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Estimation and model selection in an extended growth curve model
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ABSTRACT. In this paper we consider the growth curve model with two different
within-individuals design matrices. The MLE’s of the model are obtained in closed
forms, based on a canonical form. Some basic properties of the MLE’s are given.
The problem of selecting such a model is also considered. We derive a corrected
version of AIC (Akaike Information Criterion, Akaike (1973)) which will be useful in
small samples.

1. Introduction

An extension of the usual growth curve model introduced by Potthoff and
Roy (1964) has been proposed by Verbyla and Venable (1988), who considered
the model with several different within-individuals design matrices. In this
paper we consider the growth curve model with two different within-individuals
design matrices as follows: Let Y denote an n x p data matrix whose rows
consist of observations on distinct experimental units. We assume that

(1.1) Y = 4101X1 + 420:X ) + 6,

where A; are n x k; between-individuals design matrices of ranks k;, X; and
Xy are q; x p and g X p (g9 = q1 + g2 < p) within-individuals design matrices
of ranks ¢q; and q, respectively, ®; and @, are k; x q; and k; x q matrices of
unknown parameters and the rows of & are independently distributed, each with
a p-variates normal distribution having mean zero and unknown covariance
matrix ~. Further, it is assumed that

(12) xo =y |

It may be noted that our model can be applied for the case where the n
individuals have been measured at the same p different times or occasions, and
consist of two types of polynomial growth curves with different degrees. In a
polynomial growth curve model the design matrices within individuals are
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defined by
T | 1 ... 1
t e tp t R
(13) X, = : . ) X(2) = :
t;ll—l . tgl'—l t;l"l cen tg_l

Our model also includes as a special case, the usual growth curve model when
Xz =0 or A, =0, and a mixture of MANOVA and GMANOVA models
(Chinchilli and Elswick (1985)) when X(3y = I,. On the other side, the model
(1.1) is similar to the usual growth curve model since

@ O
(14) B(Y) = s i) 7 O],

That is, the model (1.1) can be regarded as one of the growth curve models with
certain linear restrictions. For a review on the latter models, see, e.g., Kariya
(1985).

The purpose of this paper is to study the problems of estimating the
unknown parameters @, @, and X, and selecting the degrees of polynomials
in the model (1.1). In Section 2 a canonical form for the model (2.1) is given.
In Section 3 the MLE’s of &;, ®, and X are obtained in closed forms. Some
basic properties of the MLE’s are also given. The model (1.1) can be con-
sidered as a fitting model for the true model defined by setting g; = gq; and
q2 =gq;. For such a situation, we can apply AIC (Akaike Information Cri-
terion, Akaike (1973)) for the selection of good models. In Section 4 we
present a corrected version of AIC which will be useful in small samples.

2. A canonical form

Since the model (1.1) is closely related to the usual growth curve model,
we can obtain a canonical form for (1.1) by the same technique as in Gleser
and Olkin (1970). However, in order to clarify the correspondence between
the quantities in a canonical form and the original form, we give a concrete
transformation. The result is also useful in defining the models for selecting
the degrees of polynomials. Applying the Gram-Schmidt orthonormalization
method to A = [A; A;], we can choose an orthogonal matrix H = [H; H, Hj)
of order n such that

L o]

41 2] = [Hy Ho] [Lzl Ly

= HyL,
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where H; : n x k;, and L; : k; X k; are lower triangular matrices. Similarly, let
B = [B] B} B}]' be an orthogonal matrix of order p such that

X Gn O ||B;
[Xz] B [Gzl Gzz] [Bz}
= GBy),

where B; : q; X p, and Gj; : g; X q; are lower triangular matrices. Then we can
write
(2.1) A161X1 + A260,X 3 = H1E1B; + HyE,B)y),
where

E1 = L1016,

By = L»n0,G + Ly[0; O]G.

