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Local attractor for n-D Navier-Stokes system
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AssTRACT. The n-D Navier-Stokes system (n > 3) is studied as an abstract equation
with sectorial operator in a relevant Banach space X, consisting of divergence-free
functions. Existence of the local semiflow {7(¢)} on a ‘sufficiently smooth’ fractional
power space X* is then known in advance. This makes it possible to consider a subset
V < X} for which an a priori estimate asymptotically independent of initial data for
originated in V¥ solutions may be derived. The task of the present paper is to apply
authors’ previous result [4] to the Navier-Stokes system proving existence of a global
attractor &/,,, for the semigroup {7'(¢)} restricted to V. Simultaneously &/, , is shown
to be a local attractor in a neighborhood of zero.

1. Introduction

Since the publication in 1934 of Leray’s famous paper, progress in
understanding the dynamics of the Navier-Stokes system has been steady but
slow. Difficulties encountered in dealing with this system became particularly
intensive when 3-D flows were studied. A new trend, permitting simpler
treatment of this problem, was the semigroup LP-spaces approach appearing
e.g. in [2], [8], [9], [11], [12], [17], [21]. This approach has been followed in our
previous papers [4], [3], where the dynamics of semilinear parabolic equations
was studied within the dissipative systems theory [11]. In the present paper the
authors’ previous result [4] is applied to the Navier-Stokes system and the
existence of a global attractor «/,, for the semigroup {7'(¢)} restricted to V is
proved. Simultaneously «,, is shown to be a local attractor in a neigh-
bourhood of zero.

1.1. Overview. In the following two subsections the Navier-Stokes system,
viewed as a sectorial equation in the relevant Banach space X,, is discussed to
generate local semiflow {7'(#)} on the fractional phase space X*. Applying
introductory estimates concept of [4] (Sections 2.1, 2.2) we choose suitable
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metric space ¥ = X on which {T'(f)} becomes a dissipative, compact semi-
group of global solutions. As a consequence the existence of a global attractor
& for {T(t)} restricted to ¥ (Section 2.3) will be shown to follow from the one
simple introductory estimate of solutions in [W,"(£2)]". Section 2.4 is devoted
to the construction of a local attractor for {T(¢)} in a neighborhood of zero.

1.2. Formulation of the problem. Notation. We deal with the n-D Navier-
Stokes equation:

(1) w=vAu—Vp— (u,Viu+f, divu=0, fort>0,xe Q,

where n>3,v>0 is a constant viscosity, u = (u1(¢,x),...,un(z,x)) denotes
velocity, p = p(t,x) pressure and f = (fi(x),..., fu(x)) external force. Here Q2
is a bounded subdomain of R” with the boundary 0 of class C?, whereas (-, )
stands for the standard inner product in R”.

Equation (1) is studied with a boundary condition of Dirichlet type

(2) u=0, t>0, xeiQ,
and subject to an initial condition
(3) u(0, x) = up(x), for x e Q.

For simplicity of further notation let us introduce the following list of
function spaces:

2(9) = @),
w2 (@) = (W@,
X, = cl@){g € [C(Q))'; div =0},

and define in X, an unbounded operator 4, by the formula

4 0 0 ... 0
0 4 0 ... 0

A, = —vP, )
o ... ... 0 4

nxn

where P, is the continuous projection from #"(2) to X, which is given by the
decomposition of £"(Q) (cf. [9, p. 268]) onto the spaces of divergence-free
vector fields and scalar-function gradients. Generically, P, is thus an extension
of the orthogonal projection in #2() (cf. [13]). It is known (cf. [9, Lem. 1.1])
that:
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PROPOSITION 1. Operator — A, considered on the domain
(4) D(4,) := X, N {p € W' (Q); 4|sq = O},
generates an analytic semigroup {e~**} in X, (1 <r< o).

