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ABSTRACT. In this article, we deal with the uniqueness problems of meromorphic
functions concerning differential polynomials and prove the following result: Let f and
g be two nonconstant meromorphic functions and let n(> 14) be an integer such that
n+1 is not divisible by 3. If (3 —1)f" and g"(g* — 1)g’ share (1,2) or “(1,2)”,
then f=g. If Eg(1, f"(f* = 1)f") = E4(1,9"(9° — 1)g’) and Ey(1, f"(f* = 1)f") =
Ey(1,9"(g° — 1)g"), then f=g.

1. Introduction, definitions and results

By a meromorphic function we shall always mean a meromorphic function
in the complex plane. Set E(a,f)={z:f(z) —a =0}, where a zero point
with multiplicity m is counted m times in the set. If these zero points are only
counted once, then we denote the set by E(a,f). Let f and g be two
nonconstant meromorphic functions. If E(a, f) = E(a,g), then we say that f
and ¢ share the value @ CM; if E(a, f) = E(a,g), then we say that f and ¢
share the value « IM. Let m be a positive integer or infinity and ae€
CU{w}. We denote by E,)(a,f) the set of all a-points of f with multi-
plicities not exceeding m, where an a-point is counted according to its
multiplicity. Also we denote by E,)(a,f) the set of distinct a-points of
f with multiplicities not greater than m. We denote by Ny (r,1/(f —a))
the counting function for zeros of f —a with multiplicity < k, and by
Nyy(r,1/(f — a)) the corresponding one for which multiplicity is not counted.
Let Ny (r,1/(f —a)) be the counting function for zeros of f —a with mul-
tiplicity at least k and N(r,1/(f —a)) the corresponding one for which
multiplicity is not counted. Set

1 — 1 — 1 — 1
Nk<r’f——a) :N<V,.—f_a> +N(2<r,m> +"'+N(k(l’,f_a).

By the above definition, we have
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—/ 1 — 1 1 1

N<r,z> +N(2(V’E> _N2<V’E> < N(r,z>
Let Ng(r,a;f,9) (Ng(r,a; f,g)) be the counting function (reduced counting
function) of all common zeros of /' —a and g — a with the same multiplicities

and No(r,a; f,g9) (No(r,a;f,g)) be the counting function (reduced counting
function) of all common zeros of f —a and g — a ignoring multiplicities. If

_ 1 _ 1
N(r—— ) +N
(r’f—a)+ <ng—

then we say that f and g share ¢ “CM”. On the other hand, if

Nr,,; +]Vr, !
f—a g-—

then we say that f and g share ¢ “IM”. It is assumed that the reader is
familiar with the notations of Nevanlinna theory, that can be found, for
instance, in [8] and [16].

In 1976, F. Gross proposed the following question.

a) 72N5(r,a;f,g) :S(l’,f)+S(r,g),

a) —2No(r,a; f,g) = S(r. ) + S(r,g),

QUESTION A [7]. Whether there exists a finite set S such that E(S, f) =
E(S,g) can imply [ = ¢?

H. X. Yi gave a positive answer to Question A. He proved the following.

THEOREM A [18]. There exists a set S with 7 elements such that E(S, f) =
E(S,g) can imply f =g for any pair of nonconstant entire functions f and g.

H. X. Yi [19], P. Li and C. C. Yang [12] and G. Frank and M. Reinders
[6] studied the problem for meromorphic functions. G. Frank and M.
Reinders proved the following.

THEOREM B [6].  There exists a set S with 11 elements such that E(S, f) =
E(S,g) can imply f =g for any pair of nonconstant meromorphic functions f
and g.

In fact, Question A can be stated as follows: whether there exists a
polynomial P such that for any pair of nonconstant meromorphic functions f
and g we can get f =g if P(f) and P(g) share one value CM? Naturally, we
pose the following question:

QuesTioN B.  Whether there exists a differential polynomial d such that
for any pair of nonconstant meromorphic functions f and g we can get f =g
if d(f) and d(g) share one value CM?
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Some works have already been done in this direction ([5], [4], [14]). In
2006, 1. Lahiri and R. Pal found a differential polynomial d for Question B and
proved the following result.

