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Introduction

The purpose of this article is to study the enumeration problem of embeddings
of the lens space L"(p) mod p (odd prime), the real projective space RP" and the
complex projective space CP" in Euclidean spaces.

Let M be an m-dimensional closed differentiable manifold, and let g: M*
— R P* (the infinite dimensional real projective space) denote the classifying map
of the double covering

TMxM—A4—s M*=(M x M — 4)/Z,

over the reduced symmetric product M* of M, where 4 is the diagonal and Z,
acts on M x M —A4 via t(x, y)=(y, x). Also Z, acts on the n-dimensional sphere
S» via the antipodal map and we obtain the fiber bundle

p: (S*® x S")/Z, (~ RP")— RP®

which is homotopically equivalent to the natural inclusion RP"<RP®. Then
the following theorem is due to A. Haefliger [7].

THEOREM. Let 2(n+1)>3(m+1). If there exists an embedding of M in
R"*1] then there exists a bijection between the set [M = R**1] of isotopy classes
of embeddings of M in R**! and the set [M*, RP"; g] of (vertical) homotopy
classes of liftings of g: M*—RP® to RP".

The set [M*, RP"; g] has the structure of an abelian group by J. C. Becker
[2]. Thus, the set [M cR"*!] is an abelian group via the bijection of this
theorem. We study the groups [L"(p)=R4"*2-#], [RP"<=R?*""*] and [CP®
< R4"~#] for i< 6 and prove the theorems below.

THEOREM A. The following statements hold for odd prime p:
(1) [L"(p) = R*"*1] =0, n>2.

(@ [L"(p) = R*] =2Z, n>3.
) [L(p) = R*1]=2Z, n>4.
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Z,+2Z, p#3,n>5,
@ [L(p)cR*"1={Z3+Z3+Zy, p=3n=23),n>5,
Z,, p=3,n#23),n>5.
() [L'(p) = R3] = Z, n>6.

THEOREM B. The following statements hold for even n:
(1) Let n>10. If there is an embedding of RP™ in R**~3, then

ZZ’ n —%- 6(8)’
[RPn c R2n—3] —_
Z, + Z,, n = 6(8).
(2) Let n>12. If there is an embedding of RP" in R**~4, then
0, n = 004),
[RP" =« R?"4] = { Z,, n = 2(8),
Zz+Z2+Zz, nE6(8)

(3) Let n>12. If there is an embedding of RP" in R?"~5, then

[RP" = R?"5] = Z,, n = 004),
4, n=2@9),
$[RP" = R?"~5] =
8 or 16, n = 6(8),

where #S denotes the cardinality of the set S.

THaeorEM C. The following statements hold:
(1) Let n>5,n#2"+25(r=s>0). Then

Z, n=002),
[CPn - R4n—3] —_
Z+2Z, n=102).
(2) Let n>6. If there is an embedding of CP" in R**~4, then
[CP" — R4"~4] =0, n = 0(2).
(3) Let n>7. If there is an embedding of CP" in R*"~5, then
[CPPc R 51 =Z+ Z, n=0Q).

For the assumptions of the existence of an embedding in Theorems B and C,
there are several known results, cf. e.g., [14] and [16]. By this time, D. R.
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Bausum, L.L. Larmore, R.D. Rigdon and the author have studied [RP"c
R2"=1] for i<3 and [CP"<=R*"~#] for i<3 in [1], [9], [19], [20] and [18].

We devote § 1 to the construction of a finite decreasing filtration of the group
[X, RP"; f] of homotopy classes of liftings of f: X—>RP® to RP". Next, we
calculate the cohomology of L*(p)* in §2 and prove Theorem A in §3. In §4,
we calculate the cohomology of (RP*)* and (CP")* and in § 5, we prove Theorems
B and C.