Considering the resolvent equation for A, in X it is easy to see that
Re(a(A4,)) = vA;, where 1, is the first positive eigenvalue of —4 in L?() under
homogeneous Dirichlet boundary conditions. It follows from the elliptic
regularity theory that Re(a(4,)) > v4; for each r > 1 (cf. [20, Th. 5.5.1]) and
therefore, fractional powers A% (« € [0,1]) of 4, may be defined on the domains
X7 := D(A%) (see [12, Chapt. I]) and for each re (1,),a € (0,1]:

(5) | A7e™ || xs ) < Cort e,

Moreover, since as a result of [9, Lem. 3.1] the resolvent of A4, is compact, the
embeddings X# = X* (0 <« < B,1 <r < o) are compact (see [12, Th. 1.4.8]).

1.3. Local semiflow of fractional solutions. For f € #"(2) the system (1)—(3)
may be thus studied as an abstract Cauchy problem in X;:

(6) u+ Au=Fu+ P, f, t>0, u(0)=u0’

where A, considered with the domain (4) is sectorial in X, and Fu=
—P,(u,V)u. Moreover, for a€[},1),r>n and f € £(Q) the nonlinear term
F,, acting from X7 into X, is Lipschitz continuous on bounded sets. Indeed,
the estimate [9, Lem. 3.3, (iii)] reads:

(D) 12w, V)0l gri) < crllWllyrirgylIvllyrr(2), wyoe w7 (@), r>n,
hence, when ¢,y € % where % — X is bounded, we have:

| Fr¢ — Fr¢||x, = cr”¢||1/f‘v’(g)”¢ - '/’”W'"(,Q) +oll¢ - ‘/’”W”([))”‘/’”W’"([))
<c max{||¢||,,/1.r(g), ||‘//||W"'(g)}||¢ - '“IW'"(.Q) <cralé - 'P“W‘v'(a)’

whereas X < X/* for ae [,1) and also X;/* is continuously embedded in
X, N W (Q) (cf. [9, Prop. 1.4]). Following [11, p. 72], [12, Chapt. 3] we recall
the notion of the fractional solution of (6).

DeFmNiTION 1. By a fractional solution of (6) we understand a continuous
function u: (0,7, ) — X satisfying (6), such that w,:(0,7,)— X, and
F.(u(-)) : (0,7,) — X, are continuous and u(f) belongs to D(4,) for each
te (0,7y).

Since we have shown the appropriate Lipschitz continuity of F,, it follows
immediately from the general results of [11, Sec. 2.2] (cf. also [12, Chapt. 3])
that:
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PROPOSITION 2. For re (n,®),a€[},1) and f e £(R2) a local semiflow
{T(t)} (where T(t)up =u(t,up) for te€[0,Tmax(thh))) of maximal fractional
solutions of (6) is defined on X.

In the following section a subset V? < X* (re(n,),x e[}, 1)) will be
distinguished such that fractional solutions 7'(f)uy of (6) with uy e V¥ are
defined globally in time. In addition, the existence of a restricted global
attractor for {T(t)}, see Definition 2 below, will be shown.

DEFINITION 2. Let re (n,00),a € [},1) and {T(¢)} be a local semiflow on
X? defined in Proposition 2. We say that S < X* is a restricted global
attractor for {7(f)} in X* if for some closed, nonempty subset V of
XY T(): V—V (t>0) is a global semiflow on ¥ such that S is a global
attractor for {7'(¢)} restricted to V as stated in [11, Sec. 3.4] (that is (i)
T(t)S =S for t >0, (ii) S is compact, (iii) S attracts trajectories of bounded
subsets of V).

2. Global solutions of the problem (6)

2.1. Background. As shown in our previous papers [4] and [3], to obtain the
relevant results concerning global existence of solutions of a sectorial equation
sufficiently smooth global a priori estimate of solutions is needed. In addition,
the nonlinear term taken on solutions of this equation should also be sub-
ordinated to some f-power (6 €[0,1)) of the ‘main part operator’. In par-
ticular these properties may not be known to hold for all solutions but only for
those originating in some proper subset of the phase space on which the
equation is studied. Hence in further considerations the concept of [3, Th. 5]
(cf. also earlier results of [4, Th. 1.2]) will generally be followed as described in
Corollary 1 below.

