity is not counted. Set

Nk r;
1

f � a

� �
¼ N r;

1

f � a

� �
þNð2 r;

1

f � a

� �
þ � � � þNðk r;

1

f � a

� �
:

By the above definition, we have
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N r;
1

h

� �
þNð2 r;

1

h

� �
¼ N2 r;

1

h

� �
aN r;

1

h

� �
:

Let NEðr; a; f ; gÞ ðNEðr; a; f ; gÞÞ be the counting function (reduced counting

function) of all common zeros of f � a and g� a with the same multiplicities

and N0ðr; a; f ; gÞ ðN0ðr; a; f ; gÞÞ be the counting function (reduced counting

function) of all common zeros of f � a and g� a ignoring multiplicities. If

N r;
1

f � a

� �
þN r;

1

g� a

� �
� 2NEðr; a; f ; gÞ ¼ Sðr; f Þ þ Sðr; gÞ;

then we say that f and g share a ‘‘CM’’. On the other hand, if

N r;
1

f � a

� �
þN r;

1

g� a

� �
� 2N0ðr; a; f ; gÞ ¼ Sðr; f Þ þ Sðr; gÞ;

then we say that f and g share a ‘‘IM’’. It is assumed that the reader is

familiar with the notations of Nevanlinna theory, that can be found, for

instance, in [8] and [16].

In 1976, F. Gross proposed the following question.

Question A [7]. Whether there exists a finite set S such that EðS; f Þ ¼
EðS; gÞ can imply f 1 g?

H. X. Yi gave a positive answer to Question A. He proved the following.

Theorem A [18]. There exists a set S with 7 elements such that EðS; f Þ ¼
EðS; gÞ can imply f 1 g for any pair of nonconstant entire functions f and g.

H. X. Yi [19], P. Li and C. C. Yang [12] and G. Frank and M. Reinders

[6] studied the problem for meromorphic functions. G. Frank and M.

Reinders proved the following.

Theorem B [6]. There exists a set S with 11 elements such that EðS; f Þ ¼
EðS; gÞ can imply f 1 g for any pair of nonconstant meromorphic functions f

and g.

In fact, Question A can be stated as follows: whether there exists a

polynomial P such that for any pair of nonconstant meromorphic functions f

and g we can get f 1 g if Pð f Þ and PðgÞ share one value CM? Naturally, we

pose the following question:

Question B. Whether there exists a di¤erential polynomial d such that

for any pair of nonconstant meromorphic functions f and g we can get f 1 g

if dð f Þ and dðgÞ share one value CM?
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Some works have already been done in this direction ([5], [4], [14]). In

2006, I. Lahiri and R. Pal found a di¤erential polynomial d for Question B and

proved the following result.

Theorem C [11]. Let f and g be two nonconstant meromorphic functions

and let nðb 14Þ be an integer. If E3Þð1; f nð f 3 � 1Þ f 0Þ ¼ E3Þð1; gnðg3 � 1Þg 0Þ,
then f 1 g.

Naturally, we pose the following question:

Question C. Can the nature of sharing value in Theorem C be relaxed in

another way?

In this paper, we give a positive answer to Question C. To state the main

results of this paper, we require the following notion of weighted sharing which

was introduced by I. Lahiri.

Definition 1 [9], [10]. For a complex number a A CU fyg, we denote by

Ekða; f Þ the set of all a-points of f where an a-point with mutiplicity m is

counted m times if ma k and k þ 1 times if m > k. For a complex number

a A CU fyg, such that Ekða; f Þ ¼ Ekða; gÞ, then we say that f and g share the

value a with weight k.

The definition implies that if f , g share a value a with weight k then z0 is

a zero of f � a with multiplicity mða kÞ if and only if it is a zero of g� a with

multiplicity mða kÞ and z0 is a zero of f � a with multiplicity mð> kÞ if and

only if it is a zero of g� a with multiplicity nð> kÞ, where m is not necessarily

equal to n. We write f , g share ða; kÞ to mean that f , g share the value a with

weight k. Clearly if f , g share ða; kÞ then f , g share ða; pÞ for all integer p,

0a p < k. Also we note that f , g share a value a IM or CM if and only if f ,

g share ða; 0Þ or ða;yÞ respectively.

