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Linearized oscillations for difference equations
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1. Introduction and preliminaries

We obtain necessary and sufficient conditions for the oscillation of all
solutions of the nonlinear difference equation

Xn+1 _xn+f(xn—k,"-',xn—km)=05 n=0, la 2, (1)

in terms of the oscillation of all solutions of an associated linear difference
equation.

Let N denote the set of nonnegative integers {0, 1,...}. Throughout this
paper we will assume that

ki, kpy....,k,eN, feC[R™ R] 2
fuy,...,u,) >0 foru,,...,u, >0,
fuy,...,u,) <0 foru,,...,u, <0, 3)
and
fu,...,uy=0 ifand only if u =0.
We will also assume that the following hypothesis holds:

(H) There exists 6 > 0 such that f has continuous first partial derivatives,
Df, for all u,,...,u,e[—0,0d] such that

D,f(0,...,0)=p, for i=1,....,m 4)
with
PireisPm€(0, 00)  and 21 (pi+ k) #1. 5)
Furthermore,
either fuy, ..., u,) < il Pil; for wuy,...,u,€[0,d] (6)
or f(ul,...,um)zi1 pi;  for uy,...,u,e[—4,0]. (6")
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Let k = max{ky,...,k,}. By a solution of Eq. (1) we mean a sequence
{x,} which is defined for n > —k and which satisfies (1) for n>0. Let
a_y,...,ao be given real numbers. Then Eq. (1) has a unique solution {x,}
which satisfies the initial conditions

X;=a; for i=—k,...,0.

A solution {x,} is said to oscillate about x* if the terms x, — x* of the
sequence {x, — x*} are neither eventually positive nor eventually negative.
When x* =0, we say that {x,} oscillates about zero or simply that {x,}
oscillates.

Linearized oscillation results for difference equations with “separable de-
lays” of the form

Xps1 — Xp + Z:l Pifixp) =0, n=0,1,2,.. (7

were obtained in [2]. The results in this paper extend the results in [2]
and have a wider range of applicability.

For some recent developments in the oscillation of difference equations,
see [2]-[6] and the references cited therein.

The following two lemmas from [2] will be needed in the proofs of the
main result in Section 2.

LeMMmA 1. Consider the difference inequality
Xors — X + i P(x, <0, n=0,1,2,... @®)
and the difference equation
VYnt1 — Vu + 2 PiXp—i, =0, n=01,2,... 9)

where

lim inf P(n) > p; > 0 for i=12 ..., m,

n—oo

M=

kieN for i=1,....m  and (pi+k)#1.

i=1

Suppose that (8) has an eventually positive solution. Then Eq. (9) also has an
eventually positive solution.

LEmMMA 2. Let {c,} be a solution of the difference inequality

Coi1 —Co+ Y piCoy, =0 for n=0,1,...,N, — 1
=1
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with initial conditons
C,= 043, for n=—k,...,0

where
pi€(0, ) and k;e N for i=1,...,m are such that ¥ (p;+k)#1,
=

N,eN with N, > 1, 0 € (0, ), k = max{k,, ..., k,}

and J, is a positive root of the equation
m
A—=14Y pA™=0.
i=1

Then
C, > 045 for n=1,2,...,N,.

2. Linearized oscillations

Consider the nonlinear difference equation (1) and assume that the condi-
tions (2) and (3) and hypothesis (H) are satisfied.
With equation (1) we also associate the linear equation

Vn+1 — Vn + Zl PiVu—i, =0, n=0,1,2.. (10)
and its corresponding characteristic equation
A=1+Y pi ™ =0. (11
i=1

It is a known fact, see [3], that every solution of a linear difference
equation with constant coefficients oscillates if and only if its characteristic
equation has no positive roots.

The main result in this section is the following theorem which relates
the oscillation of the nonlinear difference equation (1) to the oscillation of
the linear difference equation (10).

THEOREM 1. Assume that conditions (2) and (3) hold and that the hypothesis
(H) is satisfied. Then every solution of Eq. (1) oscillates if and only if every
solution of the associated linear equation (10) oscillates.

ProOOF. Assume that every solution of Eq. (1) oscillates and that, for
the sake of contradiction, Eq. (10) has a positive solution {y,}. Suppose that
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(6) holds. The case where (6') holds is similar and will be omitted. Then
Eq. (11) has a positive root 4,. As p;>0 for i=1,...,m, it follows that
Ao €(0,1). Let {x,} be the unique solution of Eq. (1) with initial conditions

x, =01y, for = -k ...,0

where k = max{k,,...,k,} and 0 = 5A§.
The proof will be complete if we show that

x,>0 for n=1, 2,... (12)

which would be a contradiction because, by hypothesis, every solution of Eq.
(1) oscillates. To this end, assume that, (12) is false and therefore there exists
N; > 1 such that

x,>0 for —k<n< N, —1 and xy <0.
Then, from Eq. (1) see see that

Xpt1 < Xy for 0<n<N, -1
and so
0<x,<xo=0=0Ak<6 for 0<n<N,—1.