§1. Enumeration of liftings in the fibration RP"— RP>

D. R. Bausum constructed in [1, §§ 1-3] the fifth stage Postnikov factoriza-
tion of the fibration p: RP"—RP® with fiber S* and converted it into the
factorization of the fibration (RP")2—RP" which is the pullback of p by p.
However, we use a somewhat modified factorization given as follows (n>8):

Cs G, ¢,

P

(RP")? 4, E, ®,E, Ps,E, P2, E, __, RP",
[ K(Z, n) x RP", n=10Q),
L¢(Z’ n) X RP"RP": n= 0(2),

K(Zy 0+ 2) X K(Zy, 0+ 4) x LyAZ3, 1 + 4) X gpRP",

h

{ K(Zyn+2) x K(Zy, n +4) x K(Zy, n + 4) x RP", n=1(2),

02),
C,=K(Z,,n+ 3) x K(Z,, n + 4) x RP",
C; =K(Z,,n + 4) x RP",

and the map q is an (n+ 6)-equivalence. Here Ly(Z, n) x gp.RP" is the pullback
of Ly(Z, n)=S8%x ;,K(Z, n)¥)-»S®|Z,=RP* by p: RP"—RP®, where the action
of Z, on K(Z, n) is induced from the non-trivial homomorphism ¢: Z,—Aut (Z).
Also Ly(Z3, n+4) X gp.RP™ is defined in the same way by using the non-trivial
homomorphism ¢’: Z,—Aut(Z;).

Let X be a CW-complex of dimension less than n+6 and let n>7. Ifg: X
—RP® has a lifting f to RP”", then [X, RP"; g]~[X, (RP")?; f]. By the stand-
ard exact couple argument, we can construct a spectral sequence. In this spectral

%) L(Z, n)=K(Z, n; ¢) and L,/(Z,, n+4)=K(Z,, n+4; ¢’) by Bausum’s notation.
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sequence, the differentials d, are given by the following primary operations:
Case I. n=1(2).
@i H"YX; Z)— H'*Y(X; Z,) x H*3X; Z,) x H*¥X; Z3),
0'(a) = (Sq*p,a + &,v°p,a, Sq*p,a + ev*pra, Pip;a);
I'': H(X; Z,) x H*X(X; Z,) x H*(X; Z,)
— H*(X; Z,) x H*(X; Z,),
T'i(a, b, ¢) = (Sq2a + &,v%a, Sq2Sq'a + Sq'b);
4i: HU(X; Z,) x H*X(X; Z,) — H™*(X; Z,),
4¥(a, b) = Sq%a + ¢,v%a + Sq'b;
where
1, n = 14), 1, n =3, 5@8),
o= {o, n = 3(4), 0, n=1,1708).
Case II. n=0(2).
@i H-Y(X; Z)— H"*Y(X; Z,) x H*3(X; Z,) x H*3(X; Z5),
0'(a) = (Sq%p,a + e3v?p,a, Sq*p,a + e,0*p, a, Phpsa),
(24 is the reduced power operation mod 3 in local coefficients [6]);
I': H(X; Z,) x H*¥(X; Z,) x H*(X; Z,)
— H"*A(X; Z,) x H*¥(X; Z,),
I'(a, b, ¢) = ((Sq? + vSq! + (1 — &3)v?)a,
(Sq*Sq* + v*Sq! + e3v3)a + (Sq! + v)b);
4t HN (X5 Zy) x H*H(X; Z,) — HY3(X; Z,),
A¥(a, b) = Sq2%a + (1 — &;3)v%a + Sq'b + vb;
{ 1, n = 2(4), { 1, n = 4, 6(8),
g = &y =
0, n = 0(4), 0, n =0, 2(8).

In Cases I and II, p, is the mod p reduction, v=g*z, where z is the generator of
HYRP*®; Z,)=Z,, and Z and Z; are the local systems on X induced by =,(X)
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2+, 7,(RP®)=Z, —%» Aut(Z) and =,(X) -2 Z, %5 Aut(Z,), respectively.
Further, the differentials d, are given by the secondary operations
¢i: Ker @' — Ker A**1/Im I,
Yi: KerI''/Im @1 — Coker 4°,

defined by I''*1@'=0 and A*I''=0. Also, the differential d; is a tertiary
operation

x': Ker @ — Coker ¥,
Then the theorem of J. C. McClendon [12, Theorem 5.1] is stated as follows:

PrOPOSITION 1.1. Let X be a CW-complex of dimension less than n+6
and let n>7. If g: X—RP® has a lifting to RP", then

(1) [X, RP"; g] has a natural abelian group structure and

(2) there exists a decreasing filtration of [X, RP%; g]:

[X,RP";g]=Fy>F; 2 F,>F;20,
such that
Fo/F, = Kery"*1, F,/F, = Ker P*+1,
F,|F; = Coker &, F5 = Coker x".

