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ABSTRACT. Nonlinear perturbations of once integrated semigroups are treated in terms
of nonlinear semigroup theory. Given an integrated semigroup W(t) with generator
A in a Banach space X, two general classes of nonlinear perturbations of the form
A + B are introduced. In order to define local quasidissipativity of 4 + B and restrict
the growth of solutions of the associated semilinear evolution equation (SE): u'(f) =
(A + B)u(t), a lower semicontinuous convex functional ¢: X — [0, o] is employed.
Necessary and sufficient conditions are given for a semilinear operator A + B to
generate a nonlinear semigroup S(¢) in X such that for v € D(B) the X-valued function
S(-)v gives a unique weak solution. Application of the first main result to age-
dependent population dynamics is discussed.

0. Introduction

The present paper is concerned with nonlinear semigroups which provide
weak solutions to the semilinear problems of the form

(SP) %u(t) =(A+Bu(t), t>0 u0) =0

in a real Banach space (X,|‘|). Here A4 is assumed to be the generator of
an integrated semigroup {W(f):t >0} in X and B is a nonlinear operator
from a convex subset C of X into X.

The importance of semilinear problems of the type (SP) has constantly
been recognized for many years in various branches of mathematical analysis.
In this paper we introduce two general classes of nonlinear perturbations of
linear integrated semigroups and discuss necessary and sufficient conditions
on A + B for the solutions of (SP) to exist in a global sense.
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The notion of integrated semigroup is a natural extension of the notion
of semigroup of class (C,) and the generation theory is applied to a variety
of partial differential equations in an operator theoretic fashion. This new
theory of operator semigroups developed in Arendt [1], Neubrander [21],
Tanaka and Miyadera [26] is closely related to the theory of exponential
distribution semigroups advanced in Lions [17] as well as that of semigroups
of classes (Cy,) introduced by Oharu [22], although it is an important feature
that the generators of integrated semigroups need not be densely defined. In
fact, Da Prato and Sinestrari [5] treated typical differential operators with
non-dense domains which are eventually generators of integrated semigroups.
Also, Kellermann and Hieber established in [15] a characterization theorem
of a specific but natural class of integrated semigroups in terms of the corre-
sponding generators in the sense of Arendt and showed that their results can
be applied to various types of linear partial differential equations.

On the other hand, there has been a substantial development in the
theory of nonlinear semigroups associated with semilinear problems (SP) in
which A is assumed to be the infinitestimal generator of a (C,)-semigroup in
X. We here focus our attention to nonlinear perturbations of (C,)-semigroups
which are treated in Oharu and Takahashi [23]. In their treatise various
types of characterizations of nonlinear semigroups providing weak solutions
of semilinear problems of the form (SP) are obtained in terms of the corre-
sponding semilinear infinitestimal generators. Their arguments contain three
features: Firstly a lower semicontinuous functional ¢: X — [0, o] is employed
to define a local quasidissipativity of 4 + B and the growth of solutions to
(SP) is restricted in terms of the nonnegative function ¢(u(-)). In case of
concrete partial differential equations the use of such functionals corresponds
to a priori estimates or energy estimates which ensure the global existence
of the solutions as well as their asymptotic properties. Secondly, the semi-
linear operator A + B is assumed to be quasidissipative on ¢-bounded sets.
Thirdly, A + B is assumed to satisfy the so-called implicit subtangential condi-
tion or explicit subtangential condition. Because of the simplicity and univer-
sality of these conditions it is possible to apply the perturbation theory to
various evolution problems.

Therefore it is important from both theoretical and practical points of
view to discuss semilinear problems (SP) in terms of nonlinear perturbations
of integrated semigroups. Here we consider a class of integrated semigroups
treated in [15] and investigate nonlinear perturbations of such integrated
semigroups from the same point of view as in [23]. Locally Lipschitz pertur-
bations of such integrated semigroups have been studied in [28] and the
uniqueness of the associated weak solutions is discussed in [20]. Our results
are affected by those works.
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This paper is organized as follows: In Section 1 a class of integrated
semigroups treated in [15] by Kellermann and Hieber is introduced and the
basic results are outlined so that they may be directly applied to nonlinear
perturbation problems. In Section 2, two generalized notions of solutions to
(SP) and a notion of nonlinear semigroups associated with semilinear problems
(SP) are discussed. Furthermore, a natural notion of semilinear infinitestimal
generator is introduced for such nonlinear semigroups. Section 3 contains
our first main result (Theorem 3.1) which gives a characterization of nonlinear
semigroups providing weak solutions to (SP) under the implicit subtangential
conditions. This result may be regarded as a nonlinear version of the charac-
terization theorem for integrated semigroups due to Kellermann and Hieber.
In Iwamiya [13], a time-dependent nonlinear perturbation theorem is given
for (C,)-semigroups. Section 4 discusses an extension of his result to the
case of integrated semigroups. The extension is applied to obtain our second
main result (Theorem 5.1) which gives a characterization of nonlinear semi-
groups providing weak solutions to (SP) under the explicit subtangential condi-
tions. This result is given in Section S in connection with a perturbation
result due to Thieme [28].

Section 6 is devoted to the application of the first main theorem to
semilinear problems with semilinear constraints. The result may be regarded
as an existence theorem for weak solutions to abstract initial-boundary prob-
lems for semilinear evolution equations. Finally, in Section 7, the result ob-
tained in Section 6 is applied to a typical mathematical model arising in the
study of population dynamics.

1. A class of integrated semigroups

In this section we introduce a class of integrated semigroups and discuss
a characterization of such integrated semigroups as well as some basic facts
on the corresponding generators.

In what follows, (X*,|-|) denotes the dual space of X. For xe X and
fe X* the value of f at x is written as {x, f). The duality mapping of X
is denoted by &#. For x, ye X the symbol <x, y); stands for the infimum
of the set {(x, f>: fe #(y)}. In (SP) the operator A is assumed to be a
closed linear operator in X whose domain is not necessarily dense in X. We
write A* for the dual operator of 4. If A is densely defined in X, then A4*
is defined as a closed linear operator in X*. If the domain D(A4) is not
dense in X, then A* is multi-valued and the identity {Ax, f> = {(x, g> holds
for x € D(A), fe D(A*) and g € A*f; hence the value {x, g> does not depend
upon the choice of ge A*f. It follows immediately that <{x,g) does not
depend upon the choice of g € A*f provided that x € Y, where Y is the closure
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of D(A):.
Y= D(A).

Hence for ye Y and fe D(A*) it is justified and convenient to introduce the
notation

y, AY> =<y,9), ge A*.

In concrete cases it may be difficult to characterize the set-valued operator
A*. 1In order to overcome this difficulty, we here introduce the notion of
A-total set which is an essential part of D(4*) and makes it easier to formulate
the notion of weak solution to the problem (SP).

A subset D of D(A*) is said to be A-total, if for A sufficiently small the set

(I — AA¥)D = {f — Jg: fe D, g € A*f}

separates points in Y in the sense that x € Y equals 0 whenever (x,h) =0
for he(I — AA*)D. 1In the case that a complex number A is contained in
the resolvent set p(A4), an A-total set can be easily constructed: Take any
subset Z of X* which separates points in Y. Then D = [(I — A4)"1]*(2Z) is
A-total. The point of this concept consists in the fact that one can equiva-
lently replace D(A*) by an A-total subset of D(4*) in the notion of weak
solution to (SP) which is discussed later. In many applications it will be
possible to choose an A-total subset of D(4*) on which 4* has a nice
representation while this is not the case on the whole of D(A*).

To describe the notion of once integrated semigroup in conjunction with
linear evolution equations in X, we begin by considering the initial-value
problem

(Ivp), u'(t) = Au(®) + y(@), t>0; u0)=veX,

where A4 is a closed linear operator in X, y(-)e€ 4((0, o0); X)N LL.(0, co; X)
and v is an initial-value given in X. For the problem (IVP), we may employ
the following three kinds of notions of generalized solution. The first notion
was first employed in Da Prato and Sinestrari [5].

DEerFINITION 1.1.  An X-valued function on [0, o) is said to be an integral
solution of (IVP),, if u(-) € €((0, o); X)N L}, (0, oo; X), [ou(s)ds € D(4) and

uit)=v+ A4 jt u(s)ds + Jt Y (s)ds for t > 0.
0 0

Moreover, a function u(-) € €([0, c); X) is called a ¥'-solution of (IVP),, if
u(-) e €1((0, ); X), u'(t) = Au(t) + ¥(t) for t > 0, and u(0) = v.
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The following notion of generalized solution to (IVP), is due to J. Ball

[2].

DEerFINITION 1.2. A function u(-) € €([0, o0); X) is said to be a weak solu-
tion of (IVP),, if u(0) =v and for each fe D(A*) the scalar-valued function
u(+), > is of class €'(0, c0) and satisfies

%@(t), o =Lu@), A*> + @), f>  for t>0.

