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Calculation of the Stokes’ multipliers for a
polynomial system of rank 1 having
distinct eigenvalues at infinity
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0. Introduction

Computation of the Stokes’ multipliers and / or central connection
matrices (hereafter referred to as connection data) for systems of the form

0.1) X = (zA, + A,)x,

with n x n constant matrices 4,, A, or equivalently computation of connection
constants for the so-called hyper-geometric system (compare below), has
attracted considerable attention lately. In case n=2 and A4, having two
distinct eigenvalues, the connection data can be explicitly computed using
Gamma functions in the parameters of (0.1); see Jurkat, Lutz, and Peyerimhoff
[4], and Kohno and Yokoyama [10], e.g. The same holds true for general
n and A, being a diagonal matrix with zeros and a single one along the
diagonal; see Balser [3] and Okubo, Takano, and S. Yoshida [6]. Other
cases of (0.1) have been treated by Yokoyama [8], [9], [10], who obtained
under various assumptions upon n and / or the eigenvalues of A, and A4,,
together with other generic restrictions, explicit formulas in terms of classical
special functions.

Aside from very special situations as the ones described above, no such
explicit formulas for the connection data of (0.1) have been found and, to the
author’s opinion, may not exist. Instead, it appears reasonable to regard these
data as being “new” special functions in the parameters of (0.1) and look for
representations of them in terms of infinite series, or integrals, etc. In [2],
such representations for the Stokes’ multipliers of (0.1) (in case A, has n
distinct eigenvalues) are given. The terms of these series involve functions
which are recursively defined and, although interesting in their own right, are
relatively complicated. In the present paper, we obtain representations which
are much simpler and (aside from explicit rational terms) involve solutions of
a difference equation closely related to a system of the form (0.1), but of
dimension n — 1. To do so, we use results of R. Schafke [7], who showed
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(for A, having distinct eigenvalues) that the connection data of (0.1) can be
computed from certain connection constants of the so-called hypergeometric
system

d
0.2) (4, — t)ay =(A; — )y

(with t being a complex variable and s a parameter), and instead of (0.2) one
may also regard the difference equation

(0.3) (4, = )Ls, ) = (s — A)L(s + 1, 1),

where now s acts as a variable and ¢ becomes a parameter. The same results
follow from a (more general) discussion by Balser, Jurkat, and Lutz [1], and
for convenience we use the notation and terminology introduced there.

1. A difference equation

Throughout, let 4, = diag[,,...,4,] denote a (complex) diagonal matrix
of distinct diagonal entries 4,,...,4,, and let A, be an arbitrary n x n
matrix. By A’ =diag[41,...,4,] we denote the diagonal matrix consisting of
the diagonal elements of A,. Moreover, let B, a, b be so that

AT
bT 10
and let
B, =diag[/1 — Aseeishy — Auq],
= diag [A — Apseois oy — Anl.

With these data, we consider the first order system of difference equations in
dimension n — 1

(1.1) G(s + 1)(s + B, — s~ ab”) = G(s)B,.

Since

we find

(1.2) sdet(s + B, — s~ 'abT) = det(s + 4, — 4,) = n (s + p;— A,
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if uy,...,u, are the eigenvalues of A,, repeated according to their multiplicity.
Let n be an arbitrarily fixed admissible number, and choose

(1.3) n—mn<arg(d, —i)<n+m, 1<j<n—-1
Then we have

THEOREM 1. The system (1.1) admits a solution G(s), uniquely characterized by
the following conditions:
i) The matrix G(s) is analytic for s = x + iy, provided x is sufficiently large, and

(1.4) By*I(s + Ap)G(s) =1+ 0,(x"Y) as x —> oo,

where By ® is defined according to (1.3).
it) For every s as in i) and every k, | <k <n — 1, let g{ (s) denote the k™ row of
G(s). Then (A, — A4) 5gl(s), regarded as a function in any one of the
parameters
Ay — 4
w;.“:j'—f, j#k 1<j<n—1,

n J

is analytic in a complex plane with a cut from 1 to oo along the positive real
axis, and extends continuously to the lower border of the cut, excluding 1 and co.

This unique solution G(s) then is meromorphic throughout the complex s-plane
with possible poles only at points

(1.5) s=0,—-1, —2,...,

and

(1.6) det G(s)=b§,F(s){n F(s+,uj—i.,’,)}_‘,
j=1

with b, = det B,; hence G(s) is a fundamental solution of (1.1).

