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In his paper [3], R. Gilmer introduced the concept of LCM-stableness,
related to GCD properties of a commutative group ring. In [8], we studied
basic properties of LCM-stableness, universality of LCM-stableness and LCM-
stableness of a simple extension A<= A[u]. Moreover, we introduced in [8] the
concept of G,-stableness which is of use for the study of LCM-stableness. The
main purpose of this paper is to give some properties of G,-stableness, and to
show universality of LCM-stableness of A< B, in case A4 is a Krull domain. In
[9], we gave a characterization of Priifer s-multiplication domains, abbreviated
to PVMD’s, in terms of polynomial grade; this plays an important role when we
examine universality of LCM-stableness.

In Theorem 3, we shall give a characterization of G,-stableness. Also,
Proposition 6 is a generalization of Exercise 19 d) of §2 in [1]. Moreover, we
shall give some conditions for LCM-stableness to imply G,-stableness in Propo-
sition 7 (cf. Remark 2). In particular, Proposition 8 is a key proposition to show
universality of LCM-stableness of A< B, in case A is a Krull domain (cf. Theorem
11).

Throughout this paper, AcB denotes an extension of integral domains.
Moreover, K and L denote the quotient field of A4 and that of B respectively.
Also, we denote by X an indeterminate. For a fractional ideal I of 4, we put
I,=A:x(A:xI). We say that I is a v-ideal if I=1I,, and that a v-ideal I is of
finite type if there is a finitely generated fractional ideal J of A such that I=J,.
An integral domain A is called a Priifer v-multiplication domain (PVMD), if
the set of all v-ideals of A4 of finite type forms a group under the v-multiplication
I-J=(1J), (cf. [2]). Let I be an ideal of A. We denote by gr (I) and Gr (I) the
classical grade of I and the polynomial grade of I respectively (cf. [4]). Moreover,
we put G(A4)={P e Spec(4)|Gr(P)<1}.

Let I be an ideal of A[X]. We denote by c(I) the ideal of A generated by
all coefficients of all polynomials in I and we call it the content of I.

For Ac=B, we say that AcB is LCM-stable if aBn bB=(aA n bA)B for all
a, be A, and that AcB is R,-stable if a :z b=a for any a, be A with a :, b=a.
Moreover, we say that A<= B is G,-stable if Gr (IB)=2 for each non-zero finitely
generated ideal I of A4 with Gr(I)=2. It is obvious that if dim A=1, then AcB
is G,-stable. Also, it is known that for AcB<=K, A<B is flat if and only if
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AcB is LCM-stable (cf. [6], [8]). In general, we have the following
implications.

A < B:LCM-stable—> 4 < B : R,-stable

[ |

A c B:flat = A < B:G,-stable

REMARK 1. In the above discussions, the converse of each implication is
false. In particular, we gave in [8], an example of A< B which is not flat but
LCM-stable and an example of A = B which is not G,-stable but R,-stable.

REMARK 2 (cf. [8], Theorem 3.6 and Lemma 4.1). In any of the cases
below, R,-stableness of A< B is equivalent to G,-stableness of 4 < B.

(1) A, is a valuation ring for each P e Spec (4) with gr (P)=1.

(2) Each proper principal ideal of A has a primary decomposition.

For example, if A is a GCD domain, then A satisfies the condition (1) (cf.
[7]) and if A is either a Neotherian ring or a Krull domain, then A satisfies the
condition (2).

The following theorem gives a characterization of G,-stableness.

THEOREM 3. For A< B, the following statements are equivalent.
(1) AcB is G,-stable.
(2) B=n{Bp|Pe®B(A)}.

PROOF. (1)=(2). Assume that A< B is G,-stable. It is sufficient to prove
that N {Bp|Pe®(4)}=B. Let xe n{Bp|Pe®(A)}. Then, for each Pe ®(A),
there exists spe A—P such that spxeB. Put I=3 p.g4),5p A- Then we have
Gr(I)=2. Therefore, there is a finitely generated ideal J with J<1I such that
Gr(J)=2. Since AcB is G,-stable, we have Gr(JB)=2. That is, B: J=B.
On the other hand, JxcIx<B. Thus, xeB: J=B. This implies that
N{Bp|Pe®(A)} =B.

(2)=>(1). Assume that B=n{Bp|Pe®(A)}. Let I be a finitely generated
ideal of A with Gr(I)=2. Take xeB: I. Let Pe®(A). Since xIcBc By,
we have xe Bp: 1. On the other hand, since I¢ P, IAp=Ap and therefore,
IBp=Bp. That is, Bp: I=Bp. Thus, xe N{Bp|Pe®(4)}=B. Since this
shows that B :; I=B, Gr(IB)=2. Therefore, A< B is G,-stable.