THEOREM C [11]. Let f and g be two nonconstant meromorphic functions
and let n(>14) be an integer. 1If E3 (1, /"(f* = 1)f') = E3(1,9"(g> — 1)g’),
then f =g.

Naturally, we pose the following question:

QuEesTION C. Can the nature of sharing value in Theorem C be relaxed in
another way?

In this paper, we give a positive answer to Question C. To state the main
results of this paper, we require the following notion of weighted sharing which
was introduced by I. Lahiri.

DerNiTION 1 [9], [10].  For a complex number a € CU {0}, we denote by
Ei(a, f) the set of all a-points of f where an a-point with mutiplicity m is
counted m times if m <k and k + | times if m > k. For a complex number
a e CU{o0}, such that Ei(a, f) = Ex(a,g), then we say that f and g share the
value a with weight k.

The definition implies that if f, g share a value a with weight & then z; is
a zero of f — a with multiplicity m(< k) if and only if it is a zero of g — a with
multiplicity m(< k) and zj is a zero of f — a with multiplicity m(> k) if and
only if it is a zero of g — @ with multiplicity n(> k), where m is not necessarily
equal to n. We write f, g share (a, k) to mean that f, g share the value a with
weight k. Clearly if f, g share (a,k) then f, g share (a, p) for all integer p,
0 <p < k. Also we note that f, g share a value « IM or CM if and only if f,
g share (a,0) or (a, o) respectively.

We prove the following results which give a positive answer to Question C.

THEOREM 1. Let f and g be two nonconstant meromorphic functions and let
n(> 14) be an integer such that n+ 1 is not divisible by 3. If f"(f> —1)f" and
g"(g> — 1)g’ share (1,2), then f =g.

THEOREM 2. Let f and g be two nonconstant meromorphic functions and let
n(=> 17) be an integer such that n+ 1 is not divisible by 3. If f"(f> —1)f" and
g"(g> — 1)g’ share (1,1), then f = g.

THEOREM 3. Let f and g be two nonconstant meromorphic functions and let
n(> 35) be an integer such that n+ 1 is not divisible by 3. If f"*(f> —1)f" and
g"(g®> — 1)g’ share (1,0), then f =g.
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Recently, Lin and Lin [13] introduced the following notion of weakly
weighted sharing.

DEerINITION 2 [13]. Let f and g share a “IM” and k be a positive integer
or w. N /f) (r,a; f,g) denotes the reduced counting function of those a-points
of f whose multiplicities are equal to the corresponding a-points of g, both of
their multiplicities are not greater than k. N (?C(r,a; f,g) denotes the reduced
counting function of those a-points of f which are a-points of g, both of their
multiplicities are not less than k.

DErINITION 3 [13]. For a e CU {0}, if k is a positive integer or co and

— 1 _
Ny <Vf—_a> — Nf(r,a; f,9) = S(r, f),
— 1 _
N (ﬂgfa> — N§(r.a:.f.9) = S(r.9),

N(k-‘rl <rvfl_a> 7N(?(+1(V,Cl;f,g) - S(rvf)7

— 1 —
N(k+l (r,gTCl> _N(?ngl(raa;fag) = S(rag)a

or if k=0 and

N(rty) - M fi) =S, B(n-to) = Notrai £.0) = S().
then we say f and g weakly share a with weight k. Here we write f, g share
“(a,k)” to mean that f, g weakly share a with weight k.

Now it is clear that weighted sharing and weakly weighted sharing are
respectively scalings between IM, CM and “IM”, “CM”. Also weakly
weighted sharing includes the definition of weighted sharing.

With the notion of weakly weighted sharing, we prove the following result
which also gives a positive answer to Question C.

THEOREM 4. Let f and g be two nonconstant meromorphic functions and let
n(>14) be an integer such that n+ 1 is not divisible by 3. If f"(f> —1)f" and
g"(g> — 1)g’ share “(1,2)”, then f = g.

Without the notions of weighted sharing and weakly weighted sharing, we
can prove the following result.

THEOREM 5. Let f and g be two nonconstant meromorphic functions and
let n(>14) be an integer such that n+1 is not divisible by 3. If
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Eqy(1, f"(f? = 1)f") = E4(1,9"(9° — 1)g’) and Ey(Lf"(f?=1)f") =
Ey(1,9"(¢° = 1)g"), then [ =g.