§2. The cohomology of L(p)*

The purpose of this section is to study the cohomology groups H(L"(p)*;
G) of the reduced symmetric product L*(p)* of the lens space L"(p) mod p, where
pis an odd prime. Here the coefficient G is either Z, Z,, Z, or the local systems
Z, Z, induced from the double covering =: L"(p) x L*(p)—A—L"(p)*. We
always use the Bockstein exact sequences

o HITV( 3 Z) 29 Hi( 3 Z2) 2% Hi( 3 Z) 2% HY( 3 Z) — -+,
2.1
o HY 5 Z) 2 HY( 3 2) 2% Hi( 5 Z) 25 HY( 3 Z) —s -

2

associated with 0-Z X4, Z £4, Z —0.

Let x and y be the generators of HX(L"(p); Z)=Z, and H'(L"(p); Z,)=Z,,
respectively, such that §,y=x. Denote p,x by the same symbol x. Then the
mod p cohomology ring of L"(p) is given by

(2.2) HX(L"(p); Z,) = A(y) ® Z,[x]/(x"*1),

where A(y) denotes the exterior algebra on y; and the integral cohomology is
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given by
Z, i=0,2n+1,

(2.3) H(L"(p); Z) = { Z, generated by x'/2, i=02),0<i<2n,
0, otherwise,

where H2"+1(L"(p); Z) is generated by the cohomology fundamental class
[L"(p)], and the relation p,[L"(p)]=yx" holds.

The next lemma is an immediate result of [16, Proposition 2.9] and (2.2-3).

LEMMA 2.4. The mod 2 cohomology groups of L"(p)* are given by
. Z, for 0<i<2n+1,
H(L"(p)*; Z,) = 0

otherwise.

COROLLARY 2.5. The cohomology groups H'(L™(p)*; Z) and H'(L"(p)*;
Z) are finite and have no 2-torsions for i>2n+1.

For an automorphism ¢ of the group G, G° denotes the subgroup of the
invariant elements with respect to . By using this corollary, the applications of
the Serre spectral sequence of the fibration L"(p) x L*(p)—A4 —=» L*(p)*—RP®
and its twisted version (see [12, § 1]) show the following

LeEMMA 2.6. Both homomorphisms
n*: H(L™(p)*; Z (or Z3)) — HY(L"(p) x L"(p) — 4; Z (or Z,))*
Jor i>2n+1,
n*: H(L"(p)*; Z (or Z3)) — H(L"(p) x L"(p) — 4; Z (or Z3))™*
for i>2n+1,

are isomorphisms, where t is the involution transposing the factors.

Hereafter we identify H!(L"(p)*; Z) and H(L™(p)*; Z) with H(L"(p)
x LYp)—4; Z)" and H'(L"(p)x L"(p)—4; Z)™* for i>2n+1, respectively.
Consider the Thom isomorphism
¢: H(L"(p); Z) = H*"*1*¥(L"(p) x L"(p), L"(p) x L"(p) — 4; Z),
dxN=UU A xx), if 2j=i,0<j<n,
where the Thom class U e H?"(L*(p)x L"(p), L"(p) x L"(p)—4; Z)=Z is

the generator. The Thom isomorphism and the cohomology exact sequence of
the pair (L"(p) x L"(p), L"(p) x L*(p)— 4) lead to the following
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LeMMA 2.7. The homomorphism
i*: H*(L"(p) x L"(p); Z) — H?**(L"(p) x L"(p) — 4; Z),
4n +2 > 2k >2n + 1,
is an isomorphism and the sequence
0 — Z, &% H2**Y(L"(p) x L"(p); Z) L
H2*Y(L"p) x L"(p) — 4;Z) — 0,2k + 1 >2n + 1,
is exact, where i and j are the natural inclusions.

Moreover, the action of t* on H*(L"(p)x L"(p), L"(p) x L*"(p)—4; Z) is
well-known [15, p. 305], and is given by

(2.8) tYa=—a  for aeH*{L"(p) x L"(p), L"(p) x L"(p) — 4; Z).
LemMA 29. Fori<2n+1,
z2 for i=4j,
HA4m*2={(Lr(p) x L"(p); Z)[Keri* = Z2i+! for i=4j4+1,4j +2,
Zzi+? for i=4j+3,

(G* denotes the direct sum of k-copies of G), generated by the set AU B given as
Sfollows:

{xn—k X xn+l—2j+k + xn+1—2j+k X xn—klo < k S] — 1}’ i= 4],
{xn-k X xn—2j+k + xn—2j+k X xn—k, xn—j X xn—j lo < k S_] — 1}’
i=4j+2,
A= {6p(yxn—k X yxn=20=1tk _ yxn=2i=14k y pyn=k) (0 < k < j},
i=4j+1,
{5p(yxn—k X yxn—Zj—2+k — yxn-zj—2+k X yxn—k)|0 S k S]} s
i=4j+3;
{xn—k X xn+1—2]+k _ xn+1—-2j+k X xn—kIO < k S_] — 1}, i= 41’
{xrk x xn=2itk — xn=2itk x xn-k |0 < k< j—1}, i=4j+2,
B _ {ap(yxn—-k X yxn—2j—1+k + yxn—Zj—1+k X yxn—k)ll S k S]} s
i=4j+1,
{6p(yxn—k X yxn—Zj—2+k + yxn—21—2+k X yxn—k)’

S, (yxm=i—tx yx"=i—1)|1 < k < j}, i=4j + 3.
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If we notice that
[n/21 )
J*U = (1x [L()] = [L@)] x 1+ 30 6,0~ x yxi~t +

YEITLX ) + {8, (yxin/7 x yani2y),

(the term in the bracket { } is present only when #n is odd), then the proof of this
lemma is a simple calculation.

By identifying H4"*2-{(L"(p) x L"(p); Z)/Ker i* with H4"*2-i(L"(p)x L*(p)—
4; Z) by i* for i<2n+1, the integral cohomology group and the cohomology
group with coefficients in Z of L"(p)* are determined by Lemmas 2.6-9.

PRrROPOSITION 2.10. Let i<2n+1. Then
zJ for i=4j,

H4 7 (LY(p)*; Z) = [ ;
Z;tY for i=4j+1,4j+2,4j+3,
generated by A, and
z for i=4j,4i +1,4j + 2,
H4n+2—i(Ln(p)*; Z) —_
Z*1 for i=4j+3,
generated by B. '

As for the cohomology groups H(L™(p)*; Z;) and H(L"(p)*; Z,), it
follows that

LemMma 2.11. The following relations hold.
(1) If p#3, then

H'(L"(p)*; Z3) =0,  H'L"p)*; Z3) =0  for t>2n+1.

(2) If p=3, then

H4+H(Lr(3)*; Z3) = Z4 generated by yx" X x" 4+ x" X yx",

H4(L"(3)*; Z3) = Z3 + Z5 generated by {yx" x yx"~1 — yx"~1 x yx",
X" x x"},

HYH(LQ)*; Z3) =0, HA(L'(3)*; Z5) = O,

HA4"YL"3)*; Z;3) = 23 generated by x" x yx"~1 — yxn=1 x x»

= yx" x x"71 — x""1 x yx",
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§3. Proof of Theorem A

It is known that L"(p) is embedded in R™ for m>3(2n+1)/2, (cf. e.g., [13,
Theorem 1.1]). We prove (4) and (5) for p=3 only. The others are obtained
easily by the same way.

ProOF OF (4) FOR p=3. The group [L"(3)cR*"~2]=[L"(3)*, RP*"*3; g]
in ‘the introduction is clearly isomorphic to [L"(3)*, (RP4"~3)2; f1], where f:
L"(3)*—>RP4"-3 js a fixed lifting of g: L*(3)*—»RP®. Therefore
[L"(3) = R*"~2] ~ [L"(3)*, E4; f]

by the dimensional reason. By Lemma 2.4, the homotopy exact sequence of
fibrations p; (i=2, 3, 4) in §1 induces isomorphisms

[L"(3)*, Es; f1 225 [L"(3)%, E3; f1 25 [L"(3)*, Ey; £]
and an exact sequence
Hén=4(L"(3)*; Z) 9422 HAW(Lr(3)*; Z3) —5 [L'(3), Ey; ]

L2, Hénm3(L(3)*; Z) €222, H4nH(L"(3)*; Z3).

Here @=24p, for i=4n—2, 4n—3 by Proposition 1.1.
_ To determine oi, consider the commutative diagram

oiti=glp,

Hi(L"(3)*; Z) - > HH4(L"(3)*; Z,)
HY(L"(3) x L(3) — 4; Z)" — 3%y H#+4(Ln(3) x Lr(3) — 4; Z5)"

zli. ],-.

(H'(L"(3) x L"(3); Z)/Ker i*)** -93#» (H*4(L"(3) x L*(3); Z,)/Keri*)*.