Then, by using (6), we obtain
Xpt1 — Xp+ 2 PiXp—i, =20, for n=0,1,...,N, — 1.
i=1

By Lemma 2 this implies that
xy, = 045 >0
and this contradiction completes the proof of the first part of the theorem.

Conversely, assume that every solution of Eq. (10) oscillates. We should
prove that every solution of Eq. (1) also oscillates. Otherwise, Eq. (1) has a
nonoscillatory solution {x,}. We will assume that {x,} is eventually positive.
The case where {x,} is eventually negative is similar and will be omitted.
Then, one can easily see that

lim x,=0. (13)
n—o
Now observe that in view of (3) and the mean value theorem for a functions
of m variables,

f(xn—k,’ EER) xn—km) =f(xn—k1’ EEE) xn—k,,,) - f,...,0)

= Zl Dif(@xn—kl, ey @xn—km)xn—ki
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where @ €(0, 1). Set
P(n) = D;f(Ox,_,> ..., Ox,_y ) for i=1,...,m and neN.
Then from (4) and (13) and by the continuity of the partial derivatives of f,
lim Pi(n) = p; for i=1,...,m. (14)

n—o

Therefore Eq. (1) can be written in the form
Xpy1 — Xy + Z 'Pi(n)xn—k.» =0.
i=1

In view of (14), we see that the hypotheses of Lemma 1 are satisfied and so,
the associated linearized equation (10) has an eventually positive solution.
This is a contradiction and the proof of the theorem is complete.

From the second part of the proof of Theorem 1, it follows that a
sufficient (but not necessary) conditions for the oscillation of all solutions of
Eq. (1) is given by the following corollary.

COROLLARY 1. Assume that (2) and (3) hold and that there exists 6 >0
such that f has continuous first partial derivative, D.f, for all u,,...,u,€
[—9, 6] such that (4) and (5) are satisfied. Suppose also that the characteristic
equation (11) of the associated linearized equation (10) has no positive roots.
Then every solution of Eq. (1) oscillates.

REMARK 1. One can show that, instead of assuming that f e C[R™ R],
we can only assume that there exists some interval I containing the point 0
such that fe C[I™, R] and such that the function g which is defined by

glug, Uyy ..., thy) =g — f(uy,...,u,)  when min{k,,...,k,} >0
and by

guy, ..., u,) =u;— f(uy,...,u,)  when min{k,,...,k,} =k =0
is such that

geC[I™',I] and geC[I™I],  respectively.

In this case, the solutions of Eq. (1) will also be assumed to have initial
conditions chosen from the interval I.

3. Application

In this section we present an application of our results to equations
which have appeared in neural networks. It should be mentioned that the
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linearized oscillation theory which was developed in [2] does not apply be-
cause the delays in this case are not “separable”.
The following difference equations, see [1], [8] and [9],
Xt+1)=AX®)1 —X@®) — Xt —-1),
Xt+1)=4AX0) A —-X@®)— Xt —-1)— Xt —2)
and
Xt+1)=AX1t)(1 — X(t) — BX(t— 1))
where
Ae(l, o) and B e (0, )

have been used as appropriate recurrence relations for the activity, X(t), of
mutually connected neural networks.
Let us consider the more general difference equation

Yot = Axn(l -3 Bixn-i) , (15)
=0

where
meN, Ae(l, o) and B, € (0, o) for i=0,...,m. (16)

Eq. (15) has a unique positive equilibrium x* and x* is given by
x* = (

X, = Y, + x* for n<-m. (18)

g

Bi>_1(A —1)/A. 17

Set

Then Eq. (15) reduces to the difference equation
Ynrr = Yu+ Ayn + X*)< ;) Biyn—i> =0 (19)

and {x,} oscillates about x* if and only if {y,} oscillates about zero.
We are interested in the oscillations of all positive solutions of Eq. (15)
about x*. From (18) we see that if x, >0 for n > —m then

Ve > —x* for n>—m.

Set

f(uO’ RS ] um) = A(uO + X*)( 5 Bi“i) B
i=0

g(“o,---,“m)=“o_f(“o,‘--,um),
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and
I=(—x*x*/(A—-1).

Now if we also assume that

m -1
1<As4BO(Z B,~> , (20)
i=0

then one can show that g: I"*' - 1. Also
D,f(0,...,0) = Ax*B; for i=0,....,m

and the linearized equation associated with Eq. (19) is
Zpr1 — 2, + Ax* io Bz, =0, n=0,1,2,... (21)
with the characteristic equation
A—1+ Ax* i BA =0, 22)

Clearly, conditions (4), (5), and (6’) are satisfied and so by Remark 1
and Theorem 3 the following result is true.

THEOREM 2. Assume that conditions (16) and (20) are satisfied. Then
every positive solution of Eq. (15) with initial conditions Xx_,,...,Xq€
(0, Ax*/(A — 1)) oscillates about the positive equilibrium x* if and only if Eq.
(22) has no positive roots.
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