We prove the following results which give a positive answer to Question C.

Theorem 1. Let f and g be two nonconstant meromorphic functions and let

nðb 14Þ be an integer such that nþ 1 is not divisible by 3. If f nð f 3 � 1Þ f 0 and

gnðg3 � 1Þg 0 share ð1; 2Þ, then f 1 g.

Theorem 2. Let f and g be two nonconstant meromorphic functions and let

nðb 17Þ be an integer such that nþ 1 is not divisible by 3. If f nð f 3 � 1Þ f 0 and

gnðg3 � 1Þg 0 share ð1; 1Þ, then f 1 g.

Theorem 3. Let f and g be two nonconstant meromorphic functions and let

nðb 35Þ be an integer such that nþ 1 is not divisible by 3. If f nð f 3 � 1Þ f 0 and

gnðg3 � 1Þg 0 share ð1; 0Þ, then f 1 g.
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Recently, Lin and Lin [13] introduced the following notion of weakly

weighted sharing.

Definition 2 [13]. Let f and g share a ‘‘IM’’ and k be a positive integer

or y. NE
kÞðr; a; f ; gÞ denotes the reduced counting function of those a-points

of f whose multiplicities are equal to the corresponding a-points of g, both of

their multiplicities are not greater than k. NO
ðkðr; a; f ; gÞ denotes the reduced

counting function of those a-points of f which are a-points of g, both of their

multiplicities are not less than k.

Definition 3 [13]. For a A CU fyg, if k is a positive integer or y and

NkÞ r;
1

f � a

� �
�NE

kÞðr; a; f ; gÞ ¼ Sðr; f Þ;

NkÞ r;
1

g� a

� �
�NE

kÞðr; a; f ; gÞ ¼ Sðr; gÞ;

Nðkþ1 r;
1

f � a

� �
�NO

ðkþ1ðr; a; f ; gÞ ¼ Sðr; f Þ;

Nðkþ1 r;
1

g� a

� �
�NO

ðkþ1ðr; a; f ; gÞ ¼ Sðr; gÞ;

or if k ¼ 0 and

N r;
1

f � a

� �
�N0ðr; a; f ; gÞ ¼ Sðr; f Þ; N r;

1

g� a

� �
�N0ðr; a; f ; gÞ ¼ Sðr; gÞ;

then we say f and g weakly share a with weight k. Here we write f , g share

‘‘ða; kÞ’’ to mean that f , g weakly share a with weight k.

Now it is clear that weighted sharing and weakly weighted sharing are

respectively scalings between IM, CM and ‘‘IM’’, ‘‘CM’’. Also weakly

weighted sharing includes the definition of weighted sharing.

With the notion of weakly weighted sharing, we prove the following result

which also gives a positive answer to Question C.

Theorem 4. Let f and g be two nonconstant meromorphic functions and let

nðb 14Þ be an integer such that nþ 1 is not divisible by 3. If f nð f 3 � 1Þ f 0 and

gnðg3 � 1Þg 0 share ‘‘ð1; 2Þ’’, then f 1 g.

Without the notions of weighted sharing and weakly weighted sharing, we

can prove the following result.

Theorem 5. Let f and g be two nonconstant meromorphic functions and

let nðb 14Þ be an integer such that nþ 1 is not divisible by 3. If
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E4Þð1; f nð f 3 � 1Þ f 0Þ ¼ E4Þð1; gnðg3 � 1Þg 0Þ and E2Þð1; f nð f 3 � 1Þ f 0Þ ¼
E2Þð1; gnðg3 � 1Þg 0Þ, then f 1 g.