The third notion is similar to that of weak solution but the last relation
being restricted to f in an A-total subset of D of D(A*).
If u(-) is an integral solution of (IVP), and is continuous at ¢t =0, then

t+h

u(t) = lim b1 J u(s)dse D(A) for t>0
o t

and so v =u(0) e D(4). Also, u(-) is an integral solution of (IVP), if and
only if the indefinite integral w(t) = [% u(s)ds gives a €'-solution of the initial-
value problem

(1.1) w(t) = Aw(t) + v + Jt Y(s)ds, t>0; w()=0.
0

Let y(¢) =0 in (1.1) and suppose that for each initial-value v € X there exists
a unique integral solution u(-; v) of (IVP), with y(f) =0. Now for each t > 0
we define an operator W(t) on X by

t
Wty = f u(r; v)dr for ve X.
0

Since (1.1) is an autonomous linear equation, it follows that each W(t) is
linear. Therefore we get a one-parameter family #° = {W(t)} of linear opera-
tors with the properties below:

w.1) WO =0 and W()ve %([0, ), X) for ve X.
Since w(-) = W(-)v is the unique %'-solution of (1.1) with ¥ (t) =0, we have
the relation

t
(1.2) Wt = A f W(r)vdr + tv for t >0 and ve X.
0

Let t >0 and ve X. Then by assumptions on the existence and uniqueness
of integral solutions of (IVP), with y(tf) =0 the function W(-)W(t)v is the
unique solution of (1.1) with Y(t)=0 and v replaced by W(t)v. We next



438 Toshitaka MATSUMOTO et al.

consider the function

z(s) = fs [W(r + t)o — W(r)v]dr

0

defined on all of [0, o0). Then z(0) = 0 and (1.2) implies
zZ'(5) = W(s + t)v — W(s)v

t+s t s
=4 J W(r)vdr + A f W(r)vdr +tv — A f W(r)vdr
t 0 0

=A fs [W(r + t)v — W(r)vldr + W(t)v = Az(s) + W(t)v
0

for s> 0. This shows that z(-) is also a %'-solution of (1.1) with y()=0
and v replaced by W(t)v. From this we see that #  has the following

property:
w.2) W)Wt = J [W(r + t)o — W(r)vldr for s, t>0 and ve X.
0

The above observation leads us to the following

DEFINITION 1.3. A one-parameter family # = {W(t): t > 0} of bounded
linear operators is said to be a once integrated semigroup on X if it has
properties (w.1) and (w.2). We say that #  is non-degenerate if W(t)v =0
for all t > 0 implies v = 0. If there exist constants M > 1 and @ > 0 such that
|[W(t) < Me® for ¢t >0, the once integrated semigroup #  is said to be
exponentially bounded.

Throughout this paper any integrated semigroup is assumed to be non-
degenerate, unless stated otherwise.

As shown in Thieme [27, Section 3] there exists a closed linear operator
A in X such that ve D(A4), and w = Av are characterized by the property
that the function W(t)v is continuously differentiable and

%W(t)v =v+ W(t)w for t > 0.

The operator A is called the generator of #  and an integrated semigroup
is uniquely determined by its generator.

It is further shown in [27, Section 3] that (1.2) holds for integrated
semigroups and their generators.

PROPOSITION 1.4. Let #  be an integrated semigroup and A the generator
of W. Then
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(a) W(t)ve D(A) and AW(t)v = W(t)Av for ve D(A) and t > 0.
(b) J W(t)vdt € D(A) and W(t)v = AJ W(r)vdr + tv for ve X and t > 0.

As shown in [27, Section 3], it is seen that if #” is exponentially bounded
then the integral

1.3) R =¢ on e S W(t)vdt
0

exists for ¢ > w and ve X, and that ER(E)=(I — A4)™! for ¢ =1/A>w. In
what follows, we are mainly concerned with closed linear operators A in X
satisfying the following condition:

(H1) There is a constant w € R such that for A > 0 with Aw < 1 the resolvent
(I — AA)™! exists and satisfies

I —24)! < (1 — Aw) ™.

The class of integrated semigroups treated in this paper is that of once
integrated semigroups whose generators satisfy the above-mentioned conditions
(H1). From condition (H1) we see that the part Ay of 4 in the smaller
Banach space Y = D(A) has a dense domain in Y and generates a semigroup
Iy = {Ty(t): t > 0} of class (Cy) on Y by the Hille-Yosida theorem. Also, it
has been shown in [11] that a closed linear operator A satisfying (H1) is the
generator of an integrated semigroup #~ = {W(t):t > 0} on X. The following
result is a consequence of the results established in [1], [15], [26] and [28]
and gives a characterization of the class of integrated semigroups under
consideration.

THEOREM 1.5. A closed linear operator A in X is the generator of a once
integrated semigroup W on X such that

t+h

(1.4) |W(t + h) — W(t)| < J e%ds  fort, h>0

if and only if it satisfies condition (H1).

The above theorem follows from Theorem 1.6 below.

At the beginning of this section we observed that an integrated semigroup
was derived from indefinite integrals of integral solutions of (IVP), with
Y()=0. One obtains the following structure theorem for integrated semi-
groups which illustrates this observation.

THEOREM 1.6 (Structure Theorem). Let A be a closed linear operator in
X satisfying (H1) and Jy the semigroup of class (Cy) on Y = D(A) generated
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by the part Ay of A in Y. Then the integrated semigroup W generated by
A is represented as

(1.5) Wt = liin f Ty(s)I — AA4) tvds for t >0 and ve X.
AvO JO

ProOOF. We give the proof of this theorem in such a way that the proof
of Theorem 1.5 is also outlined. Let 4 be a closed linear operator in X.
First assume that (H1) holds for 4. Then, by [1, Theorem 4.1], A generates
a once integrated semigroup #  such that

lim¢sup Y W(t + h) — W) < e for t > 0.
hv0

Moreover, it is seen from [1, Proposition 3.3] that #" satisfies (1.2). Let Jy
be the semigroup of class (C,) on Y generated by A,. Taking any 1> 0
with Aw < 1 and applying the resolvent (I — 14)™* to both sides of (1.2), we
have

t
(I — 24 *'W(t)yw = Ay(I — 24)7! J W(s)vds + t(I — A4)™ v
0
for t >0 and ve X. Differentiating both sides with respect to ¢, we have
d
E(I — AA)TW(t)o = Ay(I — AA) W (v + (I — A4) 0.

Let ve X. Since W(0)v =0, this implies that the function W(-)v satisfies the
variation of constants formula

t
I — 24 *W(tyo = f Ty(s)(I — AA) tvds for t > 0.

0
Since W(t)ve Y for t > 0 by Proposition 1.4(b), we obtain Formula (1.5) by
letting A0 in the above identity. Therefore the assertion of the theorem is
obtained. Furthermore, | Ty(s)| < e for s > 0 and (1.4) follows directly from
(1.5). Next suppose that A4 is the generator of a once integrated semigroup
W satisfying (1.4). Then we see from [1, Theorem 4.1] that (1.3) follows
from (1.4) and A satisfies (H1). This means that the assertion of Theorem
1.5 is obtained. The proof is thereby complete. ]

The above structure theorem is contained in Thieme [28] as a characteris-
tic property of locally Lipschitz once integrated semigroups, although the
proof is different and contains another proof of Theorem 1.5. By means of
this property, Theorem 1.5 may be regarded as a special case of [15, Theorem
2.4] and [26, Theorem 3.1], although to the best of the authors’ knowledge
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there is no explicit mention of this fact. For other representations see Lumer
[18]. In [19, Theorem 3.5], Lumer emphasizes the significant role of locally
Lipschitz once integrated semigroups among (multiple) integrated semigroups.
The following simple consequence suggests the terminology of integrated
semigroup.

COROLLARY 1.7. If D(A) is dense in X, then Y =X and Iy becomes a
semigroup of class (Cy) on X and W  is represented as

t
W(t)v = j Ty (r)vdr for t >0 and ve X.
0

We now return to the inhomogeneous initial-value problem (IVP),, which
is the starting point of our considerations. That (IVP), has a unique integral
solution was shown by Da Prato and Sinestrari [5] and Bénilan et al. [3].
We present several explicit formulas for the weak solutions and several alterna-
tive characterizations. At the same time, we give a new proof of the existence
result. The cornerstone of the proof is the following observation.

PROPOSITION 1.8. Let Y € L'(0,1; X), t > 0. Then the function

w(t) = J' W@ —rdr, 0<t<rt

is continuously differentiable, takes its values in D(A) and satisfies

(1.6) w'(t) = J t W(dr)y(t — 1)

0

= Aw(t) + f )dr
0

= lim f' T, (r)(I — AA) Y (t — r)dr.
Mo Jo

where the Stieltjes integral makes sense as a uniform limit of Riemann-Stieltjes
integrals. Moreover, we have the estimate

(1.7) lw'(8)] < I e [Y(t — 1)\ dr.

0

Proor. We first assume that y is continuously differentiable on [0, 7).
Then

w(t) = jt W't — r)dr + W()y(0).
o
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Integration by parts gives the first equality in (1.6), where the Stieltjes integral
is understood to be the limit of Stieltjes sums in the usual way. The estimate
(1.7) follows from (1.4). Moreover, we have

t

(1.8) (I —A24)'w'(r) = j T,(NI — AA) Y (t — r)dr.

0o

Finally, by Proposition 1.4, we find

w'(t) = J“ <A fr W(s)ds + r> Y'(t — rydr.
0 0

The second equality is now obtained by integration by parts and the fact
that A is closed. If y € L'(0, 7; X), we choose a sequence ; of continuously
differentiable functions on [0, z] in such a way that

f 0,9 — WS)lds >0, - .
0

Let w; be given as in the statement of the proposition with ; replacing y.
Then

Mm=fwwwﬂ—a
0

If follows from (1.7) that (w;(t)); is a Cauchy sequence uniformly in t € [0, 7].
Hence it has a continuous limit which we denote by

f' Wi - 1),
0

since the limit is independent of the choice of the sequence. Moreover the
estimate (1.7) also holds in the limit. As w;(0) = 0 = w(0), we have uniform
convergence of w; to w and, at the same time, the continuous differentiability
of w. Hence the first equality in (1.6) is obtained. The second equality in
(1.6) now follows from

M@=Amn+f%@a
0

and the fact that A is closed. Since (1.8) holds for w; and |T,(r)(I — AA)™!| <
e, the relation (1.8) also holds for w. As w'(t)e Y we can take the limit
as 4 — 0 and obtain the last equality in (1.6). This completes the proof. B

The following results illustrate the main points of the above discussions.

THEOREM 1.9. Let t € [0, oo]. Assume that y:[0,7) > X and u: [0,7)> Y
be continuous. Let ve Y. Then the following statements are equivalent:
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@) The function u is a weak solution of (IVP), in the sense that u(0) = v,
u(t), f> is continuously differentiable on (0, 1) and

d
a<u(t),f> = u(t), A*> + Y@, f>

for all 0 <t <.

(i) The function u is a weak solution of (IVP), in the same sense as in (i),
but with f being restricted to elements in an A-total subset of D(A¥).