PROPOSITION 4.  For AcB, suppose that A is integrally closed and that L
is algebraic over K. Moreover, assume that B is the integral closure of A in L.
Then A= B is G,-stable.

PrROOF. Since A is integrally closed, A=\;V; where V;’s are valuation
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rings between A and K. Let W, be the integral closure of V, in L for each i.
Then we have B=\; W;. Let I be a finitely generated ideal of 4 with Gr (I)=>2.
For a non-zero fractional ideal J of B, we put J¥*=/\;JW,. Then the mapping
J—J* is a *-operation on B (see [2]). Since Gr(I)=2, IV,=V, for each i.
Therefore, (IB)*=\; IW;=\; W;=B. Thus, we have (IB),=B by Theorem 34.1
in [2]. That is, B: I=B. Then Gr(IB)=2. This implies that A=B is G,-
stable.

ReMARK 5. The condition that B is integral over A does not necessarily
imply that AcB is G,-stable. In fact, let A=k[s, t],, where s, t are indeter-
minates over a field k, and let Q@ be an algebraic closure of K. Then we can
take x, y € Q with the properties that x2+sx+s2=0, y2+ty+1>=0 and tx=sy.
Obviously, A[x, y] is integral over 4. On the other hand, A< A[x, y] is not
LCM-stable by Proposition 5.3 in [8]. Therefore, A< A[x, y] is not G,-stable
by Corollary 3.7 in [8].

Given an extension of integral domains 4 = B, we say that an element u in B
is super-primitive over A, if u is the root of a polynomial f(X)e A[X] with
A c(f)=A. Suppose that A4 is integrally closed. Then A4 is a PVMD if and
only if u is super-primitive over A for each u e F, where F is a subfield of an
algebraic closure of K containing K (cf. [5], Proposition 2.5 and [9], Proposition
7). From this fact, we have the following proposition.

ProrposITION 6 (cf. [1], Exercise 19 d) in §2). For Ac B, suppose that A is a
PVMD and B is integrally closed. Moreover, assume that L is algebraic over K.
If AcB is G,-stable, then B is a PVMD.

PrROOF. LetueL. Since A isa PVMD, u is super-primitive over 4. Thus,
there exists a polynomial f(X)e A[X] such that f(u)=0 and A4 :x c(f)=A. By
G,-stableness of A<= B, we have B :; ¢(f)=B. That is, u is super-primitive over
B. This implies that B is a PVMD (cf. [9], Proposition 7).

Here, we shall examine conditions that LCM-stableness implies G,-stableness.
Recall that an integral domain A is said to be an FC domain, in case aA N bA
is finitely generated for any a, b e A.

PROPOSITION 7. In any of the cases below, LCM-stableness of AcB
implies G,-stableness of A< B.

(1) A is an FC domain and B is integrally closed.

(2) Bisa PVMD.

PrROOF. Let I be a finitely generated ideal of 4 with Gr(/)=2. Assume
that Gr(IB)=1. Then there exists Q € G(B) such that IBcQ by Theorem 16
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of Chapter 5 in [4]. Put P=0Qn A, then IcP. Thus, Gr(P)=2. This implies
that Ap is not a valuation ring. Therefore, there exist a, be A—{0} such that
a:,b+b:,acP. Since AcB is LCM-stable, we have

(%) agb+biga=(@: b+b:,a)Bc PBc Q.

First, suppose that 4 is an FC domain and B is integrally closed. Then
we have B :; (a3 b+b :ya)=B by Lemma 10 in [9]. Since A4 is an FC domain
and AcB is LCM-stable, a :3b+b :pa is finitely generated. Thus, Gr(Q)=
Gr(a :gb+b :ga)=2. This is a contradiction.

Next, suppose that Bisa PYMD. Then By, is a valuation ring by Theorem 2
and Remark 3 in [9]. On the other hand, () shows that By, is not a valuation
ring. This is a contradiction.

These imply that A< B is G,-stable.

PROPOSITION 8. Let A bea PVMD. Assume that AcB is G,-stable. Then
we have the following statements.

(1) For each finitely generated ideal I of A, B : I=((A :x I)B),.

(2) For eacha, be A—{0}, a :3 b=((a :, b)B),.

