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§1. Introduction

A. V. Skorohod [4] considered a stochastic differential equation for a reflect-
ing diffusion process on D=[0, o) (see also McKean [2] [3]). This is the
simplest case among stochastic differential equations subject to boundary con-
ditions and can be solved easily. The purpose of this paper is to show that the
multi-dimensional version of Skorohod’s equation is still easy to solve if we assume
that the domain D is convex.

Skorohod’s equation describing a reflecting Brownian path ¢ on D=[0, o0)
is

(1.1) E=w+o,

where w is a standard Brownian path and ¢ is to be found as a D-valued con-
tinuous function under the condition that ¢(#) increases only when &(t)=0. The
equation (1.1) has a unique solution not only for almost all Brownian paths but
also for all continuous functions w with w(0) € D, and the solution is given by

w(?) for 0<t<T,
(1.2) & = ,
w(t) —inf{w(s): T<s<t} for t>T,

where T=inf{t>0: w(f)<0}. Our first problem is to consider a multi-dimen-
sional version of the equation (1.1) assuming that D is a convex domain. Al-
though we can not obtain an explicit formula for the solution like (1.2), we are
able to construct the unique solution ¢ for any R4-valued continuous function
w with w(0) e D and to prove that ¢ depends continuously on w, if D is a convex
domain in R“ satisfying certain condition (Theorem 2.1). This additional con-
dition is automatically satisfied if D is bounded or d=2. This result will lead to
a simple solution to our second problem which is concerned with a stochastic
differential equation with (normal) reflection having variable coefficients similar
to Skorohod’s. The following may be stressed.

(i) The boundary does not need to be smooth as far as the domain is assumed

to be convex.
(i) The diffusion coefficients may degenerate (however, in this case the path of
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the solution might not behave like an ordinary reflection).
Our results are roughly stated as follows. The convexity assumption for the
domain makes the situation quite similar to that in the whole space; in fact, the
existence of solutions will be obtained assuming only the bounded continuity of
the coefficients (Theorem 4.2), and the pathwise uniqueness of solutions will be
proved under the same regularity assumption on the coefficients as found in the
work of Watanabe and Yamada [9] for the case of whole space (Theorem 4.3).

However, it is noted that our methods and results are restricted to the case of
reflecting boundary condition; the convexity assumption will not simplify the
situation in the case of general boundary conditions such as discussed by Ikeda
[1], Watanabe [8], Stroock and Varadhan [6] and Tsuchiya [7].

§2. A deterministic problem

An Ré-valued function ¢@(t)=(¢@(?),..., 4(t)) defined on R, =[0, o0) is
said to be of bounded variation for simplicity if the component functions are of
bounded variation on each finite ¢-interval. Given such a function ¢(f) which is
right continuous and ¢(0)=0, we put

|p] (¥) = the total variation of ¢ on [0, 7]
= sup glq)(tk) = o(t-I,

where the supremum is taken over all partitions: O0=t,<t,<---<t,=t. (1)
can be expressed as
@1 o) = | mdlol) = | nls)lol @9
0 [0,¢]

with a unit vector valued function n(t); n(t) is uniquely determined almost every-
where with respect to the measure d|¢|.

Let D be a convex domain in R4 and D its closure; D will be fixed through-
out. For xedD we denote by +# (D) the set of all supporting hyperplanes of D
at x. By (an inward) normal vector at x e D we mean any inward unit vector
perpendicular to some H € s# (D), and denote by 4" (D) the set of all inward
normal vectors at xe dD. Of course, it can happen that #.4" (D)= co unless dD
is smooth near x. We shall also consider the following spaces of functions.

C(R,, R% (resp. C(R,, D))=the space of Ré-valued (resp. D-valued)
continuous functions on R;.

D(R,, R% (resp. D(R,, D))=the space of Rd-valued (resp. D-valued)
right continuous functions on R, with left limits.
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On C(R,, R% and C(R., D) we consider the compact uniform topology.
Given a function ¢ in D(R,, D), a function ¢ is said to be associated with & if
the following three conditions are satisfied.

(2.2) ¢ is a function in D(R ., R¢) with bounded variation and ¢(0)=0.
(2.3) The set {te R, : &(t) € D} has d|¢p|-measure zero.