(iii) The function u is an integral solution of (IVP), in the sense that
[ou(s)ds € D(A) and

t

u@)=v+ A4 J‘ u(s)ds + r Y)ds, 0<t<r.
0

0
@iv) u(@)=v and
liin h™ u(t + h) — T,(u(t) — Why®) =0, 0<t<r.
o

) u(t) = Ty(t)v + Jw w@dryyit—r), 0<t<r.
0
(vi) u(t) = Ti(t)v + lifn J' T, — 2A)™ (¢ —rdr, 0<t<T.
ANO Jo
(vii) u(t) = Ty(H)v + % Jt Wy —rdr, 0<t<rt.
0

t

(viii) u(t) = Ty(t)v+ A J

0

W(r)y(t — rydr + Jt y(rdr, 0<t<r.
0

Moreover the expressions in formulas (v) through (viii) are well-defined and,
simultaneously, provide unique solutions as mentioned in (i) through (iv).

Proor. It follows from Proposition 1.8 that the expressions in formulas
(v) through (viii) are well-defined and equivalent. Proposition 1.8 also implies
that, for w introduced there, w'(t) is an integral solution of (IVP), with v = 0.
As z(t) = Ty(t)v is an integral solution of (IVP), with =0, it follows that
any of the equivalent formulas (v) through (viii) gives solutions to (iii). A
solution in (iii) is also a solution in (i) and (ii). We now show that (v)
implies (iv). By Theorem 1.6, we have

%(u(t + h) — Ty()u(t) — Wh(©)

Mo

= %lim Jt " Ty(t + h =N = A4 W) — Y(@)dr,
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which converges to 0 as h |0 because of (H1) and |Ty(s)| < e®. The proof
of this theorem is complete if we show that any solution stated in (ii) or (iv)
is given by one of the equivalent formulas (v) to (viii). Since we already
know that (v) provides the desired solutions, we only need to show that the
notions stated in (i) and (iv) are sufficient to imply the uniqueness. Since
the problems are linear, this follows from the following Lemmas. The proof
is now complete. |

LemMMmA 1.10. Let D be an A-total subset of D(A*) and w:[0,7)> Y a
continuous function satisfying w(0) =0 and (d/dt)<w(t),f) = {w(t), A*f) for
te(0,7) and feD. Then w(t)=0 on [0, 7).

Proor. Take any o €(0, 1) and define u,:[0,7) > Y by
u,(t) = w(t) for te[0,0] and u,(t) = Ty(t — o)w(o) for t € [o, o0).

Then u,(-) is exponentially bounded and (d/dt) {u,(t), > = <u,(t), A*f> for t >0
and fe D. Integrating by parts shows that {[& exp(—t/A)u,(t)dt,f — Ag) =0
for A > 0 sufficiently small and fe D. As D is A-total, we have [§ e™"*u,(r)dt =
0 for A> 0 sufficiently small. This implies that u, =0 on [0, 0) for any
g €(0,7). The definition of u, now implies the assertion. |

LEMMA 1.11. Let w:[0,7) > Y be a continuous function satisfying w(0) =0
and

lim k™Y (w(t + h) — Ty(t)w(r)) = O.
o

Then w(t) =0 for te [0, 7).

PROOF. Let w,(t) = (I — A4)"'w(t). Then wj(t) = Ayw,(t). Hence w,(t) =
Ty()w;(0). As w,(t) > w(t) for 4|0 and w(0) =0, the assertion follows. W

ReMARK 1.12. The equivalence between (iii) and (v) through (viii) is ver-
ified in the case that y e L1((0, 7), Y), as seen from the proof of Proposition
1.8. The equivalence between (i), (ii) and (iv) remains true even if “continu-
ously differentiable” is replaced by “absolutely continuous” and the relations
are required to hold for almost all (instead of all) t€(0,7). Da Prato and
Sinestrari [5] have also shown that (IVP), can be solved in the sense of
Friedrichs. This generalized notion of solution has the advantage that it
generalizes to the situation where A(t) depends on t. See Da Prato and
Sinestrari [6].

2. Generalized solutions of (SP) and the associated semigroups

In this section we introduce a class of semilinear operators in X and
formulate the associated semilinear problems of the form (SP). We then
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discuss generalized solutions to the semilinear problem (SP) and consider
nonlinear semigroups providing such generalized solutions of (SP). Let A be
a closed linear operator in X and write Y = D(4). Let B be a possibly
nonlinear operator in X which is defined on a convex subset C of the closed
linear subspace Y. If D(4)NC # ¢, then the sum A + B defines an operator
in X with domain D(A + B) = D(A)NC. Throughout this paper we call it
a semilinear operator in X determined by 4 and B. The intersection D(4)NC
may be empty, but we use the symbol 4 + B to represent the semilinear
operator determined by a pair of operators 4 and B even though the domain
may be empty. In order to impose a continuity condition and a localized
quasi-dissipativity condition on B, we employ a lower semicontinuous convex
functional ¢: X — [0, 0] such that C = D(¢) = {ve X : ¢(v) < oc}. Choosing
a convex subset C of Y and a functional ¢ as mentioned above, we introduce
a class of semilinear operators with which we are concerned in this paper.
By a semilinear operator A + B belonging to the class S(C, ¢) is meant the
sum of a closed linear operator A and a possibly nonlinear operator B
satisfying (H1) and the following conditions:

(H2) For each a > 0, the level set C,= {ve C: ¢(v) < a} is closed in X and
the operator B is continuous on C,.

(H3) For each a >0, the semilinear operator A + B is locally quasi-
dissipative in the sense that

{(A+ B)v — (A + Byw, v — w); < w,|v — w|?

for v, we D(A)N C, and some constant w, € R. The continuity condition (H2)
on the level sets {C,: « > 0} is much weaker than the continuity on the whole
domain C in general and considerably useful for the application to partial
differential equations. In condition (H3) the intersections D(4)NC, may
be empty; condition (H3) states that the quasi-dissipativity of A + B on C,
is assumed whenever D(A)NC, # ¢. Given a semilinear operator A + B
belonging to the class S(C, ¢) we consider the initial-value problem (SP) for
the semilinear evolution equation in X

(SE) %u(t) = (A + Bu(t), t>0.

DerFiNITION 2.1. Let C be the convex set appearing in condition (H2)
and ve C. A strongly continuous function u(-): [0, c0) - X is said to be a
C-valued weak solution of (SE) on [0, o) with initial-value v, if u(0) =v,
u(t) e C for t > 0, Bu(+) € ¢([0, o0); X), and for each f e D(A*) the scalar-valued
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function {u(-), f) is continuously differentiable over [0, 0) and satisfies

d
2.1) E(u(t),f) = Cu(t), A¥*f) + {Bu(t),f> for t > 0.

In concrete cases the notion of weak solution to (SE) as defined above
may be rather cumbersome owing to the difficulty in characterizing the set-
valued operator A*. It follows from Theorem 1.9 that the set D(A*) can be
replaced by A-total subsets.

Because of the localized quasi-dissipativity condition (H3), the semilinear
problem (SP) may admit only local weak solutions. Hence it is necessary
to restrict the growth of the weak solutions in order to discuss the weak
solutions of (SP) on [0, o0). In this paper we employ a typical growth condi-
tion in terms of the real-valued function ¢(u(-)), namely,

(EG) @u(®) < e”(p@) + bt), t>0,

where a and b are constants. This type of growth condition may be called
the exponential growth condition. For weak solutions satisfying (EG) the fol-
lowing uniqueness theorem is valid (see Martin et al. [20]):

PROPOSITION 2.2. Let A + B be a semilinear operator of the class S(C, ¢).
Let v, we C, and let u(-;v), u(-; w) be the associated C-valued weak solutions
satisfying the exponential growth condition. Then for each t>0 and f >
e”(a + bt) we have

22 lu(-; v) — u(; w)| < explapt)|lo —w|  for te[0,1],
where wg is the constant provided for B by condition (H3).

A one-parameter family & = {S(t): t > 0} of possibly nonlinear operators
from C into itself is called a semigroup on C, if it has the two properties below:
(S1) SO)v=1v and S({)S(s)v = S(t + s)v for s, t >0 and veC.

(S2) For each ve C, S(:)v e ([0, oo]; X).
If in particular a semigroup & on C provides weak solutions of (SP) in the
sense that for each v e C the function u(-; v) defined by

2.3) u(t; v) = S(t)v for t >0,

is a C-valued weak solution of (SP) on [0, o), then we say that & is associated
with the semilinear evolution equation (SE). Under conditions (H1), (H2) and
(H3) a family of solution operators in the sense of (2.3) gives rise to a
semigroup & on C, as stated below.

PrOPOSITION 2.3. Let A+ B be a semilinear operator belonging to the
class S(C, ¢). Suppose that for each v e C there is a C-valued weak solution
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u(+; v) of (SP) on [0, ) satisfying the exponential growth condition (EG). Then
there is a semigroup & = {S(t):t > 0} on C associated with (SE) such that for
>0, 7t>0 and B > e*(x + br), BS(*)v e C([0, ); X) and

(2.4) [S(t)v — S()w| < exp(wyt) v — w|
for v, we C,, te[0, 1] and some constant wg € R.

PrOOF. Proposition 2.2 states that u(-;v) is a unique C-valued weak
solution of (SP) satisfying (EG). Also, Bu(-;v)e %([0, «); X) by (EG) and
(H2). Therefore one can define for each ¢ > 0 an operator S(¢) from C into
itself by

S(t)v = u(t; v) for veC.

By the uniqueness of the C-valued weak solutions, the family S = {S(¢): t > 0}
of operators so defined have the properties (S1) and (S2). The local equi-
Lipschitz continuity (2.4) of the semigroup & follows from (2.2). ]

In what follows, we say that a semigroup & on C is locally equi-Lipschitz
continuous with respect to ¢, if for each « >0 and 7 > 0O there is a number
w(a, 7) such that

[S(t)v — S(t)w| < e®@* |y —w|  for te[0,7] and v, we C,.

Proposition 2.3 states that if A + B belongs to the class S(C, ¢) then the
semigroup associated with (SE) is necessarily locally equi-Lipschitz continuous
with respect to ¢. In the remainder of this section we investigate the differ-
entiability of the semigroup associated with (SE) and then show that such
a semigroup can be characterized in several ways. In view of the charac-
terization theorem below, we introduce a notion of semilinear infinitestimal
generator.