2. Some lemmas

In this section, we present some lemmas which will be needed in the

sequel. We will denote by H the following function:

H ¼ F 00

F 0 �
2F 0

F � 1

� �
� G 00

G 0 �
2G 0

G � 1

� �
:

Lemma 1 [15]. Let f be a nonconstant meromorphic function, and let

a0; a1; a2; . . . ; an be finite complex numbers, an 0 0. Then

Tðr; an f n þ � � � þ a2 f
2 þ a1 f þ a0Þ ¼ nTðr; f Þ þ Sðr; f Þ:

Lemma 2. Let f and g be two nonconstant meromorphic functions, nð> 6Þ
a positive integer and let F ¼ f nð f 3 � 1Þ f 0, G ¼ gnðg3 � 1Þg 0. If F and G

share ð1; 0Þ, then Sðr; f Þ ¼ Sðr; gÞ.

Proof. By Lemma 1 we have

ðnþ 3ÞTðr; f Þ ¼ Tðr; f nð f 3 � 1ÞÞ þ Sðr; f ÞaTðr;FÞ þ Tðr; f 0Þ þ Sðr; f Þ

aTðr;F Þ þ 2Tðr; f Þ þ Sðr; f Þ:

Therefore

Tðr;FÞb ðnþ 1ÞTðr; f Þ þ Sðr; f Þ:

By the second fundamental theorem, we have

Tðr;FÞaNðr;FÞ þN r;
1

F

� �
þN r;

1

F � 1

� �
þ Sðr; f Þ

aNðr; f Þ þN r;
1

f

� �
þN r;

1

f 3 � 1

� �

þN r;
1

f 0

� �
þN r;

1

G � 1

� �
þ Sðr; f Þ

a 7Tðr; f Þ þ Tðr;GÞ þ Sðr; f Þ:

Note that

Tðr;GÞaTðr; gnðg3 � 1ÞÞ þ Tðr; g 0Þa ðnþ 5ÞTðr; gÞ þ Sðr; gÞ:

We deduce that
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ðn� 6ÞTðr; f Þa ðnþ 5ÞTðr; gÞ þ Sðr; f Þ þ Sðr; gÞ:

It follows that the conclusion of Lemma 2 holds.

Lemma 3 [10]. Let F and G be two nonconstant meromorphic functions.

If F and G share ð1; 2Þ. Then one of the following cases holds:

ð1Þ Tðr;FÞaN2 r;
1

F

� �
þN2 r;

1

G

� �
þN2ðr;F Þ þN2ðr;GÞ þ Sðr;F Þ þ Sðr;GÞ;

the same inequality holds for Tðr;GÞ; (2) F 1G; (3) FG1 1.

Lemma 4 [17]. Let f be a nonconstant meromorphic function. Then

N r;
1

f ðkÞ

� �
aN r;

1

f

� �
þ kNðr; f Þ þ Sðr; f Þ:

Lemma 5 [11]. Let f and g be two nonconstant meromorphic functions.

Then f nð f 3 � 1Þ f 0gnðg3 � 1Þg 0 D 1, where n is a positive integer.

Lemma 6. Let F � ¼ f nþ1 f 3

nþ4 � 1
nþ1

� �
, G � ¼ gnþ1 g3

nþ4 � 1
nþ1

� �
, where nðb 4Þ

is an integer and nþ 1 is not divisible by 3. If F � 1G �, then f 1 g.

Proof. Let h ¼ g=f . If possible, suppose that h is not a constant. Since

F � 1G �, it follows that

f 3 1
nþ 4

nþ 1
� h

nþ1 � 1

hnþ4 � 1
:

The above equality holds under the assumption hnþ1 D 1. If hnþ1 ¼ hnþ4 1 1,

then we have the trivial equation 0 ¼ 0. So we must assume that nþ 1 is not

divisible by 3. Let d ¼ ðnþ 1; nþ 4Þ. We can write nþ 1 ¼ dm1, nþ 4 ¼
dm2, where m1, m2 are two positive integers and m1 < m2. So ðnþ 4Þ�
ðnþ 1Þ ¼ dðm2 �m1Þ, that is, dðm2 �m1Þ ¼ 3. Since d is a positive integer,

we deduce that d ¼ 1 or d ¼ 3. Thus the number of the common zeros

of hnþ1 � 1 and hnþ4 � 1 is at most 3 and hnþ4 � 1 has at least nþ 1 zeros

which are not the zeros of hnþ1 � 1. Denote these nþ 1 zeros by uk, k ¼
1; 2; . . . nþ 1. Since f 3 has no simple pole, it follows that h� uk ¼ 0 has no

simple root for k ¼ 1; 2; . . . ; nþ 1. Hence Yðuk; hÞb 1=2 for k ¼ 1; 2; . . . ;

nþ 1ðb 5Þ, which is impossible. Therefore h is a constant. If h0 1, it

follows that f is a constant, which is not the case. So h ¼ 1 and hence

f 1 g. This proves the lemma.