(2.4) The function n(t) appearing in the expression (2.1) is a normal vector at
¢(1) for almost all ¢ with respect to the measure d|o|.

ReMARK 2.1. The condition (2.4) can be replaced by the following one.

(2.4") Forany neCR,, D), (n(t) — &), p(dt)) = 0.

ExAaMPLE. Let 0D be smooth, n(x) the inward normal vector at xedD
and (eD(R,, D). Then, for any right continuous non-decreasing function
p(t) on R, with p(0)=0

o(t) = S;lap(é(S))n(é(S))dp(S)

is clearly an associated function of £&.
Our first problem stated in the introduction can now be formulated as
follows.

ProBLEM. Given we D(R,, R9) with w(0) e D, find a solution & of
(2.5) E=w+ o.

When we speak of the equation (2.5), it is always understood that ¢ e D(R ., D)
and ¢ is associated with £.

As stated in the introduction, in the simplest case D=[0, co) the solution of
(2.5) is given by (1.2). However, in the general multi-dimensional case the
existence of a solution of (2.5) is not trivial. An example in which a solution of
(2.5) can easily be found is the case when w is a step function as will be seen in the
lemma below. For a given point xeR4—D we denote by [x], the (unique)
point on 6D which gives the minimum distance between x and D.

LemMA 2.1. If w is a step function with w(0) e D, then a solution of (2.5)
exists.

Proor. Put T,=inf{t>0: w(f)¢&D} and define &(¥), 0<t<T,, by &)
=w(t) for t<T, and &(T;)=[w(T})],, Then, T, >0 and &(f) solves (2.5) for
0<t<T,. Next, suppose a solution &(¢) of (2.5) is obtained for 0<t< T,_, and
put
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T, = inf{t > T,_;: w(®) + o(T,-,) & D},

w(t) + o(T,-,) for T,_,<t<T,
@) =

W(T,) + o(T,- )], for t=T,

Then, &(t) solves (2.5) for 0<t<T,. Repeating this argument, we can obtain
a solution of (2.5) for 0<t< oo because T, 1 o0 as n t co.

LemMma 2.2. (i) Let w, we D(R,, RY) with w(0), w(0)e D, and &, & be
any solutions of

E=w+o, E=Ww+g,
respectively. Then we have
[&) — E@I2 < Iw() — WD)
+ 20 ) = 90 = wis) + W), (ds) — Fds).-
(i) If& is a solution of (2.5), then
1E(®) — £ < [w(®) — w(s)]?
+ 2§(s"](w(t) —w@), 9(d), O0<s<t.

Proor. (i) We have

o) — o0 = [/ [\ totary) = oar), ptary) - (dry)
=2ff _(olan) - aan), oldt) — @dtz)
= 2 106) = (5) = 9l =) + §(s -
<2 (0(5) — 69, o(ds) - 3(ds)),
w(t) = #(1), 9(0) — $(@) = | (wit) = 500, p(ds) — (ds))

= [\ owte) = (o) — wis) + 9(6), @(ds) — B(ds))

+ g;(w@) — W(s), p(ds) — G(ds))-

Therefore
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&) — &)1 = Iw(®) — W(D)|> + 2(w(®) — W(D), @(1) — H(2))
+ lo(®) — ()

< In(®) = WO + 2{) &) — &6). @(ds) — @(ds)

+ ZS;(w(t) — W(t) — w(s) + W(s), o(ds) — B(ds)).

But the second term is non-positive by (2.4') of Remark 2.1.
(i)) By a method similar to the case (i), we have

[6(6) = Es)I> = [w(t) — w(9)I* + lo(t) — o(s)|
+ 2(w(1) = w(s), () — @(s))

< w(o) = W)l + 2 (&)~ &, odn)

+ 23“ , (W0 = (), ().

But the second term is non-positive by (2.4'); the proof is finished.

