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It is well known as Weierstrass theorem that for each point P on an algebraic
curve C of genus g =1 defined over a field of characteristic 0, there are exactly
g natural numbers (gaps) n,, n,,..., n, such that there is no function on C whose
pole divisor is precisely one of n;P, and moreover, these gaps are 1, 2,..., g for all
but a finite number of points. The exceptional points are called Weierstrass
points. In his paper [8], F.K. Schmidt tried to generalize the notion of
Weierstrass points to the case of characteristic p>0. Noting that Weierstrass
points are closely related to the ramification divisor of the canonical system of C,
he first introduced the notion of Wronskian determinants by means of iterative
higher derivations and succeeded in constructing a general theory of Weierstrass
points for an algebraic curve defined over a field of characteristic p>0. His
theory presents a striking contrast to the classical case; namely there appear special
curves whose ordinary points may have non-classical types of gap sequences.
As an illustration of the general theory, he determined distributions of gaps
at ordinary points in case of genus 3 or 4, and gave examples of algebraic curves
with non-classical types of gap sequences ([8] § 6).

The purpose of this paper is to determine precisely the family of algebraic
curves of genus 3 or 4 whose ordinary points have gaps different from the classical
ones.

In §1, for the later use, we shall summarize some results on iterative higher
derivations and Wronskian determinants of the canonical system on C. It was
proved in [8] that if ordinary points on C of genus 3 defined over an algebraically
closed field k have non-classical types of gap sequences, then the characteristic of
k must be 3. In §2, we shall show that moreover C is birationally equivalent to
the plane curve

V]+y—xt=0.

This example was given originally in [8]. In §3, we shall give a classical fact
that every non-hyperelliptic curve of genus 4 has a trigonal linear system, i.e.
a linear system of dimension 1 and of degree 3 (Th. 2 and its Cor.). Moreover
we shall analyze equations of curves of genus 4 having trigonal linear systems and
non-classical types of gap sequences. It was proved in [8] that if ordinary points
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on C of genus 4 defined over an algebraically closed field k have non-classical types
of gap sequences, then the characteristic p of kK must be 2 or 5. In §4 and §5,
we shall show that moreover (i) in the case of p=2, C is birationally equivalent
to one of the plane curves

x33+x34y3+1=0, Aek, L #0,1,

and the converse is also true, and (ii) in the case of p=5, C is birationally equiva-
lent to the plane curve

y+y—x2=0.

The last example was given originally in [8].

The author expresses his sincere thanks to Professor M. Nishi for his advise
to write this paper and other much encouragement, and to Professor H.
Yanagihara for his kindly criticism. By them, the present paper could be im-
proved in many parts.

§1. Preliminaries

We generally follow terminologies and notations of Schmidt [8] and Weil
[10], [11]. We denote by C a complete non-singular algebraic curve of genus
-g 22 defined over an algebraically closed field k of characteristic p, and we denote
by k(C) the function field of C over k. In the sequel, we understand that points
and divisors are always rational over k unless otherwise specified.

In this section, we summarize some results given in [2], [3], [7] and [8]
for the sake of later sections. For a point P of C, a positive integer n is called
a gap (number) at P, if there is no function x of C such that the pole divisor of x
is nP. The gaps of C are related closely with the Hermitian P-invariants of the
canonical system of C as follows. Let D be a canonical divisor of C whose com-
ponents are different from P, and let ¢ be a local parameter of C at P. Then there
exists a base {x, x,,..., x,} of the function space L(D) over k such that

Xy =ay + ayt+ apt? +-

(1) x2 —_ azthl + a21th1+1 + a22th+2 +,,,

X, = agthe-t + a the-1t1 4 g the-1%2 4 ...

where a;#0 for i=1,2,...,g, and O0<h;<h,<---<h,_;. We call this base a
Hermitian P-base of L(D). If we put

) n=h_;+1, i=1,2,...,9,
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where hy=0, then {n,, n,,..., n,} is the set of the gaps at P which we call the gap
sequence at P ([3], p. 492 and [8], p. 82). This can be verified by Riemann-Roch
theorem. From this fact, we know that {hy, hy,..., h,_,} is independent of a
canonical divisor D and a local parameter ¢, and it depends only on P. We call
ho, hy,..., hy_ the Hermitian P-invariants ([8], p. 81). For every point P on a
non-hyperelliptic curve, as easily seen, we have

3) hy = 1.

Moreover these numbers have the following geometric meaning ([3], Ch. 26).
Let A be the canonical system of C. Then there exist g divisors Dy, Dy,..., D,_4
with components different from P such that

(4) Do, 1P + Dy, hyP + Dy, by P+ D,_,

are contained in A. This follows easily from the definition of h;, Conversely,
suppose there exists a divisor D' with components different from P such that
hP+ D' is a positive canonical divisor. Then h is equal to one of h; as easily seen.
Therefore the Hermitian P-invariants are characterized in terms of canonical di-
visors using (4).

Next we shall give a brief account of an iterative higher derivation of K =k(C)
and a Wronskian determinant of the canonical system of C. Doing so, another
interpretation of the Hermitian P-invariants, and hence of a gap sequence would
be possible. Let x be an element of K such that K is separably algebraic over
k(x). We define maps D,*: K—K, v=0, 1, 2,..., as follows. Let P and Q be
independent generic points of C over k. Then the function field k(P)(C) of C
over k(P) may be identified with k(P, Q). For fe K, represent f(Q) e k(P)(C)
as a power series of a local parameter x(Q)—x(P) at P:

Q) =10 + 1:(x(Q) — x(P)) + n5(x(Q) — x(P))* +--

where 7,, v=0, 1, 2,..., are elements in k(P)~k(C). Hence we can put #,=
f)(P) for some f() e K. Define

Dif =fO), v=0,1,2,...

Then {D};v=0,1,2,...} is called an iterative higher derivation of K over k
([2], p. 217). 1t satisfies the following formulas: putting y(™ =Dy,

) 0 + 20 =y + 20,

(6) (yz)(") = y(")z + y("'l)z’ oot y'z(""l) + yz("),

(7) (YW)® = (#Z")ymw),
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® yo =y,

) c™ =0, for cek, v=>1.

Further it satisfies

(10) x=1,xM=0 for v=2.

It is known that D} is the unique iterative higher derivation of K over k satisfying
(10) ([2], p- 231). From these, we have ([2], p. 232), for a power series expan-
sion y=3 2, ¢, x* of ye K where yu, may be negative

v N

Now the definition of a Weierstrass point depends on the fact that except a
finite number of points, gap sequences of points on C coincide with each other.
This fact is proved by using a Wronskian determinant as follows ([3], p. 490 and
[81, p. 77). Let {x;, x5,..., x,€ K=k(C)} be a base of a function space L(D)
of a canonical divisor D, and let ¢ be a function in K such that K is separably
algebraic over k(f). Put

X1 X2 x,
(vy) (vq) (vy)
X X X
(12) At;v;,v;,...,vg_l(xla X25eees xg) = 1 2
x(Vg-i) xé"y-l) x("g-l)

where 0<v,;<v,<--<v,_; and x{¥=Dyx, We call v,=0, vy,...,v,_; the
orders of this determinant. Then the Hermitian P-invariants are also charac-
terized as the minimum system of orders hy, hy,..., h,_; in lexicographic order
among such systems of orders v4=0, v,,..., v,_; that, for a local parameter ¢ at
P and a canonical divisor D without P as a component, 4,,,, ., _ (X1,..., X,)(P)
#0. We define a Wronskian determinant A(x,,..., x,) of C as such a determinant
(12) that it has the minimum system of orders py=0, p;,..., g, in lexicographic
order among all non zero determinants (12). We note the minimum system of
orders y; is independent of a canonical divisor D, a base {x;} of L(D), and a local
parameter ¢, and is determined only by C. Here we have the following formula:
for each Hermitian P-invariants h, hy,..., h,_;,

(13) ho=po =0, hy 2 py, hy 2 ppseees hyoy 2 pys.

