HIROSHIMA MATH. J.
9 (1979), 297-302

A Correction to “Forced Oscillations in General Ordinary
Differential Equations with Deviating Arguments”

Bhagat SINGH
(Received February 14, 1978)

1. Introduction

In [1] this author presented conditions to ensure that all oscillatory solutions
of the equation

(1 (r@y' @)=V + a@®y(n = @), y{H) =yt — (1))

approach zero as t—c0. The proof of the main result (Lemma (1)) was based
on the “‘truth” of the inequality

2) IS g" a(tydt ds | < S S la(s)|ds dt

where ¢, <p<t, and a(f) continuous in [t,, t,].
But this inequality (cf. Staikos and Philos [2]) is false as the following counter
example (due to Prof. T. Kusano of Hiroshima University) shows:

gs" SS" |f(Oldtds = 37 and

SS gz f(dtds| = 5x
where
0 (n<t<2m
f(t) =4 sint Qe <t < 3m)
0 Br <t < 5m.

However the conclusion of this crucial lemma remains true with a very minor
change. We shall consider the following more general equation

(3) (r@®y' @1 + a(h(y(g(®)) = f(1)
subject to similar assumptions. More precisely we assume
(1) a(), @), g(t), h(t), f(t) are real, continuous on the whole real line R:

(ii) r@®>0,g()<t,glt)y>00 as t— o0;

(i) 0 < h—gl)— < m, for some. m > 0,..t > 0,
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2. Main results

LemMA (2.1). .Suppose

) Sm la(Hldt < oo,

) [ 170lde < oo,

and

6) —(1,-) =o(/t), 0<k<I;

then all oscillatory solutions of equation (3) are bounded.

ProOF. Let y(1) be an oscillatory solution of (3). Let T >1¢, be large enough
so that for t> T, g(t)>t,. Since (r(¢)y'(t))"~2) is oscillatory, there exist a T, > t, > 1,
such that (r(¢,)y'(¢,))*~? =0 and for t>T;, g(f)>t,. Designate Co=r(t,)y'(t,),

Ci=(r(t)y'(t)), Co=((t)y't))'[2Y..., Coo3= (’(’1)(3,: 'f:}g)!("_” .

From (3) on integration

™ 0y @) + ' ah(r(g@)ds = | £
On repeated integration frbm (7) we have

®) r(®y'(t) = Co + Ci(t — t)) + Cy(t — t;)* ++--+ C,_5(t — t))"3

-1 T a0 S e

25 e

Dividing (8) by r(f) and then integrating between ¢, and g(¢) for t > T, we have

y(g(’)) = )’(11) + Co Sfl(‘)—l-‘(];?—) ds + Cl Sj:t) ._(_Sr__.(—;g)tll_ ds +...
a(¢) (S —t )n-—3
# O TS e
_ (% s (s — x)"2a(x)h(y(g(x)))y (g(x))dx
Sn 1/r(s) gn n—=2)'y(g(x)) ds

+ 017 1ro) ! L () dwas.
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@) < Ko+ mK, | (F L2 a0 100 | dxds

t1 Jty

+ Klgt S (= 20"2 ) 4x) | dxds

tdn Sn-k
t (s la(x t(s x)| dxds
< K, + mK, S“ S,,l—s(z—‘)TLv- dxds + K, S“ S“ —%—

where

1 K
r(t) < ok

Changing the order of integration in the above we get

® e < Ko+ mK,[ [ e as g lacoidx

+ K, gr U; i ds] 1f(0)ldx.

Since 0<k<1, St ?21:,; ds<K, for some K,>0.
Let mK,K,=K;. We have from (9)

10 e < Ko+ Ks{' lalyg0ldx + Kik, || 1flax

a0
and sinceg | f(x)|dx < o0, there exists K,>0 such that
1

t
(1) MaO) < Ky + K| 1aGo] I¥(gCold.
The conclusion of the lemma follows from (11) by application of Gronwall’s

inequality. The proof is complete.

ReMARK. The following inequality is needed in the proof of our main
theorem:
If t, <t,<t; then

’S, g" a(x)dxds| < S: S la(x)ldxds < S:” S‘” la(o)|dxds

s

which gives by induction

ta (t3 (ta tn
(12) ’S, S S S a(x)dxds, -ds,|

< S'” S'" S"‘ S' la(x)|dxds,-ds,

ty /83 Js4
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< Sw Sw Sw |a(x)|dxds,-ds,
ty /s3 Sn
where t,<t;<t3<--<t,_;<t,.
THEOREM (2.1). Supposegw 17=2)a(t)|dt < oo, Sw |f(@)m-2dt <o and 1/K1)

=0(t""*), 0< k<1, then oscillatory solutions of (3) approach zero as t—co.

ProoF. Suppose to the contrary that some oscillatory solution y(t) of (3)
is such that limsup|y(f)]>2d>0 for some number d. By Lemma (2.1), y(t)
t—aoo

is bounded.
Let T be large enough so that for T, > T, S 1/r(tdt<1,
Ty

(13) m S: x2a(x)|dx < dIM?,
and
(14) [ xr=217Goldx < dim,,

where M, =sup {|y(?), t>T}. Lett,,t, be zeros of y(z) such that Max |y(t)| >4
for te[t;, t;]. Let p<p,<p3<---<p,_i (p1>1t;) be zeros of (r(t)y'(¥)),
r@®y'@),..., (r@®y'(1))*=2). On repeated integration from (3) for t<p,

P2

+ oy @y = = {7 {7 {77 aonog@odnds, s,

52

Py (P2 Pn-2
(0§07 peodxds, peds,

t S2 Sn—

which gives by (12)

Pn-2 (Pn-2 Pn-2
@y @yt <m (77 (77 7 gl -ds,

+S“"S""”--~S""“’|f(x)|dx---ds2, for all te[ty, t,].

t 52

Therefore

as) (™ i@y oyia <m0 g i dsads,

S1 s2

Pn-2 (Pn-2 (Pn-2 Pn-2
+ . (7 7ot dsyds,
2

s2 Sn—
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< o2yt ) = el el

1 * —_ n—2
RO S“(x t,)" 2| f(x)|dx.
Let
To€[ty, t,] such that M = |y(Ty)| = max |y(?)| in [t,, t,].

Now

To t2
(16) M = S y’(t)dt = — g y’(t)dt

ty To

which gives

an  2m < "yl =7 eoreyorEeor ey o e

By Schwarz’s inequality

18) aM? < S: 1r(d)dt S: @Oy (O)y @)t

Integrating second integral by parts gives

(19) aM < D: 1/r(t)dt:]|:g:: |(r(t)y’(t))'|dt:|
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since |y(f)]< M. Without any loss of generality we can assume that d<MM,.

From (15) and (19) we have

@) am < (] Urndn)| 2o (7 - nlacol IngGolax

1

oy, = RSl

From (20), (13) and (14)

v (S“’ ) 7
1 4 R
21 M, < . 1/r()dt 78
Conclusion follows from contradiction apparent in (21), since

S:" r(Hdt < 1.

The proof is complete.
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