ReMARK 2.2. By a method similar to the above, we can prove the follow-
ing: If wand w of (i) of Lemma 2.2 are replaced by w+a and W+ d, respectively,
where a and d@ are Ré¢-valued right continuous functions of bounded variation

with a(0)=3d(0)=0, then
1E(t) — E@)1% < w(®) — W) + 2&;(6(8) — &(s), a(ds) — a(ds))
+ 2S;(w(t) — w(t) — w(s) + W(s), a(ds) + ¢(ds) — a(ds) — ¢(ds)).
By a similar replacement of w in (ii) by w+ a, the inequality in (ii) becomes

(1) — EGIE < [w(t) — wI? + 2§“ (@) = &), a(dn)

+ 28(8 (WD) = w(o), a(dr) + ¢(ds)).

LemMMA 2.3. (2.5) has at most one solution.

ProOF. Let £ and & be solutions of (2.5). Then, putting w=w in (i) of
Lemma 2.2 we obtain |£(f)— &(#)2<0. '

LEMMA 2.4. If wis continuous, then the solution of (2.5) is also continuous.
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Proor. From (ii) of Lemma 2.2 we have
16(®) = &I < w(B) — w(s)|* + 25( ﬂIW(l) — w(o)l ol (d7),
from which the continuity of & follows.
LeMMmaA 2.5. Let {w,},~, be a sequence in D(R,, RY) such that for each
n the equation £,=w,+ ¢, has a solution for 0<t< T, T being a positive constant.
If w, converges uniformly on [0, T] to some we C(R,, R%) as n—oo and if

{lon| (T)} 4>y is bounded, then &, converges uniformly on [0, T] as n—o0 to the
solution & of E=w+¢ for 0<t<T.

ProOOF. Let K be the bound of {|¢,|(T)},»;- Then applying Lemma 2.2,
we have

268) 16D = EnlDIF < Wi®) = WalDI? + BK SUP [y(5) = wal®)],

(2.6b)  [£,(1) = &) < [wa(t) — wo(9)? + 2K sup _ Iwa(t2) — wa(t))] .

s<t(<t2<t

From the first inequality it follows that {£,},>; is uniformly convergent on [0, T]
and hence the same for {¢,},>;. Letting n1t oo in the second inequality, we ob-
tain the inequality concerning the limit functions ¢ and ¢:

16(8) = G < [w(t) — w(s)|? + Zng,fgtpzs,lw(tZ) — w(ty)|.

This implies the continuity of £&. We now prove that £ is a solution of (2.5) for
0<t<T. For this it is enough to prove that ¢ is associated with & First,
|, (T)< K implies |¢|(T)< K and hence ¢ is of bounded variation. The con-
dition (2.3) is also verified easily. To verify (2.4), let € C(R,, D) and notice
that for 0<t, <t,<T

‘S:T(”(‘) — &0, p,(dD) — S::(,,(,) — &), o(df))

< (1@ - & oudn)| +[{ @) - €0, o) - oian)|-

The first is dominated by K sup |&(f)—¢&,(¢)] and hence tends to 0 as n—o0;
t1<t<t3

the second term also does as can be seen by approximating the integral by the
Riemann sum. Therefore

[\ o) - 2, oty = 1im {"en() — &0, alat) > 0,

and the proof is finished.
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We proceed to the existence problem for (2.5) assuming that we C(R,,
R9). We begin with the special case when D satisfies the following condition.

ConpiITION (A). There exist a unit vector ¢ and a constant ¢>0 such that

(e, n)>c for any ne \U 4 "(D).
yedD

LEMMA 2.6. Assume that D satisfies the condition (A). Then, there exists
a solution & of (2.5) for any we C(R,, RY), and for 0<s<t

(2.7a) 1€ — &I < K4,,,,
(2.7b) lel () — lol(s) < K4y,

where K and K’ are constants depending only upon the constant c in the condition

(A); dse=_sup _[w(ty)—w(t)l.
s<t1<t2st

Proor. For each integer n>1 we define w,e D(R,, R9) by w,,(t)=w(-:—>

for —k—’—i_—-l—st<-nlg-, k>1. Then w, converges to w uniformly on compacts as

n— oo, and by Lemma 2.1 there exists a solution &, of &, =w,+¢,. We put

An,s,t = sup ‘Wn(tz) - wn(tl)l ’

s<t1<t)st

Koot = 0al () = |0,/ (5),
" and notice that

(e’ én(t) - én(s)) = (Q, W"(t) - wn(s)) + (e’ (pn(t) - (P,,(S))

= (ea W,,(t) - Wn(S)) + CKn,s,t’
that is,

(28) Kn,s,t < {Ién(t) - én(s)l + An,s,t}/c‘
On the other hand, (2.6b) yields

I&n(t) - én(s)lz < Arzt,s,t + 2Kn,s,tAn,s,t

S— Ai,s.t + Bszzl.s,t + A%,”,/Sz,
that is,

600 = 6@ < (14 L )dpy + Ko 2> 0.