Proor. (1) Let I be a finitely generated ideal of A. Since A=B is G,-
stable, we have B= N {Bp| Pe ®(A4)} by Theorem 3. For Pe®(A), since Ap is
a valuation ring by Theorem 2 and Remark 3 in [9], we have (B :; )Bp=Bp : =
(Ap :x )Bp=(A :x I)Bp. This shows that B:, Ic N {(A4 :x I)Bp| P € ®(A4)}.

Conversely, take xe N {(A :;x I)Bp| Pe ®(A)}. Then for each Pe®(A),
there exists spe A—P such that spxe(A4 :xI)B. Put J=3 p.g45p 4. Then
we have Gr(J)=2and IxcB:; J. Since A<Bis G,-stable, Gr(JB)=2. There-
fore, IxcB: J=B. Thus, xeB: I. This shows that N {(A4 :x I)Bp| P € 6(A)}
cB: 1. Thatis, B:;I=n{(A:xI)Bp|Pe®(A)}.

For a non-zero fractional ideal M of B, we put M*= N {MB,| P e G(A)}.
Then the mapping M —M* is a *-operation on B. The above shows that B :; I=
((A :xk DB)*. On the other hand, ((4 :x )B)*<((4 :xI)B),=(B :.I),=B: I
That is, B :; I=((A4 :x I)B),.

As (2) can be proved in the same manner as (1), we omit the proof.

To examine universality of LCM-stableness of A<=B, where A is a Krull
domain, we prepare a lemma and a proposition.

LEMMA 9. Let A be a Krull domain. Assume that AcB is LCM-stable.
If I is a v-ideal of A, then IB is a v-ideal of B.

PrOOF. Since [ is a v-ideal of A, there exist x, y € K such that I=xA4 N yA
by Corollary 44.6 in [2]. Since A<= B is LCM-stable, IB=(x4 n yA)B=xBn yB.
This implies that IB is a v-ideal of B.
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PrOPOSITION 10. Let A be a Krull domain. Assume that AcB is LCM-
stable. Then we have B :; I=(A :x I)B for each finitely generated ideal I of A.

ProoOF. Since A is a Krull domain, AcB is G,-stable by Remark 2.
Therefore, we have B : I=((A4 :x I)B), by Proposition 8. On the other hand,
A :x Iisav-ideal of A. Thus, (4 :x )Bis a v-ideal of B by Lemma 9. Therefore,
B: I=((A4 :xI)B),=(A :x I)B.

With these preparations, we give the following theorem related to universality
of LCM-stableness.

THEOREM 11. Let A be a Krull domain. Then the following statements
are equivalent.

(1) AcBis LCM-stable.

(2) A[X]<B[X] is LCM-stable.

Proor. (2)=>(1). This implication can be proved easily for any extension
of integral domains A< B, and so the proof is omitted.

(D)=(2). Assume that AcB is LCM-stable. Since 4 is a Krull domain,
AcBis G,-stable by Remark 2. Thus, A[X]<B[X] is G,-stable by Theorem 3.5
in [8]. Let f(X), g(X)e A[X]. We may assume that f(X) 1xx; 9(X)=f(X).
Put I=c(f)+c(g). Since A is integrally closed, f(X) :4x39(X)=(A :;x Df(X)-
A[X] by Lemma 3.9 in [8]. Since 4 is a Krull domain and A< B[X] is LCM-
stable, (4 :x I)B[X] is a v-ideal by Lemma 9. On the other hand, A[X] is a
Krull domain. Therefore, by virtue of Proposition 8, we have

f(X) ‘B[X] 9(X) = (f(X) CALX] g(X)B[X]), = (4 :x D f(X)B[X]),
= (A4 x Df(X)B[X] = (f(X) :41x19(X))B[X].
This implies that A[ X]<B[X] is LCM-stable.

ReMARK 12. In Corollary 3.8 in [8], we showed that if A is locally a GCD
domain, then universality of LCM-stableness of A=B holds. Moreover, we
showed in Theorem 11 that in case A is a Krull domain, universality of
LCM-stableness of A<B holds. However, we don’t know if universality of
LCM-stableness of A< B holds generally. Both locally GCD domains and
Krull domains are special cases of PVMD’s. Therefore, one may ask the follow-
ing question.

(1) If A is a PVMD, then does universality of LCM-stableness of AcB

hold?

On the other hand, if the above question (1) is affirmative, then LCM-
stableness of A = B implies G,-stableness of A< B by Theorem 3.5 in [8]. Thus,
the following question which seems weaker than the question (1) (cf. Remark 2



52 Hirohumi Upa

and Proposition 7) occurs.
(2) If Aisa PVMD, then does LCM-stableness of A < B imply G,-stableness

of A= B?
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