THeOREM 2.4 (Differentiability Theorem). Let A be a closed linear opera-
tor in X satisfying condition (H1), Y = D(A), and B a possibly nonlinear operator
defined on a convex subset C of Y. Let & = {S(t):t >0} be a semigroup on
C such that BS(*)v € €([0, o0); X) for each ve C. The following are equivalent:

(@) The semigroup & is associated with (SE) in the sense that the scalar-
valued function {S(-)v, f) is continuously differentiable over [0, c0) and

d
7 8@, 15 = <S(t)v, A% + <BS(W)o, f>

for t >0, ve C and fe D(A*).
(@) The semigroup & is associated with (SE) in the sense that for an
arbitrarily given A-total subset D of D(A*) the scalar-valued function {(S(-)v, )
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is continuously differentiable over [0, o0) and
d
E<S(t)v,f> = {S(t)v, A*> + <BS(t)v, )

for t >0, veC, feD.
(b) For veC, [,S(s)vds € D(A) and

t t
Stlhv=v+ A I S(s)vds + f BS(s)vds for t > 0.
0 0
(c) For veC and t >0,
Sty = Ty(t)v + liin f Ty(t — s)(I — AA)"1BS(s)vds,
iv0 Jo

where the limit is taken with respect to the norm of X.
(c) For veC and t >0,

St = T,({t)v + f! W(ds)BS(t — s)v
0

where the integral is taken in the sense of Stieltjes.
(d) For veC, liin h~[(S(h)v — Ty(h)v) — W(h)Bu] = 0.
AT

() For ve C and fe D(4A*)

1"1&1 ChTH(S(R)v — v), f> = (v, A*f> + {(Bv, .

(€’) If D is an arbitrarily given A-total subset of D(A*) and ve C, fe D,
then

I,,Iff)' Ch™H SRy —v), f> = <v, A% + {Bu, f.

Proor. Set u(t) = S(t)v and Y (t) = BS(t)v. The equivalence of (a) to (d)
then follows from Theorem 1.9. Clearly, (a) implies (¢) and (e) implies (¢’). It
now remains to show that (a’) follows from (e’). Suppose that (e’) is valid.
Let veC and feD and let D be an A-total subset of D(A*). Using the
semigroup property of &, we get

%(S(t)v, > =<8, A*f ) + (BS()v, > for t >0,

where the left-hand side denotes the right-hand derivative of the function
{S(*)v,f>. But the right-hand side of the above relation is continuous in
t>0, and so {S(-)v, f> is of class €'[0, cv). This shows that (a’) holds.
The proof of Theorem 2.1 is now complete. |
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The above theorem is a straightforward extension of [23, Theorem 3.1]
to the case where A need not be densely defined. The equivalence of condi-
tions (a), (b) and (e) is discussed in [3] in the context that A is a multi-valued
linear operator. The formula given in condition (c) may be regarded as a
straightforward extension of the so-called variation of constants formula for
(SE). In fact, if 4 is densely defined, (c) is equivalent to the statement that
for ve C, u(t) = S(t)v becomes a usual mild solution.

In the case that D(A) is dense in X, Corollary 1.7 and assertion (d)
together imply that for any ve C the formula

2.5) lim h™1(S(hyo — Ty(h)v) = Bo

is valid, which means that 4 + B is the full infinitestimal generator of & in
the sense of [23]. However, the statement (d) does not seem to be appropriate
for defining a semilinear operator of the semigroup . We here employ the
statement (e) to introduce a notion of semilinear infinitesimal generator of <.

DEFINITION 2.5. Let & = {S(t): ¢ > 0} be a semigroup on C such that
BS()v e €([0, ); X) for ve C. Then A + B is said to be the full infinitesimal
generator of &, if

(2.6) 1;.1?3 <h™H(S(hy —v), f> = <v, A*f) + <Bv, f

for ve C and fe D(4%*).

It should be noted that (2.6) holds on all of C and makes sense even if
D(A + B)=D(A)NC = ¢. This fact motivates the terminology of full infi-
nitesimal generator. Formula (2.6) may be interpreted as follows: The vector
field generated by A4 + B is tangential in a weak sense to the continuous
curve S(*)v in X for any veC.

3. Characterization of nonlinearly perturbed integrated semigroups

In this section a necessary and sufficient condition is given for a semilinear
operator A + B in the class S(C, ¢) to generate a semigroup & on C asso-
ciated with (SE) and satisfying the growth condition (EG).

The following theorem is our first main result;

THEOREM 3.1. Let A + B be a semilinear operator belonging to the class
S(C, ¢). Let a, b>0. Then the following are equivalent:

(I) There exists a semigroup & = {S(t): t > 0} on C such that for veC, t >0
and fe D(A*),
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(I.a) the R-valued function {S(:)v, f) is continuously differentiable over [0, c0)
and

d
7 8@ 5 = (S(0)v, A%) + <BS(®)v, £,

(1.b) o(S(t)v) < e™((v) + bt).

(I) D(A)NC is dense in C; for o> 0 there exists Ay = Ag(®) >0 such that
to each ve C, and each A€ (0, Ay) there corresponds an element v, € D(A)NC

satisfying
(IL.a) v, — AA + B, =v,
(ILb) o) < (1 — al) Y (e(v) + bA).

(IIl) For each v e C there exist a null sequence (h,) of positive numbers and
a sequence (v,) in D(A)NC such that

(I1L.a) lim h;'|v, — h,(4A + B)v, —v| =0,
(IILb) lim sup h,*[o(v,) — @(v)] < ap(v) + b,
(ITLc) lim |5, — o] = 0.

The first statement (I) means the existence of a nonlinear semigroup &%
on C such that for v e C the X-valued function u(-) = S(-)v gives a C-valued
weak solution of (SP) satisfying the exponential growth condition (EG). Con-
dition (II) is usually called the range condition for the semilinear operator
A + B and guarantees the existence of the resolvents of A + B in a local
sense. The equivalence between (I) and (II) can be restated as a semilinear
version of the Hille-Yosida Theorem. See Theorem 3.3 below. According
to [23, Section 5], condition (III) is called an implicit subtangential condition.
Although (III) is equivalent to the range condition (II), it is often easier to
check (III) than (II). In this regard for instance we refer to a recent paper
by Clément et al. [4].

Proor. Applying the generation theorem for nonlinear evolution opera-
tors and the argument employed in the proof of the key lemma in [16,
Lemma 3.3], one obtains the implication (III)=>(I) in the same way as in
[23, Section 3.3], one obtains the implication (III)=>(I) in the same way as
in [23, Section 5]. It is easy to check the implication (II)=(III). In fact,
let « >0 and let i, be a positive number determined for a by condition (II).
Take any ve C, and any null sequence (h,) in the interval (0, A,). Then
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for each n there is v, e D(4)NC such that v, — h,(4 + B)v, =v and ¢@(v,) <
(1 — ah,) Y (¢() + bh,). Clearly, the sequence (v,) satisfies (IILa) and (IILb).
The third condition (IILc) is verified in the same way as in [23, Remark 5.1].

To show that (I) implies (II), we employ local Laplace transforms of the
semigroup & defined as follows: For each h> 0 and each 7 >0 we define
an operator J, . from C into X by

(3.1) Juo0 = (@) f e "S(tyvdt  for veC,
0
where
Ay, = f et = h(1 — e™ /).

0

The operators J, . have properties similar to those listed in [23, Proposition
6.1], as mentioned below:
@ J,.veD(A)NC and (I — hA)J, v can be written as

v+ h(a,)* ft e ""BS(t)vdt — he""*(a, )" (S(x)v — v).
0

(b) Hmh™|(I — hA)J, v — (v + hBv)| =0 and lim[J, .0 — v =0.
o o

(c) lim h“‘[qo(J,,,,v) — o] <ap@®+b and lim @(J,.v) = @)
mo o

Suppose that (I) holds. First the properties of J, , stated above together
imply

U D@NG, =,

a>0

and hence that D(A)NC is dense in C. Next, let « > 0 and define
(3.2) Ao = min{(w¥)™, (a(x +2) + b+ )71},

where @} = max{w,,;,0}. Then for any A€ (0, 4,) we have Aw,; <1 and
2la< 1. Fix any ve C, and any A€ (0, 4,). Let ¢€(0, 1) and define a num-
ber = f(e) by

B=(1—(1+ead) (1 — aed)o®) + (b + &)A).

The numbers B(¢) makes sense for ¢ e (0, 1] since 2a4 < 1. Also, it is easily
seen that f(g) is written as

(3.3) B=o@+ (1 —aed) *Alap + b + €],

and that B(¢) is monotone increasing and bounded by « + 1 on (0,1] as a
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function of e&. Moreover, take >0, we C; and put

Wh = (1 - h)Jul':W + thh,rv fOl‘ h € (O, 1].
Then the properties (a) through (c) of J;, . imply that

(34) w,eD(A)NC for he(0,1], liin |lw, —w| =0
h40

and that

3.5) |wy, — AhAw, — (W + AhBw — hw + hv)|

< (1 = h)|Jz,w — AhAT,, .w — (W + AhBw)|
+ h|Jy, .0 — AhAJ,, v — (v + AhBv)| + Ah?|Bv + Bw|
= lo(h) + Ah?|Bv — Bw| as h|0.
We then demonstrate that
(3.6) w,€ Cy for sufficiently small h € (0, 1].
By the property (c) of J;, . and the convexity of ¢ we get
oW < (1 = BYp(y, W) + hp(Jy,.0)
< — h[eWw) + (1 — agAh)"tAh(ap(w) + b + &/2)] + h[o(v) + Ag/2]
< (1 — h)oWw) + hle@) + (1 — aed) A(ap(w) + b + ¢)]
<(1—hB+hlew) + (1 —acd)*A@B+b+e]=4

for he (0, 1] sufficiently small. Hence it follows that (3.6) is valid.