There exists a one-to-one correspondence between the original parameter
matrices {@;,0;,} and the transformed parameter matrices {Z;,&,}. In fact,
@, and @, can be expressed in terms of =y and &, as

6, = L' 516G,
(2.2)

0, = L3567 — L} Ly[L'E:G' O],

or equivalently

L G,
[@21 (F) 2

where @2 = [@21 @22] and 52 = [521 522].
Now consider the transformation from Y to

Z=H'YB
Zu Zyp Zi
(2.3)
=\|Zy Zy Zxp|,
Zy Zxn Zs

where Z; = H{YB]. Then it is easily seen that the rows of the random matrix
Z : n x p are independently distributed, each with a p-variate normal distribution
with unknown covariance matrix 2 = BXB’ and means

5 O O
(2.4) EZ)=|&
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The canonical form is related to the one (Gleser and Olkin (1970)) for testing a
linear hypothesis in the usual growth curve model, which is to test “E(Z;5) =
O”. Here we note that the hypothesis

for some g7 < g3 (q; < ;) can be expessed as
(2.6) Z1=[&8], O] and E,=[55 O]

in the canonical form, where @}, : k; x g}, 5} : k; x g} satisfy the relation (2.2).
In the following we list some notations we are using in the subsequent
sections. Let

U=(Zu Z12 Z13]'|Z11 Z12 Z13)
=[Uyl, Uy=ZyZy,
V =[Z2 Zy Z23]'[Z1 Zay Z2)
=[Vyl, Vy=ZyZy,
@2.7)
W = (Z31 Z3; Z3)'[Z31 Z32 Z33)
=[Wyl, Wy =Z3Zy,
T=U+W
=[Tyl, Tyj=U;+ W
We decompose the covariance matrix £ as

Qu Q1 213
0 =

(2.8) 2y Qp 923], Q; = B;2B;.

Q31 Q3 Qs
Further, we denote
Zi=2ZnZnZy), Ziy2) = [Za Zn),

0 Qy Q
J, Q23)(23) = [ 2 23],

Q =
e Q3 Q3 Q3

Qux = 2u — Q20503 Rem1,  ete.

Similar notations are used for matrices of U, ¥, W and T partitioned in the
above manner.
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3. Estimation of @1, €, and X

Verbyla and Venables (1988) have proposed a procedure for estimation
in a general extended growth curve model, by reducing the model to the
seemingly unrelated form. However, the property of such estimation has not
been demonstrated. Our model is a special case of the general extended
model, and, furthermore, is closely related to the usual growth curve
model. This speciality makes the maximum likelihood approach feasible in a
convenient form, which will be demonstrated in this section.

Since there exists a one-to-one correspondence between {€,0,,%2} and
{&1,52,2}, maximum likelihood estimators of {Zi, 5,2} yields maximum
likelihood estimators of {@1,0,,2}. These estimators can be obtained by
slightly extending Gleser and Olkin’s argument. First we maximize the joint
density function f(Z;Z;,5,,2) with respect to (Z,Z,). Considering the
conditional distribution of Z;; and (Z,; Z3;) given (Z1; Z;3) and Z»3, we can
see that the maximum occurs at

51 = Zn — (Z12 Z13)Q 33032315

(3.1) ]

Ey=(Zn Zn) - 22393_3193(12).
Then
32) 9(2) =f(Z; E1, 52, Q)

= (2m) "P|Q|™? exp[— Htr @'w
+tr 'Q(_2§)(23) U(23)(23) + tr 95—31 Vi3}].

The exponent part of g(£2) consists of the sum of three hierarchical terms. For
the case of the sum of such two terms, Gleser and Olkin (1970) obtained its
maximization. Using their idea repeatedly it can be seen that the maximum of
g(Q) over 2 > O is achieved at

nQ211.23 = Wiros,
91(23)9(—25(23) = Wi W33,
(3.3) nQn3 = Tnas,
[}23[}3_31 =TTy,

nQs; = Ta3 + Va3,
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or equivalently at

A Wi(23) W7 _
(3.4) nQ=w+ [ 1(23[) (23)23) ] Q[Wl(zsl)(zs) Wast Ip-g)s
P—q1

where

T3 T33! _
0 =Ups23) + [ 2; 3 ] Va3 (T33! Tz Iy,), and gq3=p—gq.
q3

Noting that

Q1303 = Wi W3 23) [ Tz;i‘g‘ ] ,
we have
(3.5) &y = Zu — Zio3y) Wiz om Wt
(3.6) By = Zy1z) — Zn3 T35 [Tas) W(2_31)(z3) Wz Tsal.