Proor. Suppose that G(s) with i), ii) exists, then (1.1) implies G(s) meromor-
phic with poles as stated, and using (1.2), (1.1), and (1.4) one can easily obtain
(1.6). Now let C(s) be a one-periodic matrix so that C(s)G(s) again satisfies
i), ii). Let c[(s) be the k™ row of C(s), 1 <k <n — 1, then

I(s+ A — A)

el () Bo{I' (s + 4p)} ' =€, + 0y(x™") as x —> 0
('{n_)'k)

follows. If [w| <1, j#k, 1<j<n—1, then this implies ¢, (s) = ¢,. Since
(An — 4)"ci (5)G(s) is analytic in w, this gives ¢/ (s) = ¢, in any case, and
hence G(s) is uniquely characterised by 1), ii).

To show existence, let
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According to [1], part II, section 3, the difference equation
(s— ADEGs+ 1,0 = (Ao — )Es, 1), te€Py,, 1<k<n—1 (fixed),

has a solution vector &, (s, t) which is an entire function of s, is given by a
power series expansion for |t — /| small and is analytic for te#,,. For
s = x + iy, and x sufficiently large, &(s, t) has a limit & (s, — 4,) as t > — 4,
in #,,. The proof of Proposition 4 in [1], part II, may be seen to give

(}“n _ }'k)s+i.,"—}.;—1

&s, — 4,) = ¢

I(s+ A — 1)
~in s—5—1 _ St A A -1

_ J (u + )‘n) {ék(g, u) _ ek( A’k~ u) }du
n TG—3) IG+ 2 — A)

provided Re(s — 8) > 0, Re(S + 4, — 4,) > — 1, Res > 0, is we integrate in &, ,

along some fixed, but arbitrary, path from — 4;to —4,. For§=p+ 4, — 4,

with sufficiently large integer p, a direct estimate of the integral, observing
(= b=y~

Elp + Ak — Ay w) — ekT =0((— A4 —wp) (u— — 1),

gives

I'(s+ A —4)
(A, — Ak)s+}.;‘—l;‘—1 Culs,

—A)=e¢+0,(x"") as x— o0.

k)l = At Ay,

If we define g,(s) by dropping the last component from (4, — 4
Els, — A,), then G(s) = [g(5),...,g,(s)]" satisfies i). To show ii), we restrict
for notational convenience to k = 1; for other k, the proof follows the same

lines. Defining
Eis )= (Ay = A 2R E (s, H(Ay — Ay) + Ay),

one can see that

(s —ADE(s + 1, 0) = (4, — )€, (5, 1),

b= 4y a—aﬂl]
,}'1_)'")"" Al_/:n b ’

Zo=diag[o
if(s+1x)—-€(s )
dt ' SR

From the expansion formulas in [2], one finds that & (s, 1) (for sufficiently
-4

. .. A ; . .
large x) is analytic in the parameters u; = 1,2<j<n—1, for u; in a
‘17 n
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complex plane including oo, with a cut from O to 1 along the real axis, and
continuous, €.g., on the lower border of this cut (excluding the endpoints). The
mapping w = (1 — u)”! maps this cut plane onto the w-plane with a cut from
1 to oo (and the lower borders of the cuts onto each other), and u; is mapped
onto w{", 2 <j<n—1. Hence this completes the proof.

2. A series representation for G(s)

In this section, we represent gl(s) by a convergent series, provided the
parameters w{ are all inside the unit disc (j=2,..,n—1). A similar
representation holds for the other rows of G(s).

Let h,(s) be a solution of

2.1) (s + BD)h,(s + 1) = B,h,(s),
satisfying (with s = x + iy)

I(s+ A —4)

22) o=

e; +0,(x71), as x— oo,
and being an entire function in s. Such an h,(s) exists, according to [1],
Proposition 4 of part II. Let
23) B(s)= B5'(s + B; — s~ 'ab”),
and use the notation
(B(s)), =1, (B(s))j=B(s+j—1)...B(s), j = 1.
Then we have
THEOREM 2. For
24) W[ <1, 2<j<n—1,

the first row gT(s) of G(s) of Theorem 1 is given by

2.5) gi(s) =hi(s) = Y (s +j)" ' hi(s +j + 1)ab"(B(s)); Bo ',
j=0
for every s in G, with

G=C—1{0, -1, -2},

and the series converges compactly with respect to s in G.