Lemma 7 [1]. Let H be defined as above. If F and G share ð1; 1Þ and

HD 0, then
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Tðr;F ÞaN2 r;
1

F

� �
þN2ðr;F Þ þN2 r;

1

G

� �
þN2ðr;GÞ

þ 1

2
N r;

1

F

� �
þ 1

2
Nðr;FÞ þ Sðr;F Þ þ Sðr;GÞ;

the same inequality holds for Tðr;GÞ.

Lemma 8 [20]. Let H be defined as above. If F and G share ð1; 0Þ and

HD 0, then

N
1Þ
E r;

1

F � 1

� �
aNðr;HÞ þ Sðr;F Þ þ Sðr;GÞ:

Lemma 9 [20]. Let F and G be two nonconstant meromorphic functions

such that F and G share 1 IM. If HD 0, then

Tðr;FÞaN r;
1

F

� �
þNðr;FÞ þN r;

1

G

� �
þNðr;GÞ þN

1Þ
E r;

1

F � 1

� �

þNL r;
1

F � 1

� �
�N0 r;

1

F 0

� �
�N0 r;

1

G 0

� �
þ Sðr;FÞ þ Sðr;GÞ;

where N0ðr; 1=F 0Þ denotes the counting function corresponding to the zeros of F 0

that are not the zeros of F and F � 1, N0ðr; 1=G 0Þ denotes the counting function

corresponding to the zeros of G 0 that are not the zeros of G and G � 1.

Lemma 10 [21]. Let F and G be two nonconstant meromorphic functions

such that F and G share the value 1 IM. Then

NL r;
1

F � 1

� �
aN r;

1

F

� �
þNðr;FÞ þ Sðr;FÞ;

NL r;
1

G � 1

� �
aN r;

1

G

� �
þNðr;GÞ þ Sðr;GÞ:

Lemma 11 [3]. Let H be defined as above. If F and G share ‘‘ð1; 2Þ’’ and
HD 0, then

Tðr;F ÞaN2 r;
1

F

� �
þN2 r;

1

G

� �
þN2ðr;FÞ þN2ðr;GÞ

�
Xy
p¼3

Nðp r;
G

G 0

� �
þ Sðr;F Þ þ Sðr;GÞ;

the same inequality holds for Tðr;GÞ.
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Lemma 12 [2]. Let H be defined as above. If E4Þð1;FÞ ¼ E4Þð1;GÞ and

E2Þð1;FÞ ¼ E2Þð1;GÞ and HD 0, then

Tðr;F Þ þ Tðr;GÞa 2 N2 r;
1

F

� �
þN2ðr;F Þ þN2 r;

1

G

� �
þN2ðr;GÞ

� �

þ Sðr;FÞ þ Sðr;GÞ:

3. Proof of Theorem 1

We can prove Sðr; f Þ ¼ Sðr; gÞ by the same method as Lemma 2. Let

F ¼ f nð f 3 � 1Þ f 0; G ¼ gnðg3 � 1Þg 0; ð1Þ

and

F � ¼ f nþ1 f 3

nþ 4
� 1

nþ 1

� �
; G � ¼ gnþ1 g3

nþ 4
� 1

nþ 1

� �
:

Thus we obtain that F and G share ð1; 2Þ. If possible, let the case ð1Þ of

Lemma 3 occur, that is

Tðr;FÞaN2 r;
1

F

� �
þN2ðr;FÞ þN2 r;

1

G

� �
þN2ðr;GÞ þ Sðr;F Þ þ Sðr;GÞ: ð2Þ

Moreover, by Lemma 1, we have

Tðr;F �Þ ¼ ðnþ 4ÞTðr; f Þ þ Sðr; f Þ; Tðr;G �Þ ¼ ðnþ 4ÞTðr; gÞ þ Sðr; gÞ: ð3Þ

Since ðF �Þ0 ¼ F , we deduce

m r;
1

F �

� �
am r;