2. Some lemmas

In this section, we present some lemmas which will be needed in the
sequel. We will denote by H the following function:

F// 2F/ G// 2Gl
H=(—-—"—)- (% - .
(F7) - (G-eo0)

LemMa 1 [15]. Let f be a nonconstant meromorphic function, and let
ap,a, ay, ... ,a, be finite complex numbers, a, #0. Then

T(r,anf" + - +arf* +arf +ag) =nT(r, f) + S(r, f).

LEmMA 2. Let f and g be two nonconstant meromorphic functions, n(> 6)
a positive integer and let F = f"(f3—1)f', G=g"(g> - 1)g". If F and G
share (1,0), then S(r, f) = S(r,9).

Proor. By Lemma 1 we have
(n+3)T(r, f)=T(r, f"(f> = 1) +S(r. /) < T(r, F) + T(r, f') + S(r, /)
<T(r,F)+2T(r,f)+ S(r, f).
Therefore
TrF)=n+ 1T f)+ S f).

By the second fundamental theorem, we have

T(r,F) < N(r,F) —l—]\_/(r,%) +N(r,ﬁ) +58(r, /)

< N(r,f) +N<Vv}> +N(”f31_ 1)

Note that
T(r,G) < T(r,g"(g° = 1)) + T(r,g") < (n+5)T(r,g) + S(r,g).
We deduce that
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(I’l - 6)T(l’7f) =< (l’l+ S)T(}Qg) +S(l’7f) +S(l’7g)
It follows that the conclusion of Lemma 2 holds.
LemmA 3 [10]. Let F and G be two nonconstant meromorphic functions.

If F and G share (1,2). Then one of the following cases holds:

(1) T(r,F)<N; <r,11:> + N, <r,é> + No(r, F) + Na(r, G) + S(r, F) + S(r, G),

the same inequality holds for T(r,G);, 2) F=G; (3) FG=1.

LemMma 4 [17]. Let f be a nonconstant meromorphic function. Then

1 1 —
N<r’JTk>> < N<r,7> +kN(r, )+ S(r, f).

Lemma 5 [11). Let f and g be two nonconstant meromorphic functions.
Then f"(f3—1)f"g"(g> — 1)g’ # 1, where n is a positive integer.

fo el (S L) e gl (9 1
LEMMA 6. Let F*=f A1) G =y wid — 1), Where n(> 4)

is an integer and n+ 1 is not divisible by 3. If F* = G*, then [ =g.

ProoF. Let i =g/f. If possible, suppose that /i is not a constant. Since
F* = G*, it follows that

f3=”+4.E
T n4+1 -1

The above equality holds under the assumption A"*! % 1. If h"+!1 = g4 =1,
then we have the trivial equation 0 = 0. So we must assume that n + 1 is not
divisible by 3. Let d =(n+1,n+4). We can write n+ 1 =dm, n+4=
dm,, where my, m, are two positive integers and m; <m,. So (n+4)—
(n+1) =d(my —my), that is, d(my —m;) =3. Since d is a positive integer,
we deduce that d =1 or d =3. Thus the number of the common zeros
of i"*!' —1 and h"** —1 is at most 3 and A"** —1 has at least n+ 1 zeros
which are not the zeros of A"*! —1. Denote these n+ 1 zeros by u, k=
1,2,...n+1. Since f3 has no simple pole, it follows that & — u; = 0 has no
simple root for k=1,2,...,.n+1. Hence O(ux;h)>1/2 for k=1,2,...,
n+1(=5), which is impossible. Therefore & is a constant. If h#1, it
follows that f is a constant, which is not the case. So A =1 and hence
f =g. This proves the lemma.

LemMA 7 [1]. Let H be defined as above. If F and G share (1,1) and
H #£0, then
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T(r,F)< N (;’7%) + Nao(r, F) + N, (V,é) + Ny(r, G)

1 — 1 1
+2N(r,F> +§N(r,F) +S(r,F)+ S(r,G),
the same inequality holds for T(r,G).