In this diagram, n*’s are isomorphisms by Lemma 2.6 and i* in the left hand side
is an isomorphism by Lemma 2.7 and (2.8). By the use of this diagram, Propo-
sition 2.10 and Lemma 2.11, a simple calculation yields that

Zy + Z, generated by {05(yx™ x yx»3 — yx"~3 x yx"),

O3(yx"~1 x yxn72 — pxn=2 x yx"h},  n=2(3),
Ker @412 =
Z, generated by d5(yx™ x yx"~3 — yx"~3 x yx") +

O3(yxn—t x yx=2 — yxn=2 x yxr1),  n#2(3);
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Zy + Z; generated by {yx" x yx"~1 — yx"~1x yxn,
X" X x"}, n = 2(3),

Coker O4"3 =
Z4 generated by yx" x yx"~1 — yxn~1 x yxn,
n # 2(3).
This result and the above exact sequence give rise to the exact sequences
0—Zy + Zy -5, [L'3)*, Ep; f]1 225 23 + Z; — 0, n=203),
0 —s Zy 8, [L"(3)*, E,; f1 225 Z, — 0, n#2(3).

To consider the group extensions of these exact sequences, let
&(3, 1): Ker @4"~2 — Coker @4n—3
be the homomorphism defined by
&3, 1)(a) = b, iy(b) = 3p3d(a).
LemMA 3.1. &3, 1) = 21651

PRrROOF. Let p5: E5;—K(Z, 4n—3) be the principal fibration with classifying
map 2ip;: K(Z, 4n—3)—>K(Z,, 4n+1) and consider the commutative diagram
of fibrations in the category % gpsn-3 (see [11, 1]).

RP#=3 x K(Zy, 4n) < RP*"3 x K(Z,, 4n — 2) x K(Z,, 4n) x K(Zs, 4n)

l 1

RP*=3 x E} c E,
J’lxp'2 le
RP*=3 x K(Z, 4n — 3) - E,

llx9§p3 194..—2
RP*"=3 x K(Z,, 4n+1) c RP*=3 x K(Z,, 4n — 1) x K(Z,, 4n + 1)
x K(Zs, 4n + 1).

Since HYL"(3)*; Z,)=0 for i>2n+1 by Lemma 2.4, the homotopy exact
sequences and the five lemma yield a commutative diagram of exact sequences
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H=4(L7(3)*; 2)

1

H*™L"(3)*; Z5)

~— L

[L"(3)*, E3] ~ [L"(3)*, RP*"=3 x E3; f1~ [L"(3)*; E,; f]

~ |

Ho=L()*; Z)

l

H4n+l(Ln(3)*; ZS) .

Considering the left exact sequence, we can easily verify that &(3, 1) coincides
with @(3, 1) in [10, 1]. By [10, Corollary 3.7. Case II], we have &3, 1)=
PL631.

This lemma shows the relations
B3, 1)(d5(yx" x yxm=3 — yxn=3 x yx"))
=(n = 3)(yx" x yx"~! — yx"~1 x yx"),
P(3, 1)(F3(yx"1 x yx"=2 — pxn=2 x yx"~1))
=(n — 2)(yx"1 x yx" — yx" x yx"~1),
These relations imply that
Zi+Zy+Zy for n=203),
[L"(3) = R*"=?] = [L"(3)*, E,; f1 = [
Z, for n#203).

PrOOF OF (5) FOR p=3. By the same way as in the proof of (4) for p=3,

there are an isomorphism
[L"(3) = R**=3] = [L"3)*, E,; f1,
and an exact sequence

4n—4= '
H4=S(Lr(3)*; Z) 2222305, Hén Y (L(3)%; Z3) —>

[L"(3)*, Ez; f1— H4»4(L"(3)*; Z) &= H*"(L"(3)*; Zs).

Since H4*4L"(3)*; Z)=Z; and H*"(L"(3)*; Z,)=0 by Proposition 2.10
and Lemma 2.11, it is sufficient to show that @*"~4=2}p, is an epimorphism.
Consider the diagram
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1
H4=5(L(3)*; Z) Z3r3 » H4"=Y(LP(3)*; Z.)