For studying the distributions of &y, &, and Q, we use the following
reductions. Let F be the p x p lower triangular matrix such that

F'QF = I,.
Consider the transformation

Zy— & Zy Zy3
Z=|Zy—-5y Zn—-En Zxn|F,

Z3 Z3 Z33
and let U, V, W and T be the matrices defined by (2.7) for Z replaced by
Z. Let F, Z, U, etc. be partitioned in the same manner as 2. Then we can
see that

(81— E\)Fy =2y - 21(23)W(_2§)(23) W a1,
(B2 — E2)Fa)12) = Zo(12) — Zo3 T35 [ T3(23) W 35y 23y W (231 T2,
nF'QF = “the quantity obtained from the right-hand side of
(3.4) by replacing Z by Z”
These reductions may be summarized as in the following Lemma.

LEMMA 3.1. Let 2y, &, and Q be the maximum likelihood estimators of
E1, Ey and Q, respectively. Then, (£1 — E1)F11, (2 — E2)F(12)12) and nF'QF
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are distributed like the quantities of the right-hand side of (3.5), (3.6) and (3.4),
respectively, with the assumptions of Z1 =0, E,=0 and =1I,.

Using Lemma 3.1 we obtain the following fundamental properties of these
estimators.

THEOREM 3.1. Let _’:71, Z, and Q be the maximum likelihood estimators of
, &2 and Q, respectively. Then
() E[E]=5,i=12

) Var[vec(&1)]={1+ (p — q1)/m}211.23 ® Iy,

(iti) Var[vec(Z2)] = [{"3613/(’!1"2)}9(12)(12)-3 —{qu3/("1n2)}[o O. H ® I,

(iv) Cov[vec(&}), vec(&,)] = O,

1 Cllql (0] (0]
v) E[Q]=Q+—F’_ll O o«l, O |F7
n
0] O (,‘31,13

where vec(A) denotes the vector obtained by stacking the columns of A under
each other,

m=n—k—p+q—1, nm=n—k—p+q-1,
m=n—ky—p+q—1,

c1 = {k(p — q) + k1g2}/m — {k2g2(p — q)}/(mim2),
c2 = ki + {ka(p — @)} /m2, 3=k

(3.7)

Proor. These results are obtained by using Lemma 3.1. (i) is easily
seen. The distribution of Z; is essentially the same as in the usual growth
curve model, and hence (ii) has been shown in Grizzle and Allen (1969). For
(iii), first we consider the expectation with respect to Z,, getting

Var[vec(&; — 53)] = [Fun {g + EMI}F(5y12)] ® Ik,

where

M=
[le M

My M 12]
M1y = W23 Wias)3) Ta3)3 T3z Ta(z) Wiasy o) Weoat»
Miy = My = Wiy W03y T3 Ty Tz, and My = T T3’ Tp.

Note that W ~ Wy(I,,n — k) and T(33)23) ~ Wp—g,(Ip—g,,n — k2). Now we use
the fact (see, e.g., Siotani, Hayakawa and Fujikoshi (1985)) that Wjj.,3 ~
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Wo(Ig,n—k—p+q1), Wazas) ~ Wpgqy(Ip—g;,n—k), the elements of

Wi(23) W22_31)63) are independently distributed as N(0, 1), and these three random
matrices are independent. Similar results hold for submatrices of T|(33)(23).

Using these properties we can see that E[M11] = my1l,,, E[M12] = O, E[M2] =
E[tr T;1,, = {q3/m}1,,, where

my1 = E[tr W33) 23 T23)3 T35 Ta23)]-

Note that

-1 0 o Iy -1 -1

Wasnes) = [O Wg‘] + [—W3;IVI/32J Wysllg, — WsWi3'].

Considering the expectation with respect to Wh,.3, we have

myy = Eltr Wy3'] + {Eltr Was W3 Wi)]

+ E[tr Tx3T5;2T3y) — 2 tr E[tr Was W3 T33! o]} /my
= q3n3/(mny).

This proves (iii). The result (iv) and (v) are shown by similar reductions. The
details are omitted.

The properties of the MLE’s 6, and O, are obtained from the ones of &
and &, through the relation (2.2). In fact, these estimators are unbiased.

