Hirosuma MaTh. J.
3 (1973), 367-386

A Semigroup Treatment of the Hamilton-Jacobi
Equation in One Space Variable

Sadakazu A1zAwA
(Received May 11, 1973)

1. Introduction

This paper has been motivated by a recent paper [2] by M. G. Crandall,
in which the Cauchy problem for the first order quasilinear equation

(%) u,+§:1(¢,~(u))x, =0, xe&R" >0,

is treated from the point of view of the theory of semigroups of nonlinear trans-
formations. Crandall chose L!(R") as the Banach space associated with the
Cauchy problem for (*) and succeeded in constructing a semigroup of contrac-
tions in L1(R"), which provides generalized solutions of the Cauchy problem in
the sense of Kruzkov [6] if the initial conditions lie in L!(R") N L*(R").

In this paper we intend to treat the Cauchy problem (hereafter called (CP))
for the Hamilton-Jacobi equation

(DE) ut+f(ux)=0’ — o0 <Xx< 00, t>0’

from the same point of view. In our (CP), however, we shall, suggested by Kruz-
kov [6], choose L*(R) as the Banach space which may be associated with it.
As we shall see, the semigroup approach enables us to treat (CP) under the as-
sumption that f: R—R is merely continuous. Moreover, as an intermediate
step in the development, the existence and uniqueness of certain bounded (pos-
sibly generalized) solutions are established for the equation

€)) u+f(u,)=h, —0<x< 00,

for given h.

When n=1, there is clearly an intimate relationship between generalized
solutions (cf. [6]) of the Cauchy problem for the quasilinear equation () and
the Hamilton-Jacobi equation (DE): If u is a generalized solution of the latter
equation, then v=u, is a generalized solution of the former, and the converse is
true. In this connection it is easy to see that when applied to (CP), Crandall’s
result can afford a semigroup of contractions on the subspace of L®(R) consist-
ing of all continuous functions u such that both limu and limu exist and are
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finite. The main object of the present paper is to construct a semigroup associat-
ed with (CP) on the subspace consisting of all bounded and uniformly continuous
functions on R.

We start, in Section 2, with the definition of an operator A in L*(R) which
may be associated with (CP). Section 3 concerns the existence and uniqueness
of certain bounded solutions of (1). Here the solutions are obtained as limits
of solutions of the regularized equation

(2) u+f(ux)_£uxx=hs — oo <Xx< ™,

as ¢ | 0. Various results concerning (2) are obtained as needed. Section 4 is
devoted to the construction of a semigroup of contractions generated by 4 through
the generation theorem of Crandall and Liggett [3] and to the study of its prop-
erties relating to (CP).

2. Definition of the operator A.

Throughout the present paper we shall work in the Banach space L*(R) of
all (real-valued) bounded measurable functions on R=(— co0, o) with the norm
denoted by ||||-

W®(R) denotes the subspace of L*(R) consisting of all measurable functions
whose distribution derivatives of order at most k lie in L*(R). Thus, in partic-
ular, WP(R) is the subspace of all bounded and Lipschitz continuous functions
on R.

Following Crandall [2] we set:

I 1 if r>0
signgr=¢ 0 if r=0
1—1 if r<0.

Our first task is to define the operator A, associated with (CP) in L*®(R).

DEFINITION 2.1. Let feC. A, is the operator in L*(R) defined by:
ve D(Ay), w=Ayv if v, we WP(R), w(x)=f(v,(x)) and

2.1) Sksigno(vx(x) = R{Lf(0x) —f ()] p(x) + wi(x)e(x)}dx = 0

for every o € CZ(R) such that ¢ >0 and every kER.
The next lemma will clarify our definition of the operator A,.

LeEMMA 2.1. Let feC! and A, be given by Definition 2.1. If ve W%$(R),
then ve D(A,) and Agv=f(v,(x)).
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Proor. Let feC!. If ve W$(R), then v, w=f(v(x)) € WP(R). For
®=C(R) and g Cg(R), integration by parts shows that

[ @@ar@aeeax={ ([ o ©ds)ptoax

—_ SR(Sk‘ )¢'(s)f’(s)ds>gox(x)dx.

Thus, choosing &(s) =P (s — k), where

—s if s<—1/
(2.2) B(s)={ (J)s2+1/21 if |s|<1/l
s if s>1/1

and letting /- oo, we obtain

SRsigno(vx(x) — ){Lf (0(3)) = f (k)] (%) + £ (0:(x))xp(x) }dx =0,
which shows that ve D(A4,) and Ayv=f(v,(x)). The proof is complete.

ReEMARK 2.1. Let f: R->R be continuous and strictly monotone. Then
ve D(A,) implies that v, is bounded and uniformly continuous on R, since w
=f(v,(x)) is Lipschitz continuous by definition.

We are now in a position to define an operator 4 in L*(R) which may be
multi-valued for general f.

DEFINITION 2.2. A is the closure of Ay, i.e., vED(A) and we Av if there
is a sequence {v*} c D(A,) such that v*—v, Aqv*—>w in L2(R).