1
H4n=5(Ln(3) x Ln(3) — 4; Z)™* 2222, H4»3(Lr(3) x L"(3) — 4; Z3)™"*
5110 Iit
1
(H*"=5(L"(3) x L"(3); Z)[Ker i*)~** 2223 (H4»=1(L(3) x L"(3); Z3)/Ker i*)~*".
Here n*’s are isomorphisms by Lemma 2.6 and i* in the left hand side is an
isomorphism by Lemma 2.7, and the last two 21’s are the ordinary reduced power
operations mod 3 and the first 2} is the twisted one (see Proposition 1.1). By
using Proposition 2.10, there are relations
23p3(03(yx"~1 x yx"73 + yx"73 x yx"71))
=(2n - 5)(x* x yx»~1 — yx*~1 x x"),
25p3(63(yx"~2 x yx"2)) = (2 — n)(x" x yx"~t — yx"~1 x x").

If n—2=0(3), then 2n—5%#0(3). Hence @*** is an epimorphism by Lemma
2.11.

§4. The cohomology of (RP™)* and (CP™)*

This section is devoted to determine some cohomology groups of (RP")*
and (CP™)*. »

Let F denote the real field R or the complex field C and let d be 1 or 2 accord-
ing as F=R or C, and let G, {,,(F) denote the Grassmann manifold of 2-planes
in Fr*1, The cohomology ring of G, (F) is well-known and is given as fol-
lows:

H*(Gy41,2(F); G) = G[x, y1/(a, ap+1)

(G=2, if F=R, =Z if F=C),

4.1)

where degx=d, degy=2d and a,=3 (’;i) xr=2iyt (r=n, n+1). Moreover,
i

there are relations
x2yn=1-i =0 §f j£20—1 for some t, (cf. [S, Corollary 4.17)
x¥Hi-l = 0, x22ps £ 0 for n=2"+s50<s<2).
The mod 2 cohomology ring of G, 1,,(C) is given by
H*(Gy41,2(C); Z5) = Zo[x, y1l(@n an+1),
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where x, y and a, (r=n, n+1) are the mod 2 reduction of the same symbols in
the integral cohomology. Further, there is a relation

Sqix = xy.

The last relation for F=R and the induction lead to the following lemma.
Details will be omitted.

LEMMA 4.2. There are the following relations in H*(G,.1,(R); Z,).
(1) Squr — tyt+1 + <tz)x2yt_

@ Sq3y' = ax3y’,

5 (4) [0(2) for 13,
o = =
0<T<i\ 2 1) for t=34).

(3) Sg*y*t = (g)ywz + ox2pttl 4 Bxtyt,

! 02) for t=18), 0<1<3,
o =
o<i<t 12)  for t=18), 4<I<T.

ﬂt=

Case I. (RP")*.
The mod 2 cohomology ring of (RP")* is investigated by S. Feder [4], [5]
and D. Handel [8] and is given as follows:

(4.3) (RP™)* has the homotopy type of a (2n—1)-dimensional closed manifold
and H*((RP™)*; Z,) has {1, v} as a basis of an H*(G,;(R); Z,)-module,
where v is the first Stiefel-Whitney class of the double covering RP"x RP"—A
—(RP")* and the ring structure is given by the relation

02 = vx.

The group structure of H'((RP")*; Z,) and its basis for 2n—4<t<2n-1
are determined by the Poincaré duality and are given in [19, (6.3)] and [19,
(8.3)]. By the same way, we have

(44) Let n=2"+s,2<s<2". Then the mod 2 cohomology groups H*((RP")*;
Z,) for 2n—8<t<2n—5 are given in the table below.

t |H'((RPM*;Z,) basis
2n—>5 Z3 XTHI=5H2iysmi(f = (), 1), vx2HIm6+2iys-i(0 < § < 2)
2n—6 V4] xZTI642isi(0 < § < 2), wxP TR0 L P < 2)
2n—-17 Z3 xZHITH2sH(0 < § < 2), vx?TITBY2sTI(0 <0 < 3)
2n—8 Zg x2"“—8+2iys-i(0 <i< 3)’ vx2'+1—9+2iys—i(0 <i< 3)
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Now, H*((RP")*; Z) and H*((RP")*; Z,) are the cohomology with coef-
ficients in the local system on (RP")* determined by ve HY((RP")*; Z,).

@4.5) ([9, p.481]) The groups H'(RP")*;Z) and H'((RP")*; Z) are 2-
primary groups for n<t<2n-—1.