In fact, if we assume h,<pu,, then by the definition of orders of a Wronskian
determinant
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ED X, x, | x4 x, |
xi X3 Xy X} Xy
I = rank =s.
ank x(12) x§2) xf,” x(12) x;z)
Lxgﬂu—l) xg“a-l)...xglla-l)_d Lx(llls"l)..._x;lls"l)~

On the other hand, rank (x$);0.4,... 1. j=1,2,..,=5+1. Thisisa contradiction.

To determine exceptional points, we consider the following synthetic
ramification divisor (zusammengesetzte Verzweigungsdivisor) of the canonical
system of C ([3], Ch. 26, §3 and [&], p. 80)

(14)

It is known that the divisor V is independent of a canonical divisor D, a base
{x;} of L(D), and a local parameter ¢ ([8], p. 80). For a point P of C, select a
positive canonical divisor D without P as a component, a local parameter ¢ at P,
and a Hermitian P-base x; =1, x,,..., x, of L(D). Let hy=0, hy,..., h,_, be the
Hermitian P-invariants. Then, the order yp(V¢) in V¢ is equal to vp(4,(xy,..., X,))
and we have, by (1) and (11),

1

Ve = gD + div(4,(xy,..., X)) + (g + po + -+ p,— ) div(de).

azthl + sy,

h -
0 < 1)0 thi=m 4 ...
Hi/)* +

......

agt"v-l 4o

(5

a thg-l_lll +...
15 ) g

A (x4,... x5)

g—1
g—1

)agthg—l'ﬂg-l RN

&) &) )

Uy 13 131
w G - Gs)

= | \K2 K2 Bz ) |G2@3--ag® + Byt +eee
) GG
#g-l Hg-1 Au'y—l

where e=Y 9Z}(h;—u;) and B, ek for vze+1 ([3], p. 456).

This means

(15)  yp(Vo) 2 (hy — py) + (hy — p3) +-++ (hy—y — py-1), ([81, p. 82)

where the equality holds if and only if

(16)

det [

h;
Hj

)} £0.
i,j=1,2,...,9—-1
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In particular, P is a component of V¢ if and only if the Hermitian P-invariants
ho, hy,..., hy_; are different from the orders puo, uy,..., g, of a Wronskian
determinant of C. Put

(17) m1=[,l,0+1, m2=[l1 +1,..., ma=ﬂg_1+1.

Then a point of C with the gap sequence m,, m,,..., m, is called an ordinary point
of C and a non-ordinary point is called a Weierstrass point. In other words P
is a Weierstrass point if and only if P is a component of V.

As for the orders po=0, py,..., i, of a Wronskian determinant of C, the
following facts were proved by F. K. Schmidt in [8].

THEOREM A ([8], Satz4 and [7], Satz 6). Let pu; be one of orders of a
Wronskian determinant of C. If the characteristic p=0, all non-negative
integers u not greater than y; are also orders of a Wronskian determinant. In
the case of characteristic p>0, if y=ao+ap+---+ap® with 0<a;<p—1,
then all non-negative integers p=co+cp+---+c,p* with 0=c;<a; are also
orders.

For later applications, we state the following Lemma used in the proof of the
above Theorem A.

LemMmA B ([7], Hilfssatz 3). For natural numbers p and v, the binomial
coefficient (;) is not divisible by a prime number p if and only if the p-adic

coefficients of u are respectively not greater than those of v.

By Th. A in the classical case of characteristic p=0, the gap sequence at
ordinary points of C is 1, 2,..., g. We also know, in a hyperelliptic curve of any
characteristic, ordinary points have the classical type of gap sequence {1, 2,..., g}
({81, Satz 8). Moreover, we have, as to u,; of orders of a Wronskian determinant
for any curve ([8], Satz 5),

(18) uy =1

As for the existence of curves whose ordinary points have non-classical types
of gap sequences, F. K. Schmidt gave very nice examples ([8], Satz 9) and he
proved by Th. A the following

THeoREM C ([8], Satz 6). If a curve of genus g defined over an algebrai-
cally closed field of characteristic p>0 has a non-classical type of gap sequence,
then we have

p+1=2g9-2

From these theorems and Riemann-Roch theorem, we obtain the following
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possibility of non-classical types of gap sequences at ordinary points for curves

of genus 3 or 4 ([8], p. 95):

(19) g=3p=3:1,24

(20) g=4p=2:1,2735,
21) g=4p=3:1,2,4,5,
(22) g=4 p=5:1,23,6.

But (21) does not occur by the following

TurorEM D ([8], Satz 10). On a curve of genus 4 defined over an alge-
braically closed field of characteristic 3, ordinary points have the classical type
of gap sequence {1, 2, 3, 4}.

For (19) and (22), F. K. Schmidt constructed examples defined by the
equations respectively

(23) yP+y—x*=0 and

24) Pi4+y—x3=0

which are special cases of the above mentioned general examples with non-
classical types of gap sequences at ordinary points.

§2. The case of genus 3

In this section, we shall prove that a curve C defined over k of characteristic
3 which is birationally equivalent to the plane curve (23) is essentially the only
possible one of genus 3, whose ordinary points have a non-classical type of gap
sequence.

Let C be a non-hyperelliptic curve of genus 3 defined over an algebraically
closed field k. Suppose ordinary points of C have a non-classical type of gap
sequence. Then by (19), the characteristic of k must be 3 and this gap sequence
must be 1, 2, 4, and hence the orders of a Wronskian determinant of C are 0, 1,
3 by (17). For every Weierstrass point P, the Hermitian P-invariants must be
0, 1, 4 by (3), (4) and (13). And since we have

OO
)G

yp(Vo)=1 by (15) and (16). On the other hand, we have deg(V.)=28 by (14).
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Therefore there are 28 Weierstrass points on C. Hence, let P; and P, be two
Weierstrass points; then I(3P;)=2, I(4P;)=3 for i=1, 2 and hence 4P, and 4P,
are canonical divisors. Let P, +P,+Q;+Q, be a canonical divisor. Then
there exist functions x and y in K= k(C) such that

(25) div(x) =P, + Q; + Q, — 3P, and div(y) = 4P, — 4P,.

Here, since Hermitian invariants of P, and of P, are 0, 1, 4, we have P;#Q); for
each i=1,2 and j=1,2 by (4). Since [K: k(x)]=deg3P,=3 and [K: k(y)]
=deg4P, =4, we have K=k(x, y). Let f(x, y)=0 be an irreducible equation for
x, y. Let C’ be the projective plane curve defined by f(x, y)=0 and H a hyper-
plane defined by a generic equation ax+by+c¢=0 over k. Then the degree of
the intersection H - C’ is equal to the degree of the zero divisor of ax+by+c and
hence of its pole divisor on C. Therefore f(x, y) must be of degree 4. Since x
and y are finite, and hence integral, over k[y] and k[x] respectively, we can put

fx, ) = x* + 9,0)x3 + y,(0)x% + y3(0)x + 74(») = 0

where y,(y)ek[y] for i=1, 2, 3, 4, degy; <2, and degy,=3. Here, the coeffi-
cient of yx3 must be zero because yx3 is the only term with least vp (yx3).
Moreover, since x=0 must be the quadruple root of f(x, 0)=0 by (25), we have

(26) f(x, ¥) = x* 4+ ayx? + (b, y? + byy)x + coy® + ¢,y + ¢y

where a, b; and c; are in k. Replacing y by ci/3y, we may assume co=1. It
is sufficient to show that a=b,=b,=c,;=0 because the curve x*+y3+cy=0
is birationally equivalent to the plane curve y3+y, —x$=0 by the transformation
x=(—c)3/8x,, y=c'2y,.