1

F

� �
þ Sðr; f Þ; ð4Þ

and by the first fundamental theorem

Tðr;F �ÞaTðr;FÞ þN r;
1

F �

� �
�N r;

1

F

� �
þ Sðr; f Þ: ð5Þ

Note that

N r;
1

F �

� �
¼ ðnþ 1ÞN r;

1

f

� �
þN r;

1

f 3 � nþ4
nþ1

 !
; ð6Þ

N r;
1

F

� �
¼ nN r;

1

f

� �
þN r;

1

f 0

� �
þN r;

1

f 3 � 1

� �
: ð7Þ
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It follows from (5)–(7) that

Tðr;F �ÞaTðr;FÞ þN r;
1

f

� �
þN r;

1

f 3 � nþ4
nþ1

 !
�N r;

1

f 0

� �

�N r;
1

f 3 � 1

� �
þ Sðr; f Þ: ð8Þ

It follows from (1) that

N2 r;
1

F

� �
þN2ðr;FÞa2N r;

1

f

� �
þN2 r;

1

f 0

� �
þN2 r;

1

f 3 � 1

� �
þ 2Nðr; f Þ; ð9Þ

N2 r;
1

G

� �
þN2ðr;GÞa2N r;

1

g

� �
þN2 r;

1

g 0

� �
þN2 r;

1

g3 � 1

� �
þ 2Nðr; gÞ: ð10Þ

From (2), (8), (9) and (10) we obtain

Tðr;F �Þa 3N r;
1

f

� �
þ 2Nðr; f Þ þN r;

1

f 3 � nþ4
nþ1

 !
þ 2N r;

1

g

� �

þN r;
1

g 0

� �
þN r;

1

g3 � 1

� �
þ 2Nðr; gÞ þ Sðr; f Þ: ð11Þ

By Lemma 4 we have

N r;
1

g 0

� �
aNðr; gÞ þN r;

1

g

� �
a 2Tðr; gÞ þ Sðr; gÞ: ð12Þ

We have from (3), (11) and (12) that

ðn� 4ÞTðr; f Þa 9Tðr; gÞ þ Sðr; gÞ: ð13Þ

In the same manner as above, we have

ðn� 4ÞTðr; gÞa 9Tðr; f Þ þ Sðr; gÞ: ð14Þ

Therefore by (13) and (14), we obtain that na 13, which contradicts nb 14.

Thus by Lemma 3, we get F 1G or FG1 1. If FG1 1, that is

f nð f 3 � 1Þ f 0gnðg3 � 1Þg 0 1 1:

By Lemma 5, we get a contradiction. If F 1G, that is

F � ¼ G � þ c; ð15Þ

where c is a constant. It follows that Tðr; f Þ ¼ Tðr; gÞ þ Sðr; f Þ. Suppose

that c0 0, by the second fundamental theorem, we have

171On unicity of meromorphic functions



ðnþ 4ÞTðr; gÞ ¼ Tðr;G �Þ < N r;
1

G�

� �
þN r;

1

G � þ c

� �
þNðr;G �Þ þ Sðr; gÞ

aN r;
1

g

� �
þN r;

1

g3 � nþ4
nþ1

 !
þNðr; gÞ þN r;

1

f

� �

þN r;
1

f 3 � nþ4
nþ1

 !
þ Sðr; f Þa 9Tðr; f Þ þ Sðr; f Þ; ð16Þ

which contradicts the assumption. Therefore F � 1G �. Thus by Lemma 6,

we have f 1 g. This completes the proof of Theorem 1.