ProroSITION 2.1. Let f: R-R be continuous and strictly monotone.
If f(R)=R, then:

(i) D(A) coincides with the subspace of L®(R) consisting of all once con-
tinuously differentiable functions u such that both u and its derivative u, are
bounded and uniformly continuous on R.

(ii) A is one-valued and Av=f(v,), ve D(A).

Proor. This follows immediately from the proof of Proposition 4.2 and
the strict monotonicity of f.

3. The equation u+f(u,)=h.

Our object in this section is to establish the existence and uniqueness of
certain bounded generalized solutions of the equation

3.1 u+f(u,)=nh, —o0<x< oo,
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for given h, under the assumption that f: R—R is merely continuous. For the
sake of simplicity, the normalization

(3.2) f(0)=0

will be assumed throughout this section, for this can always be achieved by in-
troducing the new unknown # =u +£(0).

DEerFINITION 3.1. Let f€C and A, be given by Definition 2.1. Let he WY
(R). Then ue WP(R) is a generalized solution of (3.1) provided uesD(A,)
and u+Ayu=nh.

Our main results concerning (3.1) are:

THEOREM 3.1 (Existence). Let f: R—R be continuous and the normaliza-
tion (3.2) be assumed. Then R(I+Ay,)=WS$(R), i.e., for each he WP(R),
there is a generalized solution u of (3.1) such that

(3.3) lullo <lhllws el < [IFxlloos
and
3.4 [l (x + y) —u(x) “Ll(l)

x4+ y) = h ()i cry + 4l sl Y]
for every compact interval I and every yER.

REMARK 3.1. If f: R—>R is continuous and strictly monotone, then for
he WP(R) there is a solution of (3.1) which lies in C'(R) N WP(R).

Proor. This follows from Theorem 3.1 and Remark 2.1.
THEOREM 3.2. Let f: R—R be continuous and u, ve D(A,) satisfy

u+f(uy)=h,
3.5)
v+f(v:)=9.

Then:
(i) Ay is accretive in L*(R), i.e., we have for (3.5)

llu—vllo <=9l

(i) Ifg=h, then v>u.
(iii) If h,—g,=L(R) (Note that we do not assume h,, g, L'(R)), then
u,—v,€LY(R) and

||“x—”x”1 < ”hx_gxlll'
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The following corollaries are direct consequences of Theorem 3.2.

CorOLLARY 3.1 (Uniqueness). Under the assumption of Theorem 3.2,
the generalized solution ue WP(R) of (3.1) is unique for he W (R).

COROLLARY 3.2. Let the assumptions of Theorem 3.1 be satisfied and u
€ WP(R) be the generalized solution of (3.1). If h,eL'(R), then u,eL(R)
and |juyly <[|hxlls-

As was stated in the introduction, the generalized solution of (3.1) will be
obtained as a limit of solutions of the regularized equation

(3.6) u+f(u,)—eu,,=h, — o0 <Xx< oo,

as ¢} 0. Consequently, in order to prove Theorems 3.1 and 3.2, it will suffice
to prove the corresponding results for solutions of (3.6). To this end, we shall
borrow a technique from the work [1] of M. M. Belova, in which the existence
and uniqueness of bounded solutions are established for second order equations
of the general form y” =F(x, y, y’) under various sets of assumptions on F, but
always under the assumption that F is once continuously differentiable with
respect to the arguments y and y’ (cf. in particular, Theorem, p. 467 and Theorem
8, pp. 474-475).

We begin with a lemma due to Belova [1] (see also Kusano [8]) which is a
variant of the maximum principle. We shall give a proof here for the sake of
completeness.

LEmMA 3.1. Let acL®(R) and ¢>0. If veC?*R) is bounded from
above and satisfies

Lv=v+ a(x)v, —ev,, <0, —o<x<o00,
then v<0 on R.

Proor. To prove the lemma by a contradiction, suppose there is a point
x° such that v(x°)>0. Set

w =(v(x°) — n)cosh k(x — x°),

where 7(0<n <v(x°)) and k are positive constants. A simple calculation shows
that we can choose a sufficiently small k in such a way that Lw>0 on R. Then
L(v—w)<0 and hence v—w can not have a positive maximum at finite points
of R. But this contradicts the fact that v—w>0 at x° and v —w— — oo as |x|— co.
The proof is complete.

PropPosITION 3.1. Let f: R—>R be continuous and u, ve C%(R)N WP(R)
satisfy
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u+f(u)—euy, =h,
(3.7)
v +f(vx) —&Ux=¢,

where e>0. If h, g L*(R), then:

@ lu—vllo<llh—gll-
(ii) Ifg=h, then v>u.