{1, x, y}isclearly a base of L(4P,). Since, in (25), Q, and Q, do not coincide
with P,, x is a local parameter at P,. Let D} be the iterative higher derivation of
K with respect to x and put y("=DYy. Since the orders of a Wronskian de-
terminant of C are 0, 1, 3, we have

1 x y
A2, x,)=10 1 y |=yp@=0.
00 y(z)

If we operate D2 on the equation (26), then we have from y?)=0
27 a2y'x + y) + by ((y')*x + 2y'y) + byy' + ¢,(y')* = 0.
On the other hand we have from (25)

div(dy) = 3P, + D — 5P,
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where D is a positive divisor of degree 6 and its components are different from P,
and P,. If Pis a component of D, then, since dy is zero at P, we have

div(y — y(P)) = 2P + E — 4P,

where E is a positive divisor of degree 2 and its components are different from
P,. Assume that x— x(P) is not a local parameter at P. Then we have

div(x — x(P)) = 2P + P’ — 3P,.

Hence 2P+P'+P,~2P+E and so P'+P,~E. And hence, since C is non-
hyperelliptic, we have P'+P,=E. This is a contradiction. Therefore x—x(P)
is a local parameter at P. This implies that we can write dy=y’dx, and hence
we have y'(P)=0. Specializing (27) to P, ay(P)=0, and hence a=0. Expressing
y as a power series of a local parameter x at P,, we have by (25)

Y = cgx* + c5x5 4o
where ¢, #0, and hence by (11)
V' = c4x3 + 2cex* 4 o1
Putting these expansions into (27), we have b,=c;=b;=0. Thus we obtain

THEOREM 1. If an algebraic curve C of genus 3 over an algebraically
closed field k has a non-classical type of gap sequence at ordinary points, then
the characteristic of k must be 3, C is birationally equivalent to the plane curve

(28) y3+y_x4=0’
and C has the gap sequence {1, 2, 4} at ordinary points.

REMARK ([4]). The Riemann surface defined by the equation (28) together
with the Riemann surface defined by

X+ +1+30x2y2+x24+y9) =0

have 12 Weierstrass points. This number is least among non-hyperelliptic
Riemann surfaces of genus 3. By reduction mod 3, both surfaces coincide with
the curve in Th. 1.

§3. Trigonality of curves of genus 4

A non-hyperelliptic curve C of genus gg3.over an algebraically closed field
k is called trigonal if C carries a fixed point free, linear system g3 of degree 3 and
of dimension 1 ([1], p. 308). Since C is non-hyperelliptic, g} must be com-



380 Kaname KoMiyA

plete. This definition is equivalent to say that there exists a function x in K =k(C)
such that [K: k(x)]=3. We call g} a trigonal linear system. A point P such that
2P+P’ is in g} is called gi-special ([6]). Let D be a divisor in gi. If {1, x}
is a base of L(D) over k, then gi-special points are nothing but ramification points
of the covering n: C—»P! defined by n(Q)=(1, x(Q)) where P! is the projective
line over k with homogeneous coordinates (X, X;).

First we state the following classical fact ([3], p. 527) and give a proof for it.

THEOREM 2. A non-hyperelliptic curve C of genus 4 over an algebraically
closed field k of any characteristic is trigonal and C has at most two trigonal
linear systems.

Proor. First we shall prove that C is trigonal. Let P be a point of C such
that [(3P)=1. By Riemann-Roch theorem or (4), there exists a positive divisor
E of degree 3 such that 3P+ E is canonical. If the linear system |P+E| has a
fixed component, then C is trigonal. Hence we may assume |P+ E| is free from
fixed components. Therefore, there exists a function x in K=k(C) such that

div(x) = A — (P + E)

where A is a positive divisor whose components are different from those of P+ E.
By Riemann-Roch theorem, there exist functions y and z in K such that

div(y) = A’ — 2P + E) and div(z) = A" — 3P + E)

where A’ and A” are positive divisors whose components are different from P
and those of E. From [K: k(x)]=4 and [K: k(y)]=5 it follows K=k(x, y).
Let f(x, y)=0 be a defining irreducible equation of x, y and C’ be the affine plane
curve defined by this equation. We show that C’ must have multiple points.
In the space L(4P+2E),

1, x, y, z, x2, xy and y?

form a base over k as easily seen. Since xz € L(4P + E), we may put

(x — )z =1co + c1x + ¢,y + c3x? + cyxy + csy?
where ¢s#0. If zis in k[x, y], then, since [K: k(x)]=4 and y is finite over k[x],
we can write z uniquely in the form

z = Ao(x) + A;(X)y + A(x)y? + A3(x)y3

where A(x)ek[x] for i=0, 1, 2, 3, and hence we have (x—c)4,(x)=cs. This
contradicts c¢s#0. Therefore z¢ k[x, y]. On the other hand, z is finite over
k[x, y]. This implies C' must be not normal and hence singular ([5], p. 122).
Let p: C-C’ be the birational map defined by p(Q)=(x(Q), ¥(Q)), and let
Q’ be a multiple point on C'. Put {Q,, Q,,..., Q}=p"1(Q"). If we put
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x=x(Q"), B=y(Q)), then
div(x —o) = X5nQ,+B— (P + E),
div(y — p) = Xi-ymQ; + B’ — 2P + E)
where n;, m;=1 for i=1, 2,..., r and B, B'20. Since we have
(29) P+ Xiy(n; — 1DQ; + B~ Xi_y(m; — 1)Q; + B’

where P is different from Q,, Q,,..., Q, and components of B’, and deg(P+
> (n;—1)Q;+B)=5—r, we have clearly 1<r<3. If r=3, then (29) implies C is
hyperelliptic. This is a contradiction. If »=2, then (29) implies C is trigonal.
If r=1, expressing x—a, y— f by power series in a local parameter t at Q,:

Xx—a=at+a,*+- and y— B =>bit+ bt>+---,

we have a;=b,=0 by non-regularity of the local ring at Q' ([5], Ch. 8, 3).
Hence n;, m;=2 and so P+(n,—2)Q;+B~(m;—2)Q,+B’. Therefore C is
trigonal.

Now assume there exist three distinct trigonal systems on C:

g3 =ID|, h3=|D’| and kj=|D"|.

Let {1, x} and {1, y} be bases of L(D) and L(D’) respectively. Then 1, x, y, xy
are clearly linearly independent elements of L(D+D’), and hence by Riemann-
Roch theorem D+ D’ is a canonical divisor. By the same reason, D+D" is
canonical, and hence D’'~D”. This is a contradiction. Thus Theorem 2 is
proved.

CorROLLARY. Let C be a curve of genus 4. If C has two trigonal linear
systems g3 =|D| and hi=|D’|, then D+ D’ is a canonical divisor, and there is no
divisor P, + P, such that P, +P,+Pegland P,+P,+Qehl. If Chas aunique
trigonal linear system gi=|D|, then g} is half canonical, namely 2D is canoni-
cal.

Proor. In former case, we know D+ D’ is canonical by the proof of Th. 2.
Assume P,+P,+Peg} and P;+P,+Qehi. Then D+P,+P,+Q~P,+P,
+P+D’, and hence D+Q~P+D’. By Riemann-Roch theorem, we know (D
+Q)=2, and hence (D+ Q)=1(D). This implies Q must be a fixed component of
|D+QJ. Since we can assume the components of D’ are different from Q, this
leads to a contradiction. In latter case, from Riemann-Roch theorem it follows
that i(D)=1I(D)=2, and hence there exists a positive divisor E such that D+ E
is canonical. Then, also by Riemann-Roch theorem we know I(E)=I(D)=2.
Hence by uniqueness of g} it follows that E~ D, and so 2D is canonical.
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Returning to our case, here we prove the following

LemMMA 1. Assume that an ordinary point of a curve C of genus 4 defined
over an algebraically closed field k has a non-classical type of gap sequence.
If C has two trigonal linear systems, then the characteristic of k must be 2.
Moreover if 2P +P’ belongs to one of trigonal linear systems, P must be P’.

ProoF. Assume C has two trigonal linear systems g4 and hi. Let Pbea
point such that 2P+ P’ e g} and let D and D’ be divisors of g} and h} respectively
such that their components are different from P. Then P is not hj-special by
Cor. to Th. 2. Thus if P+P,;+P, is a divisor in h}, P#P, and P#P,. Hence
we have 4 canonical divisors:

30) D+D,P+P;+P,+D,2P+P +D" and 3P+P +P;+P,.