We now take the restriction By of B to Cy and consider the semilinear
operator A4 + AB; — I + v from C; into X, where +v stands for the transla-
tion by v. Then one can show that the semilinear operator A4 + AB; — I + v
belongs to the class S(Cy, 0),

and that the subtangential condition

(3.7) liin h7'd(w, R(I — h(AA + AB; — I + v))) =0
hvO

holds for we C4. In fact, AB; — I + v is continuous on its domain C; and
the semilinear operator A(4 + By) — I + v — (Awy — 1)I is dissipative on Cg
by (3.2). This means that the semilinear operator satisfies conditions (H1)
through (H3) with ¢ and w, replaced respectively by the trivial functional
¢ =0 and the negative number Aw} — 1. Therefore one can assert that the
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semilinear operator belongs to the class &(Cy, 0). From (3.4) it follows that
the domain D(AA + ABs — I + v) = D(A)NCy is dense in C;.  Furthermore,
(3.5) implies

li{n h~'|w, — hidw, — (W + hAByw — hw + hv)| = 0.

hy0
Since weCzc Y, (I —hA)'w—w as h|0. Hence w,—»w as h|0, since
Wy, — hAAw, — (W + hABgw — hw + hv) >0 or w, — hidw,—w—0 as h|0.
Thus, we obtain

lim¢sup h™t|w, — h(A4 + ABy — I + v)w, — w|
h+v0

< liIn h™'|w, — hidw, — (W + hAByw — hw + hv)|
o

+ lim [ABgw, — ABgw + w, — w| = 0.
mo
This shows that (3.7) is valid. Therefore the application of a generation
theorem for nonlinear semigroup implies that 14 + AB; — I + v generates a
semigroup %, = {S;(t)} on C, such that

(3.8) [S,()v — S;(O)w| < exp[(Aw} — D)e]|v — w|

for v, we C; and t > 0. Because of (3.8) the semigroup %, has a common
fixed point v, , € Cy, namely, S;(t)v; , =v;, for t > 0. Moreover it is seen in
the same way as in the proof of the implication (II) = (I) that %, is associated
with the semilinear problem

(d/dt)u,(t) = (A4 + ABg — Duy(t) + v, t>0; u,(0)=weCy.
This together with Theorem 2.4 (b) implies that

h
0 = lim h™*(S,(h)v,, , — v, ,) = lim A4h™* J S5:(5)v;,,ds + (ABy — Dv, , + v.
Ko o 0

Since A is closed, we see that v,, belongs to D(4)NC,; and satisfies
MA+Byw,,—v,,+v=0. In view of (3.2), the relation iw,.; <1 and
o) <P <a+1, we see that v, = (I — (A + B,4,))'v exists and v, , =,
for e€(0,1]. Hence v; — A(4 + B,+;)v; =v and @(v;) = @(v, ) < fle). Let-
ting ¢ | 0, we obtain the estimate ¢(v;) < (1 — ad)™*[¢(v) + bA]. Consequently,
the element v, so obtained satisfies (Il.a) and (IL.b). The proof is now
complete. |

Combining Theorems 2.4 and 3.1, we obtain the following semilinear
version of the Hille-Yosida theorem.

THEOREM 3.2. Let a, b>0. A semilinear operator A + B in the class
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S(C, @) is the full infinitesimal generator of a semigroup & on C satisfying
the growth condition (EG) for a, b >0 if and only if the domain D(A)NC is
dense in C and for each o > 0 there exists a positive number Ao = lo(a) such
that for A €(0,4y) and B> (1 —al)™'(«+ bA) the resolvent (I — A(A + By))™
exists, the range condition

(39 R(I — A(A + By)) o C,

is satisfied and the growth condition

(3.10) (I — M(A + Bp))'v) < (1 — ad)(e(v) + bA)
holds for ve C,, where By denotes the restriction of B to Cj.

This theorem is verified in a way parallel to the proof of [4, Theorem 6.1].
Moreover, the semigroup & is determined through the so-called exponen-
tial formula.

THEOREM 3.3 (Exponential Formula). Let A + B be a semilinear operator
in the class S(C, @) and let & be a semigroup on C satisfying the growth
condition (EG) for some a, b > 0. Suppose that A + B is the full infinitesimal
generator of &. Then for a >0, 1> 0 and B > exp(2at)(x + ft) the exponen-
tial formula

n—o

3.11) S(t)v = lim (1 — %(A + Bﬁ))_"v,

holds for t € [0,1] and v e C,, where By denotes the restriction of B to Cg.

The proof of Theorem 3.3 is obtained in the same way as in [23, Theorem
7.2].

4. Evolution equations under subtangential conditions

In this section we investigate variants of the implicit subtangential condi-
tion (III) stated in Theorem 3.1. We here treat a modification of the existence
theory due to Iwamiya [13] from our point of view.

Let 0 < 0 < 7 < +00 and consider the nonautonomous semilinear problem

(NSP) %u(t) = Au(t) + B(t,u(t)), o<t<rt; ul@)=v

in a Banach space (X, |-|). Here B is a nonlinear continuous operator from
a subset C of [0, 7] x X into X. Assuming that A is the infinitesimal genera-
tor of a nonexpansive semigroup Jy of class (Cy) on X, Iwamiya advanced
in [13] a general existence theory for the problem (NSP). We here outline
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a modification of his existence theorem in the case where A4 is the generator
of a once integrated semigroup #~ such that

4.1) (W) — W(s)| < |t — s for 5, t > 0.

Condition (4.1) for the generator A is essential in our argument., How-
ever, the semilinear operators A + B(t, ') are written as (A — w) + (B(t, ") + o)
and the same results are obtained if there is w e R such that 4 — w is the
generator of a once integrated semigroup satisfying (4.1) and such that the
function v g(t, v) + wo satisfies condition (g.2).

As seen from Theorem 1.5, a closed linear operator 4 in X is the
generator of a once integrated semigroup ¥ satisfying (4.1) if and only if
the condition below holds:

(H1y For 4A>0, (I — AA)™! exists as a nonexpansive operator on X.

For the linear operator 4 in (NSP) we assume that the above condition
(H1y. As before, Y denotes the norm closure D(4) of the domain of 4. We
assume that C < [, 7] x Y and furthermore we impose the following condi-
tions on the nonlinear operator B:

(C1 If (¢t,,v,)eC, t, 1t in [0,7] and v, » v in X, then (t,v)e C.
(C2) For each te[o, 1], set C(t)={ve X:(t,v)e C}. Then

lim inf k™Y d(Ty(h)o + W(h)B(t, v), C(t + B)) =0  for v e C(r).
hy0

(C3) For (t,v), (t, wWe C and h >0 we have
lv — w| < |(v — W(h)B(t, v)) — (w — W(h)B(t, w))| + hg(t, [v — wl),

where g:[6,7) x R— R is a given function such that

(gl) g(t, w) satisfies the so-called Caratheodory’s condition.

(g82) g¢(t,0) =0 and the function w(t) = 0 is a maximal solution to the initial-
value problem

4.2) w(t) = g(t, w(t), o<t<t; wo)=0.

Condition (C2) is nothing but the subtangential condition (ST) introduced
by Thieme [28]. If in particular 4 is densely defined in X, then it is the
infinitesimal generator of a nonexpansive semigroup Jy of class (C,) on X
and, by Corollary 1.7, condition (C2) is equivalent to the condition

€2y liminf h™'d(Ty(h)v + hB(t,v), C(t + h)) =0  for (t,v) e C.
hyO

Moreover the denseness of D(4) and (C3) together imply that
(C3y lv —w| < |(v — hB(t, v)) — (w — hB(t, w))| + hg(t, [v — wl)
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for (t,v), (t, w) e C. Namely, for each t € [a, 1), the operator B(t, ): C(t) > X
is quasidissipative. The converse is not always true, even though A is densely
defined. If in particular the operator B: C — X is Lipschitz continuous in
the sense that there is a constant @ >0 and

|B(t, v) — B(t, w)| < w|v — w| for (¢, v), (t,w) e C,

then condition (C3) holds for the function g(t, |v — w|) = 3w|v — W|.
In view of Theorem 2.4 (c), we introduce a notion of mild solution (NSP).

DerFINITION 4.1. Let s € [0,7) and v € C(s). A continuous function
u(-): [s,7) = X is said to be a mild solution of (NSP) on the interval [s, ), if
(t,u(t)) e C for te[s, 1), the function t— B(t, u(t)) is continuous from [s, 1)
into X, and u(-) satisfies the equation

(4.3) u(t) = Ty(t — s)v + lifi f t Ty(t — &) — AA) ' B(, u(&))d¢
ANv0 Js

for t e [s, 7), where the limit is taken in X and in the sense of the norm
topology.

Under the conditions as mentioned above, the following modified version
of Iwamiya’s existence theorem is obtained.

THEOREM 4.2. Suppose that conditions (H1), (C1), (C2) and (C3) are ful-
filled. If C is a connected subset of [0, T) x X such that C(t) # ¢ for all
t € [0, 1), then for each initial-value (s, v) € C, the problem (NSP) has a unique
mild solution u(-) on [s, 1) satisfying u(s) = v.

In Iwamiya’s argument most of the estimates are very precise and the
denseness of D(A4) is used in many parts of his proof, since he uses the
property that lim,, T(t)v = v for all ve X. Therefore it is necessary to change
every part of the proof where this property is employed. Although we need
much more delicate estimates, it is possible to overcome this difficulty with
the aid of Theorem 1.6.

From Theorem 4.2 we obtain a generation theorem for nonlinear evolu-
tion operators associated with nonautonomous semilinear problem of the form
(NSP), under the explicit subtangential condition (C2).

5. Explicit subtangential conditions

In this section we establish a characterization of nonlinear semigroups
providing the mild solutions of (SP) through a variant of the explicit sub-
tangential condition (C2) for A + B. In what follows, let A be a closed linear
operator satisfying (H1) and B a nonlinear operator in X defined on a convex
subset C satisfying (H2).
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In addition to (H1) and (H2) we assume the following condition which
is a stronger form than (C3)

(H3)Y For each a > 0 there exists w, € R such that
(1 — hw,)|v — w| < |(v — W(h)Bv) — (w — W(h)Bw)| for h>0 and v, we C,.