Proor. We shall only give a proof of the first part (i), since the second part
(ii) can be proved quite similarly.
First step. Let feC!. Then w=u—uv satisfies

Lw=w +f(ux) _f(vx) —EWyy
=W +f’(vx + o(ux - vx))wx —EWyi
=w+a(x)w,—ew,,=h—g,

where 0<0=0(x)<1 and a(x)=f'(v.+6(u,—v,))= L*(R), since u,, v,€L?(R)
by assumption. Hence an application of Lemma 3.1 yields

Wl =l —vlle < |1 — g |0
since
L(xw—|lh—g|l,)=*(h—g)—|lh—gll, <0.

Second step. Let feC and K be a constant such that both K> ||u,||,, and
K> |lv.]l, hold. As is well known, we can find a sequence {f;} of C! functions
satisfying

e-fel<ylt  (=1,2..)
for every p such that |p|<K. Then, since

U+ fi(uy) — et =h+fi(u) —f(us),

U+ fi(Vx) — 80xx =g +fi(0:) —f (),
and

lh—g +£i(uz) —f () — (filv) = f (0Nl < 1B =gl +2/1,
we have by the result of the first step
llu—vllo < |lh—gllo+2/1

and hence, letting >, |ju—v|,<|[h—g|lo. Thus the proof is complete.
Immediate consequences of Proposition 3.1 are:
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CorROLLARY 3.3. Let f: R->R be continuous. Then for each he L*(R)
there is at most one solution us C2(R) N W (R) of (3.6).

CoROLLARY 3.4. Under the assumption of Corollary 3.3, let ue C%(R)
NWP(R) satisfy (3.6). If he WP(R), then |ugll,<|hillo- Moreover, if
the normalization (3.2) is assumed, then |[u]l, <||h||e.

Next we shall prove the

ProrosiTION 3.2 (Existence). Let f: R—»R be continuous and the nor-
malization (3.2) be assumed. Then for each he WP(R) there is a solution
ue C2(R)N W2(R) of (3.6) such that

(3.8 lllo <Uhllos  txlloo < liBello-

In proving the proposition, we may assume without loss of generality that
e=1 in (3.6). Our proof below will be based on the following

LEMMA 3.2. Let heC(R)NL*(R). Then a unique solution ue C?*(R)
N L®(R) of the equation

u—u,,=h, —oco<Xx< 00,

is expressed by

u(x)=C,e*+Ce> —Le"Sxe‘sh(s)ds + ~1—e"‘gx e*h(s)ds,
2 0 2 [

where

1

C1=2

Swe"h(s)ds, C,= ——%S_me‘h(s)ds.
0 0

Moreover, if h& WT(R), then |jullo <|[hlle and |ju,lleo < [[hx]le-

PROOF OF PROPOSITION 3.2. First step. Let feC (R)NWP(R) and F
be defined by

F={ueC'(R); |ullo<Kj, |lu.llo <K, and for yER,

l[u(x + ¥) —u(¥)llo < K3l y[},

where

Ky =hlle+ 1 lleos
Ko = lhxlleo + 211 Nloo([1Blleo + 11 1leo)s

K3 =2([[hlle + 1S ll)-
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Then & is a compact and convex subset of the locally convex, linear topological
space &!(R) whose topology is given by the family of seminorms

Pm(4) ='81|1£Iu(x)l +7u|r;|ux(x)|, ueC'(R), (m=1,2,..).

Let T be the operator in £(R) defined by: ueD(T) and v=Tu if uesF
and v is a solution in C2(R) N W$(R) of the equation

v_vxx=h—f(ux)’ —oo<X< 0o,

whose existence is guaranteed by Lemma 3.2. Then, in view of Lemma 3.2, it
is not difficult to show that T# < & and Tis continuous. Hence the well known
fixed point theorem of Schauder-Tychonoff applies: there is a fixed point u
=Tu, which provides a solution u € C2(R) N W¥(R) of (3.6).

The estimate (3.8) follows from Corollary 3.4.

Second step. Let feC and K be a constant such that K> ||h,||,. Then
we can find a sequence {f;} of functions in C!(R) N W¢(R) such that f(0)=0 and

fp—fpl<1/t  (1=1,2,..)

for every p with |[p| <K. By virtue of the result of the first step, there is, for each
I, a solution u'e C2(R) N WZ(R) of the equation

u+fl(“x)_uxx=h’ — o0 <X< 0,
such that

lutllo <llhlle and [juglle < |yl
from which

luxxllo <21kl +sup| fi(p)| <2[|h ||, +sup| f(p) +1/1.
|pI<K IpI<K

Hence the sequence {u'} is precompact in &#!(R) and there is a subsequence
{u!®} of {u'} which converges, in &!(R), to a limit ue C!(R). But this implies
that the sequence {ul{’} also converges to u,, uniformly on every compact set.
Obviously, the limit u is a solution in C2(R) N W$(R) of (3.6) which satisfies (3.8).
Hereby the proof of Proposition 3.2 has been completed.

The next proposition is a refined version of a result of Crandall [2] (Corollary
2.1, p. 121) and is a core in our proof of Theorem 3.1.

ProposITION 3.3. Let f: R—R be continuous and u, ve C3(R)n W$(R)
satisfy (3.7), where e>0. If h, g€ WP(R), then

(3.9 lux=vellLsy < A= gxllLry+ 41 —gllwo
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for every compact interval I1=[a, b].