COROLLARY 1. Let re(n,0),a€[},1) and {T(1)} denotes, generated by
(6), local semiflow on X defined in Proposition 2. Let us also recall that the
resolvent of A, is known to be compact. Then in order to prove the existence of
a restricted global attractor for {T(t)} in X7 it suffices to show that there is a
Banach space Y > D(A,) and a nondecreasing function g : [0, c0) — [0, ) for
which the conjunction of conditions (8) and (9) stated below holds with some
closed and positively invariant nonempty subset V of X7; where

(8) 3(:>Ovuo evVie (O,rm(uo))”T(t)uO” y=<¢

and

(9) Elc9«:=[0,1)vuoe VVte(O,t,,,ax(uo))“F(T(t)uo)”.‘t”(.o)

< g(IT@Ouolly) (1 + 1T (1Yol )-
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OBSERVATION 1.  Fixing r € (n,00),a € [},1) and using (7) we can estimate
the right side of (6) as follows:

(10) 1 Evee + Prf || () < |Pr(u, V)]l gr ) + Coll fll 7 )
< crllully i@y + Gllf Nl @)

Since

ol yroiay = il )l ) < el ol < ol e
then the condition (10) leads to the inequality:
(1) [Faet Pefll i) < erch Il Il e + Gl vy

3/2 1/2
< (e g1l s + Gl ) (L + [l 37)-
For Y := X,'/? the estimate (11) becomes the required counterpart of (9). It is
thus seen from Corollary 1 that X; . priori estimate of solutions is all we
need to obtain a restricted global attractor for {7'(¢)} in X".

ReMARK 1. It should be noted here that up to now the global existence of
regular solutions of the n-D Navier-Stokes system is generally unknown unless
sufficiently small initial data or large viscosity v is considered. In this paper
we decide to fix the viscosity coefficient v. Hence, in our following studies we
shall get, for small || f|| ¢-(q), the semiflow {T'(#)} globally defined merely in the
vicinity of zero and on such a ‘small’ set V', validity of the estimate (8) will be
shown.

2.2. Estimate of the X;/’-norm (r € (n,0)) of fractional solutions.

LeMMA 1. Let r e (n,0) and {T(t)} be a local semiflow on x}/? defined in
Proposition 2. If the norm | f|| () Julfills the ‘smallness’ restriction (18), then
there are R >0 and n >0 (n and R defined, respectively, in (19), (20) below)
such that

(12) IT(t)uoll 1o < R for each ug € #,.2(0,7),
where #,12(0,n) denotes an open ball in X}/ centered at 0 with radius n.

Proor. Let r >n. Since (6) is equivalent to the integral equation

(13) u(t) = e ruy + J’ e~ (Fu(s) + P.f) ds,
0
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then taking the X;>-norm of both sides in (13) and applying (5) we obtain:
(14)  [u(®)l g < e luoll g1

t
+ L Cia,r(t— S)—l/ze_v'{'(t_s)("Fru(s)||$'(9) +1Prfll o)) ds

From (7) and [9, Prop. 1.4] we have:

Ml/2r

(15) 1Fru(s)l| &) < lae(s) 5

whereas, since P, is a projector from #"(Q2) onto X,, then

(16) I1Prfll @) < Collfll )

Estimates (13)—(16) lead to the condition

(@)l < €4 |luoll o1
Ml —V.
+ (+ sup [lu(s)|% 12+ Gy ||f||_<z'(n)) J Ciyay~ ™M dy,
se(0,7 0
which for r(f) := sup,c(o 4llu(s)|| x> gives

C.Cip, I (3)
(vap)"/?

My )3,Ci2,T(3)
v3/211/2

= AP (1) + lluol| 12 + B.

an )= (1) + lluoll g2 + I/l )

If further the ||f|| & (q)-norm is required to satisfy:

v
4C, My, Clp T3

(18) [FAIPZSS

the determinant 1 —4A4(||uo| ;12 + B) of the quadratic inequality (17) will be
positive provided that