Condition (H1) and (H3) together imply (H3). Under the above condi-
tions we obtain the characterization theorem below:

THEOREM S.1. Let a, b>0. Assume that A and B satisfy conditions
‘(H1Y, (H2) and (H3)Y. Then the following are equivalent:

(Iy There exists a nonlinear semigroup & = {S(t):t >0} on C such that

(Lay Sty = Ty(t)v + liin jt Ty(t — s)(I — A4) ' BS(s)vds,
Av0 Jo
(Lby o(S(t)v) < e”[o(v) + bt], for each ve C and t > 0.

(IV) For each ve C there exist a null sequence {h,} of positive numbers and
a sequence {v,} in C such that

(IV.2) lim k71| Ty(h,)o — W(h,)Bv — v,| = 0,
(IV.b) lim sup k' [¢(v,) — ¢(v)] < ag(v) + b.

n—o

Prior to giving the proof of the theorem we make a remark on the
relation between the theorem and Theorem 3.1 and prepare a uniqueness
theorem for mild solutions of (SP) satisfying (EG). It would be interesting
to compare the uniqueness theorems: Proposition 2.2 and Proposition 5.3
below.

REMARK 5.2. If in particular B is assumed to be locally Lipschitz continu-
ous in the sense that

(H3)" for each o > 0 there exists w, > 0 such that
|Bv — Bw| < w,|v — w| for v, we C,,

then it follows from Theorem 2.4 and Theorem 3.1 that the statements (I)—(III)
in Theorem 3.1 are equivalent to (IV).

Since |W(h)| < h for h >0 by (4.1), it is readily seen that (H3)” implies
(H3). Also, (H3)" implies (H3) under condition (H1). Hence the application
of Theorem 2.3 implies that condition (I) in Theorem 3.1 is equivalent to
condition (I) in Theorem 5.1. This shows that conditions (I) through (IV)
are all equivalent.
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PROPOSITION 5.3. Assume that A and B satisfy conditions (H1Y, (H2) and
(H3Y. Then given ve C there exists at most one mild solution u(:) of the
problem (SP) satisfying (EG).

Proor. Let >0, >0, f =e*[a+ br] and let w; a constant provided
for the # by condition (H3). Let w, z € C, and let u(-), v(-) be the correspond-

ing global mild solutions of (SP) satisfying (EG). Then u(z), v(t)e C; = Y for
te[0,7]. By (H3) we have

(1 — hay)|u(t + B) — o(t + k)| < (I — W(k)B)u(t + k) — (I — W(h)B)o(t + h)|

for te[0,7) and h >0 with t + h < 7. But (I — W(h)B)u(t + h) is written as

Ty(Ru(t) + lim f - Ty(t + h — s)(I — AA)"*[Bu(s) — Bu(t + h)]ds
AvO0

t

and (I — W(h)B)v(t + h) is also written in the same form. Hence we have

t+h

(1 — hay)lu(t + B) — v(t + h)| < [u(t) — v(t)] + f |Bu(s) — Bu(t + h)|ds

t
t+h
+ f | Bu(s) — Bu(t + h)|ds
t

for te[0,7) and he (0,7 —t]. From this it follows that D |u(t) — v(t)| <
wglu(t) — v(t)| for te[0,7), where D*¢(t) stands for the Dini upper right
derivative of an R-valued function ¢ on [0, 1) at t. Solving this differential
inequality, one obtains

lu(t) — v(t)] < e“*|w — z| for te€[0,7) and w, ze C,.
This implies the desired assertion. |

ProoF oF THEOREM 5.1. In view of Proposition 5.3 it suffices to show
that for any t > 0 and any z € C there exists an X-valued continuous function
u(*) on [0, ] such that for each t e [0, 1], u(t) e C,

t

u(t) = Ty(t)z + liinj Ty(t — s)(I — AA)"'Bu(s)ds
AvO

0
and
ou(t)) < e”[o(2) + bt].

Let t>0,e€(0,1] and ze C. Set a = e“[¢(z) + (b + ¢)7] and let w, denote
the constant given by (H3). Also, for each te [0, 1], we write D(t) for the
set {ve C: p(v) < e”[¢(z) + (b + €)t]} and define an operator B(t) from D(t)
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into X by B(t)v = Bv for ve D(t). Then the following are valid for the opera-

tors B(¢), t€ [0, t]:

(i) Each of D(t) is closed and D(s) = D(t) for 0 <s<t <.

(ii) The mapping (¢, v) - B(t)v is continuous from 2 = ( Jc(0.4({s} x D(s))
into X.

(iii) For each te[0,7], h >0 and v, we D(t), we have

(1 — hay)|v — w| < |(I = W(h)B(®))v — (I — W(h)B())w|.

Let t€[0,7) and ve D(f). Then by (IV) there exist sequences {h,} and {v,}
satisfying (IV.a) and (IV.b). Hence, by (IV.b), we have

o(v,) < 9(v) + h,[ap(®) + b + ¢/2] < e [o(v) + (b + &)h,],
for n sufficiently large. Since ¢(v) < e*[@(z) + (b + €)t], it follows that
?(v,) < e o(z) + (b + &)t] + e**(b + &)h,
< e “Mo@z) + (b + e)(t + h,)]

for n sufficiently large. From this and (IV.a) we infer that for ¢ € [0, ) and
ve D(t)

(iv) lim inf h~1d(Ty(h)v + W(h)B(t)v,D(t + h)) = 0.
hi0

By virtue of the facts (i)—(iv) mentioned above, we apply Theorem 4.2
to conclude that there exists a function u(-) € ¢([0, t]; X) such that u(t) € D(t)
and (I.a)’ holds for t € [0, t]. Since u(t) e C, for t € [0, 7], it follows from the
uniqueness of the mild solutions that u(-) is independent of &. The fact that
u(t) e D(t) for t € [0, t] means that

o) < e“[o(z) + (b + o)t] for te [0, 7] and € (0, 1].

Taking the limit as ¢ |0, we have @(u(t)) < e”[@(z) + bt] for t € [0,7]. This
completes the proof. ]

REMARK 5.4. Let C be a fixed closed convex subset of Y. In Thieme
[28] it is assumed that C=[o,7] x C, and that the nonlinear operator
B: C— X in (NSP) is locally Lipschitz continuous and of linear growth in
the following sense:

(LL) For any ¢t >0 and v € C there exist positive numbers 6 > 0, I" > 0 such
that

| B(s, w) — B(s, z)| < I'lw — 2|

fort<s<t+6,w,zeC with [w—1v| <6 and |z —v| <.
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(LG) For any 7> 0 there exists a positive number k = k(r) > 0 such that
[B(t, v)| < k(1 + |v]) for 0<t<rt and veC,.

We infer from (4.3) that under the linear growth condition (LG) the
following a priori estimates are obtained for mild solutions u(-) of (NSP):

lu(t)] < e [|v| + x(t — 0)] for te[o, 1],

where (o, v) € C stands for the initial-value given in (NSP).

6. Evolution equations with semilinear constraints

In our main results, Theorems 3.1 and 5.1, the linear operator A is
assumed to be non-densely defined in X. This enables us to treat semilinear
evolution equations with semilinear boundary conditions in the framework of
our theory. We here refer to the work done by Greiner [8, 9] and Thieme
[28] and discuss the construction of semigroup solutions of semilinear prob-
lems subject to semilinear constraints. In the next section, we apply the
result to a mathematical model which describes a specific type of nonlinear
age-dependent population dynamics.

In this section we consider a pair of Banach spaces (X, |‘|x) and (Z, |*|z),
a convex subset C of X and a lower semicontinuous convex functional
¢(+): X > [0, o] with C = D(¢) = {x € X: ¢(x) < o0}. Let A be a linear oper-
ator in X, L a linear operator from D(A) onto Z, F a nonlinear operator
from C into X and let B be a nonlinear operator from C into Z. Then
one can formulate the initial-value problem for the semilinear equation

(SP) u'(t) = Au(t) + Fu(t), t>0; u0)=y,
subject to the semilinear constraint
(SB) Lu(t) = Bu(t) for t > 0.

On the operators 4, L, F and B we put the following conditions:
(s.1) The linear operator 4 is closed and densely defined in X and the
restriction Ag of A to Ker L is also densely defined in X. Furthermore,
there exists wy € R such that

(I — Adg) oly < (1 — Awg)Y|vly  for 1€(0, 1/wy) and ve X.

(s.2) The operator L: D(A) — Z is surjective and there exists a constant @, € R
such that

AlLz|; =2 (1 — Awyp)|z|x for ze Ker(I — AA) and A€ (0, 1/wy).
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(s.3) For each a > 0, the level set C,= {ve C: ¢(v) < a} is closed in X, the
nonlinear operators F and B are continuous on C,, and there is w, € R
such that

(Bv — Bw, ) + (Fv — Fw, g) < o,|v — w|}

for v, we C,, fe Z* and g € F (v — w) satisfying |f|;+« < |v — w|x, where
& is the duality mapping of X.
(s.4) There exist nonnegative constants a and b such that for each ve C

there exists a null sequence (h,) in (0, o0) and a sequence (v,) in D(A)NC
satisfying

lim k7 |v, — h(4 + F)v, — vy =0,

n—o

lim |Lv, — Buv,|; =0, lim |v, —v|y =0,

n—+w n—ao

lim sup k' (¢(v,) — ¢(v)) < ap(v) + b.
Under the above conditions we introduce a product Banach space Z =
Z x X equipped with the norm |(-, )| defined by |(z, v)|| = |z|; + |v|x for
(z,v)e X and convert the semilinear problem (SP) subject to (SB) to the
semilinear problem in . To this end, we define a linear operator & in Z by

D(s#) = {0} x D(4) and (0, v)=(—Lv, Av) for ve D(A)
and a nonlinear operator £ in 2 by
D(#) = {0} x C and £(0,v) = (Bu, Fu) for veC.

By means of the operators &/ and # the semilinear problem (SP) with semi-
linear constraint (SB) can be rewritten as the semilinear problem in Z':

(SP) w'(t) = Lu(t) + Bu(t), t>0;, u0)=v=(0,v)

Define a lower semicontinuous functional ¢: Z x X - [0, o] by ¢(v) =
o(v) for v=(z,v) and set €, = {ve €: p(v) < a}.