Proor. First step. Let feCY(R)N WP(R). Define o; by o=}, where
@, is given by (2.2). Let ¢, C(R) be defined by

1 inside I
om(X)= 0 outside I,
l linear elsewhere,
where we have set I,=[a—1/m,b+1/m] (m=1,2,.). Then w=u,—v,
satisfies

w+ (f(ux) _f(vx))x —EWy = hx —YGx-

Multiplying the above by a(w)¢,, and integrating we have
(10 [ (Wt (FW) = @A) — Wt OB}

< ”hx_gx”L‘(lm)9

since |o(w)| <1 and 0< ¢, <1.
Each term on the left-hand side of (3.10) can be estimated from below in the
following manner:

(3.11) g wa,(w)gamdng woz,(w)dx—»& Iwldx=|wllL1(r as |- o
R 1 1
by using the oddness of ;. Integration by parts yields

[ (f@) =@ aWgndx

= — th(f (ux) _f(vx))a'l (W)Wxgo,,,dx - SR(f(ux) _f(vx))al(w)¢;ndx

where Q,={xe€l,; |u(x)—v(x)| <1/} and we have used the fact that aj(w)=0
outside Q,. For the first term we note that

[f(u) = f W) SUf Nl —0ul < [If ' Nleos xEQ,.
Hence, by the bounded convergence theorem,

(12 timsup|{ (F@)=f@Iw.pudx] I 1] wildx,
15d") om Q2

where Q=n,2,. But u,=v, a.e. on Q implies w,=(u,—v,),=0 a.e. on 2 and
the integral on the right is zero. Next, by using (3.7) and Proposition 3.1 (i),
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we have

G139 = Jw) =D endx = —4lh=gll,—e] wamends,
since |a(w)| <1 and S |pmldx=2. Integration by parts again yields
R
(3.14) —sS Wt W)pmdx
R

=sS wlay(w)pdx + ag w o, (W)phdx > ag w0 (W)ehndx,
R R R

since o} >0.

Using (3.11)-(3.14) in (3.10) and letting I, m— co we obtain (3.9).

Second step. Let f €C and {f;} be a sequence of C! functions given in the
second step of the proof of Proposition 3.1. Then, by virtue of Corollary 3.3
and what was shown in the second step of the proof of Proposition 3.2, it is easily
seen that the sequences {u'}, {v'} of solutions in C2(R) N W¢(R) of the equations

u +fl(ux) U= h’
v +fl(vx) — U =9g

converge, in & 1(R), to u, v of solutions in C2(R)N W$(R) of (3.7) respectively.
Now, by the result of the first step,

”u:'c_valc”L‘(I)S Ilhx—gxllL1(1)+4”h—g”oo

and hence, letting [— oo, we obtain (3.9). The proof is complete.
An immediate consequence of Proposition 3.3 is:

COROLLARY 3.5. Under the assumption of Proposition 3.3, let ue C?(R)
N W$(R) satisfy (3.6), where e>0. If he W?(R), then

(3.15) llux(x+y) = u |1y
Shx+y) = ho() L1y +4 1Al |yl
for every compact interval I and every yER.

ProoF oF THEOREM 3.1. Choose a sequence {f;},&; of C! functions such
that f(0) =0 and {f,} converges to f uniformly on compact sets. Given h€ WP(R),
let u'e C2(R) N WP(R) be the unique solution of the equation

u+filu)—1/Du,,.=h, —oco<Xx< 00,

guaranteed by Proposition 3,2 and Corollary 3.3. Then the estimates (3.8) and
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(3.15) imply that {u'} is precompact in &°(R) and {ul} precompact in L,!.(R).
Hence we can find a subsequence {u!(} of {u'} and a ue W(R) such that u!®
—uin £°(R) and {ul®} converges a.e. and in L{,.(R) to u,. We denote this
convergence in WP(R) by —», u!)—»u. It is obvious that the limit u enjoys the
properties (3.3) and (3.4).

We shall show that the limit u satisfies (3.1) a.e.. To see this, let o € CF(R).
Multiplying the equation satisfied by u! by ¢ and integrating we have

[ (@ +ne+)putedx=| hodx.

Letting | tend to oo through the subsequence {I(i)} and using the convergences
u'Wsy and f;—f uniformly on compact sets, we obtain

[ wrs@opdx={ hods,

since S ulep.dx is bounded in [ by (3.8). But this implies u+f(u,)=h a.e., since
R

o€ CY(R) is arbitrary.