This combined with (2.8) implies

16400 = &) < (14 4+ 5 ) + L1800 = L)1,

&
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and therefore

(2~9) Ién(t) - én(s)l < KAn,s,t’ Kn,s,t < K/An,s,t’

1
where K is the minimum of (1 +%+%)<1 —%) as ¢ ranges over the interval
(0, ¢) and K'=(1+K)/c. In particular, |¢,|(T) (=K, ¢, 1) is bounded and so by
Lemma 2.5 £, converges uniformly on compacts to the solution ¢ of (2.5) as
n—oo. This proves the existence part. The estimates (2.7a) and (2.7b) are

also immediate from (2.9). The proof is finished.
Next, we introduce the condition (B) for a convex domain D.

CoNDITION (B). There exist ¢>0 and 6>0 such that for any x € D we can
find an open ball B,(xo)={yeR4: |y—x,|<e} satisfying B(x,)=D and |x—x,|
<é.

We can easily see that the condition (B) is always satisfied if D is bounded or if
d=2. We now assume that D satisfies the condition (B) and for a point x € D
put

B(x) = {yeR%: |y — x| < g2},

D.,= N N H(D),

yedDNB(x) He# y(D)
where H(D) denotes the open half space bounded by a supporting hyperplane H
and containing D. Then D, is a convex domain satisfying the condition (A)
with
e = (xg — x)|xo — x|, ¢ =g/26.

THEOREM 2.1. (i) Assume that D satisfies the condition (B). Then there
exists a unique solution of (2.5) if weC(R,, R?), and the solution depends
continuously upon w with respect to the compact uniform topology. (ii) Let D
be a general convex domain and {w,},~; be a sequence in CR,, R?) such that
¢,=w,+ @, has a solution for each n. Assume that w, and &, converge to w and
& uniformly on compacts as n— oo, respectively. Then & is a solution of (2.5).

ProoF. (i) If we put To=inf{t>0: w(f)& D}, then &,(H)=w(t) (0<t<T,)
is the solution of (2.5) for 0<t<T,. Assuming that the solution &,_; of (2.5) is
constructed for 0<t<T,_; (n>1), we now extend it beyond T,_,; as follows.
Put w()=w(T,_,+1), t>0, let & be the solution of EM=w™ +p™ on
Dy, (r,.,) and again put

ty=inf{t > T, ;2 |EM(t — T,_y) — {M(0)] = ¢/2},

T, = inf{t > 1,: E™(t, — T,_ () + w(t) — w(t,) & D},



Stochastic Differential Equations with Reflecting Boundary Condition 171

[ ﬁn—l(t) ’ 0 <t< T;l—l?
() ={ &M@ - T,_)) , T,_,<t<t,
1 Em(t, — T,—y) + w(®) — w(t,), t,<t<T,

Then &, is the solution of (2.5) on D for 0<t<T,. Repeating this argument,
we obtain an increasing sequence {T,} and a continuous function ¢ defined for
t<T,=Ilim T, such that ¢ is the solution of (2.5) for 0<t<T,. The associated
function ¢ is flat on each interval (¢,, T,) and (2.7) holds for s, te[T,_,, t,].
Therefore, (2.7) holds for s, te[T,_,, T,] with constants K and K’ depending
only on ¢=¢g/26. But, (2.7a) with s=T,_, and t=t, implies

e2K < Ay, < Ay _ 1.
from which we can claim as follows: If h>0 is so small that 4.(h)<g/2K where
A(h) = max {jw(t) — w(s): 0 < s, t < T and |t —s| < h},

T being an arbitrarily fixed positive constant, then T,<T implies T,—T,_,>h.
In other words, T,,> T for all n>T/h. This fact implies the followings:

(2.10) T, = oo, that is, there exists a solution of (2.5) for 0 < f < co.