ProofF. For seG we have
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B,(B(5))j+1 = (s +j+ By — (s + /)" 'ab")(B(s));, j=0,

hence from (1.1) we conclude that G(s + j)B,(B(s)); is independent of j, and
therefore (observe j = 0)

G(s)B, = G(s + j)B,(B(s));, j=0.
Hence from (1.4), (2.2), (2.4)
hi(s +j+ 1)ab™(B(s));Bs ' = hi(s +j + 1)ab" By 1 G~ (s + j)G(s)
=0,j"") as j— o0,

with a O,-constant that may be seen to be locally uniform with respect to
seG. This implies the convergence of (2.5). If we momentarily make (2.5)
the definition of gT(s), then an immediate computation shows that g¥(s) is a
solution of (1.1), hence ¢’ (s) = gT(s)G ~*(s) is one-periodic in 5. But from (2.5),

¢T(s) = KI)G () = 3 (s +/) 'hT(s +j + 1)abTG (s + j)B,.
j=0

If we replace s by s + k, k a natural number, then the series may be easily
seen to vanish for k — oo.
Hence

cl(s) = klim hi(s + k)G~ (s + k) = €.

This completes the proof.

3. A series representation for the characteristic constants

We now turn our attention to the computation of the characteristic
constants of (0.2) (or equivalently, the Stokes’ multipliers of (0.1)). Here we
concentrate upon the constants in the n columns of the Stokes’ multipliers;
an easy variation of the resulting formulas gives the other constants as
well. So we are to find a constant vector of length n — 1, say

v= [Dl’-“’vn—l]T’

which, according to [1], part II, Corollary 1 in section 5, or the (earlier)
results of R. Schafke [7], satisfies

3.1) LR =S v —k+1), k> 1
j=1

with
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O(j(S) = 6;’: (S’ an)»

and f,(k) the coefficients of the n™ formal solution of (0.1). For this vector,
we obtain the following representation:

THEOREM 3 With G(s) as in Theorem 1, and

(3.2) D =2 diag [(A, — A" ™21 (Ay — Ay y)Prr ™A1,
we have
(3.3) v=DG(1)a.

In particular, if (2.4) holds, then

oo} h ]
(3.4) on=hty— 3 "D 0

with j=o J+1
h(j) = 2mi(A, — A1~ L hi(j)a, j>1
p(j) = b"(B(1)); B, 'a, j=0.

Proor. It may be seen to follow from [2], Part II, Expansion Theorem +
Theorem 2, that (4, — 4,)* *iv, is an analytic function of w{", 2 <j<n—1,
in a complex plane with a cut from 1 to oo along the positive real axis, and
extends continously to the lower border of this cut. Hence in view of Theorem
1 it is sufficient to show

(3.5) vy = 27i(4, — A" " gT(Da

in the situation of (2.4). Under this assumption, let f;(s) be the (n — 1)-vector
obtained from «;(4, — s + 1) by dropping the last component. Since &¥(s, t)
is a solution vector of (0.3), we find

(s+ By —s tab")Bi(s)=B,fi(s+ 1), 1<j<n—1,
and from [1], Part II we conclude
270 Bi(s) = (Ay — A 275 L(s + A) — A)(e; + 0,(x71)); as x — 0.
The matrix
G(s) = {Bo[B1(5).... -1 ()1} "

may be seen to ex~ist for x sufficiently large and is a solution of (1.1). The
first row §T(s) of G(s) then satisfies

I(s + Ay = 401 () = 27i(2, — A, M%7 el + 0,(x7Y) as x —> oo

and due to assumption (2.4) (under which the first row of G(s) is uniquely
determined by (1.4)) we conclude
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Gi(s) = 2mi(d, — A" =71 g{ ().
If f (k) is obtained from Ja(k) by dropping the last component, then (3.1) implies
v=GWkB,f(k) (k=1),
and since (compare the recursion formulas for formal solutions)
f()=B;"a,
this proves (3.5).

REMARK. In case n =2 it is easy to find h(j) explicitly, and to see that (3.4)
becomes the expansion of a hypergeometric function with the variable equal
to one. Since such a series may be summed in terms of Gamma functions,
one can easily rediscover the known formulas for the Stokes’ multipliers in
this case.
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