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ABsTRACT. We give necessary and sufficient conditions for the mod p Whitehead
element wy, € m,,-3(S**~!) to be represented as a composition of some elements of
positive stems in the homotopy groups of spheres. @ We also give necessary and
sufficient conditions for w, to be represented as Toda bracket of some elements of
positive stems in the homotopy groups of spheres. Our problem is the odd primary
version of the one studied by Iriye and Morisugi who treated the Whitehead product
[12n-1,12n-1] for the identity map 1,1 of §2"~1.

1. Introduction

Let p be a fixed prime. In this paper we always assume that spaces are
all localized at p. We study the decomposability of the mod p Whitehead
element w, € m2,p-3(S**!). Let C(n) be the homotopy fiber of the double sus-
pension X% : §21 — Q282"+1 and ¢: C(n) — $2*~! the inclusion of the fiber.
Then, it is known that C(n) is (2np — 4)-connected and 72,,_3(C(n)) = Z/p. We
denote a generator of 7m3,,—3(C(n)) by z. Then, according to the terminology
due to [2], the mod p Whitehead element w, is defined as w, =¢.(z) €
Tonp-3(S?*1).  We will be concerned with w, for an odd prime p.

Our main results are stated as follows; let a; € ngi(p_l)_l ~Z/pfori=1,2
be a generator and {(—,—,—) denote the Toda bracket [7].

THEOREM A. Let p be an odd prime and n > 2. Then, w, is decomposed
as w, = Y.;a;b; for some elements {a;,b;} of positive stems in the homotopy
groups of spheres if and only if one of the following holds:

(1) p is odd and n =2, for which w, = ajay;

(2) p=3 and n=3, for which w, = aya,.

THEOREM B. Let p be an odd prime and n > 2. Then, w, is represented
as wy€ Y, ;<ai,bi,c;) for some elements {a;, bi,c;} of positive stems in the
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homotopy groups of spheres if and only if one of the following holds:
(1) p=5 and n=3, for which wy, € {ay, a1, );
(2) p=3 and n=3, for which w, € 3<ay,a1,a1);
(3) p=3 and n=4, for which w, € {ay, a2, o).

The decompositions of w, in Theorem A and the representation of w, by
Toda brackets in Theorem B are shown by Toda [7], that is, the if part of
each theorem is already known. The present paper is devoted to prove the
only if part of each theorem, that is, we show that such decompositions or
representations of w, occur only when p and n satisfy the conditions in
Theorem A or Theorem B respectively.

Our problem is the odd primary version of the one studied by Iriye and
Morisugi [3] who treated the Whitehead product [1p,-1,22,—1] of a generator
In-1 € Tan—1(S*"1) = Z(,, which is equal to w, when p=2. They gave the
following result:

THeOREM ([3, TH. B, D]). Let n# 1,2 or 4. Then the following holds:

(@) The Whitehead product [izn—1,12n-1] is written as [tan—1,12n—1] = D, aibi
for some elements {a;,b;} of positive stems in the homotopy groups of spheres if
and only if n=3,5,6 or 8;

(b) The Whitehead product [1pn—1,12n—1] can be represented as [1yp—1,1n-1] €
>-i<ai, bi,ci) for some elements {ai,bi,c;} of positive stems in the homotopy
groups of spheres if and only if n=3,5,6,7,8,9,10 or 12.

In the course of the proof of our main theorems, we get the next
proposition which, we believe, has its own interest.

ProposiTION C. Let Wbe a (2n — 1)-connected CW-complex with dim W <
2np — 3. Suppose that there exists a map ¢ : S*"~3 — W such that ¢, =0:
Hynp—3(S*""3,Z/p) — Honp—3(W; Z/p). Then, the followings are equivalent:

(1) There exists a map u: W — S*! such that w, = ug.

(2) There exists u: X*C, — S™ such that #" #0 on H*'(C,;Z/p),
where 2" is the reduced p-th power operation.

(3) There exists 6:XC,— Q8™ such that uP #0 for a generator
ue H*"(Cs; Z/p) = Z/p.

(4) There exists §: C, — Q28! such that 5, #0 on Hyp—2(Cyp; Z/p).
Here, Cy, denotes the cofiber of a map h.