(2.11) For 0 < s <t < T the solution satisfies

@ 160 — ol < (5 + 1)K

®) lol® — lol©) < (5 + 1)K'4,

Next, let {w,},»; be a sequence in C(R., R4 converging to w uniformly
on compacts and let £,=w,+¢,. Then (b) of (2.11) applied to ¢, yields

104 = Il ) <(-+ 1)Ky 0<s<t<T

Here h, depends upon w,, but it can be chosen to be independent of w, for all

sufficiently large n because w,—»w. Therefore the above inequality on |¢,| implies

that {|o,|(T)} is bounded and hence by Lemma 2.5 £,—¢& uniformly on [0, T].
(ii) 'Let T>0 be any fixed constant. Then there exists N such that

sup max |£,(1)] < N.
n O0<t<T

For such an N both &, and & are the solutions of £,=w,+ ¢, and é=w+¢, 0t
<T, for the domain Dy=Dn {|x|<N}. Since Dy satisfies the condition (B),
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we can apply the result of (i) to conclude that £ is the solution of (2.5) (0<t<T)
for Dy and hence for D. The proof is finished.

ReEMARK 2.3. Even if D does not satisfy the condition (B) (so d>3 and
D is unbounded), for each xedD we can find an open ball B,(x,)={yeR?:
|y —xol <€} inside D (but now ¢ or |[x—x,|™! is not bounded away from zero as
x moves on 0D). Therefore, in a manner similar to the proof of Theorem 2.1,
(i), we can construct the solution of (2.5) for t<T,=1im T,. I can neither prove
that T, = oo in general nor give an example in which T, <oo.

§3. A stochastic version of (2.5)

The purpose of this section is to remove the condition (B) in the existence of
global solutions of (2.5) by taking w from sample paths of a continuous semi-
martingale.

Let (Q, #, P) be a complete probability space with an increasing family
{&F ,}i0 Of sub-o-fields of & ; it is assumed that each &, contains all P-negligible
sets and &, = QO.?,H. Let D be a convex domain as before. -

THEOREM 3.1. Let {M(t)} be an Ré-valued process with M(0)e D such that
each component is a continuous local & ,martingale and {A(t)} be an R-
valued, continuous and % adapted process of bounded variation with A(0)=0.
Then there exists a unique & ,~adapted solution {X(t)} of

3.1) X() = M(t) + A(t) + o(v).
Moreover, for fe C3(R) with f'’>00n R, and 0<s<t we have

G2 SIXO - XOP)
< 1O + 2 FEX@ — X(o) (M) + A(dr))

+2 17 (X0 = X)) — XANLM', 7]

+ S fEdiM, M,

where f', f” are evaluated at |X(t)— X(s)|> and [M*, MJ] denotes the quadratic
variation process.

REMARK 3.1. By a solution of (3.1), we mean a D-valued process {X(?)}
which satisfies (3.1) almost surely, under the condition that almost all sample paths
of {®(t)} are associated with those of {X(¢)}.



Stochastic Differential Equations with Reflecting Boundary Condition 173
ProoF. Let 7() be the inverse function of

00) =t + 3 [M% M + 1410,
and put
F1 = F o M) = M), A¥0) = AG(D).

Then {M*(#)} is a continuous £ ¥-martingale and {A*(t)} is a continuous F¥-
adapted process of bounded variation, satisfying

d
(3.3a) 0< Y xixJd[M*, M*/] < |x|3dt, x eRY,

i,j=1
(3.3b) A1) = S;a*(s)ds, la*(1)] < 1.

Moreover, once we obtain the & F-adapted solution of X*(f)=M*(t)+ A*(?)
+ ®*(t), the & ,-adapted solution of (3.1) can be obtained by X(t)=X*(6(r)).
Therefore, in proving the theorem we may assume that {M(¢)} and {A(¢)} them-
selves satisfy (3.3) (without the symbol ).

First we prove (3.2) assuming the existence of the &#,-adapted solution {X(7)}.
An application of It6’s formula yields

f(X() — X(s)|?) = the right hand side of (3.2)
+ {1 @@ = x6), o).