If P#P’, then Hermitian P-invariants must be 0, 1, 2, 3 by (4). This contradicts
the assumption that C has a non-classical type of gap sequence. Therefore
P=P’, and hence 3Peg}. A similar argument is valid for h}. As for charac-
teristic p of k, by Th. C and Th. D in §1 we have p=2or 5. Let {1, x} be a base
of the space L(D) over k. If Q is a component of the zero divisor of dx, then Q
is g}-special, and so by the above assertion, 3Q eg}. Hence by (30) where Q
takes the place of P, we know that the Hermitian Q-invariants are O, 1, 3, 4.
Assume characteristic p=5. Then by (22), the gap sequence at ordinary points
must be 1, 2, 3, 6, and hence the orders of a Wronskian determinant of C are
0,1,2,5. This contradicts h;=p; in (13). Therefore p=2. Thus Lemma 1
is proved.

Now we determine curves of genus 4 with two different trigonal linear sys-
tems.

PrOPOSITION 1. Let C be a curve of genus 4 defined over an algebraically
closed field k of characteristic p#3 which has two trigonal linear systems g}
and h}. If 3P e g} for each g}-special point P, then C is birationally equivalent
to a plane curve defined by an equation

fGe, ») = yo(x)y* + y:(x) =0

where yo(x) and y,(x) are polynomials in x of degree 3.
In particular, if we have also 3Q € h} for each hi-special point Q, then C
is birationally equivalent to a plane curve

31) f, M=x3+x3+)3+21=0, 1#0,1.

Conversely, a curve over an algebraically closed field k of characteristic
p#3 which is birationally equivalent to a plane curve (31) is of genus 4 and has
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two trigonal linear systems such that if 2P +P’ belongs to one of them, P=P’'.
PrOOF. Let
D=Q;+Q:+Q; and D'=Q}+ Q2+ Qj,

where Q;, Q,, Qs, Q}, Qj, Q3 are distinct each other, be divisors in g} and h}
respectively. - Let x and y be non constant functions in K= k(C) such that

(32)  div(x)=P, + P, + P, — D and div(y) =P, + P, + P, — D’

where P, P}, Q,, Q; for all i=1, 2, 3 are distinct each other. Then, by assump-
tions for gi-special points and D, we have

div(dx) = 236.,S; — 2D

where {S;, S,,..., S¢} is the set of all gi-special points. It is clear that {S;, S,,...,
S¢} is disjoint from {Q;, Q,, Q;}. Now we may assume P;=S; and Q;=S,
by Cor. to Th. 2. As k(x)#k(y), we have K=k(x, y). 16 functions x'y’ for
i, j=0, 1, 2, 3 clearly belong to the space L(3(D+D’)). As I(3(D+D')=15,
these functions are linearly dependent over k. Hence C is birationally equivalent
to a plane curve

(33) FCe y) = p0(X)y? + y1(x)p? + y2(x)y + 73(x) = 0

where y,(x) for i=0, 1, 2, 3 are polynomials of degree at most 3. Put o;=x(S;)
and B;=y(S, for i=1, 2,..., 6. Then we have

(34) div(x — o) = 3S; — D, i=1,2,..,6.

If B, is finite, then by (34), y=J; is a common root of f(x, y)=0,
0,f (@, ¥) = 3yo(@)y* + 2y1(0)y + y2(®) =0 and
03 (% ) = 3700y + 71() = 0

where a=o; and 0}: k[x, y]—-k[x, y] for v=0, 1, 2,... are the partial derivatives
defined by

(35) 03 Zamx™y™) = X} x>
Hence ; is also a common root of
0,f(, y) — yo3f (2, y) = y1(®)y + 7(0) =0 and
3f(a, y) — 2y0,f (2 y) + y*05f (@, y) = 2(0)y + 3ys(a) = 0.

Therefore, x=o; must be a common root of
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(36) 71(x)72(x) — 970(x)y3(x) = 0 and p3(x) — 3y,(x)ys(x) = 0.
If B; is infinite, then by (34), y~1=0 is a triple root of

Po() + P1(@)y™ + y2(0)y~2 + y3(e)y™3 =0,
and hence
Yo(e) = 1() = 2() = 0,

and so x=o; is also a common root of (36). Since S;=P} and S,=Q}, f,=0
and B, is infinite, and hence y;(x) for i=1, 2, 3 are divisible by x—a,, and 7,(x)
for i=0, 1, 2 are divisible by x—a,. Hence we can put

P3(x) — 39:(x)73(x) = (x — a)*(x — a,)p(x)

where y(x) is a polynomial of degree at most 3. But the equation y(x)=0 must
have four distinct roots a5, o3, o5 and . Hence the polynomial y(x) must be
equal to zero. Therefore

37 73(x) = 39:(x)73(x).

On the other hand, y;(x) must be squarefree and of degree 3. In fact, put
o'=x(P3) and o”"=x(P3). Then y;(x) is divisible by x—a;, x—a’ and x—ao”
by (32). If a;=0a, then div(x—a;)=P;+P3+P' —D for some point P’, and
hence Pj+P53+P egl. On the other hand, by (32) P;+P5,+P5ehl. But
by Cor. to Th. 2, this is impossible. Therefore a; #a’. Similarly we have o; #a”
and o' #a”. Therefore by (37),

71(x) = bys(x) and y,(x) = cys(x).
Since yo(0rs)=71(xs) =7,(0s) =0, we have y;(as)#0 by (33), and hence b=c=0.
Hence the polynomials y,(x) and y,(x) are equal to zero. Therefore
J(x, ¥) = 70(x)y? + 73(x).

Here we note that the covering 7: C—»P1 defined by n(Q)=(1, x(Q)) is ramified
over x=ao; for i=1, 2,..., 6 which are roots of y,(x)y;(x)=0 by (36). Therefore
degyo(x)=degys(x)=3. We also note that K/k(x) is a cyclic extension of degree
3 and y3 € k(x).

Moreover assume that 3P e h} for each h}-special point P. Then if we re-
place x by (x —a)/(x— B) for some « and B in k, we may put

fOe, y) =2+ a)y3 + c(x3 + b) = x3y3 + cx3 + ay? + ¢cb

as seen in the same way as the above. Here, since (x3+ a)(x3+ b)=0 must have
six distinct roots, ab#0 and a#b. Therefore replacing x by a'/3x and y by
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c!/3y, C is birationally equivalent to a plane curve defined by an equation (31).

Conversely, let C be a curve over k of characteristic p# 3 which is birationally
equivalent to a plane curve defined by (31). Since [k(C): k(x)]1=[k(C): k(y)]=3
and k(C)=k(x, y), C has two distinct trigonal linear systems and we can put

div(x) = X4 ,P;,— ¥,Q and div(y) = X,P; — X¥,Qi

Here since f(0, y)=y3+A=0, we know that P;#P; for i#j. And from the
equation y3+14+x73y3+Ax"3=0, we know that Q;#Q; for i# j. This implies
also that the covering n: C— P! defined by n(P)=(1, x(P)) is not ramified over
x=00. Let C’ be the affine plane curve defined by (31). From

fx, ) =3x%(y*+ 1) and f(x, y) = 3y*(x* + 1)

it follows that C’ is non-singular. Therefore n: C—P! is ramified exactly over
the values of x such that f,(x, y)=0, namely over the roots of (x3+1)(x3+1)=0.
Hence from (31), we know that = is completely ramified exactly at P, Pj, P3,
Qj}, Q5 and Q4. Therefore we have

div(dx) = 233-,P; + 223-,Q; — 22%,Q;.

From deg(dx)=6, it follows that the genus of C is 4. By symmetry of the equa-
tion (31) with respect to x and y, we know that the covering n': C—P! defined
by n'(P)=(1, y(P)) is also completely ramified at P, Q; for i=1, 2, 3. Thus our
Proposition is proved.

REMARK 1. Let C, be a curve over an algebraically closed field k of
characteristic p#3 which is birationally equivalent to a plane curve (31).
Then C,~C,. if and only if A’=A or A~1. In fact, we may suppose C,. is bira-
tionally equivalent to the plane curve x3y3+x3+y3+4'=0. Suppose C,~C;..
Let z, w in k(C,) be images of x,, y, in k(C,)) by an isomorphism k(C,)—k(C)).
Then we have

W34+ 23+ w34+ A =0.