Consider the Bockstein exact sequences (2.1) for g =2 and for (RP®)*. Then
there are relations

(4.6) P20, = Sq',  p,8, = Sql + v.
By (4.4-6), we can easily verify the following results.
LeEMMA 4.7. Let n=0(2), n=2"+s (3<s<2"). Then we have
H2"=5((RP")*; Z) = Z} generated by {5,(vx?"*'~5ys-1),
05 (x 14y}
H2n=6((RP™)*; Z) = Z% generated by {5,(vx?"*'~8ys), §,(x2"*'~7y"),
)
p,H?""(RP")*; Z) = Z3} generated by {vx?*'~6ys=1, x2"*!=5ys=1,
vx2""2yem3Y;
H2"~4(RP™*; Z) = Z} generated by {5,(x¥"*'-%y"),
Sy (x¥ =3y},
H2"=5((RP")*; Z) = Z} generated by {8,(x2"*'~6y"),
5, (xZHi-aysmn), §y(x2 1 -2ys2)),
H2n~6((RP")*; Z) = Z} generated by {8,(x?"*'~7y*),
8y (x1-5ysmY), §y(x¥ I3y},
H*=(RP™*; Z) = Z} generated by {5,(x¥"*'~8)), 8,(x¥"**'~6y*~1),
5y (xZ1-4ys=2), §y(x2 1 -2ys3))
H*"'(RP")*; Z3) = Z;,  H**"'(RP")*; Z3) = 0.

Case II. (CP™)*.
The integral and the mod 2 cohomology of (CP)"** are investigated by S.
Feder [5] and the author [18], and are given as follows:
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(4.8) (CP")* has the homotopy type of an unorientable (4n—2)-dimensional
closed manifold and H*((CP")*; Z,) has {1, v, v?} as basis of an H*(G,,,(C);
Z,)-module and H*((CP")*; Z) has {1, u} as generators of an H*(G,, ,(O);
Z)-module, where v is the first Stiefel-Whitney class of the double covering
CP*x CP"—A—(CP™)* and u=04,v. The ring structures are given by the
relations

v? = vx, u? = ux.

Then the integral and the mod 2 cohomology groups of (CP")* are given by
the following.

(49) Let n=2"+s(0<s<2"). Then we have

! H((CPY*; Z,) basis
4n—-2 22 szzrn_zys
4”‘3 Zz Ux2r+l—2ys
4”-4 Z2 + Z2 x2"+l— ys, 02x2'“"3y‘
4n—-5 Z, vxzru_sys
4n—6 ZZ+ ZZ+ Zz xzrﬂ'sy’, vzxz”'“"'y’, 02x2"+l—2ys—1
4dn-7 | Z,+ Z, oxZ T Ays px? T2y

H4n=6((CP"*; Z) = Z + Z, + Z, generated by {x?"*'-3ys,
ux -4y yx2ti-2pe-1y
HY{((CP™*; Z) =0 for odd i.

Using the Poincaré duality H4*—2-{((CP")*; Z)=H/((CP")*; Z) and the
Bockstein exact sequence (2.1), we can show the following:

(410) Let n=2"+s (0<s<2").
H4=4((CP")*; Z) = Z generated by a with
p,(a) = v2x21=3ys 4 X2 Hi-2ys
H4"=5((CP")*; Z) = Z, generated by p3'(vx*¥*'3y%),
H4n=6((CP")*; Z) = Z + Z generated by {b, b’} with
pa(b) = v2x*i=4ys 4 x2 =3y

pa(b)) = v2x2t1=2ys-1,
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H4=7(CP"*; Z) = Z, + Z, generated by {p3!1(vx¥*'-4y"),
Pz (vx¥ " "2y}
H4=2((CP™)*; Z3) = Z,, H4=3((CP™)*; Z;) = 0;
H4=3((CP")*; Z;3) = 0, H4"=3((CP")*; Z3) = 0.

§5. Proofs of Theorems B and C

Proor oF THEOREM B. We prove (1) only. The others are similar and will
be omitted. By applying Proposition 1.1 for (RP*)* and 2n—4 in place of X
and n, respectively, there follows a decreasing filtration

[RPPc R3] =Fy,>F, oF,>2F;250
such that
Fy/F; = Ker y?"3, F,[F, = Ker P2»-3,
F,/F43 = Coker ¢2"~4, F, = Coker y2"~4,

where @, V! and y' are the secondary and the tertiary operations defined by the
homomorphisms

Oi: H-{((RPY*; Z) —>
HYY(RP™*; Z,) x H*3((RP")*; Z,) x H'*3((RP™)*; Zs),
o (qupza, Sq*pra + vipra, Pipsa), n=004),
@= (Sqp.a, Sq*p,a, Pipsa), n=2(4);
It H(RP™Y*; Z5) x H¥X(RPY; Z;) x HHA(RP7Y*; Z5) —>
H¥*2(RP™)*; Z,) x H*3(RP")*; Z,),
T'i(a, b, ¢) = ((Sq? + vSq' + v?)a, (Sq?Sq! + v23Sq)a + (Sq! + v)b);
4 HHY((RP*; Z,) x H*H(RP")*; Z,) — HI*3(RP™)*; Z)),
4¥(a, b) = Sq?a + v*a + Sq'b + vb.