But the last term is non-positive by (2.4").

In order to prove the existence of the solution, we first consider the equation
for D,=Dn {|x|<n}. Taking a point x* in D, (we may consider only those n
for which D,+ @), we put

M (1) = 15, (M(0O))M(t) + 1ga_p, (M(0))x*,
A1) = 15, (M(0)A(1).

Since D, is bounded and hence satisfies the condition (B), by Theorem 2.1 there
exists a unique & ,adapted solution {X,(t)} of X, (H)=M,(t1)+A4,()+D,(t) for
D,. 1If we put

T, = inf{t > 0: | X,(1)| = n},

then {X,(tAT,)} is again the solution of X,(tA T,)=M,tAT)+A,(AT,)+
@,(tAT,) for D,, and so (3.2) can be applied to |X,(tA T,)— X,(0)|2. Thus, by
taking the expectation we have
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E{IX,(t & T) — X,0) < 2[ E1X,(s A T)) = X,0)lyds + ¢
0

< S;E{IX,.(S A T) — X,(O)2}ds + 21,

and hence
E{|X,(t A T,) — X,(0)|?} < 2te,

that is, E{|X,(t A T,)|?} is bounded in n for each fixed t. Therefore, for each ¢
3.4) P{T, < t} < E{|X,(t A T)|*}/n2 -0 as n-— oo.
On the other hand, the uniqueness lemma in § 2 implies that

T,<T, and X,(t) = X,(1) for t<T,

hold on the set {M(0)e D,} if n<m. This fact combined with (3.4) enables us
to define {X(#)} almost surely by

X()=X,(t) on {M@O)eD,} n{t<T,}.

Thus defined {X(#)} is clearly the & ,-adapted solution of (3.1).

§4. Stochastic differential equation with reflection

Let D be a convex domain in RY and {Q, #, P; &#,} satisfy the same con-
dition as in §3. We suppose that an & ,-adapted r-dimensional Brownian motion
B(t)=(B(2),..., B"()) with B(0)=0 is given; that is, {B(f)} is an & ,adapted
continuous process and for 0<s<t, £ e R?

E{e!&BM=BO)|F ) = e~ t=9)¢I2/2 g5,
Given an R4@R’-valued function o(t, x)={ci(t, x)} and an Ré-valued function

b(t, x)={b'(t, x)}, both being defined on R, xD, we consider the stochastic
differential equation with reflection

(4.1) dX = o(t, X)dB + b(t, X)dt + d®, X(0) = x,

or equivalently
@1)  Xi()=xi+ kjlg;a,i(s, X(s))dBH(s) +g;b‘(s, X(s))ds + (),
where x=(x!,...,x)eD. Our problem is to find an & ,adapted D-process

{X(?)} under the condition that {@(¢)} is an associated process of {X(f)}. It is
always assumed that o(t, x) and b(#, x) are Borel measurable in (¢, x).
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THEOREM 4.1. If there exists a constant K >0 such that »
(4.2) lot, x) = a(t, YI| < Kl|x — yl, |b(t, x) — b(t, )| < K|x — y|,
(4.3) lot, x)I < K(1 + |x|2)!72, |1b(t, x)| < K(1 + |x]?)!/2,
then there exists a (pathwise) unique & ~adapted solution of (4.1) for any x € D.

Proor. First we prove the pathwise uniqueness of the solution. Let {X(¢)}
and {Y(?)} be & ,adapted solutions of (4.1). Then by the first inequality in
Remark 2.2

t t 2
IX(0) - Y02 < Igoa(s, X)dB — Soa(s, Y)dB|

+ ZS;(X(s) — Y(s), b(s, X) — b(s, Y))ds

+ the remainder.

Writing the remainder term explicitly, we can see that it has zero expectation!
and hence

@4 E(XO) — YOP} < E{ (s, X) = ofs, V)|ds
+ ES;IX(S) — Y(s)[2ds + ES;lb(s, X) — b(s, Y)|2ds
< (QK? + 1)S;E{|X(s) — Y(s)|?}ds.
Therefore, E{|X()— Y(2)|2}=0.