Since [k(C,): k(z)]=[k(C;): k(w)]=3, we have k(z)=k(x) and k(w)=k(y), and
hence we can put

z = a1x+b1 and w= azy+b2

cix+d, cy+dy’
From the proof of Prop. 1, we know that the coverings n: C,—»P! and =n': C,
— P! defined by n(P)=(1, x(P)) and ='(P)=(1, z(P)) are completely ramified over
the roots of (x3+4)(x3+1)=0 and over the roots of (z3+4")(z3+1)=0 respec-
tively, and that the set of ramification points of = is equal to that of #’. Hence,
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if P is a ramification point of =, then (x(P)}+A)(x(P)}*+1)=0 and (z(P)?
+2)(z(P)}+1)=0. If x(P)*+A=0 and z(P)*+A'=0, then y(P)=w(P)=0 and
hence b,=0. In this case, since there exists another ramification point Q of =
such that x(Q)3+1=0 and z(Q)*+1=0, we have y(Q)=w(Q)=oc0, and hence
¢,=0. Therefore we may put w=by. By the same way, in conclusion, we may
assume that

z=ax, w=by or z=ax, w=by L

Thus putting these in (31), we obtain A'=A and A'=A1"1 respectively. Conversely
if A’=A"1, then by the transformation x,=z"! and y;=A"13w, we get z3w3
+23+w3+1=0, and hence C,~C,..

REMARK 2. The curves which are birationally equivalent to the plane curves
(31) for limiting values A=1 and A=0 become respectively reducible and elliptic.

Next we seek an equation of a curve of genus 4 with a unique trigonal linear
system.

PROPOSITION 2. Let C be a curve of genus 4 over an algebraically closed
field of characteristic p#3 which has a unique trigonal linear system gi. Let

D=2P+ P
be a divisor in gi. Then C is birationally equivalent to a plane curve
J 9) =y + X))y + (x — a)™(x — @)™ (x — a)"™ =0

satisfying the following conditions:
(1) oy#a; for i#j, and degy(x)<4.
(i) there exist P;, P; and P} such that
dive(x — o) = P, + P; + P/ — D, i=12,..s5,
dive(y) = mP’' + 5. mP; — E
“where 4P EZ2D and m is a non-negative integer which is 0 unless E=4P.
Moreover, if P;=P} for some i, then m;=1, y(x) is divisible by x—«; and P;+P;}
+P/=3P,

Proor. Since /(2D)=4, there exist functions x and z on C, rational over k,
such that
(38) div(x) =A - D and div(z)=B —2D

where A and B are positive divisors whose components are different from P, P’,
and such that 1, x, x2, z are a base of L(2D). Then k(C)=k(x, z). Indeed, if
we assume k(C)# k(x, z), then, since [k(C): k(x)]=3, k(x, z)=k(x), and hence
z € k[x] by integrality of z over k[x] by (38). So we may put z=a+ bx+cx?
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because the pole divisor of the right side must be equal to 2D. This contradicts
linear independence of 1, x, x2, z. Let f,(x, z)=0 be an irreducible equation for
x and z. Since intersection number of the plane curve f;(x, z)=0 and a generic
line ax+bz+ c¢=0 over k is equal to the degree of the zero divisor of the function
ax+bz+c on C, we know that degf,(x, z)=deg2D=6. Hence, by integrality
of z over k[x], we can write

Ji(x, 2) = 22 + 9,(x)2% + 72(%)z + y3(x)

where degy,(x)<4, degy,(x)<5 and degy;(x)=6. Here the coefficient of x*z2
is zero because x*z2 is the only term with the least vp(x%z2). Also the respective
coefficients a and b of x5z and x3z2 are zero. In fact, if we assume a or b are not
zero, then we must have div(ax5z+bx3z2)=—6D, and hence div(ax2+ bz)
= —D, so it contradicts independence of 1, x, x2, z. Therefore degy,(x)<2
and degy,(x)<4. Put y=z+371y,(x). Then we know clearly that {1, x, x2, y}
is a base of L(2D) and C is birationally equivalent to a plane curve

(39) Jx ) =y +yx)y +6(x) =0
where degy(x)<4 and degd(x)<6. Replacing x by kx if necessary, we may
assume
0(x) = (x — a)™(x — oy)™2--+(x — o)™
where m;=1 and o;#a; for i#j. We can put
(40) div(x — a)) =P, + P; + P; — D, i=1,2,.,s.
Now we shall show that, if we put
div(y)) =B — E

where B’ and E are zero and pole divisors of y respectively, then 4P<E<2D.
From (38) and degy,(x) <2, it follows that E<2D. Since C is non-hyperelliptic,
we know degE>3. If degE=3 then [k(C): k(y)]=3, and hence k(x)=k(y)
by uniqueness of the trigonal linear system. It contradicts k(C)=k(x, y). There-
fore E must be one of the following divisors;

2P + 2P', 3P + P’, 4P, 3P + 2P, 4P + P’ and 4P + 2P'.

Here, |E| has no fixed component. But |2P+ 2P’| has a fixed component because
I2P+2P")=2 by Riemann-Roch theorem and hence I(2P+2P')=I(2P+P’).
Therefore E#2P+2P’. Similarly we have E#3P+P’. Moreover, we have
E#3P+2P'. Indeed, if we assume E=3P+2P’, then [k(x, y): k(y)]=S5, and
hence degd(x)=35. Then the coefficient of x*y must be zero because x*y in (39)
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is the only term with the least vp(x*y)=—11. Then we know similarly the co-
efficient of x° must be zero. This is a contradiction. Therefore we have 4P
<EZ2D.

Next we seek components of B'. If y(Q)=0 and Q#P’, then by (39),
0(x(Q))=0 and hence x(Q)=uw; for some i=1, 2,..., s. Therefore Q must coincide
with one of P,P; and P;. But two of P;, P; and P; must not be components of
B’. To see this, if we assume that div(y)=P;+P;+B"”"—2D where B">0, then
by Cor. to Th.2, P,+P;+P/+D and P,+P;+B” are canonical, and hence

7+ D~B". By Riemann-Roch theorem, we have I(P}+D)=1+IP,+P))=2,
and hence I(P{+D)=1I(D). This implies P} is a fixed component of |Pj+D|
=|B"|. Hence Pj is a component of B”. Therefore div(y/(x—a;))=—D.
Since {1, x} is a base of L(D), we have y=(x—o;)(ax+b). This is impossible.
Therefore we have

div(y) = mP' + TiomP; — E

where m is a non-negative integer which is equal to 0 unless E=4P. Lastly we
show that n;=m, for i=1, 2,...,s. If P;#Pj, then y(a;)#0 by (39), and hence
we have ovp(x—a)=1. Therefore m;=0vp,(6(x))=0p;(y3+7(x)y)=vp;(¥)+
vp (Y2 +y(x)=vp;(¥)=n;. If P;=Pj, then y(a;)=0, and hence we know that
y(x) is divisible by x—o; and that y(P{)=0. Since it is impossible that B’'=P;
+Pj, we know that P;=P;=P; and n;=1. Hence vp;(x—0a;)=3 and vp;(y)=1,
and so vp(P(x))=3. Therefore from vp;(6(x))=vp,(¥*+7(x)y), we have 3m;=3,
and hence m;=1=n;. Thus Proposition is proved.
Applying Prop. 2 to the case of characteristic 2, we obtain the following

COROLLARY 1. Let notations and assumptions be as in Prop.2. If the
defining field k of C is of characteristic 2 and P#P’, then E=4P or 4P+P’,
degy(x)=4, div(x—a;)=2P,+P;—D for all i, and {P, Py,..., P} is the set of all
ramification points of the covering n: C—P! defined by n(Q)=(1, x(Q)).

Proor. Assume E=2D and then we can put
J(x, y) =y + (Zitobx)y + Ef=ocx?
where cg#0. Represent x and y by power series of a local parameter ¢t at P;
X=t2+oa_jt7  +oy +--
y=PB_a™*+p st +, B, #0.