In the proof of our main theorems, we only use the fact that (1) implies
(2) in the above proposition.

The paper is organized as follows: In §2, we outline the method of the
proofs of Theorems A and B. In §3 we prove Proposition C, and in §4 we
complete the proof of the main theorems.
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2. Outline of the proofs of Theorems A and B

In this section, we state the methods to prove Theorems A and B by
assuming Proposition C. Here and throughout the paper, a homotopy class
o € [X,Y] is identified with the map a: X — Y itself as conventionally.

We assume that 2np—4>d>e>2n—1. Then, for aemn (S 1),
bemny(S¢) and ce 17:2,,,,_4(Sd) with ab = bc =0, the Toda bracket <{a,b,c) =
Tanp—3(S"~1) is defined as a class formed by compositions uv, where v : 273 —
Cp and u: Cp — 8§21 are maps induced from relations ab =0 and bc = 0.

Concerning Theorem B, if w, € ZLI {a;, b;,c;) holds, then, putting W =
Vi, Coo=V'_ v;: 83 W and u=V_ju: W —S"™! for uwe
{ai, bi,c;), we have w, = uv. Conversely, w, = uv for some v : $?”?~3 — W and
u: W — 1 implies w, € Y\, <ai, bi, ;).

Similarly, concerning Theorem A, the necessary and sufficient condition
for w, to be w, = 3L, a;b; is also w, = uv by taking W = \/\_, §%, v=\/'_, b; :
SZr=3 , W and u= Vli=1 a;: W — $1 instead, where a;: S% — S¥! and
b;: 823 8% for 1<i<l

From now on, we assume that w, is represented as w,=uve
Z£=1 {ai, bi,c;). Then, the equivalence of (1) and (2) of Proposition C yields
the following:

CoROLLARY 2.1. Under the above situation, for any integer m with m > n,
there exists a map u: X2 "+1C, — §2 for which 2" # 0 on H*(C,; Z/p).

From the above fact, once Proposition C is proved, Theorem B will be
established by showing the following: 2" # 0 on H*"(C,; Z/p) (m > n) occurs
only when p and n satisfy one of (1)—(3) of Theorem B. In order to examine
such property about 2", we use the result of Atiyah [1] about the complex
K-theory.

For a finite complex Y, the p-localized K-group K(Y) has the filtration
defined by K,(Y) = Ker[j* : K(Y) — K(Y?!)], where Y? is the g-skeleton of
Y. Then, we have the associated graded ring G'K(Y) = K,(Y)/Ki1(Y). If
Y has no p-torsion, then we have an isomorphism G*K(Y)® Z/p =~
H*(Y;Z/p). In this case, we denote by ae H*(Y;Z/p) the element corre-
sponding to ae€ K»(Y) through the isomorphism. Then, the following is
known:

THEOREM ([1]). Assume that Y has no p-torsion, and let x € Kp,(Y).
Then,
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(1) there exists x;i € Komisip-1)(Y) (0<i<m) such that YP(x)=
S oP™ 'xi, where YP is the Adams operation on K(Y);

(2) for the elements x; e H*+%(r-1)(Y; Z/p) corresponding to x; of (1),
% = P(%).

Suppose that we have a map pu:Z2™"+.C,  §2" with #" #0 on
H?(C,;Z/p). Note that C, has the following cell structure:

Cﬂ — S2m u v (e2m+qj U e2m+rj) U e2m+2n(p—1),
J

where 4 < gj+2<rj<2n(p—1)—2. Thus, we have Kyn(C,)/Kams+2(Cp) =
H™(Cu; Z () = Z () and Kopyon(p—1)(Cp) = Z ), and we choose x and w which
represent the respective generators. Then, X € H*™(C,; Z/p) =~ Z/p is a gen-
erator, and thus #"(x) #0 by Corollary 2.1. Using these properties and
Atiyah’s theorem, we can represent the Adams operations on K(C,) as in the
following lemma, we note (2) corresponds to the fact that #"(x) # 0.