Using vec(ABC) = [C’ ® A] vec(B), we have
Var[vec(€;)] = Var[{G/7! ® Lj!}vec(Z; — &)
= {1+ (p — @)/m}[G}1'@u.53G1,'] ® [Lii'Ly;"]-
From the definition of L it follows that
AjA; =L Ly;,  AyAy=LLyn,  (AyAy) '454, = L3Ly,

where A; = (I, — Py,)A; and Py, = Ay(A4A;) " A}, is the projection matrix onto
the space spanned by the culumn vectors of A;. Futher

(3.8) Q1123 = B1ZB)| — B1ZB{y3{ B3 X By} ' B23) 2B}
=B ZB| - By 2{Z ' - > 'B\(B;"'B})"'B,2 "'} 2B,
= (B;Z7'B)) L.

For the reduction of the second equality, see, e.g., Siotani, Hayakawa and
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Fujikoshi [1985, p. 311]. Therefore, we can write

Var[vec(61)] = {1+ (p — 9)/m}(X 127 X}) ' @ (4} 41) .
Similarly it holds that

Var[vec(8,)] = Var[{G' ! ® L3, }vec(£2)]
{141 ® L521L21}VCC(@A1) jH

(0]

= [{m3q3/ (mm)}D — {kags/ (mm) - X X1 (X1 X7) "' 1,)
X Dyp[~ X X (X1 X7) 7', ]| ® (4542)~

+ Var

’

M
+{1+(p—q)/n1}{o o

where M = (X;1Z7'X)) ™! ® (4)42) ' A2A4,(A, A;) 1 4} A3 (4445) 7", and

Dy; Dy

-1 -1
D= (XpZ 'Xp) " = [DZI Do

], D1 : g1 X qi.
In order to express @, 6, and 5 in terms of the original notations, let
Se={1/(n—k)}Y'H;H3Y = {1/(n — k)}Y'(I, — )Y,
Se={1/(n—k)}Y'(H{H} + H3H3)Y = {1/(n — k2)} Y'(In — P4,)Y,
X, = X5(I, — Px:).
Then, using reductions similar to (3.8), we obtain the following expressions:
61 = (A A) 7' Ys;IX (X8, X)),
621 = 621 — 05 X871 X (X1871X)) 7+ XX (X1 X)) T
— (454;) 71 454,64,
A 1 g N=1 41 va—1yt “1yr y-1[ O
02 = (A342) 7 A Y87 X(5)(X(2)S; X(z) [qu],
where
62 = (A4A;) ' AL YSTIX (X871 X)L
Our derivation of the MLE’s yields

nE = (Y — 416:1X1 — 4,0:X(2)) (Y — 4161X1 — 426:X ).
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Letting K = I, — ;' X/ (X1S;'X}) ™' X;, we obtain
A101X1 + A420,X 5 = 4161 X1 + 42021 X1 + 4,0, XK.
This implies
nE = (n—k)S, + K'(PyY — A;0,X,) (PY — A2622X,)K
= (n—k)Se + K'(Y'P; Y +J'Y'P, YJ)K,

where J = I, — §7' X(,) (X987 ' X)) (O 1) Xa.

4. Model selection and a corrected AIC

The model (1.1) involves a polynomial growth curve model with two
types of polynomials with different degrees. In this case the numbers q; — 1
and ¢; + g2 — 1 means the degrees of two types of polynomials. Now we
assume that the true model is the model (1.1) with ¢; =q} (¢} < ¢3), @i =
0, O](or&;=[E}; O])in (2.5 and = 2* (or 2 = Q*). Then, the model
(1.1) can be regarded as a fitted model. In a practical situation, the degrees of
the polynomials are unknown, and we need to select appropriate degrees, i.e.,
good models. Here we consider the Akaike information criterion (Akaike
(1973)) as one of such methods. The criterion has been proposed as an
approximately unbiased estimator of the risk defined by the transformed
predicted probability density or the expected Kullback-Leibler information of a
fitted model. In our problem we can write the risk as

(41) R(qlqu) =E;’E;p[_2 logf(YF;élv‘E:'2$Q)]v

where f(Yr; E1, 5, Q) is the predicted probability density for the future obser-
vation matrix Yp; n x p. Here it is assumed that Yz is independent of Y. The
expectations Ey and Ej_ means the ones under the true model. A formal
application of AIC to our model yields

(4.2) AIC = -21log f(Y;E1, 53, 2) + 2{kiq1 + kag + 1 p(p + 1)}.