We put these in f(x, y)=0. From coefficients of ¢~12 and ¢t~11, we obtain #3,
+b4ﬁ_4+c6=0 and ﬁ£4ﬁ_3+b4ﬁ_3+606a_1=(ﬂ34+b4)ﬂ_3=0. Since
B_4(B%,+b)=ce#0, we have f_;=0. Therefore
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div(y—f-4x*—(B-2—B-s22)x) 2 — (P + 2P).

This implies I[(P+2P’) =2 and hence we have a contradiction P+2P' eg}. E#2D
implies E=4P or 4P+P’ and hence degy(x)=4. If P;#P/, then since f(x;, y)
=y(y2+9(@)) =y(y+ /¥(@))? we have div(y+ /3(«))=P,+P;+B"—E where
B’ is a positive divisor whose components are different from those of E. This is
impossible by the similar argument as in the proof of Prop. 2. Therefore we have
div(x —a;)=2P;+P;—D. As for the last assertion, P, P,,... and P, are clearly
ramification points of 7. Let R be a ramification point other than P and put
a=x(R) and f=y(R). Then we have f(a, f)=0. Since we have

Jx, 9) = pf(x, ¥) = (x — a))™(x — a2 (x — )™,

x(R)=q; for some i=1, 2,..., s. Therefore R must be one of P;, Thereby Cor. 1
is proved.
Another application of Prop. 2 is the following

COROLLARY 2. Under the same notations and assumptions as Prop. 2,
if the covering n: C—»P! defined by n(Q)=(1, x(Q)) is completely ramified
at each ramification point, then C is birationally equivalent to a plane curve

(41) P+ —ay)(x — o) (x —as) =0

where o, # o for i#j.

Conversely, if a curve C over an algebraically closed field k of characteristic
p#3 is birationally equivalent to a plane curve (41), then C is of genus 4 and
has a unique trigonal linear system gi. Moreover we have 3Q € g} for every
g3-special point Q.

Proor. Let R be a ramification point other than P, and put a=x(R) and
B=y(R). Then B is a triple root of

J@ ») =y + 9@y + @) =0,

and so f=0. Therefore R is one of P}, i=1, 2,..., s, in Prop. 2 and y(x)=0.
Let {P, R,,..., R,} be the set of all ramification points of #: C—»P!. Then since
div(x—x(R))=3R;—3P for i=1,2,..,¢t, we have div(dx)=2%!_,R;,—4P.
Hence from deg(dx)=2t—4, we have t=5. Since degy(x)<4 by Prop. 2 and
y(x(R,))=0, we have y(x)=0, and hence P, P,..., P, in Prop. 2 are ramification
points of =. Therefore by Prop. 2, we obtain (41).

As for the converse part, since k(C)/k(x) is a cyclic extension of degree 3,
the covering n: C—»P! defined by n(Q)=(1, x(Q)) is completely ramified at each
ramification point. Put div(x)=D'—D where D and D’ are positive divisors of
degree 3, and put u=x"1, v=x"2y, then



390 Kaname KoMivya

v + u(l — ;) (1 — ayu)-+-(1 — asu) = 0.

Hence we can put D=3P. By (41), we can also put div(x—a;)=3P;—3P for
i=1,2,.,5 If Ris a ramification point of = other than P, then by the same
argument as in the first part of this proof, R is one of P,. Therefore we have
div(dx)=2%;-,P;—4P. Since deg(dx)=6, we know C is of genus 4. Since
div(y3) =Y i div(x—a;)=3(37-,P;,—5P), we have div(y)=X?_,P,—5P, and
hence y e L(2D). 1, x, x2, y are clearly independent elements in L(2D) over k.
Hence we know [(2D)=4 and hence 2D is a canonical divisor by Riemann-Roch
theorem. Therefore by Cor. to Th. 2, C must have a unique trigonal linear sys-
tem.

§4. The case of genus 4 and of characteristic 2

First we prove the existence of curves with non-classical types of gap
sequences.

THEOREM 3. If a curve C over an algebraically closed field k of charac-
teristic 2 is birationally equivalent to a plane curve

(42) f,»)=x32+x3+y3+4=0, A1#£0,1,

then C is a curve of genus 4 whose gap sequence at ordinary points is {1, 2, 3,
5}.

ProoF. Put div(x)=Y3,P,—X?,Q; and div(y)=Yi,P;—X3:1Q;.
By Prop. 1, C is of genus 4, and it is easily seen that {1, x, y, xy} is a base of the
space L(Z3,Q;+>?-,Q) for the canonical divisor Qi+ .Q;
Since k(C) is separable over k(x), there exists an iterative higher derivation DY
with respect to x. We denote DYy by y*). Operating D, to (42), we have

Yy =xX(y?+ D/yA(x3 + 1).

Since, by (6), D2y3=y@y24 y'2y and D3y3=yB3)y24 y'3, operating D2 and D3
to (42), we have

x(y3 + 1) + x2y2y" + (x3 + Dyy'? + (x* + 1)y?y@ =0 and
Y+ 14 xy?y + x2py? 4+ (33 + D)y"? + x2y2y@ + (x3 + 1)y?y® = 0.
Hence we have
YO = x(? + DY + 3 + Py + 12
= Ax(y* + D[y3(x® + 1)



Curves with Non-classical Types of Gap Sequences 391

and so we have
¥y = + D{G3 + Dy + x5(y° + 1) + 33}y + 1)
= (2 + DORY® + % + PPy + 1)
= A2(y? + 1)[y8(x3 + 1)3.
Therefore we know

1 x y xy

’

Ly y+xy

Ax;l.2.3(1’ X, Y, xy) = = (y(2))2 — y’y(3) = 0.

0
0 0 y@ yp'4 xy@

This means C has a non-classical type of gap sequence at ordinary points. By
(20), we know that this gap sequence is {1, 2, 3, 5}. Thus our Theorem 3 is
proved.

REMARK. By the same manner as above, we have
YO = XApP + DY + x93 + DJy¥ + D
Hence, we obtain the following Wronskian determinant of C:
Ay;1,2,4(1, %, y, xy)
= x(y® + D2(x3y3 + ) {x6y° + (4 + Dx3y3 + 22}/p13(x® + 1)5.

We give one more lemma for the proof of non-existence of a curve with non-
classical type of gap sequence other than curves which are birationally equivalent
to a plane curve (42) in Th. 3.

LeEMMA 2. Let C be a curve of genus 4 over an algebraically closed
field k of characteristic 2, which has a unique trigonal linear system g}. Assume
the gap sequence at ordinary points on C is of non-classical type. Then there
does not exist such a point P that 3P e gl, and the number of gi-special points
is equal to 2 or 3.

ProoF. Assume 3Peg). Let D be a divisor in g} other than 3P. Then
by Cor. to Th. 2, 2D is canonical. By (3) and (4) there exist functions x and y
rational over k such that

div(x) =3P — D and div(y)=P + D’ — 2D

where D’ is a positive divisor whose components are different from P. Then
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{1, x, x2, y} is a base of L(2D) over k as easily seen. Since vp(y)=1, k(C) is
separable over k(y) and hence there exists an iterative higher derivation D} with
respect to y. Since the gap sequence at ordinary points is of non-classical type,
we have

y

0 x' 0 1
(43) Ay;l,z,s(l, X, x2, y) = = xB3)x'2 = 0.
0 x(z) x’2 0

0 x» 0 0

From [k(C): k(x)]=3, it follows that k(C) is separable over k(x), and hence x’ #0.
Therefore we have x(3=0. On the other hand, from div(x)=3P—D, using y
as a local parameter at P, we have x(3(P)#0. This is a contradiction, therefore

3P&g).
As for the second assertion, let x be a non-constant function such that

div(x) =D — (Q; + Q, + Qy)
where D and Q; +Q;+Q; belong to g} and Q;#Q, for i#j. We can put
div(dx) = 3= mP; — 2(Q + Q; + Qy)

where n;=1 and {P,, P,,..., P,} is the set of all ramification points of the covering

n: C—»P1 defined by n(Q)=(1, x(Q)). Let P be one of these ramification points.
By (3) and (4) there exists a function y rational over k such that

div(y)) =P + D' — 2(Q; + Q, + Q5)

where D’ is a positive divisor whose components are different from P. Then
putting «=x(P), we can represent x by the power series of the local parameter y
at P in the following form;

X —o=0p%+ azyd 4

where a,=(D}yx)(P) for v=2, 3,.... By the same argument as the first assertion,
we have 4, ,3(1, x, x2, y)=x3)x'2=0 and hence x¥=0. Since k is of
characteristic 2 and a3 =x®)(P)=0,

dx = (asy* + a,y% +---)dy.

