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1. Introduction

Consider the initial value problem

(1.1 V' =f(x, ), y(x0) = Yo,

where f(x, y) is assumed to be sufficiently smooth. Let y(x) be the solution of
this problem,

(1.2) X, = Xo + nh (n=12,.;h>0)),

where h is a stepsize. Let y, be an approximation of y(x;) obtained by some

appropriate method. We are concerned with the case where the approximations

y; (j=2, 3,...) of y(x;) are computed by two-step methods. Conventional two-

step methods such as linear two-step methods [1], pseudo-Runge-Kutta: methods

[1, 3] and so on [4] require starting values y, and y, to generate y; (j=2, 3,...).
In our previous paper [5], introducing a set of subsidiary off-step nodes

(1.3) Xp4y = Xo + (n+V)h (n=0,1,...;0<v<),

at the cost of supplying an additional starting value y,, we proposed two-step
methods for computing y,., together with subsidiary approximations y,,, of
Y(x,4y) (n=1, 2,...). Ithas been shown that for r=2, 3 there exists such a method
of order r+ 3 with r function evaluations per step.

In this paper we introduce another set of off-step nodes

(1.4) Xptp = Xo + (n+ph n=0,1,..;0<pu<l,u#v)

and at the expense of providing one more starting value y, we propose two-step
methods of the form

(15) Yusu=Yn+ b sGu=Yu-) + h o Cuyjhyn  (r=3,4,5),
(16) Yntv = Vn + br+v2(yn—yn—1) +h Z;:(l) c""'z.ikj"’
(A7) Yur1 =Va+SVu—Yu-1) + h Z;t-%) ijjm

where
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(18) kOn = k3n—19 kln =f(xn-1+u9 yn—1+u)’ k2n =f(xn—1+v3 yn—1+v)9
k3n =f(xm yn)s
(19) kin =f(xn+aih’ yn+bi(yn-yn—1) + h Z;;(l) cijkjn) (l = 4, 5,---3 r+ 2)3
(1.10) a; = b, + Tizhe;; (i=4,5...14+2), a1=4 ai;=1,

a, b, ¢;; (j=0,1,...,i—1;j=4,5,..., r+2), p; (j=0,1,...,7+2) and s are real
constants, and y,., (n=0,1,...) are subsidiary approximations of y(x,,).
Convergence of these methods is studied in [6]. A stepsize control is imple-
mented by comparing the method (1.7) with the method

(1.11) Zus1 = Yn + 20— Ya-1) + h Z5E3wik,.

It is shown that for r=3, 4, 5 there exist a method (1.7) of order r+ 3 and a method
(1.11) of order r+2 with r function evaluations per step. Finally these methods
are illustrated by numerical examples.

2. Preliminaries
Let

2.1) tyyy =uVu—Yn-0) + K Z5Ed0ik;, (n=1,2,.),
(22) Zn+l = yn+1 + tn+1’
23) aj=u—1, a=v—-1, az;=0,
(24) y(x) + s((x)—y(x—h)) + h Z5i§ p;y'(x+a;h) — y(x+h)

= 2%=1 S;(W[iHyD(x) + O(h'?),
(2.5 y(x) + b(y(x)—y(x—h)) + h X}z§ ¢;;y'(x+a;h) — y(x+ah)

= _8i=1 eij(hj/j!)y(j)(x) + O(hg) (i = 4; Sa“-» r+ 2)a
(2.6) u(y(x)—y(x—h)) + h L3 v;y'(x+a;h) = X 8=, Wi(hi[j)y(x) + O(h®).

Then we have
Q7N (D1 +k¥5tgakip, —-1=15, k=1,2,...,9),
2.8) (=D¥1b+ kY izdaklc;; — ak = ey
(i=4,5,..,r+2k=12,.,8),
29 (-Du+k3itiak =W, (k=1,2,...,8).
Let

(2‘10) k:‘n = y'(xn+aih) (l = 0; 1’ 29 3)5
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211) k¥, =f(yutaih, y(xa) + bi(y(Xp) = y(Xn-1)) + b ZIZh ci;k7)
(i=4,5,.,r+2),