It remains to show that ue D(4,) and u+ Agqu=~h. In doing this, we shall
proceed exactly in the same way as in the proof of [2, Corollary 2.2]. First we
note that both u and f(u,) lie in WP(R), since f(u,)=h—ue W¢(R) by (3.8).
To prove (2.1), let o= CF(R) and &: R—R have a piecewise continuous second
derivative. Multiply the equation

u)lc+f’l(uylc)u:lcx—(1/l)u)lcxx=hx, —o<x <,

satisfied a.e. by ul by @'(ul)ep and integrate over R. After some integration by
parts we find

[ {uror@ho— (@ @hfiwh-o w0 00,
+([= 07 ()71 Yoot (1D(@ (b lulsl2e

—0(uhpebdx={ ho whpdx

for every keR. Assuming ®#” >0 and ¢>0, we find that the term involving
@" (ul)|ul|?¢ is nonnegative. Moreover, g d(ul)p,.dx is bounded in I by
(3.8). Thus, letting I— o through the subsequence {I(i)}, we obtain

k

[, fuowde—owasaet(§ 070 1ds )oufdx < noypds
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for pe C3(R), ¢=>0and keR. Next choose &(s)=®,(s—k) where P, is given
by (2.2) and let [-»>o0. Then, since

S:"qs" (5)f (s)ds—signo(u, — k) f(K),
this yields

[ signous— L W) = () +(he = )p1dx 20

for every o= Cg(R) such that ¢ >0 and every ke R. Hence, according to
Definition 2.1, ueD(A,) and h—u=A,u. The proof of Theorem 3.1 has been
completed.

Let u: R—R be measurable. We shall denote by sign u the set of all meas-
urable a: R—R such that |a(x)| <1 a.e. and a(x)u(x)=|u(x)| a.e.. Notice that
sign, u sign u.

LeMMA 3.3. Let {u*} and u be measurable functions on R such that u*—u
in L1(S), where S is a measurable subset of R. If ak& signu*, then there is a
subsequence {o*®} and acsignu (depending, perhaps, on S) such that {a*®}
converges to o in the weak-star topology on L*(S).

Proor. This follows easily from the fact that (L1(S))* =L*(S).
Proceeding in the same way as in the proof of [2, Proposition 2.1] and using
Lemma 3.3, we can prove the following:

LeEMMA 3.4. Let feC and uyeD(A,). Then, for each = Cg(R), there
exists an asign(u,—v,) (depending, perhaps, on ¢) such that

(3.16) [ (=Dt (0= 2)0}dx 20,

where we set w=f(u,) and z=f(v,).

ProoF oF THEOREM 3.2. We shall begin with the proof of (iii). Let I
=[a, b] be any compact interval and {¢,,} be a sequence of piecewise C! functions
given in the proof of Proposition 3.3. Using Lemmas 3.3 and 3.4 in the obvious
way, we can find a sequence {a™}Csign (u,—v,) such that (3.16) holds for every
pair of p=¢,, and a=a™. Now let K be a constant such that both K> |ju,|l.,
and K > ||v4|l, hold. Then, since

|{ (@)~ @Nendx| <4 sup P,
R IpI<K

we obtain by letting m— oo and using Lemma 3.3 again
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g a(w—z)dx > —4 sup | f(p)|
I |pI<K

for some aesign(u,—v,). But this shows that

{ 1n—gddx= ot —gax={ atu,—vax+{ atw,—z)ax
I I I

2 Ju,—o.ldx—4sup) 1(p)
1 IpISK

and hence, by the arbitrariness of I, u,—v,€L'(R) if h,—g,=L(R).
It remains to prove ||u,—v,|l; <|lh,—g,ll;- To do this, let {f,} be a sequence
of C! functions such that

) —fD)I <1k (k=1,2,.)

for every p such that |[p|<K. Choose a function k€ C%(R) such that x>0 and
k(s)=1 for |s|<1. Set o(x)=x(x/l) in (3.16), let >0 and use Lemma 3.3 in
the obvious way to find that there is an asign(u,—v,) such that

SRa(wx— z)dx > —2[k)|x’||,

for every k, since f,(u,)—fi(v))€ L'(R) and
[ 2@ =Au) = (@I =i oudx| <@,
(«'esign(u,—v,) is determined by ¢(x)=x(x/l)). Thus, letting k—oo yields
SRa(wx —2)dx>0

for some aesign(u,—v,). But this implies, as before, the estimate |ju,—v||;

< ”hx_gxul
Now the proof of (i) and (ii) can be carried out as follows: From (iii) it follows
immediately that u, ve D(A,) are unique generalized solutions of the equations

u+Agu=nh, v+Agv=g

respectively. Hence, by what was shown in the proof of Theorem 3.1, u, v can
be obtained as limits of solutions u!, v* in C2(R)N W$(R) of the equations

u +f(ux) - (l/l)uxx = ha
v +f(vx) - (lll)vxx =4

as |- oo through a suitable subsequence {I(i)}. Since u'V—»u, v'D»p in WP(R),
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Proposition 3.1 can be used to prove (i) and (ii). The proof is complete.

4. The semigroup of contractions associated with (CP).

The Cauchy problem (CP) consists of (DE) and the initial condition
(I u(x, 0)=ux), —oo<x<oo,

where u® is a given function on R.

It is assumed throughout the section that f: R—R is merely continuous and
satisfies the normalization (3.2), for this can always be achieved by introducing
the new unknown i =u +f(0)t.