We give the existence proof, first assuming that D is bounded. By Theorem
2.1, we can define a sequence {X™(1)} of D-processes by

XO) = x
X(t) = x + g' o(s, X~D)dB + S' b(s, X=D)ds + 6™, n > 1.
0 0

Then, as in (4.4) we have

1) Because we do not know beforehand that | X(rf)— Y(#)|? and the remainder term are integra-
ble, we must employ the following truncation argument. Let T, be the infimum of #>0
at which

t
SOIX(S) — Y(9)|%s + 10]10) + |T|(®) = n,

and derive (4.4) for X (- AT,)and Y (- AT,); it then follows that E{| X(¢ AT ,)—Y (¢ AT,)|%}
=0; now let n 1 co.
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E{IX+0() — XWOP) < @K? + D BIX () = XeD())ds.
o
Therefore, by a routine argument we see that
g'a(s, X®)dB + S'b(s, X™)ds
0 0

is convergent uniformly on compacts as n— oo (a.s.). Consequently, from The-
orem 2.1, (i), it follows that {X™)(#)} is also convergent uniformly on compacts
as n—oo (a.s.) and the limit process {X(¢)} is an & ,-adapted solution of (4.1).
When D is unbounded, we put D,=D n {|x| <n} and consider the solution {X ()}
of (4.1) on D,. Let T, be the infimum of t>0 at which | X,(f))=n. Then, apply-
ing (3.2) to | X, (t A T,) — x|? and taking the expectation, we have
tAT»
E{IX,(t A Ty— x1) < 26006 - %, b(s, X))ds

tATy .
+ E{"7" 5 ol(s, X,ds,
0 ik

and hence by making use of (4.3)

E{X,(t A T)) — x|%} < g;E{lxn(s A T,) — x|2}ds
+ 2K2S;E{l + X, (s A T)[2}ds.

Therefore, by Gronwall’s inequality we see that E{|X,(t A T,)|?} is bounded in n
for each fixed ¢t and hence P{T,<t}<E{|X,(tA T,)|?}/n>->0 as n—»oc0. On the
other hand, by the uniqueness already proved we have T,<T,, and X,(t)=X,(t)
for t<T, (a.s.) provided n<m, and therefore we can construct an & ,adapted
solution {X()} of (4.1) for D by X(t)=X,(t), 0<t<T,. This completes the proof.

THEOREM 4.2. If o(t, x) and b(t, x) are bounded continuous on R, x D,
then on some probability space (2, #, P) we can find an r-dimensional Brownian
motion {B(t)} in such a way that (4.1) has a solution.

Proor. We choose sequences {o,(t, x)} and {b,(t, x)} such that (i) ¢,—0
and b,—b boundedly and uniformly on compacts as n— o, and (ii) ¢, and b, sat-
isfy the Lipschitz condition. Then there exists a solution {X,(f)} of (4.1) with
coefficients o, and b,, for each n. Making use of (3.2) with f(u)=u?, p>1,

E{|X () — X, (s)|??} < cp{ESJX"(z) — X (s)|2P-1dx

+ E{1X,0) - X,(9)r2ds},
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where ¢, is some constant depending on p but not on n. Therefore E{|X,(f)
— X, (s)|*} <clt—s|? for 0<s, t<T, where ¢ is some constant depending on T
but not on n, T being an arbitrary positive constant. This implies that the family
of probability measures on C(R., D)x C(R., R?) induced by {(X,(?), B(Y))}
is tight. Therefore, noticing the result (ii) of Theorem 2.1 we can fill the rest of
our proof exactly in the same way as in the case of the whole space R¢ (see [5]).
The proof is finished.

The following theorem, due to O. Tanbara (unpublished), can be proved in
the same way as in [9] making use of the estimate (3.2).

THEOREM 4.3. Let p and p satisfy

4.5) SM{pZ(u)u—l + pw)}~tdu = oo,

(4.6) pwu~! + p(u) is concave.
Then, for any o(t, x) and b(t, x) satisfying

lo(t, x) — o(t, Y < p(Ix — YD), 1b(t, x) — bz, y)| < p(Ix = y),

the pathwise uniqueness of solutions holds for (4.1).
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