Therefore we obtain n;=yp(div(dx))=4 for i=1, 2,...,¢. By Riemann-Roch
theorem, Y !_;n;=12 and so 1<t<3. On the other hand, by Cor. 1 to Prop. 2,
we know the number of all ramification points of = is greater than 1. Thus
Lemma is proved.
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REMARK. Since x("=D3x® =0, n;=8 unless n;=4.
Now, we shall prove the converse of Theorem 3.

THEOREM 4. If a curve C of genus 4 over an algebraically closed field
k of characteristic 2 has a non-classical type of gap sequence at ordinary points,
then C is birationally equivalent to a plane curve

x3y3+x3+y3+l=0’ /I;éO,l.

Proor. It is sufficient to prove that a curve C of genus 4 over k of charac-
teristic 2 with a unique trigonal linear system g} has the classical type of gap
sequence at ordinary points by Lemma 1 and Prop. 1. If the gap sequence at
ordinary points on C is of non-classical type, this sequence must be 1, 2, 3, 5 by
(20) and hence the orders of a Wronskian determinant of C are 0, 1, 2, 4.

According to Lemma 2, Prop. 2 and its Cor. 1, our proof is divided in four
cases. We use the same notations as in Prop. 2. We note there is no point P
such that 3P e g} by Lemma 2 and hence P#P’.

(i) The case; the number s of finite ramification points of n: C—P, defined
by n(Q)=(1, x(Q)) is equal to 1 and the pole divisor of y is E=4P+P’. Since,
by some translation of x, we may assumes o, =0 in Prop. 2, C is birationally
equivalent to a plane curve

(44) y? 4+ (Ziobix)y + x° = 0.
Therefore, by Cor. 1 to Prop. 2, we can put
(45) div(x) =2P, + P{ — (2P + P') and div(y) = 5P} — (4P + P’).

Replacing x and y by bz3/2x and b;5/2y respectively, we may assume b,=1.
We note that by#0 since P, #Pj. First we show that b, #0. Assume b, =0.
Then

f(x, ¥) = y(y + /bo)* + x*{(b, + byx + x?)y + x3} = 0.

Hence, since vp (x)=2 and vp, (y)=0 by (45), we have vp,(y+ /bo)=2. There-
fore we can put div(y+ \/bo)=2P, +B'—(4P+P’) where B’ is a positive divisor
whose components are different from P and P’, and hence 2P, + B’ +P' ~4P + 2P’
~2P,+P;+2P+P’ by (45), and so B'~P;+2P. This contradicts uniqueness
of gi. Hence b, #0. Next we shall prove b,=0 and b;#1. In fact, represent
x and y by power series of a local parameter ¢ at P;

x=t2+4+a_t +oyg+-- and y=PB_ 474+ B_st3+ P 72+

and put these in (44). From coefficients of ¢~12 and ¢~1°, we obtain f_,=1
and so f2;+b3+1=0. If we assume f_;=0, then
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div(y — x> — (B-, — «2)x) 2 — (P + 2P,

and hence we have [(P+2P")=2. By uniqueness of gi, we have a contradiction
P+2P'~2P+P'. Therefore f_;#0 and by;#1. Hence from (45) and dy
=(—=3f_5t™*—B_ 172+ ...)dt, we can put

div(dy) = 4P} + D' — (4P + 2P")

where D' is a positive divisor of degree 8 whose components are different from
P,, Pand P'. If Q is a component of D’, then x — x(Q) is a local parameter at Q
because the zero divisor of x —x(Q) belongs to g3 and there is no gi-special point
other than P and P, by the assumption s=1. If we represent y by power series of

u=x-x(Q) at Q;

y = Q) = Byu? + Bu® + But +---,
then
dy = (Bsu? + Bsu* + B,u® +--)du.

By the assumption on gap sequence, we have 4, , 3(1, x, x2, y)=y®3 =0 for
the base {1, x, x?, y} of L(4P+2P’) and hence B;=y?3)(Q)=0. Therefore
dy=(fsu*+pub+---)du. This implies D'=8Q or 4Q+4Q’. Hence the num-
ber of ramification points other than P; and P of the covering n': C—P! defined
by #’'(R)=(1, y(R)) is equal to 1 or 2. Since we have

Jux, y) = (by + bsx?)y + x* and
f(x, y) — xflx, y) = y(y2 + by + bz,'xz + x4,

x-coordinates of these ramification points other than Pj and P must consist of all
roots of the equation

(46) g(x) = (by + b3x?)(\/bo + /bx + x?) + x*
= (by + Dx* + by \/b,x3 + (by + b3 \/Do)x? + by \/b,x + by /b
=0

where b;+1#0. Hence g(x)=0 must have at most two roots. If g(x)=(b;
+1)(x—a)* or (bs+1)(x—a)*(x—p)?, then we have obviously b,=0. If g(x)
=(by+1)(x—a)3(x—B), then o must be a common root of (46),

47) gx(x) = b3 \/byx* + by /b, =0 and
029(x) = b3 \/b,x + (by + b \[I’_(;) =0.
Assume b, #0. If b;5#0, then x2=b,b3!. Putting this in g(x)=0, we have a
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contradiction b, =0. If b;=0, then by (47), we also have b,=0. Thus we
know b,=0.
Now, represent x and y by power series of a local parameter u at P’

x=utl40ay+au+-- and
y=pB_wt+Bo+ Bu+-, B #0,

and put these in f(x, y)=0. Then from coefficients of u~3, u=* and u~3, we know
ﬂ_l = 1, b3+ﬂ0+0(0=0 al’ld 1+b3(ﬁ0+a0)+ﬂ1 +O£1 =0. Hel‘lCG

a1+ﬂ1=1+b§=(1+b3)2.

On the other hand, {u?, u2x, u2x?, u2y} is clearly a base of L(4P+ 2P’ —div(u?)).
Hence from the assumption on gap sequence and (13), it follows that
0 o0 1 0
1 0 1
4,;1,2,3(u%, u?x, u*x?, u?y)(P') = =0, + B, =0.
% of fo
0 o 0 B1
Therefore we have a contradiction by=1. Thus this case does not occur.
(i) The case; s=2 and E=4P+P’. Since, by a suitable linear transfor-

mation of x and y, we may assume o; =0 and a, =1 in Prop. 2, we can see that,
by Prop. 2 and its Cor. 1, C is birationally equivalent to a plane curve

Jx ») = y* + (Zieobix’)y + x™(x — 1)m2,

so that we can put
div(x) = 2P, + P} — (2P + P’) and div(y) = mP| + m,P; — (4P + P’),

whence m;+m,=5. Here we may put m,P;+m,P;=4P{+Pj. To see this,
assume div(y)=3P;+2P3—(4P+P’). Then

4P + 2P, P} + 2P, + 2P + P/, 2P + 4P, and 3P, + 2P, + P’

are all canonical divisors by Cor. to Th. 2 and so Hermitian Pj-invariants are
0, 1, 2, 3 by (4). This contradicts the assumption on the gap sequence. Hence
we may assume

(48) fGx, ») =y + (Ziobix?)y + x5+ x = 0.

Since vp,(y+ 1/bo)=1 by the same argument as b, #0 in (i), y+ /b, is a local
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parameter at P;. Expand x by a power series of t=y+ /b, at P;:
X =ct2+ ¢33+, ¢, #0.