The criterion (4.2) is an approximately unbiased estimator for (4.1) when
n is large. Some refinement of this criterion has been discussed in certain
models (see, e.g., Sugiura (1978), Hurvich and Tsai (1989), Bedrick and Tsai
(1994)). Sugiura reported a correction of AIC in the usual growth curve
model in a research meeting in 1981, but the result is unpublished. We can
write the risk R(q1,42) as

(4.3) R(q1,92) = Ey[nlog |£‘|] + R; + R, + R3 + pn log(2n)



Extended growth curve model 645

where
Ry = nE}[tr 2* 371,

(4.4) R, = E[tr(Z) — E}) (&, — E})B,127'BY),
Ry = Ey[tre(£2 — 53)' (82 — £3)Bpy)£ 7' By).

LeEMMA 4.1. Let R;, i=1,2,3 be the quantities defined by (4.3) or (4.4).
Then
() Ry =n{ngs/ns+ nnoq:/(mns) + g2(n — k2 — 1)/(n2n3)},
(i) Ry = nkiqino/(mns),
(iii) Rs = n{kagz/n3 + kagq1/ns + k2q1(p — q1)/(mns) + kaq2q3/ (nan3)},
where n;, i=1,2,3 are given by (3.7), and np=n—k—1, na=n—p+q -1,
ns=n—k—p-1

Proor. Let F* be the p x p lower triangular matrix such that F¥QF* =
I,. Then, using Lemma 3.1 with F* instead of F we can write

= Ejtr @71].

Here @ is given by (3.4) and has the distributional reduction in Lemma 3.1.
Note that

51 5-1 A 5 5-1 A A—
tr Q7 =1trQ+tr Q(2&)(23)9(23)19111.2391(23)9(213)(23)
+tr Q00+ tr Q310307 10007 + tr OF
= nftr Wjihs +tr W(2_31)(23) Wias) Wit 53 Wias) W(2_31)(23)

+tr Tyl + tr Ty T T s Toa T33! + tr( Tz + Vas)).-
Using the above expression we obtain (i). We can rewrite
R, = Ey[tr{(£1 - B))F},Y{(&1 - E))F} )}l O OJ(F"QF)7'(I, O Ol].
Using Lemma 3.1 with F* instead of F yields

Ry = nE[tr[ly, — W3y Wz 23))Z1Z1[1g, — Wis) Wiza)an)] Wit ),

which gives (ii), after doing some computations similar to the ones in Theorem
3.1. A similar argument shows that

R; = nE[tr{ly, — Q033251242514 — R0233255] Przaz)-

Here Q! = ¥ and each of the terms in the above expression of R3 has the
distributional reduction as in Lemma 3.1. Note that ¥ =nWy}, ¥, =
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Wi Wiy Wyl O, P2 = 0y — ¢I21A[A212~A3QZ_21.3 = nTy +
nlly, Ol Won Wit Wiy Wisyopllas OF, 233 @Qn = T33'Tn,  and
Q3105 = T Ty W(2‘31)(23) W3y Using these expressions we can obtain (iii).

Based on (4.3) and Lemma 4.1, we can propose a corrected version of
AIC given by

C-AIC(q1,92) = nlog|2| + np log(2n)
+ nkyga/n3 + n’qs/ng + nkyqs /ns
+ n{nnogs + kinogi + kaq1(p — 1)}/ (nans)
+{q2(n — k2 — 1) /n1 + nkaq2q3}/(n2m3),
which has an unbiased property in the sense of the following Theorem 4.1.

THEOREM 4.1.  Suppose that the model (1.1) with (q1,92) = (4%,45) and the
parameters (2.5) or (2.6) is true. Let R(q1,q2) be the risk defined by (4.1) for
selecting a fitted model (1.1). Then, for any (q1,q2) such that q; > q}, i = 1,2,

E[C-AIC(q1, 92)] = R(q1, 92)-

Thus C-AIC is an exact unbiased estimator for R(q1,q») under certain
conditions. So, we can expect that C-AIC has a better behaviour than AIC
in small samples. For large n, it holds that

C-AIC — AIC = O(1/n),
since
—21log f(Y;61,8,,%) = nlog|Z| + pn{1 + log(2n)}.

In a special case of the usual growth curve model, ie., A, = O, we can write

C-AIC = nlog|Z| + pn log(2n) + n*(p — q)/ns + n(n + k)qno/(n1ns).
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