We shall check that the conditions (H1), (H2) and (H3) stated in Sections
1 and 2 hold for the operator & and #. To this end, we need the following
lemma:

Lemma 6.1 ([8], [28]). Under (s.1) and (s.2) we have the following.
(@) D(A) = Ker L@ Ker(I — A4) for 17! € p(Ag).
(b) Let w = max{w;, w,}. Then we have

(H1) - A) < (1 — Aw)7! for >0 with Aw < 1.
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Proor. (a): Let v € D(A) and A™' € p(Agx). By the definition,
(I — AAg) (I — Adve Ker L and v — (I — AdAg) '(I — AA)v € Ker(I — AA).
Moreover, condition (s.1) implies that Ker LNKer(I — A4) = {0}. Hence (a)
is obtained.

(b: Let (f,g9)eZx X, A>0, and let Alw<1. Put v=(I — Adg) g,
W = (Lkerq-14) (A7) and u = v + w. Then ve Ker L and w e Ker(I — A4).
We now apply (a) to see that u e D(4) and

I —22)(0,u) = (1, 9).
By the definition of the norm of Z x X, we have
IO, Wl = |ulx < lvlx + Wik

< (1 = Aog)tgly + (1 = Aw)* I £z

<1 = 2)7H(f 9,
which implies (b). The proof is now complete. |

Rewriting (s.3) and (s.4) we have the following:

(H2) For each o > 0 there exists an w, € R such that

(BvV — Bw, ) < w,|lv— w|?
for v, we €, and fe & (v — w), where & denotes the duality mapping of %.

(H3) For each ve @ there exists a null sequence {h,} of positive numbers
and a sequence {v,} € D(«/)N¥ satisfying

lim kv, — h (L + B)V, — V| =0, lim ||v, —v|| =0,

n—oo n—o0

lim sup k" [p(v,) — ¢(V)] < ap(v) + b.

n—o

Applying Theorem 2.4 and Theorem 3.1 to the semilinear problem (SP),
we obtain the theorem below.

THEOREM 6.2. Suppose (s.1)—(s.4). Then there exists a nonlinear semigroup
& = {S(t): t > 0} on C such that for each ve C and each t > 0, [, S(s)xds € D(A)
and

SWr=v+ 4 J” S(s)vds + ft FS(s)vds,

0 0

L f' S(s)vds = j' BS(s)vds,

0 0

@(S(t)v) < e[o(v) + bt].
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ReMARK 6.3. It is seen in the same way as in [4] that if F and B are
continuously Fréchet differentiable on each C,, then S(-)v gives a strong
solution to the problem (SP)-(SB) provided that v e D(4)NC and Lv = Bv.

7. An application to population dynamics with pair formation

In this section we make an attempt to apply the result obtained in
Section 6 to a semilinear system modeling nonlinear age-dependent population
dynamics.

Let u(t, a) represent the single male individuals with age a at time ¢,
v(t, b) the single female individuals with age b at time t, and p(t, a, b, ¢) the
pairs of age c at time t consisting of a male with age a and a female of age b.
Obviously the age of a pair (i.e., the time that has passed since the pair was
formed) is less than both the age of the male and the age of the female
individual constituting the pair.

The differential equations take the form

0

u,(t, a) + u,(t, a) + d(t, a)u(t, a) + f p(t, a, b, 0)db

0

= j J a(t,a, b, c)p(t, a, b, c)dbdc,
o Jo

[ee]

v(t, b) + v(t, b) + d,(t, b)v(t, b) + _[ p(t, a, b, 0)da
0

(DE)
= J '[ a(t,a, b, c)p(t, a, b, c)dadc,
0 0

p.(t, a, b, c) + p,(t, a, b, c) + py(t, a,b,c) + p.t, a, b, c)
= —(d,(t, a) + d,(t, b) + a(t, a, b, c))p(t, a, b, c).

Here d,(t,a) and d,(t, b) denote the respective per capita mortality rates of
males of age a and females of age b at time t, o(t, a, b, c) denotes the separation
rate of a pair of age ¢ at time ¢t where the male has age a and the female
has age b, and [§ p(t, a, b, 0)db, e.g., is identical to the rate at which single
males of age a are lost at time ¢t due to the formation of new pairs. Actually
we want to handle an autonomous problem and the time dependence in d,,
d,, o enters by assuming that these rates depend on the age densities u(t, -),

(s, *), pt, )
dj(t9 a) = /"'j(a’ u(t,*), o(t, "), p(t,*)), j =1, 2,
a(t,a, b, c)=p(a,b,cult, ), v, ), p, ))
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The differential equations are supplemented by nonlinear boundary
conditions

u(t, 0) = j pi(t, a, b, c)p(t, a, b, c)dadbdc,
(0, )3

v(t, 0) = f B,(t, a, b, c)p(t, a, b, c)dadbdc,
(0, 0)3

(BO)
p(, 0, b, ) = p(t, a,0,¢) = 0.

p(t, a,b,0) = Y(t, a, b),
and initial conditions
IC) u(0, @) = ug(a), v(0,b) =vo(b), p(0,a,b,c)=poab,c).

The function B,(t, a4, b, c) denotes the rate at which male offspring is born
at time t from a pair of age ¢ where the male partner has age a and the
female partner has age b, the function f,(t, a, b, ¢c) denotes the analogous rate
of female offspring; ¥(t, a, b) gives the rate at which pairs are formed at time
t where the male partner has age a and the female partner has age b. Again,
the time dependence of B,, B, and Y originates from dependence on the
various age densities

Bi(t, a, b, ¢) = ay(a, b, c, u(t, *), v(t, ), p(t, *)),
Y(t, a, b) = P(u(t, ), v(t, ), p(t, *))(a, b).

This model, without the pair age ¢, was apparently introduced by Hoppen-
steadt [12] while Staroverov [25] observed that one could also keep track
of pair age. Interest has been rekindled in this model as a prerequisite for
studying the spread of sexually transmitted diseases by Hadeler [10, 11].
A result concerning the global existence and uniqueness of solutions (similar
to ours, but with the rates f;, o, d; being independent of the solution)
has been announced by Priiss and Schappacher [24]. For applications to
age-structured population models involving additional structures we refer to
Thieme [29].

We treat the semilinear differential equation (DE) with the semilinear
boundary condition (BC) in the Banach space

X = L0, o0) x L'(0, ) x L((0, ©)3),
more precisely, in the non-negative convex cone
C = L4(0, ) x L1(0, 0) x L((0, 0)°).

We make the following assumptions:



Nonlinear perturbations of integrated semigroups 465

(A1) There exists a monotone increasing function ¢: [0, c0) — [0, o) such
that for all a, b, c >0 and all we C,

0 < py(a, w) < d(|wlx),

where, for w = (u, v, p) € X, the norm of w is defined by

|w|y = max {J |u(a)| da, f |v(b)| db, J |p(a, b, c)|dadbdc}.
(0, 0)3

0 0

There exists a constant v > 0 such that, for g, b, ¢ >0 and we C,
0<p(abc,w=<v, 0<alab,cw=<v.

Furthermore, p;, p and o; are uniformly locally Lipschitz in the following
sense: For any y > O there exists 4, such that, for v, we C with |v|y, |w|x <7,

lui(a, v) — pia, w)l < A4, |v — wly,
lp(a, b, ¢, ¥) — p(a, b, c, w)| < 4,|v — wly,
laj(a, b, c, v) — a;(a, b, c, w)| < A,|v — wly.
(A2) The operator ¥: C — L1((0, 00)?) is locally Lipschitz continuous in the

sense that

fw ) |¥(v)(a, b) — P(w)(a, b)ldadb < A,|v — w|y

0 JO

for v, w e C with |v|y, |w|x <7, and there exists a constant M > 0 such that

j | Y(w)(a, b)|dadb < M|w|y, weC.
0

0

Let
Z =R' x R' x L*((0, ©)?), |z|z = |x| + [yl +f j | f(a, b)|dadb,
1] 0

for z=(x,y,f)e Z. We denote by I'p the trace of pe W((0, ©)?) and
denote the restriction of I'p to {0} x (0, ) x (0, o), (0, 0) x {0} x (0, c0) and
(0, ) x (0, 0) x {0} by Iip, I,p and I}p, respectively.

PRrOPOSITION 7.1. For ¢ € L'((0, 0)?) there exists pe W'1((0, c0)*) such
that I''p=I,p=0 and I3p = ¢.

The proof is obtained in a way similar to Giusti [7, Proposition 2.15].
We then define a linear operator T in L!((0, ©0)*) by

Tp= —po— Pp— Pe» D(T)={pe W"((0, 0)*): I}p = I,p = O}.
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Then the operator T is closable. We denote the closure of T by T. In view
of the definition of T, we have

f (sgn p(a, b, ¢))Tp(a, b, c)dadbdc
(0,0)3

= —f . (0, + 0, + 0.)Ip(a, b, ¢)|dadbdc = |I;3p|;.
(0, o)

This shows that I is continuous with respect to the graph norm of T, and
that it can be extended to D(T). We denote the extension of I3 to D(T)
by T, and define a linear operator by

Top=Tp, D(To)={peD(T):T;p=0}.
LEMMA 7.2. The operator T, is the infinitesimal generator of a strongly

continuous semigroup on L'((0, c0)3).