(2.12) g(x) = f(x, ¥(x)),
(2.13)  T(x) = y(xn) + V() = y(*n- 1)) + b Z528 pkTn = Yt 1) s
(2.14) T, (x) = y(xp) + bps 1 (VxR = ¥(Xp=1)) + B Xm0 €t 1KFn — V(X1 0) s
(2.15)  Tx) = y(xa) + bpi2(¥(X) = y(Xp= 1)) + b X525 €1 2jkT0 — Y(Xns) s
(2.16) R(x,) = u(y(xp) = y(x,-1)) + h Z5t§v;k%,,
2.17) A; = afa;+1), B;=(a;—a)A; C;=(a;—a,)B;, D,;=(a;—a,)C;
E,i=(;—ap+{)Dp Fu=@i—a,4+,)E; (i=0,1,...,r+2; m=4,5),
218) X =a,+a, Y =aa, X,..=0,+Xy, Y=Y, +a,X,,
Zy 3=08,Yy, Xp=08ui1+Xpo2, Y=Yy s+ a,1Xpn-2
2n=2p 3% 0ni1Y-2, Upn=0n11Zm-2, Xpi2=0pmsz+ Xpm
Y,,,+2_= Yot 0ni2Xpm Zpio=Zp+ 0pi2Ym Upiz=Up+ apniaZ,,
Vin+z2 = Gms2Uns
(219) Py;=X;,—1, Py;;=Y;—X;, P3;=Z;-Y;, P,;=U;-2;
(G=12,.,7,
(220) Fjoy=%1ipey Gja=2XHipae; Hj =313 p Yiclcaer,
Kjp =Y, M, ,=Y1ivae; Nj,=X13v,3izicue
(221) A=3+5X,+10Y,, B=2+3X,+5Y,, Q=27-35X,+50Y,,
(222) R;;=2+3X;+5Y,+10Z;,, R,;=10+ 14X;+ 21Y;+ 35Z,,
Ri3; =R, +70U;, R4 =15+ 20X, + 28Y; +42Z,; + 70U,
Rs;= Ry + 140V, R¢; =35+ 45X, + 60Y; + 84Z; + 126U, + 210V,
(i=213,..,7),
(2.23) Q,;=22-27X;+ 35Y,— 50Z,
Q,; = 130 — 154X, 4+ 189Y; — 245Z; + 350U,

Q; = 225 — 260X, + 308Y; — 378Z, + 490U,, Q,, = Qs; — 840V,
Qs, = 595 — 675X, + 780Y, — 924Z; + 1134U; — 1470V,
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(2.24) dli = ai(20,-+3), d2i = 012(30% + 4(1 "‘al)ai - 601),'

dy; = a?(12a} — 15P, ;a? + 20P,,a, + 30Y,),
dy; = a}(10a} — 12P,,a? + 15P,,a; + 20Y,),

(2.25) g14 = a3(10a% — 12Py,a? + 15P,a} — 20P5.a; — 30Z)),
G = a¥(60a% — TOP,a} + 84P,,a? — 105P,a; — 105Z,),
gai = a¥(60a3 — T0P,,at + 84P,.a3 — 105P;,a? + 140P4a; + 210U,),
Gag = a¥(105a5 — 120P,,a -+ 140P,,a} — 168P5,a? +210P ,a;+280U,) .
Choosing e, =c;;=0(i=4, 5, 6; k=1, 2,..., 5; j=4, 5,..., m—1), we have
(226) b+ Xithe;=a, —b+2¥izhas;=a},
— b+ 6 izt Aje,; =dy, (2a,+1)b; + 12 Tizi By, = dy,
= Ab; + 60 X2l Cicyy = dy;,
(2.27) Bb; +.60 302k a,;Cic;; — dy = 10e;6,
(228) -Rypishy + 60 Tizhyy Dyjcij — Gim—2 = 10€;5 (iZm + 1),
(2-29) - Ryp-2b, + 420 )t M .aij'thj““ gzt;:—z = 607 — TOP;,_3e56,
(2.30) — Rypb; + 420 izt Epicy; — G3im = 60ei; — T0P 016 (i 2 m +2),
(2.31) Ry,b; + 840 X izh 2 a,E,i¢i; — Gaim = 105€;3 — 120P,,,e;7 + 140P, €56,
(2.32) T(x) = X3=1 S{RI[jHyIx) + L= Fj+ 1(h*1]jNg(x)y(x)
+ 226 [Gj+29'(x) + Hj1,92(x)] (h*2[j)yI(x) + O(h'°),
(2.33)  Ty(x) = Xi=6 €1, (B [iDYVA(x)
+ X6 (Zh=a Crv1ery) (W *1Dg(x)y(x) + O(h®),
(2.34) T(x) = Xi=¢6 €r+2;(h[jHyV(x)
+ =6 (XkEL ¢ 2rei)) (W [Ng(X)yD(x) + O(h®),
(235 R(x) = T8=; W [i)yD(x) + Teg K i(hI+1[i)g(x)y(x)
+ [Mgg'(x) + Ngg?(x)1(h3/61)y©(x) + O(h®).
If we put S;=0 (i=1, 2,..., 6), we have .
(236) Xit3pi=1-s, 23%thajpj=1+4s, 635 A;p;=5+s5,
12353 Bjp; =7 — 10ay; — (2a; +1)s, 60 X 5t2 C;p; = As + Q.