LeEMMA 2.2. (1) The Adams operation has the following forms on K(C,).
! I
VEx) =kmx+ > aiR)yi+ Y. bi(K)zi + c(k)w
YEi) = k™ y 4 dik)zi +e(k)w  (1<i<])
Y (zi) = kP Dz 4 fikyw  (1<i<])
l//k(w) — km+n(p——1)w.

Here, y; € Komiat,(p-1)(Cy) and z; € Koo, (p-1)(Cp) are some elements with
t; < si, and {ai(k),bi(k),c(k),d;(k),ei(k), fi(k)} are some p-localized integers.
(2) When k=p in (1), ¢(p) =p™ "B for some B # 0 mod p.

In the next section, we prove Proposition C, and in §4 we show that all
the relations in Lemma 2.2 hold only when p and n satisfy one of (1)—(3) in
Theorem B. In this way, we establish the proof of Theorem B. As for
Theorem A, the corresponding lemma and corollary to Lemma 2.1 and
Corollary 2.2 respectively hold, and the proof is almost the same.

3. Proof of Proposition C

In this section we prove Proposition C, and so we assume that Wis a
(2n — 1)-connected CW-complex with dim W < 2np—3 and the map ¢:
§=3 — W satisfies ¢, = 0: Hanp—3(S*~%Z/p) — Hanp—3(W; Z/p).
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(I) The proof of (1) <= (4): First we remark that X2:[W,§%*!] —
[W, 2282"+1] is surjective. This follows from the Toda fibrations F — Q8"+ —
QS+l and §2-1 - QF — QS*"-1 ([6]) since dim W < 2np — 3, where F =
Jp-1(S?") is the (p— 1)-th space in the James construction.

Now, if u: W — §?*! is given and satisfies up = ez = w,, then there
exists §:C, — Q?S?! which makes the following diagram homotopy
commutative:

€ 3?2 2
C(n) S2n—1 Q S2n+1

S2np—3 ¢ w

Then the following diagram is commutative:

Hanp-3(C()) —— Hanp-2(S™", C(m) —Z— Hanp-2(@7S)

T

Honp_3(S773) —=— Happ o(W,82%-3) — = Hyyp 2(C,),

where all the coefficients of the homologies are in Z/p. Hence, J, #0 on
Hjup—2(Cy), since z € monp—3(C(n)) = Z/p is a generator.

Conversely, if § : C, — Q2S2"*! is given, then there exists i : W — §*!
such that X%i ~ §i. Since X%ip ~ dip ~ , there exists Z = az : $?~3 — C(n)
such that ez ~ iip, where ae Z/p is a unit. Then, u=ali: W — S ! is
the required map with up ~ ez.

(I) The proof of (2) <= (3): Let u:X2C, — S for which 2" #0 on
H?*1(C,; Z/p) be the map given in (2). We define 5 : £C, — Q2S>"*! by the
adjoint of u. Then, we have the following homotopy commutative diagram

22C¢ H S2n+1 Cﬂ

r2c, 2, s, 3¢,

where e is the evaluation map and € is the map induced on the cofibers. Using
the five lemma we have an isomorphism &* : H***1(C,; Z/p) > H**(XCs; Z /p),
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and the following diagram:

H™V\(C,; Z/p) —Z H™+(C,;Z/p) —=— H?™(Z2C,; Z/p)

:J

H¥\(ZCy; Z/p) —2— H™*\(ZCy; Z/p) —2— H?™(Z2Cy; Z/p)

H™(C5Z/p) —2— H™(Cs;Z/p).

Note that 0, is injective. The three squares in the diagram are commutative,
and 2"(u) = uP for a generator ue H**(Cs; Z/p) =~ Z/p. Therefore, § is the
required map as in (3). By taking the converse way in the above, it is ob-
vious that, if § is given as in (3), then the required map u of (2) is given by the
adjoint.

(IIT) The proof of (3) <= (4): Let h: K(Z/p,2n) — K(Z/p,2np) be the map
defined by h*(12np) = 2"(12n) = 15,, and r: E — K(Z/p,2n) the homotopy fiber
of h, where 1; € H/(K(G,j); G) denotes the fundamental class for any abelian
group G. Since Qh*(1znp) = P"(124-1) =0, it follows Qh ~x, and hence
QE ~K(Z/p,2n—1) x K(Z/p,2np — 2). Thus, we put x= (2r)*(1p-1)€
H™Y(QE;Z/p) and ye H* 2(QE;Z/p) with (Qi)*(y) = 12np-2. Then, we
have the following lemma, the proof of which is postponed until the last of this
section.