LemMA 8 [20]. Let H be defined as above. If F and G share (1,0) and
H #£0, then

VY (rgroy) < N H) + 50, F) 4 50,6)

LemMMa 9 [20]. Let F and G be two nonconstant meromorphic functions
such that F and G share 1 IM. If H #0, then

— 1 — — 1 — 1 1
T(r,F) SN(V,F> +N(r,F)—|—N<r,G> +N(r,G) + Ng (r’F—l)

_ 1 1 1
+NL<V,H> —N()(V,F> —N()(V,a> +S(V,F)+S(V,G),

where No(r,1/F') denotes the counting function corresponding to the zeros of F'
that are not the zeros of F and F — 1, No(r,1/G’) denotes the counting function
corresponding to the zeros of G' that are not the zeros of G and G — 1.

LemMma 10 [21]. Let F and G be two nonconstant meromorphic functions
such that F and G share the value 1 IM. Then

— 1 —_/ 1 _
NL(r,F_ 1) gN(r,F> + N(r,F)+ S(r,F),

V. (r, ﬁ) < N(r, é) LN G) + S(r.G).

LemMa 11 [3]. Let H be defined as above. If F and G share “(1,2)” and
H #0, then

T(V,F) < Nz(l’,%) +N2(r,é> +N2(F,F) +N2(r, G)

L. _ G
_ ZN(/’<V’G’> + S(r,F) + S(r, G),
=3

the same inequality holds for T(r,G).
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LEmMA 12 [2].  Let H be defined as above. If E4(1,F) = Es(1,G) and
Ey(1,F) = Ey(1,G) and H #0, then

T(r,F)+ T(r,G) < 2{N2 (r, %) + No(r,F) + N, (r, é) + No(r, G)}
+S(r, F) + S(r, G).

3. Proof of Theorem 1

We can prove S(r, f) = S(r,g) by the same method as Lemma 2. Let
F=f"f-1f", G=g"¢" 1) (1)

3 1 g3 1
F* = n+1 f__ « _oontl Y .
! (n+4 n—i—l)’ G =9 n+4 n+1

Thus we obtain that F and G share (1,2). If possible, let the case (1) of
Lemma 3 occur, that is

and

T(rF) < Nz(r,%> + Nao(r, F) + N, (r,é) + No(r, G) + S(r, F) + S(r, G). (2)

Moreover, by Lemma 1, we have
T(r,F*)=m+4)T(r,[)+S(r[f), T0rG6)=0+4)T(rg)+S09). (3)

Since (F*)' = F, we deduce

m(rige) () + 5010 @)

and by the first fundamental theorem

T(r,F*) < T(r,F) + N<r, %) - N(r, %) + S0, f). (5)

N(r,%) :(n—&—l)N(r,%) —&-N(r,@), (6)

()l o) o

Note that
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It follows from (5)—(7) that

i) = 70+ 8 () N(fl_) w(rh)
—N(r,ﬁ) + S(r, f). (8)

It follows from (1) that

() (o) () o) v o

1 —( 1 1 1 —
N, <r,5) + Ny(r,G) < 2N(r,5> + N, <r,?> + N, (r,g3 — 1) +2N(r,g). (10)

From (2), (8), (9) and (10) we obtain

1 — 1 1
T(r,F*) < 3N(r,7> +2N(r, f) +N<r,ﬁ> —|—2N<r,5>
—&—N(r,%) +N(r’q31——l) +2N(r,g) + S(r, f). (11)

By Lemma 4 we have
1 1
N < N(r,g)+N ry) S 2T (r,9) + S(r,9)- (12)

We have from (3), (11) and (12) that

(n=4)T(r, f) <9T(r,9) + S(r,9)- (13)
In the same manner as above, we have

(n=4)T(r,g) <9T(r,[) + S(r,9). (14)

Therefore by (13) and (14), we obtain that » < 13, which contradicts n > 14.
Thus by Lemma 3, we get F =G or FG=1. If FG =1, that is

=019 - Dy =1
By Lemma 5, we get a contradiction. If F = G, that is
F"=G"+c, (15)

where ¢ is a constant. It follows that T(r,f) = T(r,g) + S(r,f). Suppose
that ¢ # 0, by the second fundamental theorem, we have
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(n+4)T(r,g) = T(r,G*) < ]V(r,%) +N<F’G*#+c> + N(r,G*) + S(r, g)

/1 _ 1 — —( 1
gN(r,—)—i—N T +N(r,g)+N(r,—)
9 ot /

—|—N<r,f%_lw>+S(r,f)S9T(r,f)—|—S(r,f), (16)

n+l1

which contradicts the assumption. Therefore F* = G*. Thus by Lemma 6,
we have f =g¢g. This completes the proof of Theorem 1.