Jj=2

60 Zj=m+l ijpj = - R1m-25 + Qim—z;
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(2.37) 420 35t2. 5 E,jpj — Raws — Qom = 6085,
(2.38) 840X5%2,,,a,E,;p; + Ryms — Q3 = 105Sg — 120P, S, (r2m=1),
(2.39) 840 X542,.3F,,ipj+ Rsps 25 = Qamer = 105Sg—120P,,,, 1S, (r=m),
(2.40) 2520 3 7t2 3 a;F,;p; — Rem+25 — Qsm+2 = 2808,
— 315P,,,4+2Sg + 360P,,,, »,S.

Setting W;=0 (i=1, 2,..., 5), we have

(2.41) o= —u, 2¥Eav;=u, 63X 4;0;,=u,
1233 Bp; = — (Qa;+1u, 60 X52 Cv; = Au,
(2.42) 60 251211 Dyjvj + Rypy—qu = 10,
(2.43) 420352, E,jv; — R3u = 60W, — T0P,, Ws (rzm-1),
(2.44) 8403 7t2 3 F,0; + Rspyou = 105W
— 120P,,, , W, + 140P,,, ;. Ws (rzm).
From (1.5), (1.6) and (1.7) we have

(245) yn+i+n - (1+s)yn+1+a + SVn+a = hﬁba(xn,' Yn=15 Vns Yn+1> yn-—1+u’
Yotw Ynv14w Yn—14v Vntv Yt 1+vs h) (0' =W, v, 0) '
Hence the method (1.5)—(1.7) is stable if and only if —1<s<1 [6].

3. Construction of the methods

We shall show the following

THEOREM. For r=3, 4,5 there exists a method (1.7) of order r+3 which
embeds a method (2.2) of order r+2.

3.1. Caser=3

We choose S;=é5;=0 (i=1,2,...,6), e,,=W;=0 (j=1,2,...,5) and s=
vs=0. Then:for any given a,, as and u#0 such that 4#0 and R,,#0 other
constants are determined uniquely by (2.26), (2.28), (2.36) and (2.41), and we
have F,=p,e,6 and K,;=0v,e,¢.

For instance the choice

3.1 u=0475, v=0.72, u=—0.5
yields
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3.2)  b,= —10.57084022, c,o = 1.535351271, c,; = 7.817720652,
¢4y = — 1.668025015, c,3 = 3.360793310, e, = — S.06E—1,

(3.3)  bs=2.820015690, cso= — 0.3866898256, cs5, = — 2.321160150,
¢s, = 0.8538960019, c¢5; = — 0.8839560779, c5, = 0.6378943610,
es; = —273E—1,

(34)  po= —0.03316404542, p, =0.5131534954, p, = — 1.295834612,
ps = 1.466226744, p, = — 0.4966636240, ps = 0.8462820415,
S,=—376E—1, F,= —2.50E—1,

(3.5) vy = —0.07330178082, v, =0.3607658602, v, = — 0.05726365496,
vy = 0.1302064686, v, = — 0.007010454636, vs =0,

We = — 2.66E-2.
3.2 Caser=4

We set $;=0 (i=1,2,...,7), es;=es;=W;=0 (j=1,2,...,6), ey,=0 (k=
1, 2,...,5) and cg4=s=p,=v,=0, and we have

(3.6) 14(25v2—60v+ 31)u? — 14(60v2 — 149v + 80)u +434v2 — 1120v + 627 =0.
For any a, (0<a,=<1), u#0 and pu and v satisfying (3.6) such that A#0, R;;#0
(i=2, 3) and a;#a, (i=S5, 6), other constants are determined uniquely by (2.26),

(2.28), (2.36), (2.37), (2.41) and (2.42), and we have K,=0.
For instance the choice

(3.7) p=0.5, v=0.8944214639, a, = 0.675, u= — 0.5

yields

(3.8) b, = —22.90457102, c,o = 3.535669047, c,, = 17.18938358,
C4p = — 8.580227199, 43 = 11.43474559, e, = — 1.63E+0,

(3.9) bs= — 1452588224, cs,=0.2070869290, c5; = 1.268152211,
csp = — 1.943565301, cs3 =2.369551210, cs4 = 0.05136317476,
es; =1.62E—1,

(3.10) bg =9.665320921, cgo = — 1.399600243, cq, = — 8.108142987,
Ce2 = 8.663023327, cg3 = — 9.313405398, cg4 =0,
cgs = 1.387225844, eq; = —1.33E+0,
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(3.11) po = — 0.0002604862769, p, = 0.007475908655,
P = — 0.2075555104, p, = 0.4457409447, p, =0,
ps = 0.4902512337, p, = 0.2643479096, S, = 6.72E — 4,
F,=—2T1E—1,

(3.12) vy =0.07255003032, v, = 0.4178452993, v, = — 0.4423239876,
vy = 0.4873012654, v, =0, vs= — 0.04160721900,
ve = 0.006234611543, Wy =T7.13E - 2.