LEMMA 3.1. There exists a map f : 28"! — E such that (Qf)*(x) and
(Qf)*(y) are generators of H*~1(Q*S*+\; Z /p) =~ Z /p and H*"~2(Q2S™t1; Z /p)
=~ Z/p respectively.

In the lemma, we use the following well known fact:

REMARK 3.2. For k< 2n(p+ 1) — 3, we have

Hk(QZS2n+1.Z/p) ~ {Z/p for k=0,2n—1, 2np—2, 2np—1
’ 0 otherwise.

Now, we continue the proof of the equivalence of (3) and (4). Let f:
Q81 L, E be the map in Lemma 3.1. First, we assume that §:
2C, — Q8™ is given as in (3), and prove (4). Let ECq,i».QSz"“ 5
Cs EN 22C¢, be the cofiber sequence given from 6. Since W is (2n—1)-
connected, k* : H*'(Cs; Z/p) — H*(Q8?*t1; Z/p) is an isomorphism. Hence,
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there exist f>:Cs — K(Z/p,2n) with fok~rf, and maps f1:2C, —
K(Z/p,2np—1) and f; : £2C, — K(Z/p,2np) which are adjoint to each other
and make the following left diagram homotopy commutative up to sign:

>C, —L K(Z/p,2np—1)

; j

s+ L, E Co —L K(Z/p,2np-2)
K r 5[ lgi

C; —L—  K(Z/p,2n) s 2, o,

A h

x?c, —— K(Z/p,2np),

where the right sequence in the left diagram is the fiber sequence mentioned
before Lemma 3.1. By assumption, u = f(12,) is a generator of H?*(Cs; Z/p)
and u? # 0. Then, f;*(12np) # O since A°f;" (12np) =f3h* (120p) =[5 (13,) =f3 (120)" =
u? #£0. Let 6 and f be the adjoint of 6 and f; respectively. Then, the above
right diagram is homotopy commutative, and it follows & (Qf )*(y) =f (2i)*(y) =
f ' Lnp—2) # 0. Hence, 5. # 0 on Hynp2(Cy; Z/p), and é is the required map of
(4).

Conversely, we assume that & : C, — 225"+ is given as in (4), and show
that the adjoint & : XC, — QS*+! of § is the required map. Consider the
above right diagram. Then, it holds & (2f)*(y) #0, since (2f)*(y)e
H?P-2(Q2§+1, Z /p) = Z/p is a generator by Lemma 3.1. Let f be the map
defined by f (12mp-2) =& (2f)*(y). Then, (Qi)f ~ (2f)5. In fact, QF ~
K(Z/p,2n— 1) x K(Z/p,2np — 2) and f~(2i)*(x) = & (2f)*(x) = 0 since C, is
(2n — 1)-connected. Since [ (Ri)*(y) =8 (2f)*(y) by definition, we have
(Qi)f ~ (2f)6. Let fi be the adjoint of f, and f; the adjoint of f;. Then,
there is a map f, which makes the above left diagram homotopy commutative
up to sign. Let u=f7(12,). Then, u? = (hf2)*(1anp) = A*f3 (12np). But f3 (12np) #
0 since f " (1anp—2) # 0. Since H>P~1(Q28?*1; Z/p) = 0, * is a monomorphism,
and hence u? # 0, which completes the proof of Proposition C.

PrOOF oF LEMMA 3.1. Let 7: E — K(Z,),2n) be the homotopy fiber of
the composition K(Z,), 2n) 2 K(Z/p,2n) LA K(Z/p,2np), where p is the map
induced from the mod p reduction. Then, we have the following homotopy
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commutative diagram:

K(Z/p,2np — 1) —— E — . K(Z/p,2n) —— K(Z/p,2np)

(

n P

K(Z/p,2np — 1) —— E . K(Zy),2n) —2 K(Z/p,2np)

¢ ¢

J

K(Z/p,2np — 1) —— K(Z(p), 2np) ——— K(Z ), 2np) —— K(Z/p, 2np),

where all horizontal sequences are fiber sequences. In fact, ¢ is defined by
&*(12np) = 1, and n and { are induced maps from the homotopy commutativity
of the right squares of the above diagram.