Using the results of §4, we can easily verify that

Z,, n=004),
Ker @23 =
0, n=2(4),
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ImI'?=3 = Ker 4272, Im I"?"~4 = Ker 4273,

Kel‘['z”"a = Zz + Zz +»Zz,

Coker42"-3 = 0, Z,+2,+Z,, n=04),
Im @2"—4 = Zz + Zz, n= 2(8),
Coker 4274 = 0, Z,, n = 6(8),

Hence it follows that

Ker @273 = Ker 273,  Ker y?"3 = Ker #2773,

0, n = 04),
Ker ¥21-3 = Ker ['?"3[Im @24 = { Z,, n = 2(8),
Z,+ Z,, n = 6(8),

Coker §2n—4 = 0, Coker 3274 = 0.
This implies that
Z,, n # 6(8),
[RP" c R2"-3] =
Zz + Zz, n= 6(8).

ReMARK oF THEOREM B. In (3) for n=2(4), the secondary and the tertiary
operations cannot be calculated. Therefore [RP*<=R2?"~5] for n=2(4) is not
determined and so is [RP"c R2#~#] (i=3, 4, 5) for n=1(2) by the same reason.

Proor oF THEOREM C. We can prove (1) only. (2) and (3) are obtained
by the same way. By Proposition 1.1, there is a decreasing filtration

[CPrc R3] =Fy>F; oF,5F;50
such that
Fo/F, = Ker y4"3, F,|F, = Ker P43,
F,/F5 = Coker @*n—4, F3 = Coker y*—4,

where @, Wi and y* are the secondary and the tertiary operations defined by the
homomorphisms

O': H-1((CP"*; Z)—
Hi+1((CPn)*; Zz) X Hi+3((CPn)*; ZZ) X Hi+3((CPn)*; Z3)’
(Sq?p,a, Sq*p,a + v*p,a, Pipsa), n=0(Q2),

Oi(a) = [
(qupza’ Sq4p2a: 95/’3“)’ n= 1(2)’
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I'': H((CPM*; Z,) x H**(CP"*; Z,) x H**(CP)*; Z3) —
H*2(CP"Y*; Z,) x H*3(CP*)*; Z,),
I'i(a, b, ¢) = ((Sq? + vSq* + v?)a, (Sq?Sq* + v2Sq')a + (Sq* + v)b);
A H*Y((CP"Y*; Zy) x HH((CPY*; Z,) — H*3((CP)*; Z,),
4¥(a, b) = Sq*a + v2a + Sq'b + vb.

By (4.1) and (4.8-10), there are the relations.

0, n=0(2),
Ker@4*-3 = Z, Ker @4n—4 =
Z,, n=102),
Z,, n = 002),
Im @44 = KerI+"3 =127,,
0, n = 1(2),
Im I'#"=3 = Ker 442 = 0, Im I*»=3 = Ker 4473,
Coker 4474 = 0, Coker 447—4 = 0.

Hence it follows that
Ker ¢4-3 = Ker @473 = Z’ Ker x4n—3 = Ker ¢4r—3 = Z’
0, n = 0Q2),
Ker P4n=3 = Ker I'*"~3/Im @44 =
ZZ’ h= 1(2)9
Coker @4n—3 = 0, Coker x4+ = 0.

Therefore, if n=0(2), then [CP"<cR**~3]=F,=2Z, and if n=1(2),then 0»Z,—F,
—Z—-0 is a short exact sequence. This completes the proof.

ReEMARK OF THEOREM C. As for [CP"cR4"~#] (i=4, 5) for n=1(2), the
following are verified.

2 or 4, n=14),
(2) #[CP* c R44] =
4o0r8, n = 3(4);
(Y [CP*cR*"51=Z+Z + G,
1or2, n=104),
G =
2 or 4, n = 34).
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