We shall choose L®(R) as the Banach space associated with (CP) and regard
the function u in (DE) as a map: [0, oo)tu(-, ) L*(R). Let A be given
by Definition 2.2. Then (CP) can be rewritten in the abstract form

(ACP) Ay 4us0,  u(0)=u®
(Note that A may be multi-valued for general f).

In order to apply the abstract theory to (ACP), we shall state the generation
theorem of Crandall and Liggett [3] in a form suitable for our later use. Let
X be a Banach space and A be an operator in X (which is allowed to be multi-
valued). A is said to be accretive in X if

ll(u +Aw) = (v+22)[| =2 [[u — ]|

for >0, u, ve D(A), we Au and z € Av, where ||-|| denotes the norm in X. For
2>0, let D,=D(J;)=R(I+AA), J,=(I+AA)"! and A,=21"1(I-J,;). Set 2
= U >o( N g<1<<D;) and define, if 2 2 D(A),

D(A)={ve 2; |Av|< o},
where we have set for ve 2
|Av|=1lim||4,v]].
Al0
The following generation theorem is a combined version of [3, Theorem I]
and [4, Proposition 2.3].

GENERATION THEOREM. Let A be an accretive operator in a Banach
space X. If R(I+AA)> D(A) for all sufficiently small positive 1, then

(4.1) lim<I+;—A>_nu°

n—*o0
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exists for u®cD(A) and t>0. Moreover, if S(u® is defined as the limit in
(4.1), then S(¥) is a semigroup of contractions on D(A):

(i) We have S(t): D(A)—D(A) for t>0; S()S(t)=S(t+71) for t, t>0;
IS(yv—S(E)w|| < |lv—w|| for v, we D(A) and t>0; S(0)=I and S(f)v is continuous
in (t, v).

(i) If ve D(A), then S(f)v is Lipschitz continuous in t on every compact
interval.

(iiiy For each >0 and u® € D(A), the problem

J e~ 1 (wi(t) — us(t —e)) + Au®() 20, t>0,
4.2)
1 ui(t)=u?, t<0
has a unique solution u®(t) on [0, o) and limu®(t)=S(t)u® uniformly in t on
el0

compact sets.

We have to verify the hypotheses of the Generation Theorem for the A of
Definition 2.2. First we make the following:

ReMARK 4.1. If ue D(A) and we Au, then both u and w are bounded and
uniformly continuous functions on R.

Proor. This is obvious, since A4 is the closure of 4, and ve D(4,) implies
v, AgvE WP(R).
From Theorem 3.2 we easily have:

ProposITION 4.1. Let f: R-»R be continuous. If u, veD(A), we Au
and z € Av satisfy

u+iw=h, v+1iz=g,

where A>0, then:
(i) A is accretive in L*(R), i.e., we have

lu—vlle<[h—gllo

(i) If g=h, then v>u.

In what follows, BU(R) denotes the closed linear subspace of L*(R) consist-
ing of all bounded and uniformly continuous functions on R.

Now we shall give another definition of generalized solutions for (3.1).

DEeriNiITION 4.1. Let h € BU(R). Thenus BU(R) is a generalized solution
of (3.1) provided us D(A) and heu+ Au.

It follows from Theorem 3.1 that R(I + A4) =BU(R) for 2> 0, since R(I +A4,)
=W%(R) is dense in BU(R) and A is the closure of 4, (Note that R(I+AA) is
closed for A>0 when 4 is closed and accretive). Clearly, we have D(4) < BU(R).
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Therefore we have proved the

THEOREM 4.1. Let f: R—>R be continuous. Then the operator A of Defini-
tion 2.2 satisfies the assumptions of the Generation Theorem. In particular,
u=(I+A)"th is the unique generalized solution of (3.1) for he BU(R).

COROLLARY 4.1. Let f: R—>R be continuous and strictly monotone. If
f(R)=R, then u=({I+A)"'h is the unique solution in C'(R)N W?(R) of (3.1)
for he BU(R).

With the next proposition the construction of our semigroup is complete.

ProposITION 4.2. If f: R—>R is continuous, then D(A)=BU(R).

Proor. It suffices to prove that C2(R) N W$(R)c D(A), since C2(R)N W$(R)
is dense in BU(R). Let ue C2(R)N W%(R) and {f,} be a sequence of C! functions
which converges to f uniformly on compact sets. Set

u +f(ux) = ha u +fl(ux) = hl'

Since he BU(R) and h,€ W?, it then follows from Theorems 4.1 and 3.1 that
there are a unique v € D(A) such that v+w=h for some we& Av and a unique v'e
D(A,) such that v' + Aqv* =h,. By Proposition 4.1 (i) we have ||[v! —v||, < ||l — k]l
and so v'—>v in L®(R) as |- oo, since h;—h=f(u,)—f(u,)—0 in L*(R). Now,
let I be any compact interval. By using what was shown in the proof of Theorem
3.1 it is seen that for each [, there is an integer k([) such that k(I)>1 and the unique
solution v*(Pe C2(R)N WP(R) of the equation

v+£i(vx) = (kD)o =h,

satisfies [[v*")—v'||,.;y<1/l. But then Proposition 3.2 (i) yields that |[v*¥()—ul|,
<(1/k(D))||txell0> since ue C2(R)N WP(R) satisfies the equation

U+ fi(ux) — (U k(D)= by — (1 k(D)

Hence the sequence {v*V}%2, converges to u as well as to v uniformly on I so
that, by the arbitrariness of I, we have u =v on R. Consequently, w=f(u,), which
shows that u=D(A) and f(u,)= Au. The proof is complete.