Let x = (2n)*(x) and 7 = (2n)*(y). Then, it is sufficient to find the map
f: Q8! S E such that (2f)*(X) and (2f)*(j) are respective generators.
Let hy: QS — K(Z,),2n) and hy : Q8™ — K(Z,),2np) be maps such
that h{(12,) and hj(12sp) are generators of H™(QS™,Z)~Z, and
H>™ Q8™ Z ) = Z(, respectively. We can choose by and hy to satisfy
h}&* (12np) = hi(120)7 = plh3(12np) since H*(2S™+1;Z,) is the divided poly-
nomial algebra. Since the lower square in the middle of the above diagram is
a weak pull back diagram, there exists f : 2S**! — E such that #f ~ h; and
{f ~(p—1)!hy. Then, we have (©f)"(%) = (2f)"(2F)" p* (120-1) = (@h1)"p* (120-1)
and (Qf)"(R0)"p* (t2np-1) = (p — 1)!(2h2)"p*(12np—1). Thus, (Qf)*(%) is a gen-
erator of H¥*~'(Q2§%1; Z/p) as required, and also (2f)*(22()*p*(12np-1) is a
generator of H2"~1(Q25™+1; Z /p).

Now (20)"(20)*p*(t2np—1) = Pionp—2 = (R2i)*B(y), where B is the Bock-
stein operation. Since QE ~ K(Z,),2n—1) x K(Z/p,2np—2), we have
H>~\(QE; Z[p) = H*"~'(K(Z y), 2n — 1); Z/p) @ H*"(K(Z/p, 2np - 2); Z/p)
for dimensional reason. Thus there exists y € Im(QF)" so that (2()*p*(12np-1) =
By +y. (L20)*p*(12np—1) and By are primitive by definition, so is . Thus j =
(QF)*0p* (12n—1) = O(x) for some Steenrod operation 6, and we have (2f)*(j) =
6(2f)*(x) =0 by Remark 3.2. Hence, we have B(2f)*() = (2f)*(20)*p* (12np-1)
and thus B(2f)*(7) is a generator of H¥"*~1(Q2§2"+1; Z /p). Therefore, (2f)*(7)
is itself a generator of H2"~2(Q2§?+1; Z /p), and we have completed the proof
of Proposition 3.1. q.e.d.

4. Proof of Main theorems

In this section, we compute the Adams operation to complete the proofs
of Theorems A and B. Since the computations are similar for both the
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theorems, we write them for Theorem B mainly and only outline them for
Theorem A.

First, we prepare the next lemma, which is necessary in the proof. We
omit the proof of it, since it is easy. We use the notation that v(n) is the
exponent of p in the primary decomposition of the integer n.

LemMMA 4.1. If p is an odd prime, then v((p+1)" — 1) = v(m) + 1.

The action of the Adams operation on K(C,) is given in Lemma 2.2.
We prove Theorem B by dividing the following two cases (I) and (II).

(I) The case of n = p" for some N >0: First we compare the coefficients of
yi on the both sides of P lyPx=yPyP*'x. Then, we get
p"(p?™) — Dai(p+1) = (p+ 1)"((p+ 1)"?™) — D)a(p). Hence, ai(p) =0
mod p™ "1, Since v(t;) < N we have

ai(p) =0mod p™ N (1<i<]). (1)

Next we compare the coefficients of z; on the both side of YyP™lyPy; =
YPy?*ly,. By computing similarly, we get d;(p) = 0 mod p™tt(P-1-v(si—t)-1,
Since v(s; — t;) < N we have

di(p) = 0mod p™ V"N (1<i<l). )

We compare the coefficients of z; on the both side of yP™lyP?x =
YPYPx. Then, by considering them mod p™ N and applying (1) and (2), we
get (p+ 1)"((p+ 1)*®Y — 1)b;(p) = 0 mod p™N. But v((p+1)**V 1) =
v(si)+1 by Lemma 4.1, and we get b;(p) =0 mod p™N-")-1  Since
v(si) < N, we have

bi(p) =0mod p™ N  (1<i<]). (3)