4. Proof of Theorem 2

We can prove S(r, f) = S(r,g) by the same method as Lemma 2. Let

F=f"-1f", G=g"g-1), (17)

and

3 1 3 1
F* = n+1 f _ G* = n+1 9 o )
/ (n+4 n+1)’ g n+4 n+l

Thus we obtain that F and G share (1,1). If possible, we suppose that
H #£0. Thus, by Lemma 7, we have

T(r,F) < N, (%) + Na(r, F) + Ny (r, é) + Na(r, G)
+;N(r,;> +%N(r,F)+S(r,F)+S(r, G). (18)

It follows from (17) that
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Proceeding as in the proof of Theorem 1, we also have (8) and (12). We have
from (18)—(20) and (8) that

T(r,F*)=m+4)T(r, )+ S f)

£4N(r,l>+3]v(r,f)+%N( ! )

f VAR
1 1 _
+N<V,@> +3N<V,5> —|—3N(r,g)
1 X
Thus we have
(n _g) T(r, ) < 9T(r,g) + S(r. f). (22)

In the same manner as above, we have
15
(n=5)T00) <97 1) + 5001 23)

From (22) and (23) we obtain that n < 16, which contradicts n > 17. There-
fore, H =0. That is

F// Fl G// G/
2 = 2

—— =—-2——. 24
F! F-1 G G-1 (24)
By integration, we have from (24)
1 A
- . B 25
G-1 F-1'" 25)

where A(# 0) and B are constants. It follows from (25) that F and G share
1 CM. Thus by Theorem 1, we get f =g. This completes the proof of
Theorem 2.

5. Proof of Theorem 3

We can prove S(r, f) = S(r,g) by the same method as Lemma 2. Let

F=/"f=1f, G=g"(g°-1), (26)

and
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3 1 3 1
F* = n+1 f o G* = n+1 g o )
! (n+4 n+1)’ g n+4 n+l

Thus we obtain that F and G share (1,0), that is F and G share 1 IM. If
possible, we suppose that H # 0. From Lemma 8, we have

Ny (r%) < N(r,H) + S(r,F) + 5(r, G). (27)

Also by the definition of H, we have

F

_ 1 1 1
+NL<I’7H>+N0<V7F>+N()<V,a>. (28)

By (27), (28) and Lemma 9, we have

_ 1 — — 1 — — 1
N(r H) < N(2<r,—) +N(r,F)—|—N(2(r,6> + N(r,G) —|—NL<r,F_ 1)

T(r, F) sN(n%) +N(r,F)+N(Vaé> +N(”G)+N<2<r’%)
+N(r, F)+ N (r, é) +N(r,G)+ 2N, (V’ %)
+NL(r,ﬁ) +S(r, F) +S(r, G). (29)

By Lemma 10 and (29), we have
1 — 1 - —( 1
T(r,F) <Nyl r,= | +2N(r,F)+ Na| r,—= | +2N(r,G) + 2N | r,—
F G F
— — 1 —
+2N(r,F)+N<r,E) + N(r,G)+ S(r,F) + S(r, G). (30)
It follows from (26) that

1 — _ 1
N, <V’F> +4N(r,F) + 2N<r, F)

<o) (1) )

+N2(r,ﬁ)+2ﬁ<r,f3_l +4N(r, f), (31)
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Nz(r,é) +3N(r, G) —HV(r,é) < 3]V(V,é) +2N2<r,$>
1 —
+2N2<raq3_1> +3N(77g) (32)

Proceeding as in the proof of Theorem I, we also have (8). We have from
(30), (31), (32) and (8) that

n+1

T(r,F*) < 7N(r,}> +O6N(r, f) + 2N<r»f31_1> * N<F’J"3—1M>

+ 5N (r,é) +5N(r,9) + 2N (r, q3]—_1> +S(r, f). (33)

Thus we have

(n=18)T(r, f) < 16T(r,g) + S(r, f). (34)
In the same manner as above, we have

(n—18)T(r,g) < 16T (r, f) + S(r, f). (35)

From (34) and (35) we obtain that n < 34, which contradicts n > 35. There-
fore H=0. Proceeding as in the proof of Theorem 2, we get the conclu-
sion. This completes the proof of Theorem 3.