According to Theorem 4.1, Proposition 4.2 and the Generation Theorem,
a semigroup of contractions S(#) on BU(R) is determined by the operator A.
Concerning the properties of this semigroup, we have first the

THEOREM 4.2. Let f: R—R be continuous and S(t) be the semigroup of
contractions on BU(R) obtained from A through the Generation Theorem. Let
u, vEBU(R) and t>0. Then:

(i) If yER, then
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sup|S(t)v(x + y) — S(H)v(x)| < suplv(x + y) — v(x)|.
xeR xeR

Moreover, if ve WP(R), then S(tjve WP(R) and

ISl <lPllo, NSOl < lVxlle

(Note that the normalization (3.2) is assumed).
(ii)) If v=>u, then S(Hv=>S(t)u.

Proor. The solution u®(t) of (4.2) is given by u®(t)=(I+eA) [*/21~ 140,
where [t/e] is the greatest integer in t/e. Since 11mu”(t) S(t)u® uniformly in ¢
on compact sets, the proofs of (i) and (ii) follow 1mmed1ately from Proposition
4.1 (i) and (ii). The proof is complete.

Kruzkov [6] treats (CP) in the case where f: R—R is continuously differenti-
able and «° is a Lipschitz continuous (and not necessarily bounded) function
on R, and establishes the existence and uniqueness of certain generalized solutions.
A Lipschitz continuous function u(x, t) on R x [0, o) is called a generalized solu-
tion of (CP) if: 1) u satisfies (DE) a.e. as well as (IC); 2) for every ¢(x, ) CF(R
x (0, T)) such that ¢ >0 and every kR and T>0, we have

[t Kl +signo(un,— W) — 0], Jdxdr 20,

where the derivative u, is continuous in x in the L!-norm on every compact interval,
uniformly with respect to t[0, T]. Below we shall show that the semigroup
S(#) obtained above provides a generalized solution S(#)u® of (CP) in the sense
of Kruzkov if u° lies in W$(R) and its derivative u? is continuous in the L!-norm
on R. If feC!, the hyperbolic character of (CP) and Theorem 4.3 below can
be used in the usual way to deduce the existence of generalized solutions
of Kruzkov’s type for Lipschitz continuous (and not necessarily bounded) func-
tions u®°.

A measurable function v on R is said to be continuous in the L'-norm on
R if there is a positive number é depending on v such that v(x + y)—v(x) e L'(R)
for every y with |y|<é and

limg |o(x+ y) — v(x)] dx =0.
|y|»0JR

Notice that v L1(R) is continuous in the L!-norm on R.

THEOREM 4.3. Let f: R—>R be continuous and S(t) be the semigroup of
contractions on BU(R) obtained from A through the Generation Theorem.
Let ve WP(R). If the derivative v, is continuous in the L'-norm on R, then:

(i) If |y| <o, where d is a positive number depending on v, then
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[ Js@00x+3) = (SO0 < o) =00

for every t=>0.
(i) S(H)v(x) is Lipschitz continuous on R x [0, o) and satisfies (DE) a.e..
(iii) We have

[0 {10000~ Kigr+signo(Sx)— )

x LA(S((x)).) —f(K)] o }dxdt >0
for every ¢(x, )€ CZ(Rx(0, T)) such that ¢ >0 and every kR and T>0.

Proor. Let ve WP(R) and u¥(t) satisfy

e~ Y(ur(t) —us(t —e)) + Aou(t) =0, >0,
4.3) {

us(t) =v, t<0.
Then u®(t)=(I +¢Ady)1#/¢1-1p for t>0 and, by Theorem 3.2 (i),

4.4) @l <IPlles  H@HO)xllo < lloxlla

for t>0. Next we note that W*(R)c D(A). Indeed, if ve WP(R), thenu=J,v
satisfies u+AAou=v and so Av=A"1(I—-J,)v=Aqu=f(u,) for A>0 (cf. Defi-
nition 2.1). Hence we have ||4A Av||m|<sup| f(p)| for A>0, which implies v & D(A).

Therefore, according to the Generation Theorem (i), S(t)v is Lipschitz continuous
in t on compact intervals.