4. Proof of Theorem 2

We can prove Sðr; f Þ ¼ Sðr; gÞ by the same method as Lemma 2. Let

F ¼ f nð f 3 � 1Þ f 0; G ¼ gnðg3 � 1Þg 0; ð17Þ

and

F � ¼ f nþ1 f 3

nþ 4
� 1

nþ 1

� �
; G � ¼ gnþ1 g3

nþ 4
� 1

nþ 1

� �
:

Thus we obtain that F and G share ð1; 1Þ. If possible, we suppose that

HD 0. Thus, by Lemma 7, we have

Tðr;F ÞaN2 r;
1

F

� �
þN2ðr;F Þ þN2 r;

1

G

� �
þN2ðr;GÞ

þ 1

2
N r;

1

F

� �
þ 1

2
Nðr;FÞ þ Sðr;F Þ þ Sðr;GÞ: ð18Þ

It follows from (17) that

N2 r;
1

F

� �
þN2ðr;F Þ þ

1

2
N r;

1

F

� �
þ 1

2
Nðr;FÞ

a 2N r;
1

f

� �
þN2 r;

1

f 0

� �
þN2 r;

1

f 3 � 1

� �
þ 2Nðr; f Þ

þ 1

2
N r;

1

f

� �
þ 1

2
N r;

1

f 3 � 1

� �
þ 1

2
N r;

1

f 0

� �
þ 1

2
Nðr; f Þ; ð19Þ

N2 r;
1

G

� �
þN2ðr;GÞa 2N r;

1

g

� �
þN2 r;

1

g 0

� �
þN2 r;

1

g3 � 1

� �
þ 2Nðr; gÞ: ð20Þ
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Proceeding as in the proof of Theorem 1, we also have (8) and (12). We have

from (18)–(20) and (8) that

Tðr;F �Þ ¼ ðnþ 4ÞTðr; f Þ þ Sðr; f Þ

a 4N r;
1

f

� �
þ 3Nðr; f Þ þ 1

2
N r;

1

f 3 � 1

� �

þN r;
1

f 3 � nþ4
nþ1

 !
þ 3N r;

1

g

� �
þ 3Nðr; gÞ

þN r;
1

g3 � 1

� �
þ Sðr; f Þ: ð21Þ

Thus we have

n� 15

2

� �
Tðr; f Þa 9Tðr; gÞ þ Sðr; f Þ: ð22Þ

In the same manner as above, we have

n� 15

2

� �
Tðr; gÞa 9Tðr; f Þ þ Sðr; f Þ: ð23Þ

From (22) and (23) we obtain that na 16, which contradicts nb 17. There-

fore, H1 0. That is

F 00

F 0 � 2
F 0

F � 1
1

G 00

G 0 � 2
G 0

G � 1
: ð24Þ

By integration, we have from (24)

1

G � 1
¼ A

F � 1
þ B; ð25Þ

where Að0 0Þ and B are constants. It follows from (25) that F and G share

1 CM. Thus by Theorem 1, we get f 1 g. This completes the proof of

Theorem 2.

5. Proof of Theorem 3

We can prove Sðr; f Þ ¼ Sðr; gÞ by the same method as Lemma 2. Let

F ¼ f nð f 3 � 1Þ f 0; G ¼ gnðg3 � 1Þg 0; ð26Þ

and
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F � ¼ f nþ1 f 3

nþ 4
� 1

nþ 1

� �
; G � ¼ gnþ1 g3

nþ 4
� 1

nþ 1

� �
:

Thus we obtain that F and G share ð1; 0Þ, that is F and G share 1 IM. If

possible, we suppose that HD 0. From Lemma 8, we have

N
1Þ
E r;

1

F � 1

� �
aNðr;HÞ þ Sðr;F Þ þ Sðr;GÞ: ð27Þ

Also by the definition of H, we have

Nðr;HÞaNð2 r;
1

F

� �
þNðr;FÞ þNð2 r;

1

G

� �
þNðr;GÞ þNL r;

1

F � 1

� �

þNL r;
1

G � 1

� �
þN0 r;

1

F 0

� �
þN0 r;

1

G 0

� �
: ð28Þ

By (27), (28) and Lemma 9, we have

Tðr;FÞaN r;
1

F

� �
þNðr;F Þ þN r;

1

G

� �
þNðr;GÞ þNð2 r;

1

F

� �

þNðr;F Þ þNð2 r;
1

G

� �
þNðr;GÞ þ 2NL r;