6. Proof of Theorem 4

We can prove S(r, f) = S(r,g) by the same method as Lemma 2. Let

F=/"f-1f", G=4"(¢°-1), (36)

and

3 3
* n+1 f 1 * n+l g 1
=7 (n+4 n+1)’ g (n+4 n+l>

Thus we obtain that F and G share “(1,2)”. If possible, we suppose that
H #£0. Then by Lemma 11 we have

T(r,F)< N, <r,%) + N> (r,é) + No(r, F) + Nao(r,G) + S(r, F) + S(r,G).  (37)

It follows from (36) that



176 Chao MENG

Ny <r, %) + N, F) <2N (r%) N <r, %) N (r, fi 1) 2N ), (38)

1 —( 1 1 1 —
NZ(”)E) +N2(V7 G) SzN(raé) +N2<77?> +N2(V7g3 — 1) +2N(V,g) (39)

Proceeding as in the proof of Theorem 1, we also have (8). From (37), (38),
(39) and (8) we obtain

T(r F*)=n+4T(r, f)+ S0, f)

1 — 1 1
< 3N(r,f> +2N(r, f) +N<r’f3_2ﬁ> +2N<r,g>
+N(r,gll) +N<r,g31_1) +2N(r,g) + S(r, f). (40)

By Lemma 4 we have

N(r, %) < N(r,g) + N<r, é) <2T(r,g)+ S(r,9). (41)

We have from (40) and (41) that

(n=4)T(r, f) <9T(r,9) + S(r,9)- (42)
In the same manner as above, we have

(n=4)T(r,g) <9T(r,[) + S(r,9). (43)

Therefore by (42) and (43), we obtain that » < 13, which contradicts n > 14.
Therefore H =0. Proceeding as in the proof of Theorem 2, we get the
conclusion. This completes the proof of Theorem 4.

7. Proof of Theorem 5
We can prove S(r, f) = S(r,g) by the same method as Lemma 2. Let

F=/"(f’=1f", G=g"(¢~ 1), (44)

3 1 3 1
F* = n+1 f _ G* = n+1 ) . )
/ (n+4 n+1)’ g n+4 n+l
Thus we obtain that Egq(L, f"(f*—1)f") = Eg(1,9"(g> — 1)g’) and

Ey(1,/"(f? = 1)f") = E5(1,9"(¢9° — 1)g’). If possible, we suppose that
H #0. Then by Lemma 12 we have

and
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T(rF) + T(r, G) < 2{N2 (r, %) + Na(r,F) + N (ré) +N(r, G)}

+8(r,F) + 5(r, G). (45)

It follows from (44) that

Vo (g )+ Mo F) 2 (r 7 ) s (g ) (g ) 28 ), )

1 —( 1 1 1 —
NZ(”»E) —|—N2(V, G) < 2N<r7§> +N2<}’,?> +N2(rag3—_l> +2N(r7g) (47)

Proceeding as in the proof of Theorem 1, we have

T(r,F*) < T(r,F)+N<r,}) +N< 73 lZﬁ) N(r,j%)

—N07£4>+S@ﬁa (48)
and
e amo () en (1) ()
— N(r, f%l) + S(r,9). (49)

From (45), (46), (47), (48) and (49) we obtain
e o) o
N L 5N ! AN N !
() () oo
+N<r,$> +N<r,g3;_1) + S(r, f). (50)

By Lemma 4 we have

1\

N(r,;/) <N, f) +N<r,]1,,) <2T(r,f)+ S(r, f), (51)

N<r, %) < N(r,9)+ N<r, é) <2T(r,g)+ S(r,9). (52)
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We have from (50), (51) and (52) that
(n—=13)T(r, f)+ (n—13)T(r,g) < S(r, f) + S(r,9). (53)

We obtain that n < 13, which contradicts n > 14. Therefore H =0. Pro-
ceeding as in the proof of Theorem 2, we get the conclusion. This completes
the proof of Theorem 5.
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