1 Vv¥2(2,)1/? C,Cipo, T(3)
19 Uuo < ——B= — 12 . =:n.
(19) | "er 44 <4M1/2,rC1/2,rF(%) (v)u)l/2 @ §

It is thus seen that if u, is taken from the ball # X2 (0,7) then, according

o (17) and continuity of T'(f)up in X% the norm || T(H)u|| X\ will never
exceed the smaller root of the equation Az% — z + ||uo|| xin+B= 0. Therefore
for upe # X172 (0,7), T(t)uy is a global fractional solution "of (6) and ||T(2)uo| X2
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satisfies, for all ¢ > 0, the estimate:

(20)

1— /1= 44(|u 12 + B) 3271/
1T (@)oo < ‘/ i PRI ), ~=:R.
: 24 24 2My),Cip2,.T(3)

The proof of Lemma 1 is completed. [J

On account of the continuity of T'(¢) (cf. [12, Th. 3.4.1]) Lemma 1 may be
extended to:

LemMMA 2. Let r € (n,0) and {T(t)} be a local semiflow on X;/? defined in
Proposition 2. If the norm || f| g (o) fulfills the ‘smallness’ restriction (18), then

(21) IT(t)uolly1r <R for each u € clx’l/zy+(gﬂx'l/z 0,7)),

where  y* (R, 1/2(0 1)) denotes a positive orbit of #,12(0,n), ie.
Y (By2(0,1)) := Uno T(0)By112(0,7).
2.3. Restricted global attractors in X*(r € (n,00),x € [1,1)).

THEOREM 1. Let re (n,o0),a € [},1) and let {T(t)} denote a local semiflow
on X defined in Proposition 2. Let the | f| g q)-norm also be restricted by
(18). Then for

V= clxg(y+(ﬂxl/2(0,’l)) N X;),

all fractional solutions T (t)uy with ug € V¥ are globally defined, T (t)(VY) < V¥
(t > 0) and the semigroup {T(t)} restricted to V¥ has a global attractor of,.

Proor. Let re (n,0). Choosing Y := X% it is easy to see that the
estimates (11) and (21) are the required counterparts of (8), (9). Thus
Theorem 1 is a direct consequence of Corollary 1. []

OBSERVATION 2. Let (DXI/Z(G) denote the w-limit set of G in X;/%, ie.
XI/Z(G) = Nsxo0¢ly 12 Urzs T( )G. When re (n,00) and o€ (§,1) then V7 is
an unbounded, complete (although not linear) metric subspace of X*. For
oa =1, the set Vi =cl X127 * (B, 172 (0,7)) is bounded in X}/ and in the presence
of [11 Lem. 3.2.1] the restncted attractor &/, from Theorem 1 is then equal
to w 1/2(V,/ ). Since, as may easily be seen, w 1/2(Vr ) coincides with

1/z(£ 12(0,7)), then also
.5/1/27, = a)X’l/z(gBXJ/z(O, ?])), re (n, OO)

We shall prove below that for fixed r e (n, ) all attractors &/,, with
aef},1) coincide.
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THEOREM 2. Under the assumptions of Theorem 1:
(22) Aoy = a)X./z(ﬂX:/z (0,n)), re(n,0), o€ [%, 1).

Proor. Indeed, since for re (n,©),f €[x,1) and G bounded in V* the
image T(t)G is bounded in V¥ (cf. [12, Th. 3.3.6]), then we obtain by
invariance that w uz(ﬁ? 172 (0,n)) € o, To get the converse inclusion, it
suffices to use compactness of the embedding X# < X*. The proof of Theorem
2 is completed. [

o

Having obtained .«/,/, as a restricted global attractor for {T(¢)} in V,
our additional task will be then to prove that <7y, , is also a local attractor for
{T(1)}, i.e. o1/, attracts some its open neighborhood in X;*. In particular,
the results of [4] will be thus extended to cover the case of local attractors
connected with systems for which global semiflow is known to exist merely on
some neighborhood of zero.

2.4. Local attractor for {7'(¢)} in x}? (re (n,00)). It has been proved so far
that for each re (n, w)’wx,'/z(*@x,‘/’ (0,7)) is compact invariant and attracts

/2 (0,7). Strengthening slightly the assumption (18) we shall prove in
Theorem 3 that @ 1/2( 1/2(0 n)cR 1/2(0 n), i.e. ® 1/2(.93 1/2(0 n)) is a local

attractor for {T(t)} in X,I/ 2 Recall that ([11]) a compact invariant set is a
local attractor if it attracts some bounded neighborhood of itself.