Now, let v, be continuous in the L!-norm on R and u?(x, t)=u®(f)(x). It
then follows from Theorem 3.2 (iii) that ui(x+y, t)—us(x, )€ L}(R) and

(4.5) S e (x+p, D) —us(x, t)ldx<g 04X+ y) —0,(x)|dx

for every t>0 and every y with |y| <d. For each fixed ¢ >0, the sequence {(u%(f)),}
must converge in L}, (R) to (S(¢)v), as ¢ | 0, since u*(t)— S(t)ve W(R) in L*(R)
as ¢ 0 and {(u%(?)),} is precompact in L}, (R) by (4.4) and (4.5). Thus, letting
¢ 01in (4.5), we easily obtain (i) for ¢t >0.

By Definition 2.1, u®(t) satisfies the equation

(4.6) &~ 1 (u*(t) —u*(t — &) +f(u*(1)) =0

for t>0. Let T>0. Since S(¢)vis Lipschitz continuous for 0<¢t<Tand S(t)ve
W2(R) for every t >0, S(¢)v(x) is (totally) differentiable a.e. on R x [0, T]. More-
over, by what was proved above, {(u%(?)),} converges in L}, (R) to (S(f)v),ase | 0
for every t >0 so that, by the bounded convergence theorem, we find that (u%(¢)),—
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(S(t)v), in L{,, (Rx [0, T]) as & L 0. Therefore we can find a subsequence {&(i)}
such that {(u®()(t)),} converges a.e. and in L{,, (R x [0, T]) to (S(?)v), as &(i) { 0.
Multiply (4.6) by ¢ € CY(Rx (0, T)) and integrate over R x [0, T]. Integrating
by parts and letting ¢ | O through the subsequence {&(i)} yield

S :SR{ —(S(D0)e,+f(S(t)0) ) }dxdt =0,

which can be rewritten as

[.1, {swo)+fs@r) ) pdxdr=0.

But this implies that S(f)v(x) satisfies (DE) a.e. on Rx(0, T). Since T>0 is
arbitrary, S(t)v(x) satisfies (DE) a.e. on Rx (0, o), which in turn shows that
S(t)v(x) is Lipschitz continuous on R x [0, ) by Theorem 4.2 (i). The proof
of (ii) is complete.

It remains to prove (iii). To do so, we shall follow the proof of [2, Theorem
1.2 (ii)]. By Definition (2.1),

“.7) [ (signo(usx, =B Cx, ) =10 ]paCx, 1)

+e" (ui(x, t —e)—ul(x, t))signg(ui(x, t) —k)o(x, t)}dx >0

for every ¢(x, t) eC%(Rx (0, T)) such that ¢ >0 and every keR. Let h¥(x, 1)
=(ut(x, t)— k)signg(ué(x, t)—k). Integrating (4.7) over 0<t<T we have

(48) {1, tsignotuse, = O fusce, )= ostr, 1
e 1(ho(x, t—e)— hi(x, D)p(x, 1)}dxdt >0,
since
(ue(x, t—e)—us(x, t))signy(us(x, t)—k) <h®(x, t —&)— h¥(x, t).

The second integral tends, as is easily verified, to

[0 15000~ Kl x, Daxas

as ¢} 0, since ui(x, t)—(S(t)v(x)), in L{,.(Rx[0, T]). Hence the inequality (iii)
is obtained by letting ¢ | 0in (4.8). The proof of Theorem 4.3 has been completed.

ReMARK 4.2. If v € WP(R), we have seen above that S(f)v(x) is Lipschitz
continuous on R x [0, T] for every T>0. Thus S(f)v(x) is (totally) differentiable
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a.e.on Rx (0, o). Itis most probable that the semigroup S(¢) provides a general-
ized solution S(#)v of (CP) for ve WP(R). However, we have not as yet succeeded
in proving this conjecture without assuming the continuity of v, in the L!-norm
on R.

References

[1] M. M. Belova, On bounded solutions of nonlinear differential equations of second order,
Mat. Sbornik, 56 (98) (1962), 469-503.

[2] M. G. Crandall, The semigroup approach to first order quasilinear equations in several
space variables, Israel J. Math., 12 (1972), 108-132.

[3] M. G. Crandall and T. M. Liggett, Generation of semigroups of nonlinear trans-
formations on general Banach spaces, Amer. J. Math., 93 (1971), 265-298.

[4] M. G. Crandall and A. Pazy, Nonlinear evolution equations in Banach spaces, Israel
J. Math., 11 (1972), 57-94.

[5] Y. Konishi, On u,=u,,—F(u,) and the differentiability of the nonlinear semigroup
associated with it, Proc. Japan Acad., 48 (1972), 281-286.

[6] S. N.Kruzkov, Generalized solutions of the Cauchy problem in the large for nonlinear
equations of first order, Dokl. Akad. Nauk SSSR, 187 (1969), 29-32.

[7] , First order quasilinear equations in several independent variables, Mat. Sbornik,
81 (123) (1970), 228-255.

[8] T. Kusano, On bounded solutions of elliptic partial differential equations of the second
order, Funkcial. Ekvac., 7 (1965), 1-13.

Department of Mathematics,
Faculty of Science,
Kobe University