33 Caser=S5
We Choose Si=0 (l=1, 2,.-., 8), e5j=esj=e-,j=VVj=0 (]=1, 2,..., 7), e4k=0
(k=1, 2,...,6) and p,=v,=c,,=0, and we have
(3-13) 10Aa2 - IZ(AP“-—B)aS + IS(APZI _Bpil)ai + ZO(AYI +BP21)a4
+ 30BY; =0,
(3.14) 60Cai — 10(7P{,C—D)at + 12(7P,,C— P,,D)a3 — 15(7P3,C + P,,D)a%
- 20(7CZ;+P32D)¢15 - 30220 = 0,
where C=R,, and D=R,,. For any py, v, u#0 and a,; (i=4, 5) satisfying (3.13)
and (3.14) such that A#0, C#0, R35#0, R5,#0, a;# 1, vand 0<ag;<1 (i=4, 5),
other constants are determined uniquely by (2.26), (2.28), (2.30), (2.36), (2.37),

(2.39), (2.41), (2.42) and (2.43), and we have F;=Fg=K,=K3z=0.
' For instance the choice

(3.15) p=0.904, v=0.342, a,=0.5076061751, a5 = 0.6570915471,
u=1.0

yields

(3.16) b, = 34.53590888, c49 = — 3.565512499, ¢4, = — 22.20711780,
cqp = — 17.78022895, c,3 = 9.524556536, e,, = — 5.33E—1,

(3.17) bs= —1.337705905, cso = 0.1350142014, cs5, = 0.4412783792,
cs; = 0.7057437510, cg; = 0.3408428475, ¢, = 0.3719182732,
€sg = — 5.28E — 2,

(3.18) bg = — 1103438741, cqo = 1120778577, cq; = 5.568320667,
Cep = 5.TT3473673, cgy = — 0.9740570107, cqq = — 0.3350867960,
ces = 0.7849582964, ez = — 5.36E — 1,
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(3.19) b, = —3.031199895, c;0 = 0.3074472541, ¢, = 1.385552776,

¢y, = 1.589075508," c,, = 0.04113356034, c,, =0,
¢ys = 0.06576373415, c,c = — 0.01577293821, ¢,5 = — 1.42E — 1,

(3.20) s =0.2428733357, po,= — 0.02419657518, p, = — 0.1180080624,

p, = — 0.1296951316, p, = 0.1489507863, p, =0,
ps = 0.2289030122, p, = 0.2267983033, p, = 0.4243743317,
Se=—332E—2, Fy=—194E —1,

(3.21) vo = —0.1015527525, v, = — 0.5035064634, v, = — 0.5233496733,

vy = 0.09675621105, v, =0, vs= —0.02669845199,
ve = 0.005931997435, v, =0.05241913276, Wz =4.84E — 2.

4. Numerical examples

. . The following six problemsare tested:

Computation by methods (3.1), (3.7) and (3.15) is carried out by the following

Problem 1. y'=y, y(0)=1. p(x)=exp (x).

- Problem 2. y'=2xy, y(0)=1. y(x)=exp (x?).

Problem 3. y'=-5y, y(0)=1. y(x)=exp(—5x).
Problem 4. y'=—y2, p(0)=1. y(x)= 1/(1+x).
Problem 5. y'=y—2x[y, y(0)=1. y(x) =(‘1 +2x)1/2,
Problem 6. y'=1-—y2?, y(0)=0. y(x)=tanh(x).

program.

Here e=10"""5/2 ‘and &,=2"""%. Butcher (6;8) formula [1], Shanks (7,9)
formula and Shanks (8,12) formula [2] are used for computing starting values for
methods of order 6,7 and 8 respectively. The errors at x =3 are listed in Table 1.

(l) CompUte ym yva YI’anfusfv andfl-
(11) Complne y1+w Vi+w y29f1+;nf1+v5f2 and t2'
(iii) If |t,] >emax (1, |t,]), then halve the stepsize and go to (i).

(iv) 'If {t,]'<e; max (1, |t,]), then replace.y,, fo and h by y,,f, and 2h

respectively and go to (i).

(V) Reﬁlabe“yO’ y;;’ yvs ylst!f;t’fvs andfl by yl’ y1+;n y1+vs yZ’;fl’ fl+u’

f1+v and f, respectively and go to (ii).
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Table 1.

Prob
1 2 3 4 5 6
Meth

3.1 2.86E—6 2.04E-3 —4.16E—10 —3.67E—8 —3.44E—6 9.97E-9
3.7 —2.06E—-7 —7.64E—-5 1.L12E—-10 —8.18E—11 2.58E—8 1.43E-10
(3.15) 147E—-8 —3.76E—-7 1.62E—9 3.32E-11 7.21E-9 6.32E—10

(1]
[2]
(31
(4]
[51

[61
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