Putting these in (48), from coefficients of 12 and > we know \/bo+b; \/boc,+c;
=0 and 14 bsc,+b, \/Fgc3+c3=0. On the other hand, by the assumption on
the gap sequence, we have

At;1,2.3(1, X, xzs J’) = = x'lx(3} = 0
0 x®» x'2 0

0 x3 0 0

Since [k(C): k(x)]=3, k(C) is separable over k(x), and hence x'#0. Hence we
have x® =0, and so ¢;=x03)P,)=0, whence 1+b,c,=0. Therefore we have a

contradiction ¢, =0.
(iii) The case; s=1 and E=4P. Since we may assume «, =0 in Prop. 2,

we may put by Prop. 2 and its Cor. 1,
div(x) = 2P; + P; — (2P + P’) and div(y) = mP’ + m,P; — 4P

where 0<m <3.
(@) m=0, hence m;=4. C is birationally equivalent to a plane curve

(49) JG, ) =y + (Zioobix)y + x* =0

where b,#0 by Cor. 1 to Prop. 2. Represent x and y by power series of a local
parameter t at P’:

x=t14ay+ o+ and
y=PBo+ Bt + Brt* +---, Bo # 0.

By the assumption on the gap sequence, we have

0 0' 1 0
01 0 O
At;l,2,3(t29 tzxa t2x2’ tzJ’)(P') = = ﬂl = 0.
1 o af Bo
0 a, 0 B,

Putting the above series in (49), from the coefficient of t=3, we know b;8,+ b,f,
=b3Bo=0, and hence b;=0. This implies vp(y3+b,x*y)=vp(Y(y + /Dsx?)?)
2-8, and hence vp(y+ /byx?)2—2, and so div(y+ /b x?)=—2(P+P).
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Since I(2P +2P")=2=1(2P+P’) by Riemann-Roch theorem, P’ is a fixed point of
[2P+2P’|, and hence div(y+ /byx?)=—(2P+P’). Therefore y+ (/bx%e
L(2P+P’). This contradicts linear independence of 1, x, x2, y.

(b) m=1. We have

div(x) = 2P; + P; — (2P + P') and div(y) = P’ + 3P; — 4P.
Hence the following divisors
4P, + 2P}, P’ + 2P + 2P; + P}, 2P’ + 4P and 3P’ + 3P}

are all canonical by Cor. to Th. 2. Therefore Hermitian P’-invariants are 0, 1, 2,
3. This is a contradiction.

(¢ m=2. In this case, we have div(y)=2P’'+2P;—4P, and hence by
Prop. 2, C is birationally equivalent to a plane curve

Jfx 9) = y® + (Ziobx))y + x2 = 0.
If we put u=x"1 and w=yx~2, then we have
div(u) = 2P + P’ — (2P, + P}), div(w) = 4P’ — 4P,,
and
w3 + (Ziobut~)w + ut = 0.

Therefore this case is reduced to the case (iii)-(a).
(d) m=3. By the same manner as (c), this case is reduced to the case (i).
(iv) The case; s=2 and E=4P. In this case, putting ¢; =0 and a,=1
in Prop. 2, by Prop. 2 and its Cor. 1 we may assume that C is birationally equiva-
lent to a plane curve

fx, 9) = y* + (Ztobixy + xm(x — 1)ym2 =0,
and that
div(x) = 2P, + P; — 2P + P') and div (y) = mP’ + m,P{ + m,P, — 4P

where 0<m<2.

() m=0. If we assume div(y)=3P;+P7—4P, then 4P+2P’, P{+2P,
+2P+P’, 2P{+4P, and 3P{+P3+2P’ are canonical divisors, and hence
Hermitian Pj-invariants are 0, 1, 2, 3. This is a contradiction. Therefore we
may have div(y)=2P}+2P,—4P and C is birationally equivalent to

f(x, ¥) =3 + (Ztobix)y + x* + x2 = 0.

Exactly by the same way as (iii)~(a), we know this case is impossible.
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(f) m=1. We may have div(y)=P'+2P;+P,—4P. Hence, putting u
=x"1 and w=yx~2, this case is reduced to the case ().

(g m=2. By the same transformation of x and y as (f), this case is reduced
to the case (ii). Thus our Theorem is proved.

§5. The case of genus 4 and of characteristic 5

By Th. C and Th. D in § 1, a curve of genus 4 whose gap sequence at ordinary
points is of non-classical type must be defined over a field of characteristic 2 or 5.
In this final section, we shall prove the uniqueness of such a curve over a field of
characteristic 5.

LeMMA 3. Let C be a curve of genus 4 over an algebraically closed field
k of characteristic 5. If the gap sequence at ordinary points on C is of non-
classical type, then C has a unique trigonal linear system g3, and 3P e g} for
every gi-special point P.

ProoF. By Lemma 1, we know C has a unique g}. If we assume 2P+P’
€ g} for a gi-special point P, and P#P’, then by Cor. to Th. 2, 2P+P’'+D and
4P + 2P’ are canonical divisors where D is a divisor in g§ without P as a component.
Since C is non-hyperelliptic, this implies the Hermitian P-invariants are 0, 1, 2, 4
by (3) and (4). On the other hand by (22), the orders of a Wronskian determinant
of Care 0, 1, 2, 5. This contradicts the formula (13). Therefore 3P e g}.

THEOREM 5. If a curve C of genus 4 over an algebraically closed field k
of characteristic 5 has a non-classical type of gap sequence at ordinary points,
then C is birationally equivalent to the plane curve

3 +y—x3=0.
The gap sequence at ordinary points on the curve C is {1, 2, 3, 6}.

Proor. By Lemma 3, C has a unique trigonal linear system gi. Lemma
3, Prop. 2, and its Cor. 2 mean that C may be birationally equivalent to a plane
curve

(50) fE, Y=y +x5+ax*+a,x3>+az;x2+a,x=0

where 6(x)=x5+a;x*+a,x3+a;x%+a,x is squarefree, and that we have
div(x — o) = 3P; — 3P for i=1,2,.,5 and
div(y) =P, +---+ P5) — SP

where a,,..., a5 are the roots of §(x)=0. We shall show a,=a,=a;=0. Since
{1, x, x2, y} is a base of L(6P) for the canonical divisor 6P and k(C) is separable
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over k(x) as easily seen, and since the orders of a Wronskian determinant of C are
0, 1, 2, 5 by (22), we have

Ax;1,2,3(1y X, XZ, y) = y(3) =0 and
Ax;1.2,4(1’ X, x2, y) = y(4) = 0.

Operating D for v=1, 2, 3, 4 on f(x, y)=0, we have

(€28 3y2y' + 4a,;x3 + 3a,x2 + 2a;x + a, =0,
(52) 3(y*y + yy'?) + a;x? + 3ax + a3 =0,
(53) yy'y® 4+ y'? + da;x + a, =0,

(54) 3y(y@)? + 3y"2y@ + g, = 0.

Assume a,#0. Let B;, B,, B3 be the roots of
6'(x) = 4ax3 + 3a,x? + 2a;x + a, = 0,

and let Q;, Q,, Q; be the points of C such that x(Q;,)=p;. Since §(x) is square-
free, 8(B;)#0 for i=1, 2, 3, and hence by (50), ¥(Q;)#0, and so by (51), y'(Q;)=0.
Hence by (53), 4a,8;+a,=0 for i=1, 2, 3. Therefore B,=p,=p85, say, =p.
This implies §'(x)=4a(x— )3, and hence B is also a root of 928(x)=a,;x2+3a,x
+a;=0. Hence by (52), y®(Q,)=0. Therefore by (54), we get a contradic-
tion. Hence we have a;=0. Now, by (54), we have y@)(yy@ +y'2)=0. If
y@ =0, then by (53), we know )’ is a constant. This is impossible by (51). If
yy® +y'2=0, then by (52) we have a,=a;=0. Therefore we have

y3+x5+a4x=0.
Replacing x and y by a}/*y and —a3/!2x respectively, we have
y2+y—-x3=0.

The last assertion follows from (22). Thus our proof is completed.
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