We compare the coefficients of w on the both side of Y2 yPz; = yPy?*!z;.
Then, (p+1)"**"=V((p+ 1)"=*)P7D —1)f;(p) = pmsip=1)(pln=s)P=1) 1) fi(p + 1).
But, v((p+ 1)*)®D _ 1) = y(n — 5;) + 1 by Lemma 4.1, and we get fi(p) =
0 mod p™+sip=1)—¥(n=s)-1  Gince v(n—s;) < N and s; > 2, we have

fi(p) =0mod p™2-D-N (1 <i<l). (4)

We compare the coefficients of w on the both side of y?t!yPy;, =
Y?yP*ly,.  Then, by considering them mod p™¥+(P-1) and applying (2) and (4),
we get (p+1)" P ((p4+1)®@=D _1)e,(p) =0 mod pm"N+(P-1. Hence
we get e;(p) = 0 mod pmN+(p-1)-(-t)-1  Since v(n—t;) < N we have

ei(p) =0 mod p" NI (1 <i<l). (5)
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Finally we compare the coefficients of w on the both side of y?*!yPx =
YPyPx. Then, by considering them mod p™ 2N and applying (1), (3), (4) and
(5), we get (p+1D)™(p+1)""Y —1)e(p) = 0mod p™2N. Since v(c(p)) =
m—n by Lemma 22, (p+1)"?Y —1=0mod p*2N. Since n=p", using
Lemma 4.1, we have v((p + 1)"(‘"1) —1)=N+1. As a conclusion of this case
(I), we obtain N+ 1>n—2N, and it holds only if N=1, n=3 and p=3,
which establishes Theorem B (2).

(I) The case of n#p" for any N > 0: In this case, 2" is a decomposable
element in the Steenrod algebra. We use the following theorem on the non
existence of the mod p Hopf invariant ‘1 due to [4] or [5].

THEOREM 4.2. Let p be an odd prime. Then, the necessary and sufficient
condition for a complex K = S'U; et (0-V) to satisfy ™H'(K;Z/p) #0 is
that m=1 and f = ay.

Now, by the cell structure of C, shown in the above of Lemma 2.2, 2"
should not be 4-fold decomposable, and it is sufficient to consider the fol-
lowing cases (i) and (ii).

(i) The case that 2" is 3-fold decomposable: By Theorem 4.2, the chance for
#" to operate non trivially on H?*"(C,; Z/p) in this case is that p > 5 and 2"
has a factor of the form of #!#'2! = 3123 in its decomposition. Therefore,
we have n =3, and it yields Theorem B (1).

(ii) The case that 22" is not 3-fold decomposable: By Theorem 4.2, in this case
#P" operates non trivially on H*"(C,; Z/p) only if 2" has a factor of the form
of 212" or #"" P! in its decomposition for some M >1. We compute
similarly as in the case (I). Then the conclusions (1), (2) and (4) are just the
same as (I) replacing simply N by M. The conclusions (3) and (5) are the same
other than the points that v(s;) <M and v(n—t;) <M. For the last step,
doing the same way, we have (p+ 1)"((p + 1)"®V — 1)¢(p) = 0 mod p™2M-1,
Then, we get v((p+ 1)"P™) — 1) = 1. Thus, we get 2M + 1 > p™, and it holds
only when M =1, n=4 and p = 3, which establishes Theorem B (3). This
completes the proof of Theorem B.

Proor oF THEOREM A. For the cases of n = p" for some N > 1, we can
compute similarly as in (I) above using Lemma 2.2 and Lemma 4.1, and we
establish Theorem A (2), that is, n=3 and p = 3.

For the cases of n# pY for any N > 1, by Theorem 4.2 and the cell
structure of C,, " operates non trivially on H*"(C,; Z/p), in this case, only if
2" has a factor of the form of #'2! = 2122 in its decomposition. Thus, this
yields Theorem A (1), that is, n=2 and p > 3. q.e.d.
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