PrOOF. Let pe D(T,), A >0, and take a sequence {p,} € D(T) such that
p.—Dp, Tp,— Top and Iyp,—0 as n— . Let f, = (sgnp,)|p.l;. Then we
have

|0 = AT)pul11pals 2 I — AT)p,, fuD]

J Pali {1 + A(% + &, + )} IPa(a, b, ¢)| dadbdc
(0, )

= lpals = A1 L3pul1 [1Pals-
Passing to the limit as n— oo, we obtain
(I = ATo)ply Iply = IpI3
Hence, for each 4 > 0, we have
(7.1) I = ATo)ply = Ipl;  for pe D(Ty).
This means that the range of (I — AT,) is closed. Let g e CX(R®), suppg <
(0, 00)3, and set

(7.2) pla,b,c)= A" f e 0ga—c+ Eb—c+EEAE for A>0.
0

Then we infer that pe W'((0, ©)®), I1p=I,p=I3p=0, and that p —
ATp =g. This means that the range of (I — ATy) is dense. This together
with (7.1) implies that T, is the infinitesimal generator of a strongly continuous
contraction semigroup. ]
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We next define a closed linear operator 4 in X by

Aw = [—ua — J:o T,p(a, b)db, —v, — Lw T p(a, b)da, TP]
D(A) = {w = (u, v, p): u, v e W1(0, 00), pe D(T)},
and define a linear operator L from D(4) into Z by
Lw = [u(0), v(0), I3p].
Let Ay be the restriction of A to Ker L. Then
Agw = [—u,, —v,, Typ]l, D(Ag) = Wa"1(0, 00) x Ws1(0, 00) x D(Tp).

The next proposition follows immediately from Lemma 7.2 and shows
that the linear operator A satisfies condition (s.1) in the previous section.

LEMMA 7.3. The restriction Ag of A to Ker L is the infinitesimal generator
of a strongly continuous contraction semigroup on X.

We next show that L satisfies (s.2). The surjectivity of L follows from
Proposition 7.1. Let 41 >0 and let w= (4, v, p) e Ker(I — 14). Then direct
computations yield

u(@) = e*"u(0) — A j f e @I p(&, b)dbde,
(71.3) Z °
v(b) = e~* "bp(0) — A1 J j e 'O, p(a, &)dadt.
0JO
By the definition of T there exists a sequence p, € D(T) such that p, - p and
Tp,— Tp as n—» . Let p,— Tp,=f, for n=1, 2, .... Multiplying both

sides of these equations by sgn p, and integrating the resultant identities over
(0, )3, we have

|Puly + 4 J (0alPal + Gy |4l + O.|p4l)dadbdc = j sgn p, fodadbdc.
(0, 0)3 (

0, )3

Applying the boundary conditions I} p, = I,p, =0 and passing to the limit
as n— o0, we have

(7.4) ply — AT3ply = 0.
It follows from (7.3) and (7.4) that
luly < 2(u©)] +T5ply), vly < A(10()] + T3ply), |ply = AT3pls.

This means that



468 Toshitaka MATSUMOTO et al.

AlLw|; = |w|x for w = [u, v, p] € Ker(I — 1A).
Hence L satisfies (s.2).
We next define nonlinear operators F from C into X and B from C
into Z by

Fw =[F,w, F,w, Fyw], Bw = [B,w, B,w, Byw],

[Fuw](@) = — (@, whu(a) + f i f " p(a, b, ¢, wp(a, b, o)dbde,
[v] 0

[F,w](b) = — u, (b, w)v(b) + J‘oo J‘w p(a, b, c, w)p(a, b, c)dadc,
o Jo
[F3W] (a, b’ C) = _(.ul(as W) + .uZ(ba W) + p(aa b’ c, w))p(a, b’ C),

Biw= j o, (a, b, c, w)p(a, b, c)dadbdc,
(0, 0)3

B,w = f a,(a, b, c, w)p(a, b, c)dadbdc,
(0, )3

[Bsw](a, b) = ¥(w)(a, b),
respectively. For each y >0 we set C, = {we C: |w|y < y}.

LEMMA 7.4. Under conditions (A.1) and (A.2) we have the following:
(@) For y>O0, B and F are Lipschitz continuous on the level sets C,.
(b) For A>0 with A2¢(y) +v) <1 and we C, we have

I+ AF)wly < (1 + Av)|wly.
() Let k =max{v, M}. Then max{|B,w|, |B,w|,|Bsw|,} < k|w|y for we C.

Proor. Let w and we C,. Then we have

0

|[Fyw — Fib|, < f lus(a, w){u(@) — 4(a)}|da

0

(* 0

+ o I{.ul(a’ W) - ”l(a’ W)}a(a)lda

»

+ Ip(a, b, c, w){p(a, b9 C) - ﬁ(a, bs C)}ldadbdc
J (0, )3

+ '{p(a’ b’ (& W) - p(aa b’ ¢, ﬁ’)}ﬁ(aa ba c)ldadbdc

J(0,0)3

< PO u —aly + A,[a] |w — By + vIp — ply + 4, [Pli|w — Wiy

< (@0 + v+ 294, lw — Wl
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Similarly, we have

|[Fyw — Fo®|y < (9() + v + 294 () |w — Wiy,

|[Fsw — F3%|; < (26(y) + v + 3p4())|w — wlx.
Hence we obtain

|[Fw — Fily < (26(y) + v + 3yAQ))Iw — Wix.
In a similar way, one can show that

|Bw — Bw|; < (v + (1 + y)4())|w — ®lx.

We next show that (b) holds. Let 4 > 0 with 1(2¢(y) + v) < 1. Then we have

lu+ AF;w|; < J |1 — Apy(a, w))u(a)lda
0

+ 4 j |p(a, b, ¢, w)p(a, b, c)|dadbdc
(0, )3

<luly + Avipl,
< (1 + ) |wly.
Similarly, we have
v+ AF,w|; < (1 + Av)|wly,
|p + AF3w|; < |w|y.
Therefore we obtain (b). Finally, we show that (c) holds. Let we C. Then
we have

|Bjw| < J laj(a, b, ¢, w)p(a, b, c)|dadbdc < v|w|y
(0, 0)3

for j=1, 2, and

|B3wllsf f | ¥(w)(a, b)|dadb < M |w|y.
o Jo

Thus (c) is obtained and the proof is thereby complete. ]

LEMMA 7.5. Under the assumption (A.1) and (A.2), the following hold:
(i) (I —Ad4gx)'weC for A>0 and we C.
(i) w+ AFweC for weC, and A >0 with 1(2¢(y) +v) < L.

Proor. Let (f,g,h) e C and (u,v, p) e D(Ax). Suppose that
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u+iu,=f, v+i,=¢g and p+ ATyp=h.

Then we have

u(a) = A~ f "o eOfe)de and o) = At f e r 095y dg.
0

0o

This implies that u, v > 0 a.e. Choose h, € CP(R®) so that h, >0, supp h, =
(0, ©)* and h, - h in L'((0, 00)®). Using (7.2) with p and g replaced, respec-
tively, by p, and h,, we have p, e D(Ty), p, — ATyp, = h, and p, >0. Letting
n— oo, we obtain p(a, b, c) > 0 a.e. We next show that (ii) holds. Let w =
(u,v,p)e C. Let 1 be a positive number such that A(2¢(y) + v) < 1. Then
we have

u(a) — Au,(a, wyu(a) + A Im Iw p(a, b, c, w)p(a, b, c)dbdc
o Jo
> (1 — A¢(y))u(a) = 0,
v(b) — Auy (b, w)v(b) + 4 on J‘w p(a, b, c, w)p(a, b, c)dadc
o Jo

> (1 — 2¢()v(b) 2 0,
(1 — Aps(a, w) + pa(b, w) + pla, b, ¢, w)))p(a, b, c)
> (1 - 2Q24(y) + v)p(a, b, c) > 0.
These inequalities together imply the desired result. ]
For we C and n> 1, we set
w,=(I —n'Ag)"'(w + n"'Fw) + D, w,
7.5
®,w=[e"B,w,e "B,w, e "¢, (a—c,b—c)],
where
#, =0, ¢, € L (R?), supp ¢, < (0, ©)?, and ¢, - Byw in L*((0, c0)?).

By Lemma 7.5, we have w, € D(A)N C for n sufficiently large. It follows from
(7.5) that

w,—w=(I—n""4)"'w—w+n(I —n'Ag) 'Fw + D,w.
This together with Lemma 7.4 yields
Wy — Wl < I — n7 AR w — wlx + 17t Fwly + | @,wly
S| —n"tAg) 7w — wix + n7! Fwly

+ n_l(K|W|x + |¢, — Byw|,).
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Therefore

(7.6) ‘ lim |w, — w|y =0.

Noting that (I —n"'4)®,w =0, we infer from (7.5) that
w,—n YA+ F)w,—w=n"'(Fw — Fw,).
In view of (7.6) and the continuity of F, we have

(7.7 lim n|w, — n™'(4 + F)w, — w|y = 0.

Since Ker L = D(Ay), it follows from (7.5) that
Lw, = [B;w, B,w, ¢,(a, b)].
Hence we see from (7.6) that

(1.8) lim |Lw, — Bw,|; = 0.

Also, (7.5) and Lemma 7.4 together imply
IWalx < [w+ 07 Fwly + |@,wlx
<L+ ") [wlx + 07 (cwlx + |4, — Bywly).
This shows that

(7.9) lim sup n(|w,|x — [wlx) < (k + V)| wly.

Thus, in view of Lemma 7.3, Lemma 7.4, (7.4) and (7.6) through (7.9), we
have shown that conditions (s.1) through (s.4) stated in Section 6 are all
satisfied. Theorem 6.2 and Remark 6.3 can now be applied to obtain the
following theorem:

THEOREM 7.6. Let w =k + v. Suppose that (Al) and (A2) hold. Then
there exists a nonlinear semigroup & = {S(t):t > 0} on C such that

t t

S(s)wds + f FS(s)wds,

0

S(t)w=w+AJ~

]

L Jr S(s)wds = Jt BS(s)ds,
0 0

[SEw|y < e®|wly, for each we C and t > 0.

If in particular, B and F are continuously Fréchet differentiable, then S(t)w
gives a strong solution provided that we D(A)NC and Lw = Bw.



472 Toshitaka MATSUMOTO et al.

ReMARk 7.7. The previous proof shows that the results in Thieme [28]
provide a local semiflow which is global in case that the rates y; is a bounded
function of we C. The approach presented in this paper allows to remove
the boundedness of this rate which is an unnatural restriction as one should
like to have a generalization of logistic growth in unstructured population
models. Alternatively one can combine the local existence results with a
priori estimates like in Theorem 7.6 to obtain global existence of the semiflow.
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