1

F � 1

� �

þNL r;
1

G � 1

� �
þ Sðr;F Þ þ Sðr;GÞ: ð29Þ

By Lemma 10 and (29), we have

Tðr;FÞaN2 r;
1

F

� �
þ 2Nðr;F Þ þN2 r;

1

G

� �
þ 2Nðr;GÞ þ 2N r;

1

F

� �

þ 2Nðr;F Þ þN r;
1

G

� �
þNðr;GÞ þ Sðr;F Þ þ Sðr;GÞ: ð30Þ

It follows from (26) that

N2 r;
1

F

� �
þ 4Nðr;FÞ þ 2N r;

1

F

� �

a 4N r;
1

f

� �
þN2 r;

1

f 0

� �
þ 2N r;

1

f 0

� �

þN2 r;
1

f 3 � 1

� �
þ 2N r;

1

f 3 � 1

� �
þ 4Nðr; f Þ; ð31Þ
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N2 r;
1

G

� �
þ 3Nðr;GÞ þN r;

1

G

� �
a 3N r;

1

g

� �
þ 2N2 r;

1

g 0

� �

þ 2N2 r;
1

g3 � 1

� �
þ 3Nðr; gÞ: ð32Þ

Proceeding as in the proof of Theorem 1, we also have (8). We have from

(30), (31), (32) and (8) that

Tðr;F �Þa 7N r;
1

f

� �
þ 6Nðr; f Þ þ 2N r;

1

f 3 � 1

� �
þN r;

1

f 3 � nþ4
nþ1

 !

þ 5N r;
1

g

� �
þ 5Nðr; gÞ þ 2N r;

1

g3 � 1

� �
þ Sðr; f Þ: ð33Þ

Thus we have

ðn� 18ÞTðr; f Þa 16Tðr; gÞ þ Sðr; f Þ: ð34Þ

In the same manner as above, we have

ðn� 18ÞTðr; gÞa 16Tðr; f Þ þ Sðr; f Þ: ð35Þ

From (34) and (35) we obtain that na 34, which contradicts nb 35. There-

fore H1 0. Proceeding as in the proof of Theorem 2, we get the conclu-

sion. This completes the proof of Theorem 3.

6. Proof of Theorem 4

We can prove Sðr; f Þ ¼ Sðr; gÞ by the same method as Lemma 2. Let

F ¼ f nð f 3 � 1Þ f 0; G ¼ gnðg3 � 1Þg 0; ð36Þ

and

F � ¼ f nþ1 f 3

nþ 4
� 1

nþ 1

� �
; G � ¼ gnþ1 g3

nþ 4
� 1

nþ 1

� �
:

Thus we obtain that F and G share ‘‘ð1; 2Þ’’. If possible, we suppose that

HD 0. Then by Lemma 11 we have

Tðr;FÞaN2 r;
1

F

� �
þN2 r;

1

G

� �
þN2ðr;F Þ þN2ðr;GÞ þ Sðr;F Þ þ Sðr;GÞ: ð37Þ

It follows from (36) that

175On unicity of meromorphic functions



N2 r;
1

F

� �
þN2ðr;F Þa2N r;

1

f

� �
þN2 r;

1

f 0

� �
þN2 r;

1

f 3 � 1

� �
þ 2Nðr; f Þ; ð38Þ

N2 r;
1

G

� �
þN2ðr;GÞa2N r;

1

g

� �
þN2 r;

1

g 0

� �
þN2 r;

1

g3 � 1

� �
þ 2Nðr; gÞ: ð39Þ

Proceeding as in the proof of Theorem 1, we also have (8). From (37), (38),

(39) and (8) we obtain

Tðr;F �Þ ¼ ðnþ 4ÞTðr; f Þ þ Sðr; f Þ

a 3N r;
1

f

� �
þ 2Nðr; f Þ þN r;

1

f 3 � nþ4
nþ1

 !
þ 2N r;

1

g

� �

þN r;
1

g 0

� �
þN r;

1

g3 � 1

� �
þ 2Nðr; gÞ þ Sðr; f Þ: ð40Þ

By Lemma 4 we have

N r;
1

g 0

� �
aNðr; gÞ þN r;

1

g

� �
a 2Tðr; gÞ þ Sðr; gÞ: ð41Þ

We have from (40) and (41) that

ðn� 4ÞTðr; f Þa 9Tðr; gÞ þ Sðr; gÞ: ð42Þ

In the same manner as above, we have

ðn� 4ÞTðr; gÞa 9Tðr; f Þ þ Sðr; gÞ: ð43Þ

Therefore by (42) and (43), we obtain that na 13, which contradicts nb 14.