LemMA 3. Let re(n,) and {T(t)} denotes a global semiflow on V2

defined in Theorem 1. If || f|| oq)-norm is restricted by (18) then, using notation

of Lemma 1,
. 1-+v1-44B
(23) limsup sup ||T(Ouolly1p < ——F—-
t—+00 uoegxl/z (0,”) r 2A

Proor. Starting as in the proof of Lemma 1 (see formulae (13)-(16)), for
each ug e.é?xn/z(O,n) we get:

(24)

(@)l e < €™l g2

T t VA (t—s) M, 2
w ([ +]) e g (e + Gl )

T

) M, ) t e~ vMy
<e Vl"||u0||xrn/z + (+ sup ||'4(S)||Xl/2 + Cr||f||$'(n)> J Ciyar Y2 dy

s€0,1]

—v).ly

2
M), o
+ (=L sup  sup  fu()ln | +CU Nl J Crar i
v selr,f] uoe® 1/2(0,) ’ 0



Attractor for Navier-Stokes system 317

Fixing arbitrarily ¢ > 0 it is possible to choose 7 = 7, such that:

(25) sup sup  [[u(s)||y12 < limsup  sup [T (t)uo| 12 + &
selwet] wed 1/2(0,n) r =40 wed 12(0n) "

Inserting (25) into the right side of (24), using Lemma 1 and taking the
supremum we obtain that

(26)

t e—v,hy

_ My,
sup  [[u(®)ln <e V“’n+<—’—R + Gl ) Conr | S
u B 1/2(0,n) % v | #(w) f2r t-1 yl/z

2
M; .
+ (——lv/z" [hm sup  sup || T(2)uol|yin +8} +Glf ”2"(9))

1240 wek 1 (0,7)
r
0 e—v).;y

X C1/2,r J W dy.

0

In consequence, the quantity r := lim sup,_, . [|u(?)||,1~ needs to satisfy the
quadratic inequality

(27) row < Afro +&>+B

and, since ¢ > 0 could be arbitrarily small, (23) follows. Lemma 3 is proved.

O
From Lemma 3 our final conclusion follows.

THEOREM 3. Let r e (n,0) and {T(t)} denotes a global semiflow on vi2
defined in Theorem 1. If || f|| gr(q)-norm satisfies stronger then (18) restriction:
Vzll
4Cer/2,rC%/2,rr2(%) ,

(28) 1/l @) < (2V3-3)

then {T(t)} has a local attractor which coincides with the set oy, =
@12 (By12(0,7)) introduced in Theorem 2.

Proor. When (28) holds, then I—_—I_ﬂ < L — B =9 so that from
24 44
Lemma 3

1—-+v1—-44B
(29) 1j2r = @y12(By12(0,7)) = clyin By <0, T) < By112(0,7).

In Theorems 1, 2, the set «/;/;, was shown to be a restricted global attractor
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for {T'(¢1)} in V7. Therefore, (29) ensures that ./, attracts its open
neighborhood and is also a local attractor for {7'(f)}. The proof is completed.

a

REMARK 2. We have shown in Theorem 1 that for sufficiently small
| fllgr) the Navier-Stokes system (1) generates a C%-semigroup in the
neighborhood of zero, and consequently, on its minimal, positively invariant,
closed superset V. This semigroup has a global attractor /., which is
independent of a € [%, 1). Moreover, under the additional restriction (28), the
n-D Navier-Stokes system has local attractor in a neighborhood of zero as
shown in Theorem 3.

ReMARK 3. It should be noted finally, that similar considerations remain
true for sectorial problems in a Banach space X having the norm of nonlinear
term F(u) bounded by |ju||%. with ¢ > 1. In that case global in time solv-
ability of the problem

u+Au=Fu), t>0, u(0)=up,

for arbitrary initial data u, is usually excluded. Nevertheless, the global
semigroup may be obtained in some neighborhood of zero and, moreover, it
possesses strong stability properties which follow from the existence of the
attractor.
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