Therefore H1 0. Proceeding as in the proof of Theorem 2, we get the

conclusion. This completes the proof of Theorem 4.

7. Proof of Theorem 5

We can prove Sðr; f Þ ¼ Sðr; gÞ by the same method as Lemma 2. Let

F ¼ f nð f 3 � 1Þ f 0; G ¼ gnðg3 � 1Þg 0; ð44Þ

and

F � ¼ f nþ1 f 3

nþ 4
� 1

nþ 1

� �
; G � ¼ gnþ1 g3

nþ 4
� 1

nþ 1

� �
:

Thus we obtain that E4Þð1; f nð f 3 � 1Þ f 0Þ ¼ E4Þð1; gnðg3 � 1Þg 0Þ and

E2Þð1; f nð f 3 � 1Þ f 0Þ ¼ E2Þð1; gnðg3 � 1Þg 0Þ. If possible, we suppose that

HD 0. Then by Lemma 12 we have
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Tðr;F Þ þ Tðr;GÞa 2 N2 r;
1

F

� �
þN2ðr;F Þ þN2 r;

1

G

� �
þN2ðr;GÞ

� �

þ Sðr;FÞ þ Sðr;GÞ: ð45Þ

It follows from (44) that

N2 r;
1

F

� �
þN2ðr;FÞa2N r;

1

f

� �
þN2 r;

1

f 0

� �
þN2 r;

1

f 3 � 1

� �
þ 2Nðr; f Þ; ð46Þ

N2 r;
1

G

� �
þN2ðr;GÞa 2N r;

1

g

� �
þN2 r;

1

g 0

� �
þN2 r;

1

g3 � 1

� �
þ 2Nðr; gÞ: ð47Þ

Proceeding as in the proof of Theorem 1, we have

Tðr;F �ÞaTðr;FÞ þN r;
1

f

� �
þN r;

1

f 3 � nþ4
nþ1

 !
�N r;

1

f 0

� �

�N r;
1

f 3 � 1

� �
þ Sðr; f Þ; ð48Þ

and

Tðr;G �ÞaTðr;GÞ þN r;
1

g

� �
þN r;

1

g3 � nþ4
nþ1

 !
�N r;

1

g 0

� �

�N r;
1

g3 � 1

� �
þ Sðr; gÞ: ð49Þ

From (45), (46), (47), (48) and (49) we obtain

Tðr;F �Þ þ Tðr;G �Þa 5N r;
1

f

� �
þ 4Nðr; f Þ þN r;

1

f 3 � nþ4
nþ1

 !
þN r;

1

f 0

� �

þN r;
1

f 3 � 1

� �
þ 5N r;

1

g

� �
þ 4Nðr; gÞ þN r;

1

g3 � nþ4
nþ1

 !

þN r;
1

g 0

� �
þN r;

1

g3 � 1

� �
þ Sðr; f Þ: ð50Þ

By Lemma 4 we have

N r;
1

f 0

� �
aNðr; f Þ þN r;

1

f

� �
a 2Tðr; f Þ þ Sðr; f Þ; ð51Þ

N r;
1

g 0

� �
aNðr; gÞ þN r;

1

g

� �
a 2Tðr; gÞ þ Sðr; gÞ: ð52Þ
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We have from (50), (51) and (52) that

ðn� 13ÞTðr; f Þ þ ðn� 13ÞTðr; gÞaSðr; f Þ þ Sðr; gÞ: ð53Þ

We obtain that na 13, which contradicts nb 14. Therefore H1 0. Pro-

ceeding as in the proof of Theorem 2, we get the conclusion. This completes

the proof of Theorem 5.
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